J. OPERATOR THEORY © Copyright by THETA, 2000
44(2000), 91-112

ON AUTOMORPHISMS OF C*-ALGEBRAS
ASSOCIATED WITH SUBSHIFTS

KENGO MATSUMOTO

Communicated by Norberto Salinas

ABSTRACT. We prove that, for a given one-sided subshift X, any non-trivial
automorphism of the subshift always yields an outer automorphism of the
C™-algebra Op associated with the subshift. In particular, any non-trivial
automorphism of the one-sided topological Markov shift X4 for a {0,1}-
matrix A yields an outer automorphism of the Cuntz-Krieger algebra O 4.
We also determine the form of the automorphisms of the C*-algebra Ox
arising from automorphisms of the subshift Xx.
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1. INTRODUCTION

In [22], the author has introduced and studied a class of C*-algebras associated
with subshifts in the theory of symbolic dynamics. Each of the C*-algebras asso-
ciated with subshifts has canonical generators of partial isometries with mutually
orthogonal ranges. It also has universal properties subject to some operator re-
lations among the generators ([22], [25]) so that it becomes purely infinite and
simple in many cases including Cuntz-Krieger algebras. For a subshift (A, o), we
denote by X, the set of all right-infinite sequences that appear in A. The dy-
namical system (X, o), simply written as Xy, is called the one-sided subshift for
A. The C*-algebra O, associated with subshift A is essentially constructed by
the dynamics (X4, o). Many dynamical property for (X,, o) reflects on algebraic
structure on the C*-algebra O, as in [22], [24].

We will in this paper study relationships between automorphisms of the
dynamics X and automorphisms of the algebra O,. A homeomorphism h of
X satisfying h = 0 o ho o~ ! is called an automorphism of X,. We denote by
Aut(Xp) the set of all automorphisms of Xa. There have been many studies on
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automorphisms of subshifts especially of topological Markov shifts (cf. [3], [19], .. .).
Their studies are closely related to classification of subshifts (cf. [19], [29]).

Let (A, o) be a subshift over a finite set ¥ = {1,2,...,n} with shift transfor-
mation o. Then the C*-algebra O, associated with the subshift is generated by n
canonical partial isometries S1, So, ..., S,. One typical example of automorphisms
of O, is defined by a mapping fort € R : S; — e‘/j”S’j, 7 =1,2,....n. These
automorphisms are called the gauge automorphisms. The fixed point algebra of
the C*-algebra O, under the gauge automorphisms is an AF-algebra which is
written as Fp ([22]). We denote by Dy the C*-algebra of all diagonal elements
of Fa, which is commutative. The commutative C*-algebra C(Xy), denoted by
Dy, of all continuous functions on X, is naturally embedded into the algebra Dy .
Hence each automorphism h of X, yields an automorphism A* of the subalgebra
Dp of Op. The induced endomorphism of D, from the shift o of X, is uniquely

extended to an endomorphism @a of Dy that is defined by @ (X) = > S; XSy
=1

for X € Dy. They satisfy the relation h* o oy = pp o h* on D . We first see the
following:

PROPOSITION 1.1. (Proposition 4.2) For an automorphism h of X, there
exists an automorphism oy, of Op such that ap(x) = h*(z), v € Dp and the
correspondence h € Aut(Xy) — ap, € Aut(On) gives rise to a homomorphism.

Let Aut,(Op, D) be the set of all automorphisms of O whose restrictions
to the algebra D, give rise to automorphisms of X,. Namely that is the group of
automorphisms of Oy coming from Aut(Xy,). The extension of h € Aut(X,) to
an automorphism of O, is not necessarily unique. By proving the result:

@A/QOAZDA

as in Proposition 3.3, we see that any automorphism of X, may be uniquely
extended to an automorphism of O, modulo unitaries in Dy. That is, for an
automorphism h of Xy, if two automorphisms o, 8" of O, coincide with h* on
Xy, then o = g" o \(U) for some unitary U in Dj where A(U) € Aut(O,) is
defined to be A(U)(S;) = US,; (Corollary 4.10). We denote by U(Dp) the group
of all unitaries in Dy. Let Z1(U(Dxr)) (= U(Dy)) be the set of all unitary one-
cocycles for ¢ of U(Dy) that are defined to be U(Dp)-valued functions U from
N such that U(k +1) = U(k)@% (U (1)), k,1 € N. We will in fact prove

THEOREM 1.2. (Theorem 4.9) There exists a natural short exact sequence:
0 — Zy(U(Da)) — Auty(Or,Da) — Aut(Xx) — 0
that splits.

We will next study outerness for the automorphisms of Oy coming from
automorphisms of X . We introduce a condition for an automorphism of X called
condition (I). The condition is considered as a relative version to the condition (I)
for the original dynamics (Xx, o). We will show that if a non-trivial automorphism
of X satisfies the condition (I), its extension to an automorphism of O, is outer
(Theorem 5.2). We will also prove that any extension as an automorphism of
O, of a non-trivial automorphism of X, is always outer if X, satisfies a certain
aperiodicity condition called (D) (Theorem 5.12). In particular, any extension
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of a non-trivial automorphism of a topological Markov shift X 4 for an aperiodic
matrix A to an automorphism of the Cuntz-Krieger algebra O 4 is outer. We see
that the automorphism A(u) of Oy for a unitary w in Dy is inner if and only if
u gives rise to a coboundary for pa in U(Dy). Let BL(U(Dy)) be the subgroup
of all coboundaries in ZL(U(Dy)). