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A GENERALIZED WEYL THEOREM AND I°-SPECTRA
OF SCHRODINGER OPERATORS

I. M. SIGAL

1. INTRODUCTION

Weyl-type theorems occupy the unique place among tools of finding spectra
of (pseudo) differential operators. The classical theorem of Weyl states (see [8, vol. I)
that if 4 and B are self-adjoint and 4— B is compact, then ess spec(4) = ess spec(B)
(the definitions are given below). Known generalizations of this theorem (see
[8, vol. I, IV 5]) replace the compactness requirement on 4—B by the condition
that (4—z)~* — (B—z)~! is compact for z € p(4) n p(B) and relax to various
degrees the self-adjointness restriction on 4. A generalization to closed operators
which uses a different definition of the essential spectrum (W(A), defined below, it
coincides with our definition for self-adjoint operators) was given in [5, p. 244,
Theorem 5.35). The results below (Theorems 1 and 5) go beyond these. We use also
one of our results to solve a special case of one of the problems posed by B. Simon
{12, 13, 14): we prove that the spectra of Schrédinger operators on the LP-spaces
are independent of p.

All operators below are densely defined. For a closed operator 4 on a Banach
space we adopt the following definitions (see [8, vol. I, IV])

specy(A4) = the spectrum of 4 on X

discspecy(A4) = the discrete spectrum of A4 on X == the set of all isolated
eigenvalues of finite (algebraic) multiplicities;

essspecy(4) = the essential spectrum of 4 on X = specy(4)\discspecy(4);
px(A4), Dx(A) = the resolvent set and domain of 4, respectively, on X.
When the underlying space X is obvious from the context we omit the subindex X.
W(A)=the Weyl spectrum of 4={1 € C|||(A — A)u,ll — 0 for some sequence
u, € D(A), |lu,ll —> 0, u, = 0};
A’, X' == the dual operator and space, respectively.

It is a pleasure to thank W. Hunziker and Y. Kannai for discussions and
J. Voigt for a very useful correspondence.
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2. GENERALIZED WEYL THEOREMS

THEOREM |. Let L be a closed operator on a reflexive Banach space X and
let G be an open complex set. Let there exist a family F: G — A(X) such that
(@) F(AXL — 2) — Y is compacr for each 2 € G.
(i) If (R) each connected component of G contains at least one point of p(L),
then essspec(LYN G = (.
(it) Furthermore, condition (R) holds, provided
(b) Ker F(2) =: {0},
() FOOXL -- 7)Y is analytic, and
(d) each connected component of G contains at least one poiat iy such that
Ker[FlANL — o)} = {0}
Proof. (i) We check the Weyl criterion for 2 € G. Let u, € D(L) obey 'y, <
< M<oo, u,~0 and (L — 2Ju, » 0 as n — co. Due to the compactness of
‘F(A)(L — 7) — 1 we have that [F(A)(L — ) — 1ju, — 0 which implies that #, — 0.
Thus G does not intersect the *“Weyl spectrum’ of L and therefore ess spec(L) N G- -
by Corollary 2.3 of [15], quoted at the end of this section.
(ii) We cali 4 a singular point for the family A(%2) = F(I)WL — A)iff € e a{4(%).
By Theorem 1.9, Section VII, p. 370 of [5], A(4) has at most a finite number of
singular points in each compact subset of G. If / is not a singular point of A(%) then
L — A has the bounded left inverse 4(1)~*F(Z). This and condition (b) imply that
L — 1 is onto (so A(A)-*F(}) is the inverse of L — 2). Hence 4 € p(L) and therefore
p(L)n G o G\{singular points of A(%)).

REMARK 2. This theorem can be regarded as a generalization of the classical
Weyl theorem (see [8, vol. I, IV]) as can be seen from Theorem 5 below. Condition
(d) cannot be relaxed (see Example 1, p. 110 of [8]).

