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COMPACT PERTURBATIONS OF DEFINITIZABLE
OPERATORS

P. JONAS and H. LANGER

iet # be a Krein space [1] with the indefinite scalar product [x, y], x, y € 5.
The J-selfadjoint operator A in # (with dense domain 2(A)) is called definitizable,
if there exists a polynomial p such that [p(4)x, x] = 0 for all x € 2(4") where n
denotes the degree of pb.

The non-real part go(4) of the spectrum of a definitizable operator 4 with
p(A) # O consists of no more than a finite number of points which lie symmetrically
with respect to the real axis (see [8], [5]). We denote the Riesz-Dunford projector
corresponding to o(A4) by E,.

A definitizable operator 4 with p(4) # O has a spectral function (see [8], [1];
here we use the notation and results of [5]). That is, we have a finite (possibly empty)
set ¢(4) = R (=R U {co}) with the following property: If B(4) denotes the Boolean
algebra of subsets of R generated by the closed and open intervals whose endpoints
do not belong to ¢(A4), there exists a homomorphism E from B(4) into a Boolean
algebra of J-selfadjoint projectors in 5 such that for 4 € B(A4) we have

) ER) =1— E;
) AE(4) o E(4)4;
3) o(A | E(A)H#) = 4;

(4) te c(4) if and only if the subspace E(4)s# is indefinite2 for all 4 containing ¢.

The elements of c(A4) are called critical points of A. If t € c(A), t # oo, then (see
e.g. [1]) we have p(t) = O for each definitizing polynomial p of A.

1 In [1] J-selfadjoint operators are called selfadjoint and instead of ‘‘definitizable” the term
““positizable” is used.

2 Werecall that an element x € 3 is said to be positive, non-negative, neutral, etc., if [x, x] >0,
[x, x12= 0, [x, x] =0, etc. A subspace of 3 is called positive, non-negative, neutral, etc., if all its
non-zero elements have this property; it is called indefinite if it contains positive and negative ele-
ments. Furthermore, we set P =+ ={ xeH: + [x,x]1 2 0}, By:=F+ n B_.
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For te R we denote by s, (r;4), (x_(z; A)) the minimum of the numbers®
%, (E(48)2), (2 -(E(4)s#)), where 4 runs over all open 4 € B(4) with ¢ € 4, and put

w(t; A): = min(x, (¢; A), x_(t; A)).

This guantity is positive if and only if 7 € ¢(4); it is called the rank of indefiniteness
of ¢ (with respect to A). Instead of x(t; A), . (¢; A) we shall often write {¢), x..(f).
By coo(4) we denote the set of those t € c(4) for which x(t; A)=c0; 6, 0 (4) is the
set of non-real eigenvalues of A4 with infinite-dimensional root subspaces.
It is the aim of this note to study (relatively) finite-dimensional and compact
crturbations of definitizable operators, esp. the behaviour of the sets of critical
points under such perturbations. We mention that some, partly more special, results
of this kind were proved and used in {10], [12], [2].

1. FINITE-DIMENSIONAL PERTURBATIONS
OF DEFINITIZABLE OPERATORS

We start with the following simple
ProroSITION 1. If A is definitizable, p(A) # O, then

c(AYN\o(4) = co(A4).

In particular, if oo is a critical point of A then it belongs 10 coo(A).

Proof. Consider t, € ¢(4)\o,(4) and assume e.g. x_(t,) <oo. Then there exists
an open set A€ B(4), 4nc(d) = {t,}, such that x_(t,) = %_(E(4)s¥), that i
E(4)# is a Pontrjagin space [1]. Pontrjagin’s theorem [1], Theorem I1X.7.2, now
implies that 4 has a non-positive eigenvector corresponding to some eigenvalue
ty€ 4, %_(t;) > 0. Since t, # t,, we have

w(t) + %(to) = %x(E(A) H) = x(t0),

which is impossible.

