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A CHARACTERIZATION OF SPECTRAL FUNCTIONS
OF DEFINITIZABLE OPERATORS

AURELIAN GHEONDEA and PETER JONAS

INTRODUCTION

Let (#,]-,-]) be a Krein space and let 4 be a definitizable bounded self-
adjoint operator in #, i.e. a bounded selfadjoint operator such that there exists
a polynomial p with [p(4)x,x] = 0, x € #. Such a polynomial is called a defi-
nitizing polynomial for A. Fix a definitizing polynomial p’ for A and let B’ denote
the Boolean algebra of subsets of R generated by the intervals whose endpoints
are different from the zeros of p’. The operator 4 has a spectral function (see
{71, {81, 9], [4]). This is a certain homomorphism E of B’ into a Boolean algebra
of selfadjoint projections in s#. The projections E(4) corresponding to intervals
4 lying between two neighbouring zeros of p’ are nonnegative or nonpositive;
1.e., it holds [E(4d)x, x] = O for all x € 2# or [E(4)x,x] < 0 for all x e . A real
point #, is called a critical point of E if E(4) is indefinite for every open 4 € B’
with 7, € 4.

In [8], H. Langer considered the problem whether a given homomorphism
of the above kind is the spectral function of a definitizable operator. This problem
was solved in [8] for the subclass of homomorphisms E with the property that
every critical point £, of E satisfies one of the following conditions: |

(i) The integral StdE(t) over some neighbourhood of ¢, converges in the

strong sense.

(if) There is an open interval 4 containing ¢, such that E(4)5 is a Pontrjagin
space.

For a fixed spectral function E of this type, H. Langer also described the
set of all definitizable operators whose spectral functions coincide with E. .

In this paper the characterization of spectral functions is extended to a greater
class of homomorphisms (Sections 2.1 and 2.2). The corresponding class of defini-
tizable operators contains those whose root spaces belonging to the critical points‘
are pseudo-Krein spaces, but not all definitizable operators. We remark that the’
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cxample given in connection with the latter fact (Section 3) shows that even if
the root space belonging to a critical point is non-degenerate the spectral function
can have an arbitrary finite order of growth near this critical point.

We will make use of the main tool from [8), that is to say of a certain
decomposition of s associated with the spectral function. We characterize those
definitizable operators whose spectral functions generate a fixed decomposition
of 5#. This can be useful for the construction of definitizable operators with
special properties (Section 2.3).

Throughout this paper we shall confine ourselves to bounded definitizable
selfadjoint operators such that [4"x, x] = 0, x € #, where »n is some positive inte-
ger. This is no restriction. The class of these operators is denoted by Z(0, n). We

set 2(0) :-= (U 2(0,n). The spectrum of an operator belonging to 2(0) is real
neN

{see [9], [4]).

For basic facts on Krein spaces and operators in these spaces we refer to
{1] and [6].

We would like to thank Professor H. Langer for reading the manuscript
and for several valuable comments.

1. NOTATIONS AND PRELIMINARY RESULTS

1.1. In the following all topological notions are understood with respect to
some Hilbert norm || || on the Krein space . such that {-,-] is |- {|-continuous.
For every subspace & of # we put LL::{xe# :[x,¥]={0}} and
PP n L. P s called the isotropic part of L. A subspace ./ of # is called
a pseudo-Krein subspace if it is the direct sum of its isotropic part /¢ and a
Krein subspace of 5%.

Let % be a fixed closed neutral subspace of # (i.e. & = £%. A closed
neutral subspace .# of # such that # == % 4 .#+ holds (i.e. # is the direct
sum of & and .#+) is called a closed neutral dual companion (c.n.d.c.) of .&.
If 47 is a c.nd.c. of & we have also # == .#L 4 /. If J is an arbitrary funda-
mental symmetry of # then, for example, J.& is a c.n.d.c. of .#. In what follows,
for a bounded operator T either in 3# or between subspaces of s the adjoint
with respect to the duality [-,-] is denoted by T+ . In this connection for a closed
neutral subspace &% a certain c.n.d.c. of & (which results from the context) is
regarded as the dual space of &. _

Let P be the projection on & along .4 +. Then P+ is the projection on 7
along &1. Since by the neutrality of &% and .# we have P*P = PP* . .0 the
operator P:=I—P—Ptisa selfadjoint projection. Hence its range &+ n .#/L
is a Krein subspace of 7 and we have the following direct decomposition of #:

.1 H =% (LMY + 4.
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It is called the (&, #)-decomposition of #. A decomposition of this form with
arbitrary c.n.d.c. & of &£ is called an #-decomposition. Obviously, we have

L= & L (LML)

1.2. d(0)-nomoMORPHISMS. Let B,y denote the Boolean algebra of subszts
of R generated by the intervals 4 < R whose endpoints are different from 0.
A homomorphism E of B, into a Boolean algebra of selfadjoint projections in
H is called a d(0)-homomorphism if the following hold:

(i) There exist a,be R, a < 0 < b, such that E([a, b]) = L.

(ii) E(4) is nonnegative for every real interval 4 with 4 < (0,00). E(4) is
either nonnegative or nonpositive for every real interval 4 with 4 < (—o0,0).

(iti) There exists k € N such that the operators St"dE(t), 4€ By, 0¢4,

a4
are uniformly bounded.

We remark that by (ii) the homomorphism E can be extended to an oper-
ator measure (generally unbounded) on R\{0}. This measure will also be denoted
by E. In the case when E(4) is nonnegative for every interval 4 € B, 0 ¢ 4,
we shall say that E is of even type. Otherwise E is said to be of odd type.

Now for a fixed d(0)-homomorphism E we define the following linear spaces
(cf. [5]):

Llioy=\NEN)H : 4By, 0¢ 4},

g(o) o= g(O),

"g)OO = g(o) ﬂ go.
It follows that
Ly =L% and Loy = L= Ly

By S r dE(r) we denote the linear mapping of Loy + L, in A which maps X{o) + Xo»
)
X0y € E(A)H, 4 € By, 0¢ 4, xy€ Ly, into S t dE(1)x(o)-

a
Let us fix a c.ndic. A& of Lyy. We consider the (Lo, #)-decomposition
of J:

H = PLog+ H 1 M, wWhere # 1= LE&n.M*>.
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Denote the corresponding projections by P, P and P* as in Section 1.1. We
consider the mapping E: By — L(#) defined by
E(d) 1= PEA)A#, 4e B,
Let
Loy =\UJ{E(MH - 4 € By, 0¢4),

Loy =Ly,
Po =V E()s# : 4 € B,, 0 4).

A A
Lemma 1.1. E is a d(0)-homomorphism on the Krein space #. The subspaces
A A A
Loy and Ly of H# are non-degenerate.

Proof. Using the relation
(1.2) E(4,)E(4,) = E(4,)PE(4,)

for 4,, 4, € B, 0¢ 4, U 4,, one easily verifies that Eis a d(0)-homomorphism,
To prove that ﬁ’(o) and 0@0 are non-degenerate we first observe that for every
4e By, 0¢4, we have

EQ)# < E(A)# = EQPEMH < EQ)H
hence

(1.3) E()# = E(A) .
This implies 13\3(0) c SA’(O) and ﬁ;fo c 55\’0. Then we have
Ao Py By + Fo) € By + BLy = oy + Py .
Hence D??((,) and &, are non-degenerate. f2
As a consequence of Lemma 1.1 we find
LEMMA 1.2. Let x belong to #\%y,. Then there exists no y e suck that

(1.4) PE(4)x = PE(4)y,
Jor all A€ B, 0¢4.
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Proof. Suppose that there exists such an y. Then the relations (1.4) and
(1.3) imply [x — y,z] = 0 for all z € L. It follows x € y + Z,, a contradiction
to x e A \Lh.

1.3. A CLASS OF DEFINITIZABLE OPERATORS. Let E be the spectral function
of an operator 4 € 9(0). Obviously, the spaces Ly, £, and F,, defined above
starting from the spectral function E are invariant for 4 and %, is the root
space of A corresponding to 0.

Let some Zy-decomposition be given. Then it is easy to see that E is the
spectral function of the operator A defined by

A= P,
which belongs to 2(0), and 4 can be written in the matrix form

A=1]o Ay A} wrt. A = Ly + o+ M,
0 0 4

where 4, = A, A, = Af.
In the following proposition we complete a result from [8] (see also [4,

§3.3]).

PrOPOSITION 1.3. Let E be the spectral function of an operator A € 2(0)

and let M be a cn.d.c. of Lyy. Then the following assertions (with respect to the
(Loy s Al)-decomposition) are equivalent :

(cy) The operator tdEA‘(r), which is defined on 5?{0) + jo, is continuous in H.
0) N A
(c;) There is a nilpotent selfadjoint operator N in S with the properties:
€] N commutes with A.
(2) AN) = L.
(3) The root space of AN corresponding to O is equal to the ker-
nel of A—N.