Before proceeding to the analysis of consequences of Theorem 1 we give, for
the sake of completeness, some known definitions and auxiliary statements.
Here we adopt a restricted definition of relative compactness/boundedness. Let
A be a closed operator on a Banach space X with p(4) # @. B is said to be A-com-
pact/A-bounded iff D(B) o D(4)and B(A—4)~!is compact/bounded for some, and
therefore all, 2 € p(A4). One can show (cf. [10] and Lemma 3 below) that the latter
statement is equivalent to requiring that p(4) # @, D(B) o D(4) and B, as an
operator from D(A). equipped with the graph norm, to X, is compact/bounded.

LEMMA 3. Let X be areflexive Banach space with the approximation property (see
[2,7)). Let Abe a closed operator on X andlet B be closable. The following statements hold :
(o) If D(B) o D(A), then for some a,b > 0

(D By < allAuil + bljull  Vu e D(A4).
If, moreover, p(A) # @, then B is A-bounded.
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(By If B is A-compact, then for any a > 0, there is b > 0 such that (1) holds.
(v) If B obeys (1) witha < 1, then A + B is defined and closed on D(A).
(8) If B is A-compact and p(A + B)n p(A) # @, then B is (A + B)-compact.

REMARK 4. The approximation property of X is needed only in the proof of
(B) (which is used then in the proof of (5)).

Proof. (2) By the closed graph theorem, B, considered as an operator from
D(A), equipped with the graph norm, to X, is bounded. This implies (1). Now let
Jep(A) # @. We have

1B(A — D~ "ull < CI(4 = D~ 'ull + [ 4(A — D7Mul) < Cyflufl,

where C) =: C[||(4 — 2)~H|(1 + [2]) + 1].

(B) Let A € p(A4). Since D(A) is dense and B(4 — A)~' is compact, for any
a > 0 there is a decomposition B(A — A)~' = F 4- G, where F is a finite-rank
operator such that FA4 is bounded and ||G|| € a (one uses a cannonical form of the
finite rank operators). This gives

| Bull < [[F(A — Dl llull + all(4 — Dul| < afl4ul| 4 bf|u||

with b = || F(4A — )| + alil
(y) Let u, € D(A) be such that w, — u and (4 -+ B)u, — v. Then

HA'(un — Uy H < H(A + -B)(un - um)“ —}- “B(un - um)“
Using now relation (1) with a < 1 we obtain
”A“n - A.L(,,,H < (1 - a)_l(ll(A + B)(un - um)” + b”un - um”) -0 as n, m — 00,

Hence Au, converges. Since A is closed, this implies that u € D(4) and Au, —Au.
Hence ||B(u, — u)|| < aljA(u, — w)|| + b|j4, — u|l = 0. Thus Bu, converges to Bu.
(8) In virtue of the equation (here A € p(4) n p(A + B))

B(A+ B— 2)~' = B(A — 1)~ 1 — B4 + B — 1)~

it suffices to show that B is (4 4+ B)-bounded. By (B) and (y) D(4 + B) = D(4) <
< D(B). Hence, by (x), B is (4 + B)-bounded. One can also use a direct
computation:

|B(A + B — 2)~'u|| < allA(4 + B — 3)~'u|| + b|l(4 + B — )~ <
< a||B(A + B — H~wf| + by|lul,

where by =: 1 -+ (14] + b)[l(A -+ B — A)~'l. Since a can be taken less than 1,
this implies the boundedness of B(4 + B — /)~ %
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THEOREM 5. Let X be a reflexive Banach space with the approximation property.
Let L and T be closed operators on X such that D(L') n D(T") is a core for L' and T’
and L' — T’ extends to a T'-compact operator. Assume moreover that each
connected component of p(T) (resp. of p(L)) contains a point A, such that
Ker{(T — 2)"Y(L — 2p)] == {0} (resp. Ker[(L — Ag)"NT — 4)] = {0}). Then
ess spec(L) == ess spec(T).

