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THE CYCLIC COHOMOLOGY OF COMPACT LIE GROUPS
AND THE DIRECT SUM FORMULA

TOSHIKAZU NATSUME AND RYSZARD NEST

1. PROLOGUE

The group C*-algebra C*(G) of a locally compact group G is often a useful
““dual object” of G. For instance, it contains all information about unitary repre-
sentations of G. When G is abelian, by Fourier transform, C*(G) is identified with

the C*-algebra Co(é) of all complex-valued continuous functions vanishing at

infinity on the spectrum G of G. When G is compact, each irreducible representation
is finite dimensional, and we have

CHG) = @ End(V,),

7€C

where ¥V, is the representation space of = in G, and @ denotes the.C*-algebraic
direct sum. This leads to the well known results K,(C*(G)) = 0 and K (C¥*(Q)) =

~ @ Z = R(G). Moreover, for each n in G, the corresponding generator is given
2€G

by a projection obtained from a normalized matrix coefficient of =.

Recently, as a sort to dual of K-theory, cyclic cohomology theory has been
developed. In the study of cyclic cohomology C*-algebras are sometimes rather
uninteresting objects. For instance, there is no obvious way to construct nontrivial
cyclic cocycles for a given C*-algebra. A possible candidate is a tracial state. Even
in this case, a tracial state is quite often defined only on a dense subalgebra.

On the other hand, the main point of noncommutative differential geometry
([1]) is that one uses an auxiliary smooth structure given by a subalgebra. [t is well
known that for G compact, the character of every irreducible representation gives
rise to a central distribution on G, in other words a trace on the convolution algebra
C>(G). In this note we study the cyclic cohomology of the Fréchet algebra C*(G)-
It is natural to expect that irreducible representations play a central role, and actual-
ly they do so (Theorem I).
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Throughout the paper, the tensor product means completed topological tensor
product,

A. Wassermann has announced some computations of the cyclic cohomology
for reductive linear Lie groups, which carries a ceritan overlap with our result.
Since our result was obtained independently, we present it here.

2. COMPACT LIE GROUPS

In this section we briefly review the basic facts about the structure of C®(G)
(for details, see [2]).

Let G be the spectrum of a compact Lie group G, and let dg be the bi-invariant

measure with Sdg = 1. Denote by F(G) the algebra II End(V,). Consider the space

1:66
G

1XG) of all families ¢ = (¢,) € F(G) such that

Y dim(V)Tr(p%e,) < co.

red
Then L“-‘(é) is a Hilbert space where the inner product is given by

o, ¥y = Y, dim(V)Tr(p7y,).

n€G

Let f be an integrable function on G. For each = € G,

o= Sf(g)n(g)dg & End(V,),

G

and we put f = (f) e F(G). The map f — f defines an isomorphism of the Hilbert
spaces L*G, dg) and LQ(G). The function f is called the Fourier transform of f.

Let I' € U(G) be a Casimir operator. For every = in G, the operator n(I')
on ¥V, is a scalar multiple of the identity /_1. Thus we get a complex-valued function

7 — 4, on G. It is known that /. is in fact real-valued, and positive unless n is the
trivial representation. Recall that for some integer k > 0, we have 2(1 + /)% < oo.
n

Denote by y(&) the space of all ¢ in F(G) such that for each integer n > 0,

sup(l + Z,)"{l@.ll < oo.

n€G
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Then QSP(GA) is well defined, i.e. it does not depend on the choice of a Casimir operator

Through Fourier transform C*(G) is topologically isomorphic to #(G), where the
latter is topologized by the family of seminorms:

@l = sup(l + 2)"l@.ll (2 =0,1, ...).

neCG

A complex-valued function ¢ on G is called slowly increasing if there exist
an integer n > 0 such that

Sup(l + )"1:)—" l(pn“ < ©0.
nGGA

The vector space of all slowly increasing functions is denoted by 0(G).
For ¢ € 0(G), consider the functional 7, on C=(G) defined by

1 -
T()= —-—_—_Tr(.n(pﬂ:
A ZG dim(¥,) [0,
Then 7, is a trace on C=(G), and the map which assigns 7, to ¢ is an injection of
0(G) into HY(G).
Our main result is as follows:
T_HEOREM L. () If mis odd, then SHY(C®(G)) is zero in H}'**(C>(G)). In par-
ticular, H°Y(C=(G)) = {0}. o
(L) If m = 2n, then SH(C®(G)) = S"+'0(G) in H;'**(C>(G)). Moreover,
the canonical map m(é) — H¥(C®(G)) is an isomorphism.