If, moreover, A € (0, n) for some odd n € N, then these assertions are also
equivalent to the following :

(c3) The integrals StdEA(t), 4 € By, 0¢ 4, are uniformly bounded.

4

If one of the assertions (c,), (cy), (c3) holds with respect to the (Lyg > M )-decompo-
Sition, it is also true for any other & ,-decomposition.
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Proof. (c,) = (c,). Assume that (c,) holds. Let AA(O) be the extension by
continuity of tdl:?(t) to #. A\, is selfadjoint and either /i\(o) or szo) is posi-

) A
tive. Obviously, the operators 4, and 4 commute and coincide on ¥ (. Hence

N A~ Ay commutes with 4 and we have Z(N) = #)N)* < £+ £,. There
is a k € N such that 2":5?0 = 0. Therefore if x{y) € 52’\(’0), Xp € 3?’0 we find

N¥xioy + o) = (A — A)\'xioy + (4 — A(g)x0 =0,

hence, Nk - Q.

Making use of the fact that the spectral functions of bounded definitizable
operators can be approximated in the strong sense by polynomials of the oper-
ators one easily verifies that the spectral functions of 4 and /f(o) coincide. Hence
the relation A&, == {0} implies (3) and the condition (c,) holds.

(c5) = (c;). Assume that (c,) holds. Let m be a positive integer such that
the relations 4.2, = 0 and N™ = 0 hold. Then using (1) and (2) we find

(,;_ﬁ)r=gr—(:)2r—1&+ 4

+ (___])m.—l ( r

-~ A -~
)A”"’”‘lN""1 =4, rz2m-— 1
m—1

Hence 4 - N belongs to 2(0) and, by the same argument as above, the spectral
functions of 4 and 4 — N coincide. Consequently, the root space of A — N

is {S/A’O. By (3) the operator 4 — N restricted to é(’o) + éo coincides with tdlg‘(t).

)
(c) = (c3). Now we assume that 4 € 2(0, n) for some odd #n € N. Then we

have
{ S tdEA(t)x, x] > [S tdé(z)x, x] ,
® 2

for every 4 € By, 0¢4, and every x € .527(0) + ﬁo. Thus (c;) implies (cj).
(cy) = (cy). If (c;) holds then the strong limit of the integrals Stdf(t),

.3
4 € B,,0¢ A, where 4 tends monotonically to R\ {0}, exists. This limit restricted

to ,ffo) + éo coincides with StdEA(t). Hence (c,) holds.

©)
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To prove the last assertion assume that .#; is a c.n.d.c. of &£, different
from ., and P,, P, and P;* are the projections corresponding to the (Lo, 4;)-
-decomposition and J?l :=}319f._ It is easy to see that 131|y? is an isometric
isomorphism of the Kreln space # onto the Krein space ,ffl and (131|,}%)‘1 =
— Pl#,. We have P,P|2& = P|2s and PP|%g = P|#&. This implies
}A’IE(A)I’Q,L = IA’IL'Q(A)I'-‘\'ISI. Hence the above isomorphism maps .5?(’0,, ,@(0) , ,‘?0 onto
the corresponding spaces with respect to the (#,,, #,)-decomposition. These facts
imply the last assertion. a

In what follows we shall say that a d(0)-homomorphism E satisfies the condition
(c)) or has the property (c,) if £ fulfils the condition (c,) from the preceding pro-
position for some (or, equivalently, for every) % ,-decomposition. In the same
way an operator 4 € 2(0) is said to fulfil the condition (c,) if it fulfils (c,) for
some (and then for every) Z,,-decomposition.

2. A CHARACTERIZATION OF SPECTRAL FUNCTIONS
OF DEFINITIZABLE OPERATORS

2.1. In what follows we restrict ourselves to d(0)-homomorphisms with the
property (c;). Theorem 2.1 below characterizes the spectral functions of operators
from 2(0) within the class of these d(0)-homomorphisms. Obviously the condition
(i) (see Introduction) from [8] implies (c,). At the end of this section we shall show
how the corresponding result from [8] is connected with our more general consi-
derations.

In the following Section 2.2 we shall deal with a more restricted class of
d(0)-homomorphisms. The results from [8] concerning the case of a Pontrjagin
space are contained in the results of Section 2.2.

For a given d(0)-homomorphism E we use the notation &, Zy,. .. from
Section 1. If some c.n.d.c. # of £, isfixed we also use the notations for the spaces
and the projections corresponding to the (P, #)-decomposition of # from
Section 1.

THEOREM 2.1. Let E be a d(0)-homomorphism with property (c,). Then E
is the spectral function of an operator belonging to 2(0) if and only if the follow-
ing condition holds for some or, equivalently, for every c.n.d.c. M of ZLyy:

() For every x € M there exists z € # such that for all A€ By, ,0¢4,
we have

P S tdE()x = PE(4)z.

a4
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Proof. (1) Assume first that £ is the spectral function of an operator 4 € %(0).
If % is a fixed c.n.d.c. of L, and x € ./ then we have

P S tdE()x - - PE(A)Ax,
i
for every A € B,,,0¢ 4. and the condition (s) holds with z — Ax.

(2) Let us assume now that (=) holds for some c.n.d.c. .# of &,,. We first
note that this condition can be equivalently formulated in the following way:

For every x, € 4l there exist x, € .4 and y € # ( :DS.”;,LO nat ) such that
for all 4 € B,,0¢ 4, we have

P St dE(t)x, — 1?’E(A)x1 = f’E(A)y.
A
Moreover, if # denotes the quotient space H /f?., then by means of Lemma 1.2

it follows that the vectors x, € 4/ and y + i’o € # are uniquely determined by x,,
hence one can define the linear mappings C, : . # 3 xo+>x; € .4 and

Cy: M > Xg+— ) + OQ’DE,%‘. We claim that C, and C, are bounded. Indeed,

let (x{™)men be a sequence of vectors from .# such that lim x{™ = x,,
m-—-o0

lim C x{™ == x; € .# and lim Cyx§™ == & € #. Then for every 4 € By, 0¢4d, we

nNi=00 m-co

have
P StdE(t)xo — PE(4)x, = PE(4)y,

4

where ¢ =y + Qo. By the closed graph theorem the claim is proved.

Let %, be a closed subspace of S such that # = P, + Q’l and j the
continuous linear mapping of # onto !{"\1 < # such that JjO + .,S?o) =y for all
y & .%,. Define Cy - jCye (M, H). Set A, = C}, Ay :=C} and let A, denote

the continuous extension of tdé(z) to o (which exists due to the condition

o
{¢,)). Defining
A, Ay O
Al 0 4y AF| wrt # - Ly # i,
0 0 Af

a straightforward calculation proves that 4 is a selfadjoint operator in 5.
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We claim that

.1 Ax = S tdE(x, x€ L.

(O]

Assume that x € E(4)#, 4 € By, 0¢ 4. If ue Ly, then

2.2) [Ax, u] =[x, Au] = 0 = [ S tdE()x, u] .
0)

If ve A we get
[Ax, v] = [(f’ + P)E(d)x, Aﬁu] = [x,Szdl::(t)v] =

2.3)

_ [S t dB(r)Px, v] _ [S 1 dE()x, u] .

] ]

Let we 4. Then

[Ax, w] = [E(4)x, Caw + Cyw] = [x, PE(A)Csw + PE(A)Cyw] =

= [\‘ P S sz(t)w] = [St dE(1)Px, w] = [S t dE(t)x, w].

The relations (2.2)—(2.3) imply (2.1).

By assumption there exists an integer & > 1 such that the operators S t* dE(1),
a4

(2.4)

4 € By, 0 ¢4, are uniformly bounded. We assert that
.5 A% =0.

Indeed, let wy € 4. Setting w, := A7"wy, = Cwy € 4, n € N, it follows that for
every n =0,1, ...,k — 1 there exists x, € # such that for all 4 € By, 0¢ 4,
it holds

P S tdE(w, — PE(d)w, s, = PE(4)x,.

4 ¢
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Applying S th-n-1 dé(t_) on both sides of these equality we obtain

P

P S:k dE()w, — P St"‘ldE(t)wl - ﬁE(A)S =1 dE(t)x, ,
A

a

P sz-l dE(tyw, — P Szk-ZdE(t)w,_, ﬁE(A)S =2 dE(t)x, ,
3

B 4

P SldE(t)wk_l — PE(d)w, = PE(d)x,_,.

B

Adding up these equalities we get

A A A k-1 N A
P St" dE(tiwy — PE(A)w, = PE(4) ( Y gt’ dE(t)xk_l_j),
jiTeg
A

B

whence making use of (1.2) and of the fact that  s-lim St" dE(t) =: S exists,
L= R\{0}

a4

we find

A A A A k-1 .
PE(A)PSw, — PE(A)w, - PE(A)( " Ay j).

j =0
Thus we have

ﬁE(A Wy, = .BE('A )X,
for some x' € # and all 4 € By, 0¢ 4. Then Lemma 1.2 implies w; = 0. This
proves A7%::0 hence 4% = 0.
Now let x € #,. Since A4¥Px == 0 and A,Px = 0 we have A*+1x == 0. This
fact and (2.1) imply

Arx - lim S rdEOY, xe T T B,

4

for r > k + 1, where 4% :== R\(—1/n, 1/n), n € N, and moreover

(2.6) A"hx o ATARx o= lim S t" dE(1)A*x = lim S "R dE(t)x, xeX,
Mm‘ RO) T Fo)
forr > k + 1.
If £ is of odd type this relation implies

[A%*+2x x] = 0, xe&JF.
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if £ is of even type then
[A%+2 x, x] 2 0, xeH.

Thus A is definitizable. Also by (2.6) it follows that for every polynomial
P we have

PAAZ+1x = Lim \ p(O*+1dE()x, xe o,

H—->0

4

whence according to the fact that the spectral projections of A can be approxi-

mated in the strong operator topology by operators of the form p(A4)A%+1 (see

e.g. [4, Theorem 4]) it follows that the spectral function of 4 coincides with E.

%

REMARK. By means of (1.2) it can easily be proved, independently of the
preceding theorem, that the condition (x) is equivalent to the following:

For every x € M there exists z € # such that for all 4 € B, 0 ¢ 4, we have

S tdE(t)x = E(4)z.
2

COROLLARY 2.2. Let E be a d(0)-homomorphism and let # be a c.n.d.c. of

Loo. If ﬁ‘Ssz(t), 4 € By, 0¢4, converges strongly in # for 4 — R\{0},
il

then E has property (c,), (x) holds and, hence, E is the spectral function of an operator

A € 2(0).

REMARK. Under the assumptions of Corollary 2.2 the operators 4, and A4,
defined in the proof of Theorem 2.1 fulfil the relations A, =0, A(4y) > £,
and #(AY) < 3’\’(0).

Along the lines of the proof of Theorem 2.1 one easily verifies the follow-

ing description of all operators having a given d(0)-homomorphism as its spectral
function.

THEOREM 2.3. Let E be the spectral function with property (c,) of an operator
belonging to 2(0). Let 4 be a c.n.d.c. of L.

Then E is the spectral function of an operator B € 9(0) if and only if B has
a matrix form

A, B, B
. B=10 4, +N B} WLt = Loy - H + M,
0 0 Af ‘

where
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(i) Ay and Ay are the operators defined by E as in part (2) of the proof of
Theorem 2.1.

(ii) N is an arbitrary nilpotent selfadjoint operator in # commuting with Ay
such that #(N) < L.

(iii) B; € Q(J}:, ZLoo) is an arbitrary operator satisfying the relations

E(A)By ~ E4)A}  for all A€ B, 0¢ 4,

where 4 is defined by E as in part (2) of the proof of Theorem 2.1.
(iv) B, € &(AM, Py is an arbitrary operator with By = Bit.

COROLLARY 2.4. Let E be as in Corollary 2.2. Fix some c.n.d.c. & of L.
Then among the operators belonging to 2(0) with spectral function E there is a “‘sim-
plest” one with respect to the (%L, A )-decomposition :

0 A, 0
A =10 A, A7)
0 0 0

where A, and Ay are defined in the proof of Theorem 2.1 (see the remark after
Corollary 2.2). Moreover, the following assertions are equivalent:

(1) B e 2(0) has E as its spectral function.

(ii) B-: A" + N', where N’ is a nilpotent selfadjoint operator commuting
with A’ such that A(N') < Z,.

(iii) If A, € LA, Ly) is an arbitrary operator with A, = Af and

0 Ay Ay
@.7 A" =10 4, 47|
00 O

then B== A" + N, where N'" is a nilpotent selfadjoint operator commuting with
A’ such that A(N'") ¢ &, .

One of the results of [8] (which has a simple direct proof) is contained in

the Corollaries 2.2 and 2.4: If S tdE(t), 4 € By, 0 ¢ 4, converges strongly in #°

4
for 4 —» R\{0}, then the assumptions of these corollaries are fulfilled and

A-R\ {9}
4a

s-lim StdE(t) ;s of the form (2.7).
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Hence in this case an operator B< 2(0) has E as its spectral function if
and only if

B= slim St dE(r) + N
A->RN\ {0}
A

where N is a nilpotent selfadjoint operator with NE(A4) = E(4)N = 0 for every
A4€B,,0¢ 4.

2.2. Now we assume additionally that for the given d(0)-homomorphism E
the space %, is a pseudo-Krein space. Then for an arbitrary %g,-decomposition
of # as above we have # = 5?”0 + ﬁ(o), where .,2’90 and 5:”(0) are Krein subspaces
(see [2]). The corresponding selfadjoint projections (in #°) are denoted by f’o
and l’_’\’((,), respectively. Thus the following decomposition of # holds:

%:goo‘;‘ 304—,‘?(0)—[; r///.

If, in addition, E is of even type the condition (c,) is automatically fulfilled. Indeed,
in this case ,9:”(0) is a Hilbert space and we have HE(A)HQ, <1 for all
®

A4 € By, 0 ¢ A. This implies that E has the property (c,). Consequently, if for some
A" € B, 0e 4, the restriction of £ to E(A)# is of even type then (c) is
fulfilled again,

If E is an arbitrary d(0)-homomorphism with values in £(s#) and S is
a Pontrjagin space or, more generally, E(4")2# is a Pontrjagin space for some inter-
val 4" € B, , 0 € 4, then #, is a pseudo-Krein space and, according to the above
considerations, £ has the property (c;). The same holds for the pseudo-regular
d(0)-homomorphisms considered in [3].

PROPOSITION 2.5. Let E be a d(0)-homomorphism such that ¥, is a
pseudo-Krein space. Then the condition (c,) is necessary for the fact that E is the
spectral function of an operator belonging to %(0).

Proof. Let E be the spectral function of 4 € 2(0). If E is of even type then

by the preceding observations (c,) holds. If E is of odd type the operator 13(0);1;"(0)
is nonnegative and this fact implies (c,) (e.g. by [5, Theorem 2]).

If &#, is a pseudo-Krein space then, on account of Proposition 2.5, we can
restrict ourselves to d(0)-homomorphisms with property (c,). From Theorems 2.1
and 2.3 we obtain the following results: '

THEOREM 2.1'. Let, in addition to the assumptions of Theorem 2.1, £, be a
pseudo-Krein space. Then E is the spectral function of an operator belonging to
D(0) if and only if the following condition holds for some or, equivalently, for every
cndc. M of Lo
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(%) For every x € JI there exists z € # such that for all A € B,,,0¢ 4, we have

(2.8) ﬁ(o)s tdE(t)x == Py E(d)z.

a

REmARk 1. P*z and ?’(O)z are uniquely determined by x (see the proof of
Theorem 2.1).

REmark 2. If the d(0)-homomorphism E is pseudo-regular in the sense
of [3] (e.g. if E is of even type or # is a Pontrjagin space) then E is bounded
(cf. [3, Lemma 3.4]) and the condition (+x) can be replaced by the following one
(which appears in [8]):

For every xq € ¥ there exists x, € 4/ such that the limit

lim (ﬁw) (; 1 dE(1)x, -~ ﬁ(o)E(A(n))xl)

n~»Q00 J
‘d(n)

exists, where A® . R\(—1/n, 1/n), ne N.

THEOREM 2.3'. Let, in addition to the assumptions of Theorem 2.3, &L, be
a pseudo-Kretn space. Then Be 2(0) has the spectral function E if and only if it
has a matrix form

Wt A Lo+ Lo+ Loy + M,

B e
0 0 Ay Afh
0 0 0 A4

where
(i) A} coincides with the operator x> P*z defined with the help of (2.8).

(ii) A, coincides with the operator x> ﬁ(o)z defined with the help of (2.8).

(iii) Agg is the extension by continuity of S td(ﬁ(O)E(t)f’(o)).
©
(iv) B,y is an arbitrary nilpotent bounded selfadjoint operator in 5?0 .
(v) By, € Z(éo, Loo) is arbitrary.
(vi) By € L(H, L) is arbitrary with Bjy == B/
ReMARK. Theorem 2.3’ shows that if &, is a pseudo-Krein space then
among the operators which have the same spectral function there is a “simplest”
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one with respect to the given %,,-decomposition, namely

Ay 0 Ay O
oo 0o 00
0 0 Ay Af
0 0 0 4

(compare with Corollary 2.4).

As an application of the preceding results we consider a d(0)-homomorphism
E with the following properties:

(i) There is an interval 4’ € B g, 0€ 4’, such that E restricted to E(4')#
is of even type.

(i) &, is a pseudo-Krein space.

(iii) s-lim St2dE(t) exists.

4-+R\ {0}
pi}

Such a d(0)-homomorphism was also considered in [8] (in the case of a
Pontrjagin space ##, where (i) and (ii) are fulfilled automatically).

We fix some #y-decomposition. £ has property (c,) and by the relation

[ﬁ(o)g tdE(n)x, IA"U,-,S tdE(t)x] = [ S 2 dE(t)x, x] ,

AeBy,, 0¢ 4 c A, xes, the strong limit of ﬁ(o) StdE(t) for 4 - R\{0}
a4

exists. Then, according to Corollary 2.2, E is the spectral function of an

operator belonging to 2(0). By Corollary 2.4 and Theorem 2.3’ E is the spectral

function of the operator A4’ defined by

A = slim (P + ﬁ(m)g tdE(t)P g, + s-lim ﬁw)StdE(t)p+.
AR\ {0} AR\ {0}

a4 a4

An operator Be 2(0) has E as its spectral function if and only if B=A4" + N’,
where N’ is a nilpotent selfadjoint operator with E(4)N' = N'E(4) for every
A € By, 43 0. This result contains that from [8].

2.3. In this section let ¥ be a closed neutral subspace of # and 4 a
c.nd.c. of £. Assume that in the (&, .#)-decomposition of # the intersection
LL At s the direct sum of two Krein subspaces # 5 and #;:

(2.9) Ho=L 4 Hy+ Ayt M.

8 — 2533
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We shall say that an operator 4 € @(0) is associated with the decomposition (2.9)
if for the spectral function E of A we have %, = %, ‘5:\”0 =5, ﬁﬂ(o) =y,
where QO and é(o) are defined with respect to the (&, .#)-decomposition.

Let the operator 4 € 2(0) be associated with the decomposition (2.9).
Assume that .#, is a c.n.d.c. of & different from .#. Denote by P, the pro-

jection on &£* n.#i corresponding to the (¥, .#,)-decomposition. Then as in
the proof of Proposition 1.3 one can show that A is also associated with the
decomposition

'#:;$+ﬁ1%2+ﬁ1%3‘i'/[1-
We shall find necessary and sufficient conditions in terms of the elements

of the matrix representation of A w.r.t. (2.9) for the fact that A4 is associated
with the decomposition (2.9).

PROPOSITION 2.6. Let A € Z(0) have the matrix form

All A12 A13 A14

+
A=|0 A= 0 A w.r.t. (2.9)

0 0 0 Af
with Ag = A, Ay = ALy, Ay = Ay, nilpotent Ay, and A,y, and N '(Ay) = {0},

Then A is associated with the decomposition (2.9) if and only if there is a
k € N such that the relations 45, = 0,

(2.10) FOALY ( k)_:l A;aAfs(A;‘,)"'l'") = {0}
y: 0
and
@.11) & ( 5 AgsAf;,(Aﬁ)"‘l‘") = {0}
)
hold.

Proof. Let A be associated with the decomposition (2.9). Then

Ay, 0 Ay O
o0 0 0 o0
0 Ay AL

0 0 0 A
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is also associated with the decomposition (2.9). We choose an arbitrary k€ N

such that 4% == 0. Then

k-1
[0 0 Y A4 Ay, *
v.--0
g |00 0 0
k-1
0 0 A-ga Az AT (A1
v=0
|0 O 0 0 ]

Suppose that at least one of the relations (2.10) and (2.11) does not hold. Then
we find an x € #5 + A, x # 0, such that 4%x € #. This contradicts the fact
that A’ is associated with (2.9).

Conversely, assume that the conditions A% = 0, (2.10) and (2.11) hold
for some k € N. It is easy to see that the root space of 4’ corresponding to O
is & 4 #,. Hence A’ is associated with (2.9). By Theorem 2.2 A is also asso-
ciated with the decomposition (2.9). %

COROLLARY 2.7. If under the assumptions of Proposition 2.6 we have
R(Az3) 0 '%(A-fa) = {0}

then A is associated with the decomposition (2.9).

3. A DEFINITIZABLE OPERATOR WHICH DOES NOT SATISFY CONDITION (c,)

In this section we give an example of a compact operator Be 2(0) in a
Krein space A which does not satisfy the condition (c;). More precisely, we show
that for every integer »x > 2 there exists a compact operator B with ¢(B) < [0, c0)
and the following properties

() [B¥x,x] 20, xex.

(if) The integrals 1#=2dFEg(t),n=1,2, ..., are not uniformly bound-

11/n,00)
ed. Here Ej is the spectral function of B.
(iii) The root space of B corresponding to 0 is non-degenerate and not
orthocomplemented.
These properties imply that B does not satisfy condition (c,). Indeed, suppose

that B has property (c,). Then, on account of (iii) \ ¢t dE,(¢) is continuous in

0
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and condition (i) implies that the integrals S t*dEg(t), 4 € By, 0 ¢ 4, are uniformly

A

bounded (see proof of Proposition 1.3, (¢;) = (cy)), which contradicts (ii).

