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A COMPLETE TREATMENT OF LOW-ENERGY
SCATTERING IN ONE DIMENSION

D. BOLLE, F. GESZTESY and S. F. J. WILK

1. INTRODUCTION

The purpose of this paper is to provide a systematic analysis of low-energy
scattering on the entire real line, taking into account explicitly the possibility
of zero-energy resonances of the Hamiltonian. Such an analysis has been carried out
very recently for three dimensions [1], [2], [13]. In one (and two) dimensions,
this problem is more involved due to the well-known additional difficulty that
the free Green’s function has a square root (logarithmic) singularity in the limit as
the energy tends to zero. .

Different aspects of the one-dimensional scattering problem have received
much attention in the past, especially in connection with inverse scattering techni-
ques, which are used extensively in quantum mechanical problems (cf. [14], [16],
[34] and the references therein), and quantum field theory (cf. [17], [46] for a review).
More recently, new rigorous results have appeared (3], [7], [15], [19], [20], [26 — 30],
{331, (36}, [38], [39], {41], [47]). In particular, one has studied the ground-state pro-
perties of one-dimensional Schrodinger operators with various potentials, includ-
ing long-range ones, especially in the limit of weak coupling [7], [26], [27], [38],
[39], [41]. Also bounds for the number of bound states [26], [27], [36] as well
as for the imaginary parts of resonances [20] have been obtained. Other results
are concerned with the limit situation where some negative eigenvalues approach
zero as the coupling constant approaches a ““critical value’” [29], [30]. Furthermore,
scaling techniques have been applied to analyse in detail the limit of one-dimen-
sional short-range interactions converging to point interactions [3]. We remark that
the latter paper contains an extensive list of earlier one-dimensional results which
are not explicitly mentioned here.

Let us now give a short description of the results obtained in this paper. In
Section 2 we study the occurrence and properties of zero-energy resonances of the
one-dimensional Schrodinger Hamiltonian H. This leads to a classification of
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essentially two cases i.e. H has no zero-energy resonances (=- generic case)and i
has a zero-energy resonance with multiplicity one. This study is based unon and
extends some of the results of Klaus [29] and Klaus and Simon [30] in the sense
that the class of potentials ¥ can be extended from CP(R) to those satisfving
(1 - x®)V e LY(R).

Section 3 describes in detail the low-energy behavior of the transition
operator T(k), assuming roughly exponential fall off for ¥ at intinity. {t establishes
recursion relations for the cocfficients in the Taylor expansion for T{%) {generic
case) or the Laurent expansion for 7(k) (other cases). Analogous resuits for the
resolvent and the evolution group of general elliptic differential opzrators have
becn obiained by Murata [33] (thereby extending the work of Jensen [22], {231 and
Jensen and Kaio [24]).

In Section 4 we present Taylor expansions for the reflection and transmission
coefficients. In the generic case, we thus obtain results that are more detailed
than the ones available in the literature (cf. e.g. {14], {16], [34]). For the otirer cascs,
the results are new.

Section 5 derives two sets of trace relations involving the continuous spec-
trum, i.e. negative energy-moments of the trace of the difference between the {ull
and free resoivent, on one side, and the point specirum, i.e. negative-energy pound
states and zero-energy resonances, on the other side. Such trace relations for posi-
tive-energy moments were initially introduced by Gelfand and Levitan [18]. (For
a list of further references we refer to [1i], {i13].) As a special case of these relations
we obtain Levinson’s theorem for scattering on the line. We find that its siructure
completely changes in comparison with three dimensions.

If one is interested in asymptotic expansions of the scaitering parameters
instead of analytic ones, Section 6 briefly indicates how the exponential fall off
conditions can be relaxed.

A brief outlins of this analysis has appesarcd before [10]. A similar analysis
for two dimensions which is technically more complicated because of the logarith-
mic nature of the free Green’s function singularity and the possible existence of zero-
-energy bound states besides zzro-energy resonances, is in preparation {91

2. ZERO-ENERGY PROPERTIES OF H

in this section we study the onz-dimensional Schrédinger operater, ailowing
the possible occurrenc: of zero-energy resonances.
We dzfine the Schrodingzr Hamiltonian H in L*(R) as the form sum

H = HO —-.:»— ;~0V’ )u‘) € R\{O}y
@.1)
.(12 -

on G(Hy) == H*R).
dx?

]"Iu:‘
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Throughout this paper we assume the potential F(x) to be real and satisfy
(2.2) Sd.\'(l - X9V (x)| < oo, deV(x) #0.

Introducing

(2.3) p(x) = VO3 ux) = V)Y sign V(x), u-v=1V,
the transition operator T(k) in L%(R) is defined as

{2.4) T(k) == (1 + 2quRg(k)v)-2,  Imk > 0, k # 0, k? ¢ Z,(H),
where Ry(k) denotes the free resolvent

{2.5) Rotk) = (Hy — k%)™, Imk >0
with kernel

(2.6) Rk, x, ) = (ij2k)eikix-7!,

In order to isolate the first order pole in Ry(k) as k— O we follow ref. [41]
and decompose

(2.7) Rk = (1/2k) (v, Ju + M(Kk), Imk >0, k #0,

where M(k) € BH(L%R)) for al Imk > 0. If

2.8) Sd_\' easllF(x)] < oo for some a > 0,
R

then Af(k) is analytic with respect to k in the region Imk > — /2, and

(2.9) M(k) = 53 uky'M, ,

n=0
where the M, are Hilbert-Schmidt operators with kernels

v —— platl
(2.10) M(x,y) = — 27 lu(x) -~

—Wv(y), )l:0,1,2....
- 1)t

The expansion (2.9) converges in %,-norm. Defining
(2.1 P=(v, )" *(v,- )y, Q=1—P,
we thus obtain for 7(k)
(2.12)  TXh) = [1 + (il(v, W)/2K)P + 2eM(K)]-}, TImk > 0, k # 0, k2 e Z,(H).
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Obviously the low-energy behavior of 7(k) strongly depends on the zero-energy
behavior of H. As a first step in our analysis of possible zero-energy resonances
of H, we state a slightly extended version of Lemma 7.3 of [30].

LemMA 2.1. Let V satisfy condition (2.2). Assume that —1 is an eigenvalue
of 2,QM,Q and let

7 == {¢ € L*(R), H0M,Q¢ = — ¢},

W = {y eV (v,(z — M)~ y) = 0 for some |z, > ||isM,|}.
Then
(1) ¥ is independent of :z.
(i) dim# = dim ¥ or dim# = dim7?" — 1.
(ii) (z — 0P — AgMy)~"y = (z — ’oMy)y for all ye ¥, o€ C.
(iv) WMoy = — y for all ye .
W) If @y VY then

oMoy = — @ + (v, u) " ig(v, Mypolu .

i) If ye ¥ then (v,(z — XsMy)~1y) = 0 is equivalent to (v, Myy) == 0. Con-
sequently
W = {ye? (v, Myy) = 0}.

Proof. Let ¢ € C, then for |z| large enough (compared to ig! and |'2,M,})
one derives

(z — 0P — JyMp)~" = (z — 2oMy)™" +
(2.13)

+. ‘ (z — AoMp)=*P(z — JyM,)~".

L — o0, (z — M)~ w)/(v, 1)

Since the spectrum of /,M, is a compact subset of the real line (which foliows from
GignV) M, = M}(ignV) cf. eg. [2], [30]), equality (2.13) extends to all
z¢ Z(Mp) U {z' (v, u) = o(v, (z — 4 M,)~'u)}. Expanding (2.13) with respect to
o finally yields {30]

(z — 0P — 2oMp)~" = Q(z — ZQ@MQ)'Q —
(2.14)
— 07 Y(v, (z — AeMy) =) ~%(v, W)2(z — JoM,)"'P(z — }oMp)~1 4 O(c %)
for |o] large enough.

Since y € # is characterized by the fact that y € ¥" and (( — 2,M ¥) v, 1)=0,
dim# = dim ¥ or dim ¥ =dim ¥  — | which proves (ii). Since P(z — A,My) =1y =
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= 0 forall y e # (iii) directly follows from (2.13). Taking the limit ¢ — oo in (2.14)
we obtain from (iii)

s-lim (z — 6P — 2oMy)~y = Q(z — 4,QM,Q)~Qy =

g0

=@+ D)0y =z —LM) Yy, yeW.
Noting that Py =0, Qy = y we get (iv). If o e Y\ and n, = LMyp, + ¢4
we have that Qn, = 0 and n, = (v,u) (v, 5,)u. Thus
(0, 0) = Ao(v, Mo@q) + (v, @o) = Ay(v, My(py)
which proves (v), (vi) and (i). Y%

REMARK 2.1. Lemma 2.1 (i) — (iv) coincides with Lemma 7.3 of [30], where
it was used in the context of coupling constant thresholds (cf. [26], [27], [29], [30],
[32], [38], [39], [44])/for Schrédinger Hamiltonians in two dimensions. (We have repro-
duced here a full proof for the convenience of the reader.)

Next we give

LemMA 2.2. Let V satisfy condition (2.2). Assume that
0@M,Q¢ = — ¢, ¢ e L*(R),

and define the zero-energy resonance function § by

Q15) Y = — (0, 1) e(v, Myg) — 2—%de:x — Y00,

R
Then

(i) ¥ € L*(R) and HYy = 0 in the sense of distributions.
(i) ¥ ¢ L(R).
(iil) u(xW(x) = — @(x) ae..
(iv) ¥ + (v, w) 7 2(v, Mogp) — 27 %A, sign(-)((-)v, 9) € LA(R),
Y 00) = — (v, W)~ (v, Mo@) = 271 %(()v, @).
(v) ¥ is unique and thus the nonzero eigenvalues of 2,QM,Q are simple.
Proof. Obviously ¢ € Lis(R). From (v, ¢) = 0 we infer

W) = — (0, 1) ~Yo(v, Myp) + 2-Mo-2- ((-)1, @) —

|x]
(2.16)

2o
-4

2o

dy(x — Y)o(»)e(»), x <0,

8"",’*

dy(y — x)o(»e(y), x>0.

w8
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Taking e.g. x > O the estimate

o : ,
o S Ay — DU)R0) | <2

X

< L2
dy y00) |90, < 2124 :1<p1:2( d.v,rﬂ'vmf)

Ay

e 8

proves that
Y+ 00) = — (v, u)~ (v, Myp) = 27 05((-)v, @).

A similar argument holds for y (— c0). Thus € L(R). Moreover. multiplving
(2.15) with u(x) yields (iii) by Lemma 2.1 (v), equality (2.10), and the compactness
of M,. Since by (2.15) ¥ is locally absolutely continuous we get

217 Y'(x) = ).OS dy o(3)e(»).

This shows that ¢’ is also locally absolutely continuous. Differentiating (2.17) once
again we finally obtain

(2.18) P(x) = 2,0(X)(x) = 2 V(OP(x) ae. .

This proves statement (i) of the lemma.
Next, we define

(2.19) P(x) =5 Y(x) + (0, 0) o0, Mogp) — 271 sign(x)((- )r. @).

Using equality (2.15) in (2.19) and the fact that ‘x{v,¢): 0 we arrive 2f
(e.g. x> 0)

P(x) = — "~ode (y — x)ye(y) @(2).

X

Employing (iii) and € L*(R) we obtain
F) < g o 61 S dy VO

and similarly for x < 0. This completes the proof of (iv).
Finally let us assume that y € L*R). Then, because of (iv), we have (v, Myp)=
= ((-)v, ¢) = 0, and by (iii) and (2.16) we obtain the equation

"

by \ dy(x — »VOW(G), x <0,

8

(2.20) Y(x) =

Ao \ W — X)VOW(WL), x>0.

kL/'\8
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Iterating (2.20) (this type of Volterra operator is quasinilpotent) yiclds e.g. for
x>0

W < Al S Al — xV() SdJ’z]J’z VO
X »,

S V00 — Veoal IV ) <

< ol 19 )2 [2 de(y)lV(y)l]", he12 .

This means that i = 0 such that (i) is proved. Uniqueness of ¥ and hence (v) fol-
lows in exactly the same way from equality (2.16). N

The converse of Lemma 2.2 is contained in

LeMMA 2.3. Let V satisfy condition (2.2). Assume that Yy € L2(R) and H} = 0
in the sense of distributions. Define

o(x) = u(x) {( zS dx'V(x'))' %o S dx'dy V(x) i — J”IV(y’)z//(y')} —
R R2

(2.21)
- 2-1).(,de u()|x — yIVOW()
R

then ¢ € LXR), 2,OM,Q¢p = — ¢ and again (i) — (v) of Lemma 2.2 hold.