Proof. Denote by L(V,, V,) the space of all linear maps from ¥V, to V,.
Assume that f'=(f, )€ [l L(Vy, V,) satisfies the following condition: for

(1|:,1z')EG2
any integer n > 0,

sup (1 + 2, + 2)"'fe 2] < c0.
(n.n’)eax&

The totality ,S”((;’ xé) of such functions is an algebra, where the product is
given by

(fg)n,n' = an,n”gn”,n' .

Notice that this product is well defined, because Y (1 + 4,)"%< co for some k > 0.
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Each f E.V(éx é) defines an operator T; on Lz(é) by the formula:

(Y}C)n = Z’ fn,zx'éft' .

n’€C

By a straightforward computation we see that 7} is a trace class operator. We cal
T} an integral operator with rapidly decreasing kernel function f. The totality X
of those T is a Fréchet algebra with seminorms:

T = sup(l + 2o+ ZPfel (2 =01, )

Moreover 2 is nuclear as topological vector space.
The algebra o is a discrete analogue of the algebra of smooth compact oper-
ators studied in [3}.

For each = in G, choose a minimal projection e, in End(V,). Denote by e,
the minimal projection corresponding to the trivial one-dimensional representation.

Let us consider the two embeddings « and f of .7(6) into .V(C) ® A defined by

a(a),! = a; ® €g»
B@), = e, ® a,,

respectively. Notice that e,, a, € End(V,) < P(G) <. A. Since G is discrete, the
latter inclusion is meaningful. As we have pointed out above, #  is contained in
the algebra of all trace class operators.

Hence we have a trace, denoted by Tr, on . For a given ¢ in Hﬁ(g’(é)),
we see that

oF(p # Tr) = @.

The character y,of n € G is a trace on .9”((5).
LemMa 2. (1) If n is odd, then (¢ # Tr) = 0.
(2) If n =2k, then
B(e # Tr) = 2ui) k)Y ole, -5 €IS an

where the convergence of the infinite sum on the right is with respect to the topology
of simple convergence.

Proof. By a straightforward computation, for % ..., a" ey(G), we have

Fop # TO@, ....a) = 3 @len, - eq )Tr(ds ... az).
11'“ e 1:”
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Notice that a(,’,0 . a',f" is nonzero only if 7y = ... = m,. Thus

B # Tr)(d®, ...,a") = Y, 0le, ..., e)Tr(as . .. ay).

As o is cyclic, then ¢(e,, ..., e,) = 0 if n is odd. Thus we get the assertion (1).
When n = 2k, the value Tr(a® ... a?) is nothing but

(2ni) "‘(k!) Sy a0, ..., a").

So we get the assertion (2).

LeEMMA 3. There exists a path of homomorphisms p,:y(é) -—*.9’(@) RN

such that for all a e P(G), the map t €(0,1] — p,(a) e&"(f})@ A is differentiable,
and such that p, = a, p, = .

Proof. Let &, o (tesp. & ,) denote the partial isometry from e, (resp. ;) to
e, (resp. ep). Denote by 1, the identity of End(V,), and by 1 the identity of B(Lz(é) ®
® L¥G)). '

Put

U= Z 1. ® (81:,0 + 60,11) + (11— Z I, ® (eo + en))'

Then U* = U and U*U = UU* = 1, where =-operation is taken in the multiplier
algebra of .9’(@) ® A
Consider now the subalgebra

(LL(O],) @ (1,.41,) = End(V, @ V).

Let U, be the unitary in End(V, ® V,) such that Ad(U,) is the “flip” on End(V,)®
® End(V,). Put

V=YU,+(0—¥%1,®1)

to get an element of B(LZ(G) ® LZ(C;‘)). Then ¥ is a unitary, and belongs to the mul-
tiplier algebra of JV(G) ® A . By construction,

Ad(VU)a = p.

It is also evident that Ad(V'U) is connected to the identity by a C*-path in
Aut(#(G) ® H). %)

By Lemma 3 together with the homotopy invariance of cyclic cohomology [1]
(see also [3]), we see that

o«*([o #Tr]) — B*([¢ 4 Tr]) € KerS.
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This means that when n = 2k,
S(Q2ni) =5kt Y, ole,, .. ., €:)S*%) = So

in cohomology, and that, if # is odd, S¢ = 0 in cohomology.
it remains to show that the function y defined by ¥, = dim V,_¢te,. ..., e.)

belongs to @(é). This follows from the continuity of ¢ and the fact that n — dim V,
is slowly increasing ([2}).

Finally, for each 7 € G, choose a projection p,, so that {px} is a set of gener-
ators for K (C*(G)) = @ Z. Then,

1 ifn=n

0 otherwise.