Proof. Taking F(J) = (T — 2)~! we see readily that the conditions of Theo-
rem 1 are obeyed for G = p(T) (one uses here that p(7’) = p(T)) and therefore
p(T)nessspec(L) = @. Reversing the roles of L and T and using Lemma 3
(hete we need the approximation property) we get: p(L) nessspec(T) =: @§.
Thus essspec(L) < spec(T) and spec(L) > essspec(T).

It remains now to check the discrete points. Let A, € discspec(7) and let
F(2) be the reduced resolvent of T, ie. F(i) = (T — A~ 1 — P) where

P = (27zi)'1(’;(T — N)~1dA with I' a contour in p(T) encircling 2Z,. Since 7, €

€ disc spec(T)r, P is finite-rank. By the construction, F(1) is analytic in p(T) U {4}
(see [5, p. 178]) and Ker F(1) = PX. Moreover, FUA(L—2)—1=—-P+
+ F(A)(L — T) is compact for each 1 € p(T) U {4,}. Hence, by (i), 4, ¢ essspec(L).
Thus discspec(T) n essspec(L) = @. Reversing, again, the roles of L and T,
we get: discspec(L) N essspec(T) = @.

In conclusion we quote a result from [15] which played an important role in
our proofs.

COROLLARY 2.3. Let A be a closed operator on a Hilbert space. Let & be an
open, connected complex set with QN p(A) # @. Let QnW(4) = @. Then Qn
nessspec(d) = @, i.e. A has purely discrete spectrum in Q. Moreover, [15] remarks
that the proof of the theorem from which Corollary 2.3 follows holds in reflexive
Barnach spaces.

3. APPLICATION: HVZ THEOREM ON THE L”-SPACES

We apply Theorem 1 to show that the spectrum of a many-body Schro-
dinger operator on LP is independent of p (and is given by the famous HVZ-expres-
sion [4; 8, vol. IV]). This solves a special case of a problem posed by B. Simon [12]
(see also [13, 14]).

We begin with definitions of the many-body Schrédinger operators.

a. N-PARTICLE SCHRODINGER OPERATORS. Consider a system of N particles
in RY, v > 3, with masses m; and interacting via pair potentials VAx"). Here I
labels pairs of indices and x' = x; — x; for I = (ij). The configuration space of
the system in the center-of-mass frame is defined as X = {x e RV | }] m;x; =: 0}
with the inner product (x, X) = 2 Y} m;x;-X;. Denote by ¥/and V, the multiplication
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operators on L*(R’) and L2(X) by the functions V,(y) and ¥,(x!), respectively. We
say that V' is 4-compact on LP(R") if it is compact as operator from the Sobolev
space HE(R') to L(RY).
The Schrédinger operator for the system in question (in the center-of-mass
frame) is
H =T+ V, where T = —Laplacian in X and V = Y} V,.

To define H on L?(X) we require
(A) V! are A-compact on LYRY) and are real.

Under (A) H generates a bounded and continuous Schrédinger semigroup e~*
on LYX) (see [6, 14]) which by duality and interpolation produces the bounded
and continuous Schrédinger semigroup on LP(X), 1 < p < oo. The generator, H,
of the latter semigroup defines the closed Schrédinger operator on LP(X). For
» = 2 this operator is self-adjoint. Using the Hélder and Young inequalities (see
[8, vol. 11} we find that if

® V'e L'(R") + (L(R"),, r> _;—

where ¢ indicates that the L*®-component can be taken arbitrary small, then V!
is A-compact on LP(R”) for 1 € p < v/2, provided that v > 3. On the other hand
condition (A) is stronger than the condifion imposed in [14] that the potential V
belongs to a certain explicitly defined class K,, (see Theorem A.2.3 of [14]). So we
will use freely results from [14].

In conjuncture with condition (A) we use also

(B) DLP(H) = {fe L? | Hf e L*} for each p, 1 < p < oo.

It is shown in [1] that if Y, V; € L{;(X) and is bounded from below then (B)
holds. Of course, if ¥’ are d-compact on L”(R*), 1 < p < oo, then (B) is true.