Proof. Since the norm of the second term on the right-hand-side of (2.21)
is bounded by W IZHICVILIVIE + 3 VILICVI] we get @ € L(R). Next we
introduce the function ¥(x) satisfying

Y(x) = — 27, u)~ %, S dx'dy’ V(x")ix'" — |V W) -+

R2
(2.22)
+ 2-1).08 dylx — ¥VOW(»)
R
such that

P(x) = — u(X)¥(x) a.e. .
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Since ¥ is locally absolutely continuous we obtain

X

W) = 2712, S GVOWG) — 27, S GVOWG)

--00

and differentiating once again

Pr(x) = AVOOW(X) = (%) ae. .

Consequently
2.23) Yx)=yx) +ex+d

for some constants ¢ and 4. From equalities (2.17), (2.18), (2.22) and (2.23), and
Yye L(R) we get

X— 400

lim x-'¥(x) =c = + 2—1;.05@ VW () = 0.
R
Moreover a direct calculation shows that P¢ = 0 and thus

(0, ¢) = — de VEP() = 0,
R

which proves d = 0. Thus ¥(x) = ¥(x) and after multiplying equality (2.22) with
u(x) we get

2.24) — @(x) = u(W(x) = — (v, u)~ (v, Mo@Iu(x) + 2o(Mo)(x).
Applying Q on both sides of (2.24) (observing Qu = 0, Q¢ = ¢) finally yields

—¢ = A0OM,Q0.

From here one can follow the proof of Lemma 2.2. ]

REMARK 2.2. Different proofs of most of the results of Lemmas 2.2 and 2.3
under the assumption ¥ e CP(R) have appeared in [29] (cf. also [16]).

With the help of Lemmas 2.1 —2.3 we are able to distinguish the following
cases in the zero-energy behavior of H. If the potential ¥ obeys condition (2.2),
then we have

Case I. — 1 is not an eigenvalue of 4,0M,Q (i.e. H has no zero-energy
resonance).

Case II. — 1 is a simple eigenvalue of A, QM,Q, 1,QM,Qp, = — ¢, for some
@o € L¥(R) (i.e. H has a zero-energy resonance) and

a) ¢, =0, ¢ #0
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or
b) e, #0, ¢=0

or
) #0, ¢, #0

where

(2.25) ¢y = (v, u)" (v, My@o), €z = 271((-)v, @o)-

Note that in the Cases II a) — c) we have (v, @,) = 0. Furthermore, in these cases
there exists precisely one resonance function ¥, ¢ L%R) (up to multiplicative cons-
tants) given by equality (2.15). Since H has no zero-energy bound states (or equi-
valently (v, Myp,) and ((-)v, ¢,) do not vanish simultaneously) and nonzero eigen-
values of 1,0M,Q are simple, the above list of cases is complete. It is trivial to
realize all Cases I, II a) — ¢) in the example of an asymmetric square well.

3. LOW-ENERGY BEHAVIOR OF T(k)-RECURSION RELATIONS

We discuss in detail the low-energy behavior of the transition operator T(k)
for the different cases presented in Section 2. In particular we establish recursion
relations for the coefficients in its Laurent series around k = 0.

We start with

LemMA 3.1. Let € C\{0} small enough. Then the norm convergent expansion

G (1 + WQMQ + )7 = 2> 4 F (— oIy

m=0

holds. Here P, denotes the projection onto the (at most one-dimensional) eigenspace
of 2,QM,Q to the eigenvalue — 1.

Py =0 in Case 1,

Py == (P, 90)~HPo, )@, in Cases 11 a) — ¢),
where

200MQpo = — @y, @ € LAR), @o(x) = sign V(x)p(x).
T, denotes the corresponding reduced resolvent viz.
3.2) To=n-lim (1 + A,0M,Q + &)~'Qy, Og=1— P,.
&= 0

Proof. In principle one could follow the proof of Lemma 3.1 in [2] step by
step but we prefer another argument based on [25, p. 180] (cf. also [22], Theorem
4.3). It turns out that (3.1) holds if we can show that (2,,QM,Q + 1)?%¢ = 0, g € L*(R),
implies that (1,0M,Q + 1)g = 0.
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Assume (L,0Mo0 + 1)’ =0 and define = (J,@M,Q + t)g. Then
{200M,Q - 1) == 0 and consequently

(F, 1) = (@ MEQ* + D)E, (,QM,Q + 1)g) =

== (g’, (;~0Q}\10Q -~ I)2g) =0,
where
f=0eQ*M3Q* + 1)g, £ = (signV)g.
Furthermore

0 = —(f, WOMQf) = — (f, 4oQuHs "vQf) ==

[

= — Jo(Ho “"uQ%f, Hy "*vQf) = — ZoiHy "*tQ [

implies tQf = 0 and hence [ = 0 (since f = —1,QuHs 'vQ[f). Thus the eigenvalue
~1 of 2,QM,Q has algebraic and geometric multiplicity equal to one. r

Next we collect some relations which turn out to be uscful in the seguel:
PPy == PP =0, QP,= P,Q =P,
PQy= QuP = P, QQ~ QoQ == Qy— P+ Q- P,

Po‘f‘P‘%‘QQoﬁL

—~
(98]
w

-

OT,=T,0 =Ty~ P, PT,=T,P=P, PT,0 O,

iPoMoPy = — Py, igPyMoQ, = (‘~P0a 2 R AYE CY 7

12

(@0, M1pg) == 2 eyl

We then prove

THEOREM 3.1. Assume (v,u) # 0 and e2 Ve LYR) for some a > 0. Then
(k) has the following norm convergent Laurent (resp. Taylor} expansion arvuid

(3.4) Ty = ¥ (iky,

nooq

where g = 0 in Case I and g == —1 in Cases 11 a)—c).
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Proof. Case 1. From equalities (2.4) and (2.7) we get

T(k) == [1 + (i4(v, 0)[2k)P -+ 2oM(k)]* =

_ [1 ey [1 C (v, u) P ]M(k) -1 [1 i(v,w)P ] _
l 2k + iAy(v, u) 2k + iAg(v, 1)

= [ + 40M, + O(k)]~* [Q + O(K)].
This proves analyticity of 7'(k) around k == 0 since

(I + 20M)~" =1 — Jy(1 + 2,0M,0) QM
€eXists.
Cases Il a) — c). Take ¢ € C\{0} small enough. Then we have

(U 20QMy + &)~ = (1 + 40M,Q + &)7'[1 + 2,0OMP(1 + 7,QM,Q + &)~ =

= [..59_ + 2 (__ 8)”7T671+1J [] — ./"OAQJ‘_J.‘_)B.]’
& m=0

1 +¢
where we have used Lemma 3.1 and the relation

(1 n EO_Q.AL[O{)_) - (1 _ _;-OQ?"{QE) .
I+e I +e

After some straightforward calculations using some of the equalities in (3.3) this
leads to

6.5 (U + 2,0M, + 5=t = —LoPoMo.