The next proposition shows that for a definitizable operator A4 satisfying
p(4)# @ in a Krein space # with s, (#) = x_(5#) = co there exists afinite-dimen-
sional perturbation such that the critical points of finite rank of indefiniteness and
the non-real eigenvalues of finite algebraic multiplicity disappear.

8 If & is alinear space with scalar product [.,.], possibly degenerated, we denote by #,.(.%;
(0. D, (%_(Z;1.,. 1) the least upper bound (=< oo) of the dimensions of positive (resp. negative)
subspaces of .Z. Instead of » (Z;[.,.]) we often write x L (Z).
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PROPOSITION 2.  Let A, p(A) # O, be a definitizable operator in the Krein space
H, u, (H) = % (H) = oco. Then there exists a definitizable operator A,, p(4,)# O,
of the form

) Ay = A + F, F finite-dimensional,
such that

2 c(4y) = co(Ay) = €l ), 0o(Ay) = Go,0o(A4y) = Uo,oo(A)‘

Proof. Put 6§: = 6o(A)\Go(A). Then Ay: = A — AE(cy; A)® differs from 4
by a finite-dimensional operator and we have

oo(Ag) = Uo,oc(Ao) = Uo,oo(A)-

Evidently, coo(Ay) = coo(A) and A, is definitizable by p,: po(r)—t (1), if p is a defini-
tizing polynomial of A.

Consider t,€ c¢(A4o) \Coo(4p). Then t, # oo by Proposition 1. Assume, e.g.,
x(ty; Ag) = %_(t,; Ag) and choose an open interval 4 € B(4,), t,€ 4, such that
w_(ty; Ag) = n(Ey(4)5#), where Ey(-) is the spectral function of 4,. We consider
the restriction 4, of A, to Eo(4)5# and a fundamental decomposition [1] of E(4)# -

3) Ef()H = HD | D, dim #D = x_(ty; Ay) < 0.

The condition »_(3#) = oo implies that either 6o c(dy) # O or {¢: %_(t; Ag) =
= oo} # . In the first case we choose 1, € 0 .0(A4y) and a x_(1y;4,)-dimensional
subspace .’ of #¥. Denote by %, the orthogonal complement of #’, inthe Hilbert
space 2 (with respect to [., .]). Then we have the decomposition E(d)# = 2, -
4+ £’ AN, If the corresponding matrix representation of 4, is

Bll B12 B13

Ay = Bz1 Bzz st

ki

B31 B32 B33
we define
By, 0 0
“4) =10 Re Aol Im AJY.
0 —Im Al  Re 2/

4 E(g; A) denotes the Riesz-Dunford-Taylor projector corresponding to the spectral set ¢
of A. If no confusion arises we write E(o) instead of E(o;A4).
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Next consider the case 6y o(4y) = Q. If {t: x_(¢;4,)=00} = {co0} we easily
find (cf. [5]) a finite real point s, near co satisfying s, (sy;4,) = 0. If {r: %_(1;4,) =
= 00} # {00} we choose s € {t: x_(t;45) = o0} \{oo}. If

AA — (Cll C12)
Co Coe

is the matrix representation of A, with respect to the decomposition in (3)
we consider the operator

Q) A;,:=(C“ 0 )
0 sl

In both cases A;: = Ayl — E(d)) + A4E(4) (with A} defined by (4) or (5)) is
J-selfadjoint, definitizable, p(4;) # 9, it differs from 4, by a finite-dimensional
operator and has the properties

Coo(A1) = Coo(Ag) = Coo(d), (A7) = c(Ao)\{to},
oo(A4y) = a'o,oo(AD = Uo,oo(Ao) == Uo,oo(A)-

Repeating this argument we find an operator A, satisfying (1) and (2).