ExAaMPLE. Let # be a Pontrjagin space of index x, let & be a %-dimensio-
nal neutral subspace of # and let % be a c.n.d.c. of £. We set #,: {0},
Hy o= FLLndt and consider the decomposition

G.1 H =L 4 oy A Ay 4 M.
Hy is a Hilbert space. Further, we consider an operator
Ay Ay O
A= 0 Ay 4| wrt A =L LA M
0 0 44 .

with the following properties: A,, is a compact positive operator in the Hilbert
space 3 such that 0 € 0.(4;3) and all eigenvalues of Ay are simple. A,, is a
bounded operator in & with :

(3.2) Ay =0 and A45;' #0.
Az € L(H3, P) satisfies the condition
'%(A:zs) n @(Ai'rn o {O}

Then, by Corollary 2.7, A is associated with the decomposition (3.1). It is easy
to see that o(A) is contained in [0, o0) and all eigenvalues 2 £ 0 of A are alge-
braically simple. Since .# is an A-invariant maximal n(_)npositfve subspace of .#
we find (see [9, 1.3.(b)]) ' '

[A*>*x,x] 2 0, xe.

Let 7, > 2, > ... be the eigenvalues of 4. By E;, i =1,2, ..., we denote the
selfadjoint projection on the eigenspace corresponding to A;. £ == ¥ coincides
with the root space of A corresponding to 0. Then the relation A7, 10 implies
that the operators

EJ;“?Z_QE:" .i"],2v-"’
¢zl

are not uniformly bounded ({71, {5, Theorem 5}). Let (¢;) and (J,) be two mono-
tonically decreasing sequences converging to 0 with the following properties:
(i) The intervals (7; —&;, A4; + &), i =:1,2, ..., are pairwise disjoint.
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(ii) The relations [A; — 4| <.¢;, i=1,2,..., and ||Ef — E|| < 9;, i=1,
2, ..., where E; are positive projections of rank. 1, imply that the operators

Y, A##72E;, j=1,2, ..., are not uniformly bounded. For all n > 0 we set
fol . : oo

,f,,(z)={"l W<y

t if g<rt.
Now we define a sequence (4;) of selfadjoint operators in #. We set
. An A . 0

Aj:=10 Fifdas) Af
0 0 Ah |

where 5 is chosen so small that |
) Mi(Aj) - Ail <g > ”Ei(Aj) ™ Eu” < 5;‘: i=1,...,7,

where 1,(4;) is the i-th eigenvalue of A; and E/(4;) is the corresponding spectral
projection. As above, we find '

(3.3) ' A%, 42 0, xe.

Since 0 is an isolated eigenvalue of 4;, j =1, 2, ..., the root space of 4; corres-
ponding to 0 is non-degenerate. We have o(4;) < [0, c0).

Now we choose a compatible Hilbert norm || - || in #. Obviously, the linear
space

A = {(xj);?.‘;1 cx e, Y IR < oo}
j=1
provided with the indefinite form [-,.] defined by
[x, y] = Z [xjayjlv Xi= (xj), y= (yj)’
j=1

is a Krein space. By P;, j=1,2,..., we denote the projections defined by
Pi((x,)°1) = x;. Let B denote the bounded selfadjoint operator in 4" defined by
PJBPJ=AI, PIBPJ=O, I,j=1,2,..., I?(-'j

By (3.3) we have A
(.4 - [B¥x,x] >0, xei.
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The relations o(4;) < [0,00), j-= 1,2, ..., imply o(B) c [0, c0). Since the root
spaces of 4; corresponding to 0 are non-degenerate, the root space of B corres-
ponding to 0 is also non-degenerate. Let £, be the spectral function of B. From

(3.4) we find that S ¥ dEg(t) converges. We claim that S t%=2 dE(r) does not

converge. Indeed, choose z € # so that the sequence
J

(3.5) ([ ¥ LBz, z]) i=1,2...,
i1

is not bounded. Define elements z0 e ¢, j—1,2, ..., by P2V’ -~z and Pz . 0,
! # j. The sequence (3.5) coincides with )

([ S Pt dEB(t)ZU), z(i)]) , Jj= 1,2,....

[Aj-a » 00)

Since the sequence (||z¢)), j=1,2,..., is bounded in ¢ the operators

t2=2dEy(t), j = 1,2, ..., are not uniformly bounded. This fact, the rela-

[Ai—aj,oo)
tions (3.4), and ¢(B) = [0, 00) imply that the root space of B corresponding to
0 is not orthocomplemented.
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