L o).

Next, we consider the operator 7T(k) (see equality (2.4)) which can be written as

T(k) = {{1 + (ido(v, w)/2K)PN1 + (1 + (i26(v, u)]2K)P)~ 2 M (K)]} * =

_ [ 1AM + Ui PM(K) ]-1 ( 0 26kP

+ —
2k + ido(v, u) 2k + i2o(v, u) }
After some manipulations we get by expanding M(k) (see equality (2.9)) to order k2
ik \-1/. 2ik N
T(k) = {1 + { 1+ 2,0M, — — ?"“.4) (1k/10QM1 - .(‘iﬁi)" + 0(/@))] X

\ Ao(v, 1) v, U

(e mom— 2 Y o B

7o(v, 1) Zo(v, 1)
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or using equality (3.5) with & == —2ik(44(v, u))~! we arrive at
B a -1 -1 S, -1
T(k) s {1 + [1 + E;Pm )‘Po] O(k)} [1 + (B N‘PO! )(p() ] %
(@9, @) (o, ©o)
3.6)

[ Aa(v, u)
x R -

2ik
- PoM, + O(1) — =],
%k (] ( )] (Q )

Jo(v, u)
where

B = I, 1) {Ml_ _ M.pM, M_oQMu_].
2 (L’, “) (U, ll)

Finally, we calculate the inverse appearing in equality (3.6). Employing

3.7) B0 g - B e o,
(©o> @o) (@a> ®o)
we get
(B*@, - )0o :I -1 1 e
R (B Y-
[ (@9, ©0) (e + lea2g(v, 1) ’ °

Inserting this into equality (3.6) and calculating the terms up to G(1) we obtain

T (k) = [2ikio(ler]* + |cal®] ™ H@o - )po + O,

where we have used again equality (3.7) and the relation 2,P,M,Q = —P, (see
equality (3.3)).
This completes the proof of Theorem 3.1. ]

Assuming the potential condition (2.8) and of course (v, #) # 0 throughout
the rest of this section we now derive a systematic way to calculate the coefficients
t, in the Laurent series (3.4) for T(k).

We start from the integral equation satisfied by T(k), viz.

4

(3.8) T(k) = 1 — A[(i(v, u)[2k) P + M(K)T(K).

Following [13] by defining
(3.9) P(k) = PyT(k), Q(k) = QoT(k), Imk > —a/2,k #0
equality (3.8) leads to the following set of coupled equations

2ik2o(Po, Po) Yl Ca|2P(k) = Py — 2o @0, o)~ 2cF(Qk) 1, Yo —
(3.10)
— doPoM@D(I)P(K) — 2gPuMDO()Q(K)
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and
(3.11)  Qk) = Q¢ — (14/2k)(Q(k)*v, - Ju — AQM(K)P(K) — 24QcM(k)Q(K)

where

(3.12) MUk) = Y kM, j=12,....

n=j
Rewriting equality (3.11) using
1+ (i7/2k) (v, Ju + 2QMQ + ]! =
= 7Py -+ To{l + [Ao(v, w)/Q2ik — Zo(v, u))IP} + O(e),

one obtains
Q(k) = Ty{l 4+ [A(v, w)/Qik — 29(v, W)]P} [Qy — 2 QoM D(k)P (k) —

(3.13) — hQoMoPO(k) — 2QeMM)C(K)} —
— [2ik/Qik — 24(v, uI[(Pos ¢0)‘1c1)»0(P(k)’::(710,~)u + A PM QO]

Inserting (3.13) into the second term on the right-hand-side of (3.10) leads to, after
some calculations,

P(k) = (%ik)~H(@g> 9o)c[Py — LoPoMP(K)P(k) — AgPoMD(k)Q(K)] +
(3.14) + [2cct/ (v, ) — 20))({1 — ZgMDOE)P) — JoME)QUK) Y0, Y —
— [4 ik cle,|*/(Ao(v, u) — 2ik)]P(k),

where

(3.15) ¢ =[2(|al® + e~
Equalities (3.13) and (3.14) may then be rewritten as

(3.16) P(k) = Pylk) — Py(k)P(k) — Py(k)Q(k),
and

(3.17) Q(k) = Qo(k) — Qy(k)P(k) — Qx(k)Q(k)

where the explicit expressions for Py(k), . .. , Qu(k) can be easily read off from equa-
lities (3.13) and (3.14).

Next, from Theorem 3.1 we infer the existence of the norm convergent expan-
sions

o] o0

(3.18) Py =Yy, (k)p,, Q) =Y (ik)g,.

n=—1 n:=0
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In order to calculate the coefficients p,, ¢, in all Cases I, 1I a) - ¢) we expand

(3.19) Pk = 3 (k) A,,
= -1

(3.20) Py(k) = ¥, (ikY'B,,
n:=1

(3.21) Pyl = ¥, (ikrD,,
n=0

and insert these expansions (3.18)—(3.21) into equality (3.16). We get

pP-1=4A_,,

(3.22)

Py = - Z} Bn 1+1P1-1 — Z Du—lql* nz 0’

0
where
A—l = }'0_16(6703')(,00:
(3.23)
A, = cc[2/2(v, W)t (v. )y, 1 20,

‘Bu = 2CECII2[2/;'O(U9 ll)]"Po = C((’Z)DD jwt:*l@O)PO -+

(3.24)

- gec§ §‘ [2/2o(0, )N, M, 100)Py, 1 = 1,

n

(3.25) D,=(@g, @o)cPoM 100+ Agcci z [2/74(e, w1+ l({MlQO} ‘T, )@y, 12 0.