In the proof of Theorem 1 we use the following simple observation. Let B,, B,
be bounded linear operators in a Banach space & and suppose dim (B, — B,) =

= m < o0. Then for an arbitrary polynomial p of degree n: p(z) = ¥;2%, . #0,
=0

we have dim (p(B,) — p(B,)) < nm. This follows from the identity
P(B) — p(B) =Y, Bt~ (B, — By) ¥, v;B{*.
k=1 =k

THEOREM 1. Let Ay, A, be J-selfadjoint operators in the Kreinspace 3 such that
p(4y) n p(4,) # D. Suppose that A, is definitizable and
6) dim (4, — AT —Ay— DN =m< o©
Jor some (and hence for all) A € p(Ay) N p(Ay). Then A, is definitizable and we have
@) Coo(Ap) = Coo( A1), UO,OO(AO) = Uo,w(A1)~

If a definitizing polynomial p, of A, is of degree n,, then there exists a definitizing
n 1
o+ ] + o,
2

polynomial p, of A, such that the degree of p, is not greater than 4m[
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and we have

® % xt4a)+ Y dim E({2}; 4)) < 2m[ﬂ’—2tl—]

tec(A)N\c(4y) A€o (A)\oy(4y), Im 4> 0

In particular, the set (c(A)Nc(Ay) U (0,(A4;)\0o(4,)) has at most 2m [i’ﬁzil]
points in the closed upper half plane.
Proof. 1. The relation

(Ao — A — (Ay — A DAy — AD(Ag — AD)™ =
= (Ay — AI)(A4; — A7 (Ag — L) — (A4, — 1)),
(4, Ao € p(A4y) N p(A4y)

mmplies that condition (6) is independent of the point 1€ p(4,) N p(4;). We fix
some non-real z, € p(4,) N p(A4;). Then also z, € p(4,) N p(4,), and the function r:

r@:m@@—%wc—aw,m=[“jl}

is definitizing for A,:
[r(Ao)x, x] = [po(Ao)( Ao — 2oD) (Ao — Z2oI)"x, x] 2 0 (x € 3).

Here we may suppose that the definitizing polynomial p, of 4, and hence also r
are real on R (see [8], [5]). Consider the representation

D) =0+ 3 0 — 207 + 5z — 2]
j=1

J

of the function r. Then
r(4,) — r(de) = é {?j[(A1 - 201)—’. — (4o — 201)‘1.] ‘H7j[(A1 - EJ)—j‘(Ao"ZOI)_j]}
=1

and the above remark and (6) imply that
©) dim (r(4;) — r(4y)) < 2nm.
The operator r(4,) is again J-selfadjoint. We put

{x, v} = [r(4y)x, ¥) (x,ye #)
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and #: = H[N oy Vo = {xeH: {x, y} =0 for all y e #}. By (9) we have

(10) i = 2 (5[0} = 2 (H5L,. 1) < 20,

The space H# can be completed to a Pontrjagm space .
Setting
;2= (A, — zI) (z € p(4y))

we define the operator RAZ in # by the relation

A

a N A
R Rx (xe s, x = x -+ Ny).

This definition is correct because of
{sz’ y} = {x’ ng} (X,J’E”aZGP(Aﬁ)-

Evidently, we have

(T + o — 2RI + Gy — 20) Re) =
= ([ + (G — 20) Re)(I + (20—7Z0) Re) = 1.

Hence I + (2o — 24) Rzo is an isometric operator in ## whose domain and range are
the dense subspace 9’/ Then I + (24 — z¢) Rzo and also Rzn are continuous by [l1],
Theorem 1X.3.1 or [4], Theorem 2.3. The closure of Rzo in & is denoted by Rz(,.

For the J-unitary operator I +- (z, — Z,) R;, in the Pontrjagin space H# there

exists a x-dimensional (cf. (10)) non-positive invariant subspace .# of # (see [1],
Theorem IX.7.1 or [4], Theorem 3.7). We find a polynomial ¢ of degree < x such

that q(IAi,ﬂ |A4) = 0. Then
{g(R.) qR.)%, 3120, (%e#).