ParTiTIONS. Let @ = {C;} be a partition of the set {1, ..., N} into nonempty,
disjoint subsets C; , called clusters. Denote by & the set of all such partitions. & isa
lattice if & < a is set for b a refinement of a: the clustets of b are subsets of the
clusters of a. #(a) stands for the number of clusters in partition a.

We denote by a,,, the maximal element in /. A pair ! will be identified with
the decomposition on N — 1 clusters, one of which is the pair itself and the others
are free particles. The unions and intersections appearing below of sets labeled
by partitions are understood to be taken over all partitions excluding a,,,, .

With each partition a we associate the truncated Schrédinger operator H,
which is obtained from H by neglecting the potentials linking the different clusters in
the partition a:

3) H=H—I,=T+V, with [,=YV, V,=¥%YV,.
I€a

ICa
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Finally, the configuration space of an N-particle system in question when the
centers-of-mass of subsystems C; € a are fixed is -
{4 Xo={xeX|Y mx; =0 VC;eal
i€T;
Let 7% and T, be the — Laplacians on X“ and on X, , respectiveiy. Here .\ :
= X © X Define as above H* = T* 4 3 ¥, on LP(X*). Then we have
ISa ‘

(5) H- H®1,+1eT,

(the removal of the center-of-mass motion in #).
Now we can formulate our result (the HVZ theorem on the LP-spaces).

THECREM 6. Assume the poremials.V, satisfy conditions (A) and (B). Then
spec ,{H) is independent of p and the essential spectrum is given by the HVZ fornuila:
L

{6) ess spech(H)r UspecL:(Ha)zLjdisc spech('H") u {6} + R".

REMARK 7. Strengthening the smoothness conditions on the potentials we can
extend this theorem to general complex potentials (in this case one uses in the proof
results of [L1] instead of [14]).

To prove this theorem we use the method of geometric parametrix introduced
in [9] and developed further in [11] (see these papers and [16] for other applications).

b. GEOMETRIC PARAMETRICES. We introduce our principal tool used in the ana-
lysis of N-body systems. The definitions and basic statements are borrowed from
[9, 11]. In this section we assume that V! are 4-compact on L?(X),1 < p < oo.

Lzt J = {j,} be a partition of unity on L°(X): j, are L®-function on X and
3. Jo = 1. We specify further the partitions we use as follows: assume j, are homo-
geneous functions of degree 0 for x|, = 1 localized as

€] suppj,N{xe X | x; 2 1} = {xe X |Ix|, > dix}
for some ¢ > 0 and form a regular partition for (x' < 1. Here

ix!, == min |x
IEa

! (the distance between the clusters in a).
It is not diffizult to see that the domains on the r.h.s. of (7) with different a’s cover
entire X.

The partitions described above will be called the Simon partitions (after
B. Simon, who was first to introduce and apply such partitions [12]). They have the
following important property (we assume now j, € C*®)

(8) jd, and [H,,j,) are Hy-compact on LP(X).
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The relative compactness of [H,, j,] = —(4j,) — 2(Vj,)-v follows from the degree
0 homogeneity of j, for |x| > 1. To show the relative compactness of j,I, one appro-
ximates the potentials V, in I, by C3°(R") functions U, and then notices that U, j, with
I & a has a compact support in the entire space X: U, =0 for Ix'| > A for some
A > 0 and therefore U,j, = 0 for |x| > d~'A4. -

For a Simon partition J we define the geometiic parametrix

© Fy(d) = 3 juReD).

Here and henceforth, unless mentioned to the contrary, the sum over a extends over
all @ # a,_,,. Using that H H, —{- I, we derlve the equation

(10) F;(Q)XH — 1) =1 + K 4(2),
where .
an K2 = Y RN, .

LemMA 8. K (}) defines an analytic in A e(\p(H,) family of compact oper-
ators on LP(X).

Proof. The boundedness and analyticity are obvious (remember that I,
are H,bounded). To prove the compactness we let {j;} be a Simon C*®-partition
such that j, = 1 on supp,j, . Commuting j, one step to the right and using the relation

[.]l: L Ra(/l)] = Ra(A)[HO 7](3]Ra(l)a
we obtain

Ky = Y iRl ) Loja + R(Wlja Ho])

Since the expressions in the parentheses on the r.h.s. are H, -compact by the chonce
of ., the result follows.

Equation (10) implies readily
LEmMMA 9. Let Hp = Ap and ¢ € L*(X) for Ae (p(H,). Then o+ K, (D)o = 0.

Denote by J® = {j$} a sharp Simon partition of unity, i.e. with each js mdlcator
function of some subset of {x € X | |x|, > dix|}.

Lemma 10. For any sharp Simon partition of unity J°, Ker FJ;(A) = {0}
Proof. The equation
Y iSR(De =0
implies R, (1) = 0 on suppjs\d(supp,s) for any a. Hence
@(x) = (H, — DR, (Aep)(x) =0 on suppjs\d(suppjz) for each a

(remember that H, is a local operator). Since ¢ € L” and the Lebesque measure of
LJ(@ suppy3) is 0 we conclude that ¢ =0, i.e. Ker FJS(/I) = {0}. %
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LemMma 11. For any sharp Simon partition J5,

(12) Ker(1 4 KJS(A)) = Ker(H — A).

Proof. The statement follows from Lemma 10, equation (10) and the impli-
cation: Ho = A, 2 # 0, weakly in L?(X) = ¢ € D (H). %
L

c. PROOF OF THEOREM 6. We prove this theorem by the induction on the parti-
tions. For H® with @ = {(1) ... (N)} the statement is trivial. Assume the theorem
holds for every b with b ca and prove it for a. Henceforth the superindex a is omit-
ted and we act as if H* were A and X* were X. This saves us introducing extra nota-
tions.

(t) We assume first that V7 are 4-compact on LP(R"), 1 < p < co. By Lemma
11 and Theorem 13 below

(13) discspech(H) is independent of p
(and the eigenfunctions of H belong to () LP(X)).
lgp<oo
Since FJS(A) and szq pr(H,,) obey conditions (a)—(c) of Theorem 1
S
we obtain
(14) ess spech(H) cbgja spech(H,,).
*

LeEMMA 12. We have

spech(H,,) = spech(Hb) 4 spec(T,) = spech(H”) + R*.

Proof. The direction
spech(Hb) = spech(H”) + spec(T})

follows by the straightforward application of the Weyl criterion (Corollary 2.3 of
[15] and the remark preceding it, both quoted at the end of Section 2). The oppo-
site direction follows from the estimate

(15) lle ™ " lpmp < C(L + ty"2e™ ",

where m = (N — #(b)) = dimX? and p, = inf[specLz(H”)] and the formula

(16) A—N"1= S e—AreMdy
[}
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which, being applied to 4 = H,, defines the resolvent of H, on L?(X) for all A<y,.
Estimate (15) follows from equation (5), Theorem B.5.1 of [14] and the estimate

-1t

lle” "¢ |l,»p < const.,

obtained by representing exp(—7,t) as the convolution operator by const-
-mvEE® ~Dexp[—l|x,||?/2t], where x, € X, . Note that v(# () — 1) = dim X, .

Applying this lemma and using the induction assumption we get

spech(H,,) = {J disc spech(H“) u {0} + R+.
=)

Hence, due to (14) and the induction assumption
ess spech(H) c Udisc spech(H”) u {0} + R*.
)

This proves, what is traditionally called, the difficult direction of the theorem (under
the stronger assumptions).

The proof of the other, easy, direction, under the same assumptions, is exactly
the same as Hunziker’s L2-proof (see [3;4; 8, vol. I]). Hunziker’s proof uses only
compactness of V/(—A - 1)~%, where A is the Laplacian in R, and the Weyl crite-
rion. We assume the compactness of ¥V/(—A 4- 1)~! on L”(R*) and the Weyl crite-
rion, in our case, must be taken in form of Corollary 3.2 and the remark preceding
it, both quoted at the end of Section 2.

(ii) Now we prove the statement under conditions (A) and (B). We begin
with the difficult direction. Let g = (1 — A)~L A result of [6, Proposition 3.1] im-

plies that
amn g ,g* is bounded on LYA(X).

Moreover, using an approximation argument one can show that

(18) g~% I g*is compact on LV(X).

a

(17) implies that the operator H is defined on g—1+*LY4 X) with the domain g*LY*(X).
It is easy to show that it is closed there. As in case (i) we obtain (now we use (18)):
(o) ess Specg-1+;,L1/,1(H) is independent of A
disc SPEC,_1+1,1/ A(H)is independent of 1.
(B (H — ), z € p,1(H), maps continuously g~1*+*LYA(X) into g*LY*(X).
Now, (B)implies that (H—z)~'is bounded on L?(X)into {fe L’(X) | Hfe LP(X)},
which, by condition (B), is DLP(H ). Moreover, (H —z)~'is the inverse of H —z. Hence

spech(H)c specL,(H). The second line in (a), observation Dg-1+ ALW(H):
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==z g*[M < [V and condition (B) imply that

(19) disc spech(H) is independent of p.

This and our previous conclusion yield:

ess spech('H) < essspec ,(H).

Due to part (i) with p = 1 and (19), spec,:(H) is given by the HVZ formula (6).
Thus it remains to show the easy direction

(20 [y, 00) c ess spech('H), where y = min[UdiscspecLz(H”) u {0}].

To demonstrate (20), let real ¥ € CP(R”) and VIi(— A+ )= » VI(—A }- 1)1
as n—oo on L(R"). Here, A is the Laplacian in R". Let V, == Y}V, ,and H,: - T-i-
—+ ¥,. Then Theorems A.2.3, B.5.1 and B.10.1 of [14] together with equation (16)
and the Lebesgue convergence theorem imply

n (H,— )" = (H— 2" on LX)
for A < min[inf ¢(H,), info(H)]. This implies that

22y {1, 00) € M spec (H,) = spec L.
n L L

Indeed, the first inclusion follows from the fact that by Part (i), spec, ,(H,) is inde-
pendent of p and for p == 2 it is obviously true, due to (21). To demonstrate the
second inclusion, let a € pL”(H) and @ # .. Then(a — V) e pr[(H—/".)‘l], which
implies, due to (21), that (@ — 7)~'e pr[(H,, ~— 2)~1 for n sufficiently large. The
latter yields a € pr(H,,) for the same ». Hence (22) follows. Equation (22) implies
(20), which completes the proof of case (ii). Z)

d. INVARIANCE OF SPECTRA OF COMPACT OPERATORS.
Finally we present an abstract result used in the proof of Theorem 6.

THEOREM 13. [9, 10]. Let X and Y be Banach spaces which are subspaces of
some Hausdorff vector space with a weaker topology and such thar X nY dense in
X and in Y. Let K be a compact operator on X and on Y. Then the spectra of K
and their multiplicities on these spaces are the same. Hence the eigenvectors of K
on X and Y associated to non-zero eigenvalues belong also to X n Y. '

The author is a Charles H. Revson Senior Scientist.
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SCHECHTER, M., Invariance of the essential spectrum, Bull. Amer. Math. Soc., T1(1965), 365- -367.
SCHECHTER, M., On the essential spectrum of an arbitrary operator. I, J. Math. Anal. Appl.,13(1266)

205—-215.

(see also

BrOWDER, F. E., On the spectral theory of elliptic differential operators. I, Math. Ann., 142(1961),
22 -130.).

Many references on other works on the Weyl theorem are given in the papers listed above.
It is a pleasure to thank K. Gustafson for his remark and information.
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