-0
Similarly, writing
(3.26) 0y(k) = ¥, (ik)'F,,
n C
3.27) 0.k = f (iky'K,,,
n 1

(3.28) 0uk) = 3 (kYL
n 0
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we obtain from equality (3.17)

~ -~

o n n
(329) 9, = Er - Z Kn—l+1pl—1 _ Z Ln—lqla
{=0 =0

where we do not need to write down at this moment the known explicit expressions
for the F,, K, and I,. The reason is that since g, occurs also on the right-hand-side
of (3.29) we have to bring the term L,g, = 20ToQMyPq, to the left and invert
(1 + 4 T,QM,P). Doing this we finally obtain from (3.29)

qgo= Fy — Kip_,,

(3.30)
n n—1
qnan_ ZKn-l+1pl—1_ an—lql, nz 1,
=0 =0
where
FD = TOQ,
(3.31)

F, = —[2/2(v, WI'"(0 — 4 T,QM)P, n > 1,
Ky = L ToQM, Py — 2(py, 90) (v, 1) "2ey(@o , )1 — 2 ToQMu,

(.32) K, = 2ToQM,Py — Ao($0s Po) =12/ 30(0s i)]er(os 1 — ApToQMyJu —
— 50'S [2/7a(0, O — JToOM)PM Py, 1 3 2,
I=1
Ly = 2 ToOM,0, ,
(3.33) L, = 4,ToOM,Qp — %'g) 1230, )1 — A T,QM)PM,Qy), n > 1.

Equalities (3.12) and (3.30) represent the final result. They allow us to compute
all p, and g, recursively. Below we list a few coefficients explicitly and state certain
matrix elements needed for later purposes:

Case I

(3.34) =0, n>=2—1,
(3.35) ty = qo = 1,0,

h=q,=—ToQM,T,Q — [2/A(v, I[P — A T,QM,P — ,PM,T,0Q +
(3.36)

+ BToQMPMToQl, -

2 — c. 2495
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(337) (U, to“) = (U: qO”) = O,
(3.38) (v, i) == (¢, quu) = —2/4,

(v, tau) = (v, gott) = — [2/29(v, WF{(v, (1 + JeMo)u) —
(3.39)

— 24(v, MyToQMou)].

Cases Il a) — c).

(340) Pos = ¢ G )00,

Go = ToQ — ccalipe» VTo( s + (&, u)=leeo(-)v, 1) (Gor - Jut +
(3.41)

+ [2/70(v, W)lecy(@y,-) (1 ~— 2,ToQMo)u,

(3.42) PoP == 2251(v, u)~lecii (v, - )pq
(3-43) piv=0, n>z—1,
(3.44) (v, tqu) = (v, p_yu) = 0,
(3.45) (v, tou) == (v, gou) = 0,
(3.46) (v, 1) == (v, qu) = — 475 %cico}®

4. S-MATRIX, REFLECTION AND TRANSMISSION COEFFICIENTS

In this section we apply the preceding resuits to get low-energy expansions for
the on-shell scattering matrix on the line and thus for the reflection and transmission
coefficients. Throughout we assume condition (2.8) and (v, ¥) # O on V.

Combining Jost functions techniques (cf. e.g. [34]) with Fredholm methods
(cf. e.g. equality (2.24)), one arrives at the following expression for the one-dimen-
sional on-shell scaitering amplitude

@41 feoo, (k) = Qi) T0(P (&1, k), T(K)Pg (g3, K)), Imk > — aj2, k #0,
where

cj::{tl) j:]’z’
and

@2 B, kx) =v@e T, 5y, ke x) = u()e T, j=1,2.
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The on-shell scattering matrix is then given by (cf. e.g. [16], [34])
4.3) Sflez(k.) = 55152 + felez(k)’ Imk > —a/2, kK #£0,

or equivalently,

TYk) R(k)

. k) =
@9 5O (R‘(k) (k)

), Imk > — af2, k # O,

Here the matrix elements

4.5) S 4(k) = Tk) = T(k) = S__(k)
denote the transmission coefficients and

(4.6) S_+(k) = R(k), S._(k)= Ri(k)

represent the reflection coefficients for left and right incidence respectively. Clearly
S(k) is analytic in Imk > —a/2, k # 0.

Employing the low-energy expansion (3.4) for T(k) in equality (4.1) we arrive
at

THEOREM 4.1. Assume (v, u) # 0 and e 1V e LY(R) for some a > 0. Then the
on-shell scattering matrix S(k) is analytic with respect to k in Imk > —a/2. In
particular we have the following Taylor expansion in k around k = 0

o]

’ AV
@.7) Se e (k) = Y, s,
where
A8 ) — 55 2-1) n+l—-q nt+l-q-1 _ . M =1((.)! (.)m
( . ) S-‘:lez no £,8, "I' 0 Z . Z ( 81) (82) ( m) (( )U, tn+1—l——m u)
1=0 m=9

with ¢ = 0 in Case 1 and g = —1 in Cases Il a) — ¢). Moreover, the leading coeffi-
cients in Case 1 read

(49) Sg(:e)z = 56162 - 1:
s, = — 205X (0, w)*{(0, 1)+ Ao(0, Moti)+ 23(o, 1) (o, M) — A3(0, MoTyMyi)}+
(4.10) + (v, )~ (ey — &((Iv, 1) — A((-)v, TeMou)+2o(v, u)~*((- v, u)(v, Mou)]—

— 27 0180(( ), To(- Ju) 4 27 2ge185(v, u)~X((-)v, u)?,
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and in Cases Il a) — ¢)

@11 52 = 8o, — 1+ [ — ercke, + exered — eigglegYlled® + lcy?]

where T, and M, are given by equalities (3.2) and (2.10) respectively, and the c,, cs

are given by equality (2.25).

Proof. Because of equalities (3.4) and (4.1) we know that See (k) has a Laurent
expansion of the type

@12) fe®@ = % Gk

n==—144q
The coefficients f o , are found by expanding T'(k) and ®5(g;, k) in k. The result is

+1-g n . 1-q-1

@.13) £O =21 \; X AU mY TN, fyio )0

In Case I (i.e. g = 0), insertion of expressions (3.34)—(3.39) in equality (4.13)
immediately gives (4.9) —(4.10). Similarly, in Case II (i.e. ¢ = —1), inserting expres-
sions (3.40) — (3.46) in equality (4.13) leads directly to equality (4.11). %

So, up to O(k?), the transmission and reflection coefficients in Case I are given by
T'(k) = T*(k) kj)‘iks(jl + O(k?),
(4.14) Rl(k)ki — 1 + iks, 4 O(k?),
+

R(k) = 1+ iks() + Ok,

+

where the s _can be read off from equality (4. 10). These results are more detailed
than the ones avallable in the literature (cf. e.g. [14], [16], [34]). In Cases Il a) — ¢)
the transmission and reflection cocflicients are -

T = T, = 1L =150 4 oy,

el + Lo
2¢,c¥
4.15) Ry = — 22 1 O(k),
20y eaf? 4 oyl .
2¢,c*
R'k) = — e + O(k).
k0, lex[? 4 |eof?

(Here we have used cfcy, = cic5 since ¢ is unique up to multiplicative constants.)
These results are new.
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5. TRACE RELATIONS

This section investigates the low-energy behavior of the trace of the difference
between the full and the free resolvent. This is then used to derive so called trace
relations (or sum rules) involving moments of the phase shift derivative (or time
delay) on one side, and bound state and zero-energy resonance contributions on
the other side. Such (positive moment) irace relations were initially introduced by
Gelfand and Levitan [18]. For a list of further references we refer to [11]—[13].
Here we are interested in proving the zero-th and negative moment relations allow-
ing the possible occurrence of a zero-energy resonance. As a special case we obtain
Levinson’s theorem for scattering on the line.

In order to be able to apply the results of Section 3 we assume condition (2.8)
and (v, #) # 0 on the potential. First we discuss

LEMMA 5.1. In all Cases 1, 11 a) — ¢), Tr[R(k) — Ry(k)] has the following
Laurent expansion in k around k =0

0

(.1 Tr{R(k) — Ry(K)] = Y, (ik)'4,,
n=q-—2

where ’

Aq_g = 4_1).0(17, tq+1u),
(5.2)

n+l-q
4, =472, t,451) + 27" y_' n+2—~1— PTeM oy gting, 7 >q—1

0

=

with g == 0 in Case 1 and q = —1 in Cases Il a) — c).
Proof. Define
(5.3) G(k) = kuRq(k)v.

Then, by mimicking the proof of Proposition 5.6 in [43] one gets

5.9 NGE) < csdx X CImi Im KL + |x[+9)|F(x)| < oo,
R ‘ . .
for Imk > ~a/2 and some ¢, > 0 (6(s) denotes the step function: 6(s) = 1,
s > 0; 8(s) =0, s < 0). Similarly, defining G’'(k) to be the operator with kernel
(5.5) G'(k, x, y) = — 27 Tu(x)|x — y| ei¥l*=p(y)
one obtains
16® < cgdx - ImDlImKIFI(] - [x5+9)| V()] < oo,

R

(5.6)
¢, 0 >0, Imk > — a/2.
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Applying this method of proof once again one finally arrives at

67 '9O=CR) Gy’ <ck —ko|de 20 1m Byt B} (1 4-1;5+9); V(x) <oo,

b — Ko i
R

¢, 0 >0,Imk > —a/2,Imk, > — a/2

for some k, Imk > —a/2 depending on k& and k,. (The estimate (5.7) also proves
that uRy(k)v is analytic in trace norm around any k # 0, Imk > — /2 and has
a Laurent expansion around k = 0 convergent in trace norm.) Consequently

Tr[R(K) — Ry(k)] = — iy THR,(K)oT(k)uRy(k)] = — 7 Tr[uRIK)vT (k)] =

(5.8) —— }vo(Zk)‘lTr{[-dgk— (uRO(k)v)] T(k)} _

= 41 (ik) %o, T()) — 2- k-1 Tr {[ dik M(k)] T(k)}, Im k> —a/f2, k #£0,

where we have used the cyclic properties of the trace and equality (2.7). Insertion
of equalities (2.9) and (3.4) into (5.8) yields, after interchanging Y, and Tr (which is

allowed by the above arguments since k [:_k M(k)] T(k) is analytic around k = 0
in trace norm)

THR() — Ry(k)] = 4=V Y, (Y0, 14 5) +

n=gq-3

o n+l—q
+2m, 3 Gy »+2—1—q)Tr{Mn+2-,_,,t,+q}
1=0

n.:q-1

for k # 0, |k| small enough. Since (v, t,u) = 0 by equalities (3.37) respectively (3.44),
(5.1) follows. 7

Next we establish the high-energy behavior of Tr[R(k) — Ry(k)].

LemMma 5.2. In all Cases 1, II a) — c) there exists a ko >0 and a ¢ > 0
(depending on k,) such that

(.9) IR(K) — R(®)ly < clki=2, (k| > ko > 0, Imk > — af2.
Proof. From the estimate

(5.10) || 2uR(KIv[E < olQlKY) 2| e~2m kP2 k % 0, Imk > — a/2,
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we obtain
GAD 1 TR = |1 + A2uRy(k)v) 1|} < const, k| = ky > 0, Imk > —a/2.
On the other hand equalities (5.4) and (5.6) imply that
(5.12) |[uR3(k)v|,=Qlk»)-HIG'K)—k G  <clk|%,  |k| 2ke>0, Imk>—a/2.
Thus equality (5.9) follows from
IR(K) — Ry(®)llx < [Zl 1T luR (K)ol & # 0, Imk > — a/2. S

LEMMA 5.3. In all Cases 1, 11 a) — c) there exists a ko >0 and a ¢ > 0
(depending on k,) such that

(5.13) ITr [R(k) — Ry(K)]| < clk|=3, [k} = ko > 0, Imk > 0.
Proof. Equality (3.8) implies

(5.14)  Tr[R(k) — Ry(k)] = — A Tr{uR3(k)v] + AZTr{uRE(k)vuR, (k)T (%)].

By equalities (5.10) and (5.12) the second term on the right-hand-side of (5.14)
is O(jk|~3) as |k|—> oo, Imk > 0. The first term can be treated as follows. Writing
uR(k)v = (2k3)~1G(k) — (2k?)-1G"(k) (cf. equalities (5.3) and (5.5)) we get

Tr{uRi(k)v] = (i/4k?) S dxV(x) — (12k3)Tr{G (k)] =

(5.15)
= (i/4k®) deV(x), k#0, Imk>0
R

since for Imk > 0
luRy ()12 = [|R(k)vll3 = (1/4|k[FIm k)| V||, < oo.

Trace norm continuity of uR?,(k)v with respect to k in Imk > 0 (cf. the proof of
Lemma 5.1) then proves equality (5.15) for all Imk > 0.

For asymptotic expansions of R{k) as |k|— co we refer to [50] and references
therein.

In the next lemma we relate the trace of the resolvent difference R(k) —
— R,(k) with the phase shift (k).
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LEMMA 5.4. Define the phase shift 6(k) by
(5.16) det Sk) = etk >0

with 1imo(k) == 0. Then 8(k) is continuously differentiable in k > 0 and

koo

(5.17) ImTr{R(k) — Ry(k)] == — (i/4k)Tr[S*(k)S' (k)] = (1/2k)8'(k), k > 0.

Proof. Since R(k) — Ry(k) is trace class, Krein’s theorem [31] (cf. also [6),
[21], [45]) implies

(5.18) Tr[R(k - ie) — Ry(k -+ ie)] = — S2pdp ¢p) , & k>0

[p* — (k + io)"

where £ is real and (1 4 |- *)¢ € LY(R). Secondly, writing S(k) = ¥4, it also
implies that

(5.19) TrA(k) = — nék) = 6(k), k > 0.
Then, from equalities (4.1), (4.3) and (5.11) we get the high-energy estimates
(5.20) idet S(k) — 1) < ¢k, |6 < kY, k >k, >0

for some ¢, ¢’ > 0 depending on k,. Next, by hypothesis (2.8) the ®;(¢;, k) are
infinitely many times strongly differentiable with respect to k. Furthermore, since
uRy(k)v, Imk > — a2, k # 0 is analytic in trace norm (cf. the proof of Lemma
5.1), T(k) and, using (4.1), also S(k) are norm analytic in k& > 0. Thus
o(k) is C® in k > 0. Moreover, an estimate similar to (5.20) shows that

d 2
(_dlg f+ +)(k)/ﬁ=(» O(k~2) and hence

(5.2D) 16'(k)] = 21 (»gl-c-dets)(k) <k~ k2 ky>0.

Next, integration by parts in the integral from 0 to co in (5.18) using (5.20)
and (5.21) yields

0

lim Im Tr[R(k + ig) — Ry(k -+ ig)] = — lim4e S pdp
e->0+

G—>0+

(5.22)

Sp)(p® — k7)
[(p? — k22 + &2

~- 00

o0

+ lim Sdpﬂ (2p)~1Tr 4'(p)
e-0
0

+

gfn
(pZ — k2)2 + 82
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Dominated convergence in the first term on the right-hand-side of (5.22) (observ-
ing k > 0) and a standard &-function computation ([40], p. 128, using the fact
that (2p)~-1Tr A'(p) is continuous and bounded in a small k-dependent neighbor-
hood of p ==k > 0) then proves equality (5.17). %

Given the above results we can now state the main theorems of this section.

THEOREM 5.1. Assume (v, u) # 0 and es'\V € LY(R) for some a > 0. Then
the following trace relations (sum rules) hold

28 dk k-2V+1 {Im TH{R(k) — Ry(k)] — Nf (— 1ykz+t Azm} =

N —~2

(5.23)

Ny
=—nY (=) N +n(-1)",,_,, N=01.2,..

j=1

where — x}, j=1,..., N, denote the (negative and simple) eigenvalues of H, and
the A, are defined by equality (5.2).

Proof. Following [8], [37], we introduce the function

(5.24) Fy(k) = 2k-2N+1 {Tr[R(k) — Ry(k)] — 2A§2(ik)"An } N=01,...

ne=g-—2

where ¢ == 0 in Case I and ¢ =—1 in Cases Il a) — c). Clearly Fy(k) is analytic in
the open upper k-half plane with possible poles on the positive imaginary axis.
Since (1 4 |-))¥ € L'Y(R) these poles are finite in number [26], [34], [42] and non-de-
generate (e.g. by well-known Volterra integral equation arguments similar to that
in the proof of Lemma 2.2). Moreover H has no nonnegative eigenvalues and purel'y
absolutely continuous spectrum on [0, co) [48], [49].

In order to derive (5.23) we apply contour integration techniques and inte-
grate Fy(k) along the following paths: From — R + ic to R - i¢ avoiding the origin
by a semi-circle C, , = {ne® | @€ [n — arcsin(e/n), arcsin(e/n)]}, along the semi-
-circle Cg , = {Re’ | 0 € [arcsin(e/R), n — arcsin(¢/R)]}, and finally encircling all
bound state energy positions ix; clockwise C {rjelojleje [0, 27, r; suffici-
ently small},1 <j < N,.

We then study the different contributions. From C r,: We get by Lemma 5.3

Raocoe~0

(5.25) e R

R.¢

n=q-2

Iim lim S dk Fy(k) = —-llmZISde(Relo) 2N +2 Z (lRe'o)"A =
d

= 2mi(— 1)V dgy_s .
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Since R(k) has afirst-order pole at k = ix; we get from C,j

Ny Ny
(5.26) Z SF dkFy(k) = 2mi Z (— %)~V
iulcr. ) ji=1

To get the contribution from C,, . we insert (5.1) into (5.24) to obtain

7;..o+e-»o+ 7=0_ n=2N-1

(5.27) 1lim lim S dk Fy(k) = lim ZiS dO(ne®) -2V +2 i (ine®y"4, = 0.

he =

Finally we calculate the contribution form C,, r = {k + iel —R<k< -~yor
n < k < R}:

lim lim lim S dk Fy(k) =
R—»con->0+e—»0+

Ce, n R

R

= lim lim 1im4iSdkk-2N+IIm{Tr[R(k + ie) — Ry(k + ig)] —
R—»oor]—a0+e—>0+
n

(5.28)

R

2N-2 ’
— 'y ik + ie)]"A,,} — lim lim 4i Sdkk—m1 {ImTr[R(k) — Ry(K)] —
n—q-2 R-oo r]—»0+
n

— Nf (—1)"k2"+1A2,,+1} = 4 S dkk—2N+1{ImTr[R(k) — R, —

ne:=2

N-2
-y (—1)"k2"+1Azn+1},

n==—=2

where we have used dominated convergence, the low-energy behavior of Tr[R(k)—
— Ry(k)]in (5.1) and the high-energy bound (5.13). Noting then that

i1

Ny
Sdk FN(k) = 0, C = CR,e U {U er } U Cn_e U Ce,n.R
C

equality (5.23) results after summing up (5.25)—(5.28). %
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The sum rule for ¥ =0 in (5.23) corresponds to Levinson’s theorem for
scattering on the line:

CoROLLARY 5.1. Let (v, u) # 0 and assume e*l'!V e L*(R) for some a > 0. Then

(5.29) 0(0,) = (N, + 4_5), () =0
where

— 1/2  in Case 1,
A_z =
0 in Cases Ila) — c).

"Proof. Insertion of (5.17) into the left-hand-side of (5.23) and taking N = 0
immediately yields (5.29). By equalities (5.2) and (3.38) we obtain in Case I

A_y =471 }y(v, i) = — 1/2.

In Cases IT we employ equalities (5.2), (3.46) and the relation (¢g, My = 2|c,l>
{see equalities (3.3)) to get

A—Z = 4_1),0('0, tlu) + 2_1 )-0 Tr[Mlt_ll ==
= —cleyf® + cley® = 0. | 7

The structure of Levinson’s theorem for scattering on the line is completely
different from its analogue in three dimensions. Indeed, when there is no zero-energy
resonance present (Case I), we not only get on the right hand side of (5.29) the
term proportional to the number of negative-energy bound states, nN,, but an addi-
tional factor — m/2 appears. In the case of a zero-energy resonance (Cases II), we
simply obtain the term =N, . This difference is of course due to the additional Diri-
chlet boundary conditions at the origin when considering Schrédinger operators
on the half line. A one dimensional Levinson’s theorem has been studied recently
for scattering by a local impurity in a periodic potential [35] and in the context of

(1-]-1)-dimensional field theoretical models ([5] and references cited therein).

Our second main result of this section reads

THEOREM 5.2. Assume (v,u) # 0 and e?l'lWVe LY(R) for some a > 0. Then

ne-1

2Sdkk-2M {Re THRK) — Ry — ¥ (— 1)"k2"42,,} _

(5.30)

N
= —in Y (— )MV fo(— DMy, M=0,12,...,

Jj

>

i
-
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where —ux%, j == 1, ..., N,, denote the eigenvalues of H, and the A, are defined by equa-
lity (5.2).
Proof. Analogous to that of Theorem 5.1 after replacing Fy(k) by
oM -1

(5.31)  Gylk) = 2k—2M {Tr[R(k) — Ry()] — ¥ (ik)"A,,}, M=012,....

nimg—-2

Combining Corollary 5.1 and Theorem 4.1 we obtain the following low-energy
behavior of the phase shift in Case I

o(k), = m(N,~1/2)+{25 *(v, 1) *((v, w)+-Ao(v, Mou) + 23(v, u)~(v, Mou)* —
(5.32)

— 230, MyToMou)] —- 2724((-)v, To(-)u) + 272 (v, w)=U(-)v, w)*}k + O(K?).
For the Cases Il a) — c) we get

(5.33) 3(k) = 7N, + O(K),

where N, denotes the number of (negative and simple) eigenvalues of H.

6. POSSIBLE GENERALIZATIONS

1f one is interested in asymptotic expansions (instead of Laurent expansions) of
the various quantities discussed before, Condition (2.8) on the potential, which
roughly implies exponential fall off at infinity, can be relaxed considerably. In par-
ticular we shall now briefly indicate how the condition (1 + |-|?)Ve€ LY(R) for sui-
table p > 2 (depending on the order of the asymptotic expansions involved) can
be shown to suffice to derive most of the results of this paper.

Assume (v,u) # 0 and

(6.1) de(l + |x|#"*+2) | V(x)| < co for some ¢ > 0, m = 1,2,3,...

R

then, by dominated convergence, M(k) has the asymptotic expansion

-1
(6.2) M@E) = % GRYM, + ok™*=), m > 1,

+ n==0
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which is valid in Hilbert-Schmidt norm (i.e. lim k1~¢~"|lo(k"+¢-1)j|, = 0). Simi-
larly T(k) has the asymptotic expansion o

M), g(ik)"r,, + ok™+*-1), m > 1in Case I, and
6.3)

nm-—-3 .
T(k) = ¥ @), +ok™+=%), m >2 in Cases II ) —c)
+

n=-1

which are valid in norm.
Given the expansion (6.3) one infers e.g.

m—2
— AV R )] Mme— .
Sslee(k)k_‘,7,+ ,.go (ik)'se s, + o(k™**=%), m > 2 in Case I, and
6.4 )
. ~ n (1) e_ . .
S£1€2 (k)k:6+ ngo (lk) Sslez + 0(km+ 4), m = 4 in Cases 1I a) C).

Analogously equalities (4.14) (with O(k?) replaced by o(k)) are true if condition (6.1)
with m = 3 holds. In the same way equalities (4.15) (with O(k) replaced by o(1))
are valid with m == 4 in (6.1). In addition for k # 0, |k| small enough

m-4

Tr[R(k) — Ro(k)]kﬁ Y ()4, + o(k™+-%), m > 2 in Case I, and
=Yy n.-.-2
(6.5)
m-6
Tr{R(k) — Ry(k)] = Y (ik)'d, + o(k™+°-%), m > 3 in Cases Il a) —c).

_’0+ A=:—3

Finally, in order to indicate that the trace relations (5.23) and (5.30) hold under
considerably weaker assumptions on V it suffices to discuss Levinson’s theorem i.e.
N = 01in (5.23). Following the proof of Theorem 5.1 step by step shows that in Case I

0(0,) = (N, — 1/2), &(c0) =0
if we take m == 2 in (6.1). Similarly, in Cases II a) — c), one gets
8(0,) = nN,, 6(c0)=0

by taking m = 4 in (6.1). (It is reasonable to expect that these conditions on V in
the case of Levinson’s theorem may be improved.)
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