For the polynomial

pil2): = po() (z—zo)"(z—zﬂ(‘ > )‘1( 1"_)

the degree of which is not greater than

2x+n0§4m[nojl]+n0
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we have
[p(ADx, x] = [po(A)(A; — ZoI)* (A; — zoI)” ‘:l(REO) q(Rz;) X, X] =

= [F(A)(4, — zD)**" G(Rz) 9(R:) X, (Ay — zly+"x] =
= {é(REo) Q(Rzﬂ)(Al — ZoIy " X, (A — ~01)x+"~\'} z0 (xe Q(A%Hm’))-

2. Let t; ,j=1, ..., k, be the elements of c(4;)\c(4,) and let S: = y(4;)\
\0o(dp). Tn order to prove (8) we first observe that the rational function r with
[r(4o)x, x]2 0, (x € ), can be chosen so that r(t;) # 0, j=1,2,..., k, and Im
r(z) # 0 for ze S (see [5]). For each #; , j=1,...,k, we choose an open set
4; € B(A4,) such that ;€ A;, % (E(4;; ADH) = x.(1;; Ay) and o;r(t) >0 ift e 4; and
d; = + 1 or —1. Denote the restriction of 4, to E(4;; A)H# by Al The spectrum
of 5jr(A‘i") in E(A4;; A))5 is positive, hence 5jr(Aff) has a bounded inverse and a
J-selfadjoint square root with positive spectrum. If x € E(4;; 4)# it follows that

{x, x} = [r(Ai") x, x]=5,{(3r(AT)E x, (5, r(4P)E x],
hence
(11) w(t;; A) Sx_ (B(d;; ADH#; {.,.D), j=1,...,k

It is easily seen that for the restriction Af of A4, to E(S;A4,)5, the ope-
rator r(A43) has a J-selfadjoint square root with bounded inverse. Hence for
x € E(S;A,)# we have

{x, x} = [r(45) x, x] = [(r(AD)* x, (r(45)? x]
and it follows

(12) Y dim B AN S % (E(S;A)H ;5 {.,.}).
AeSN{Imi>0

Adding equations (11) and (12) and making use of (10) we obtain (8).

3. The second relation in (7) follows from well-known results in perturbation
theory. To prove the first relation we may suppose »_(3#) = x,(3#) =oco. Otherwise
(o) = Co(4y) = .

Assume ? ¢ co(A,). Then, by Proposition 2, there exists a finite-dimensional
J-selfadjoint operator F such that ¢ ¢ c¢(4, + F). Now relation (8) applied to the
definitizable operators 4, and A, -+ F instead of 4, and A, gives x(t; 4,) < o0,
that is ¢ ¢ coo(A4y), OF coo{A4y) © coo(A4y). As Agand A4, can be replaced by each other
the required equality follows.

REeMARK. If, under the conditions of Theorem 1, the operators 4, and A4, are
bounded, the right-hand side in (8) can be replaced by mn,. This follows immediately
from the fact that in this case in the proof of Theorem 1 we can use p, instead of r.
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As a corollary of Theorem 1 we have: The class of bounded definitizable
J-selfadjoint operators is closed with respect to finite-dimensional perturbations.

By relation (7) of Theorem 1, the sets of critical points with infinite rank of
indefiniteness and of non-real eigenvalues with infinite multiplicity of a definitizable
operator do not change under a relatively finite-dimensional perturbation, that is
a perturbation satisfying (6). On the other hand, if x,(s#) = »%_(o#) = oo, then by
Proposition 2 we can always choose a relatively finite-dimensional perturbation for

which the critical points of finite rank of indefiniteness and the non-real eigenvalues
of finite multiplicity disappear.

2. COMPACT PERTURBATIONS
OF STRONGLY STABLE OPERATORS

For the following it is convenient to fix a fundamental decomposition # =, -
4-o_ of the Krein space o#. Let P, and P_ be the corresponding J-selfadjoint pro-
jectors. We shall consider the definite scalar product (.,.) defined by

(x,y):=[Jx,y], J::P-l-—P— (x,yeéf)
and we set

flxl: = (x, x) (x € #).

A J-selfadjoint operator 4 in the Krein space o is called strongly stable, if
a(A4) is the union of two disjoint closed subsets ¢.,.(4), 6_(4) of R at least one of
which is bounded such that

E(o o (A)) # =P

Obviously, the J-selfadjoint operator A is strongly stable if and only if it is defi-
nitizable and ¢(4) = 0,(4) = 9. In this case each polynomial p of even degree
whose zeros are in p(4) and which has the property p(¢) Z- 0 if ¢ € 6..(A) is definitiz-
ing for A.

If A is strongly stable, it is similar to a selfadjoint operator. Indeed, it is easy
to see that 4 is selfadjoint with respect to the positive scalar product (.,.), defined by

(%, ¥)ot = [(E(0+(4)) — E(a(A)))x, )] (x,yeA).
Then for ||x|[3: = (x, x), and

2(4): = inf llx_”_T >0, I(4):=sup Ixlo _ o
x#0

[Ix] x#0 x|l
we have

(13) Y Dxl £ lxllo = (D] (x € #).
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In the study of strongly stable operators it is often sufficient to consider bounded
strongly stable operators. Indeed, if A is a J-selfadjoint operator with p(4) n R # O,
toe p(A) N R and @, (f): = (t — tp)™%, itis easy to see that A is definitizable if and
only if ¢, (4) = (4 — t, I)7* has this property. Moreover, 4 € B(4) if and only if
@.,(4) € B(p,,(4)) and we have

14 E(4; A) = E(9:,(4); 9:,(4))-

Hence A is strongly stable if and only if ¢,,(4) is so. By definition a strongly stable
operator has a real regular point if x,.(5#)#0 and »_(s#)#0.

Bounded strongly stable operators can be characterized in the following way:
The bounded J-selfadjoint operator 4 in the Krein space s is strongly stable if and
only if it is similar to a selfadjoint operator and there exists a 6 > 0 such that all the
J-selfadjoint operators B with the property ||B — A|| <6 are also similar to self-
adjoint operators. This is just the ‘‘selfadjoint version” of [7], Theorem 8.

We denote by IT the class of definitizable J-selfadjoint operators 4 in the
Krein space # with the properties p(4) # @, 6o,(4) = O and c(4) = @. Evidently,
if 2 is a Pontrjagin space then IT is the set of all J-selfadjoint operators in 5#. In an
arbitrary Krein space, if 4 is J-selfadjoint and #, € p(4) n R, then (14) implies that
A el if and only if (4 — t,I)™ e II.

THEOREM 2. Let A, and A, be J-selfadjoint operators in the Krein space #
with p(4y) n p(Ay) # O and

15) A — AN — (4y — A e B

Jor some (and hence for all) A € p(Ay) 0 p(A4y). If Ay is strongly stable, then A, belongs
to the class II.

Proof. Condition (15) implies that o(4,) is discrete in p(4,) (see [3]). Therefore
4 in (15) can be chosen real. By the above remark, it is sufficient to prove the follow-
ing special case of Theorem 2: Let 4, and 4, be bounded J-selfadjoint operators
such that D: = A, — 4, € S. If A, is strongly stable, then 4, € IT.

To see this we choose § > 0 such that ||B — A4,|| £ 0 implies that the J-self-
adjoint operator B is also strongly stable. Consider a decomposition D= D' - D"’
where D’ and D'’ are J-selfadjoint operators such that ||D’|| £ & and D" is finite-
dimensional. Then 4, + D’ is strongly stable, that is ¢c(4y + D') = 6o(de + D) =
= ), therefore, by Theorem 1, 4, + D’ + D'’ € IT and the theorem is proved.

CoOROLLARY. The class II is closed with respect to J-selfadjoint compact pertur-
bations, that is, if A € II, and B € S, is J-selfadjoint, then A -+ Be II.

5 S is the class of compact operators in .. If4 € G, we denote by s{A, i=12 ...,
$,(4) = s(4) = ..., the s-numbers of 4, that is the eigenvalues of (4*4)"/? counted according to
their multiplicity (see [3]).
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Indeed, if A € IT then by Proposition 2 we can choose a finite-dimensional
operator B’ such that 4 + B’ is strongly stable. Hence, by Theorem 2, 4 + B =
== A+ B’ (B— B')is of class II.

As in Theorem 1, an upper bound for the number of non-real eigenvalues and
critical points of A4, in Theorem 2 can be given. If, e.g., 4, and 4, in Theorem 2 are
bounded operators, we have the following result:

Let m be the smallest integer such that

16) s,

[Z]+

and denote by n, the degree of a definitizing polynomial of 4,. Then

(4, — 4y < ‘; 0(Ag) y(Ao) I'(Ag)72, (A,) : = dist(a,(4,), 0-(4o)),

an Y 1)x(t; A)+ Y, dim E({4};4,) # £ mn,.

tec(d A€ 0g(A4y), Imi>0

In particular, the set c¢(4,) U (6o(4) n {A: ImA > 0}) consists of no more than
mn, points.
Indeed, we find real numbers oy, oy, . . ., %y, On41, Hy S Mg, satisfying

(18) dist (), 6(40)) Z — 6(4o)

1
2
such that we have
m+1
a(4,) < U (“j—], “j)
j=1
and foreach j=1,...,n,+ 1
Cither U(Ao) n (0(1_1 5 OCJ) < 0'+(A0) or U(Ao) n (O!J_l N aj) < O'_(Ao)

holds. It is easy to see that there exists a definitizing polynomial p for 4, such that
the zeros of p are among the a;, . . ., o, and simple.
Let D’ be a J-selfadjoint operator with

1
19) 1D flp < —2-5(/40)-
We consider the operators 4, + eD’, £ € [0, 1]. Since A, is selfadjoint with respect
to (.,.), from (19) and (18) we derive that
lle(dy — o; )72 D]y < eldist (o), a(AO))]‘l%é(Ao) Se=Zl, j=1,...,n.
Thus, by the relation

Ay +eD —o; =T+ e(deg —o; DT DY YAy —o; D7 j=1,...,m,
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we obtain

ajEP(AO—{—ED’), .:15"'5’11’

for every ¢ € [0, 1]). Now using [11], Lemma 1 we see that 4o + D’ is strongly stable
with a definitizing polynomial p of degree not greater than n,. Further, by (13),
the relation

10| < %5(/40) Y(Ag) [(Ag)*

implies (19).
If #, denotes the set of k-dimensional operators and &, the set of J-selfadjoint
k-dimensional operators, then (see [3]) we have for every compact operator T:

2] D= 0 W= Fl= LT — R+ T = P 2
5]

%]

> inf |T—-(F+F)jz inf (|T— F|,
Fe¥ m 2 Fe‘a;;n
(%]

2

where T+ is the J-adjoint of T. Together with condition (16) this inequality implies
that

1 .

—6(Ao) y(4o) I'(4o)* > inf |4, — A, — F]|.

2 Fe#),
Hence there exists an m-dimensional J-selfadjoint operator F’ such that 4; — F’
is strongly stable with a definitizing polynomial of degree =< n,. Now the conclusion
(17) follows from the Remark after Theorem 1.

ReMARK. In Theorem 2 as well as in (17) condition (15) can be weakened:
It is enough to suppose that the difference (4; — AI)™ — (4o — 2I)7! is the sum of
a sufficiently small and a finite-dimensional operator.

Finally, we prove a “negative” result about compact -perturbations of defini-
tizable operators.

PRrOPOSITION 3. Let A be a bounded definitizable operator in the Krein space
H, which is not of class I, that is 64 o(A) U €l A) # O. Then there exists a compact
J-selfadjoint operator K such that A -+ K is not definitizable.

Proof. (1) If 6y oo(A) # B, we may suppose that 6(4) = {a, &}, « # & Consider
the decomposition

Ho=H,+ Hz: , Hy = E{aD)H, #;: = E({@))#.
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4— (A0 0 ’
0 Af
where A¢ is the adjoint of A4, with respect to the duality [.,.] between 5, and o#;
(see [1]). The lengths of the Jordan chains of 4, corresponding to « are bounded by
the order of the zero o of the definitizing polynomial (see [8] or [5]). Thus 4, —af

has an infinite-dimensional null space #",. Let (e,) be an infinite orthonormal system
in the Hilbert space s, (with respect to (.,.)), ;€ /', i = 1,2, ..., and

Then A has the matrix form

oo

Ky: =Y a(..e) e,

i=1

Here ¢; are non-zero complex numbers with ¢; # ¢; for i # j such that the sum con-
verges in the operator norm (or in one of the €,-norms ®, p > 1). For
A+ K: = ( Ao+ Ko 0 )
\' 0 4 + K7
we have
A+K)e;=(a+¢g)e;.

Thus o # & is an accumulation point of a(4 + K) and A4 - K is not definitizable.

(2) Assume co(4) # @ for the rest of the proof. Evidently, we may suppose
0 € co(A4). Moreover, it is sufficient to prove the statement for the restriction of 4
to E(4)s# where E is the spectral function of 4, 4 € B(A4) with 0 € 4. Therefore we
may suppose in the following

(20) [4"x, x] = 0 (xe #) for some integer 7, co(A4) = {0}.

(a) Suppose first that the root subspace £, of A corresponding to zero contains
an infinite-dimensional subspace # < P, invariant under 4. As the Jordan chains
of A have length < n - 1, the null space of 4 also contains an infinite-dimensio-
nal subspace %' = B,. We choose an infinite orthonormal system (e;) in %" and define
Pii= (., e)e;, K=ie;P; — i¢; JP,J withe;real, g;#¢, if j#k,j,k=1,2,....The
operators K; are J-selfadjoint and two-dimensional and we have Kje; = igje;, K Je; =
= —ig;Je;, Kie; = KiJe; = 0 for k # j. If the ¢; are chosen small enough then

K=Y K; is compact, even belongs to an arbitrary class €, , p=1. Then 4+K
i=1
is J-selfadjoint and has infinitely many non-real eigenvalues, hence it is not defini-

tizable.

® For the definition of the classes S, p = 1, see [3].
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(b) Assume now (20) with n = 3. Then there exists (see [9]) a subspace 4" < P,
such that
@) AN = N, (@) A+ Yy (AN « 47D,

‘The subspace 4" is contained in the root space .#,. Indeed, x € 4" implies [4"x, x]=0,
hence by (20) and the Schwarz’ inequality we find 4”x=0. If dim 4" = co the state-
ment follows from (a). If dim 4" < oo, consider the subspace 4~ ++ JA~ of H#.
Let P, be the selfadjoint and J-selfadjoint projector onto 4"+ JA"'. Then with
respect to the decomposition # = (I — Po)# @ A4 @ JA" the operator A has the
Tepresentation

A 0 A A; 00
A=14y Ay Ay =0 00|+ 4.
0 0 Ay, 0 00

with a finite-dimensional operator A’. Evidently, [A};x, x] 2 0 (x € (I — Py)oF),
and Theorem 1 implies 0 € c(A4,,). Moreover, from (i) it follows (see [9]) that

%(An) + /V(Au) :(1“ Po) H.