1lpa) = {

This easily implies that the map @(é) > H(C>(G)) is an isomorphism.
This completes the proof of Theorem 1.

3. EPILOGUE

In the preceding section we have considered a certain completion of a direct
sum of Banach algebras. The technique developed there enables us to deal with
direct sums of Fréchet algebras. Assume that each A4; is topologized by a family of
seminorms |- |}, , (n =0, 1,...). Let 4, ( = 0, 1, 2, ...) be a sequence of positive
numbers such that for some integer & > 0,

Y ik <co.
On the algebraic direct sum @ A, of (4,), define seminorms §; - |, by
i‘a”n = sup )*:n ”aii;i,n

where a; is the i-component of a € @ A4;. The completion of @ A, with respect to
the family |;- {i, (n = 0, 1, ...) is denoted by ) A;. The space ® A; turns out to
be a nuclear Fréchet algebra.

Denote by Ci(@® 4,) the space of sequences (¢;)e J] Ci(4,) such that ¥ pFe;

exists with respect to simple convergence, where p; is the canonical projection from
@ A4, onto A4,. Put b(p,) = (bp,) to get a cochain complex {—C;'f(A@ A)),b}. Tts coho-
mology is denoted by é) HYA) = @(JQHZ(A,.). The complex CT(@ A;) can be re-

a ot

garded as a sort of completion of the direct sum @pFC%(4;). Hence the notation
; .

® Hi(A,) is justified.
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Letj be the canonical embedding of Ej{‘(éDA,.) into Cj{‘(éBA,-). Then j induces an
embedding of @ H*(4,) into H¥@A,). The following theorem say that CX(D4,)
is a retract of C¥(@4,).

THEOREM 4. For each integer n # 0, we have that

S(H(@4) = S(@H(4)))

in HI+*(@A).

Sketch of proof. Let (N2, A) be the space of rapidly decreasing sequences on
N2 with respect to the weight A = (4,). In an obvious way, ¥ (N?, A) acts on £%(N).
The assumption on (4;) enables us to furnish the totality 2 of bounded oper-
ators on ¢2%(N) arising from (N2, A) with a structure of a nuclear Fréchet al-
gebra. Let e; be the projection of £2(N) onto its i-th component. Obviously e; € .
Define two embeddings « and f of éAi into (éAi) ® A by ala), = a;,@e,, and
B(a); = a;®e;. Then as in the proof of Theorem 1, we see that « and f are connected
by a differentiable path of embeddings. Therefore, again by the homotopy invariance,
for [¢] € Hﬁ(é)A,.), we have

«*([o # Tr]) — B(le % Tr]) € KerS.

By straightforward computations, we get the desired result. %

COROLLARY TO THE PROOF OF THEOREM 3. For two algebras A, B, we have that
SH}(A © B) = SH}(A) ® SH(B)

in H2*2(a ® B). In particular, H*(A @ B) = H*(A) @ H*(B). Moreover, if both
A and B are unital, then

34 @ B) = H(4) ® Hi(B).

Outline of proof. In this case, instead of " in the proof of Theorem 4, we
use M,(C), and all the arguments go through in the multiplier algebra of

(4@ B) ® MyC).

In particular, if A and B are unital, two embeddings of (4 & B)into (4 & B)®
® M,(C) are intertwined by a unitary of (4 @ B) ® M,(C). Since inner automor-
phisms act trivially on cyclic cohomology ([1]), the second statement follows.

REMARK 5. When 4 and B are unital, the second statement of Corollary to
the proof of Theorem 4 follows also from the direct sum formula for Hochschild
cohomotogy and the Five Lemma, using a long exact sequence involving cyclic
cohomology and Hochschild cohomology ([1}).

4 _ 165



50 TOSHIKAZU NATSUME and RYSZARD NEST

Acknowledgement. This research was partially supported by the Danish Nea-
tural Science Research Council.

REFERENCES

1. ConnEes, A., Non commutstive differential gecometry, Chap. II; De Rham homolegy and zen
commutative algebra, Publ. 1L.H.E.S., 62(1985), 310—360.

2. Bournakl, N.; Groups et ‘algébres de Lie, Chup. 9, Masson, Paris, 1982.

3. Eunwor, G. A.; NatsuME, T.; NisT, R., Cyclic cohomology for one-paramcter smooth crossed
products, Acta Math., in press.

4. WASSERMANN, A., oral communication.

TOSHIKAZU NATSUME and RYSZARD NEST
Matkematics Institute, University of Copeniegen,
Universitetsparken 5, 2160, Copenliagen ¢,

Denmark.

Received December 27, 1987 ; revised December 13, 1988 and April 10, 1989.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [445.039 677.480]
>> setpagedevice