Therefore, if n Z 3 we have also [4772x, x]=0 (x € (I — P,)s#). If we show that

there exists a compact operator Ky, in (I — Py)s# such that 4,; + K;; is not defini-
tizable, then also

0 (U
0 0 0
and hence, by Theorem 1, also
K, 0 O
A+1o 0 0
0 0 o

is not definitizable. Therefore the case of a general n in (20) reduces to one of the
following cases:

21) [A4%¢,x] =2 0 (xe)
or
(22) [Ax, x] 20 (xe#).

7 For a subspace # of # we write #1LI: = {x: [x, #] = {0}
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Moreover, in both cases we may suppose that #(4) -+ A4 (4) = H, ce(A) = {0}
and, by the remark preceding (20), that if for some ¢>0 we have (—¢, 0) n 6(4) = O
or (0, &) na(4) = O then o(4) is even non-negative or non-positive, respectively.

(c) Suppose now (21). Then #(4) = P, and H#(4) = (A contains an
infinite-dimensional non-positive subspace. According to (a) we may assume that
A"(A4) contains even an infinite-dimensional negative subspace .4".

If 6(A4) # {0}, then by the remark at the end of (b) there exists a sequence
(4) € 6(d) =« Rsuchthat ; # 0, A; # A ifj# k, j,k =1,2,...,4;, > 0(j > o0).

Consider an infinite system (e;) in 4" with [e;, e,] = 0 for j # k. Define

P;=Tle,e] ., ele;
and consider a sequence (k,) of natural numbers such that K: = Y} Ak, P, converges

in the norm of the class &,, p = 1. Then the operator 4 + K has infinitely many
critical points A, v = 1,2, ..., hence it is not definitizable.

If 6(A4) = {0} then # = #,. Then there exist (see [9]) a maximal non-negative
and a maximal non-positive subspace of # both invariant under 4. We may suppose
(according to (a)) that both subspaces have only finite-dimensional isotropic parts,
and it is easy to see that there exist a positive and a negative infinite-dimensional
subspace of s both invariant under 4. Now by a similar construction as in the case
o(A) # {0} one can find a perturbation of 4 which is not definitizable, moreover,
the perturbation can be chosen from an arbitrary class S, p < 1.

(d) It remains to consider the case (22). If (—oo, 0) = p(4) or (0, c0) = p(A)
then there exists a definitizing polynomial of even degree and (c) applies. Therefore
we may suppose that for each ¢ > 0 we have

(23) (—&,0)no(d) # D, (0,¢)na(4) # O.

Consider the selfadjoint non-negative operator J4. Assume dim #'(J4) < oo.
Then there is no interval (0, 8), > 0, which belongs to p(JA4), as otherwise we could
find a finite-dimensional selfadjoint operator F such that 0 € p(JA4 + F). This would
imply O € p(4 + JF), a contradiction to our assumption 0 € co(4) by Theorem 1.

With the aid of a theorem of Weyl-von Neumann (see [6], Theorem X.2.1)
it is easy to see that there exists a selfadjoint operator K, € S, (or even € €, p > 1)
such that J4 4+ K, is non-negative and there exists a sequence (4;) of positive eigen-

values of J4 + K; with '} A2< co.Let ¢; be an eigenvector of J4-+ K, corresponding

j=1

to 4, llgll=1,j=1,2, ..., and define
o0
K= =Y, 4(.,e)e;.
j=1

Then K,€&,, and J4 + K, + K, is selfadjoint, non-negative and we have
dim #°(J4 + K, + K;) = .
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Then also
dimA'(4 + JK; 4+ JK,) = oo.

As the perturbation JK; -+ JK, is compact, in the case (23) for the proof of the
proposition we may additionally require dim 47(4) = co.

Now, under conditions (22) and (23), if #7(A) contains an infinite-dimensional
subspace of P, the statement follows from (a). If #7(A4) contains an infinite-dimensio-
nal positive or negative subspace the statement follows as in (c).

Proposition 3 is proved.

REMARK. As the proof shows, the operator K in Proposition 3 can be chosen
in an arbitrary class €, p > 1. Very likely, the restriction p+ 1 is just a technical one.
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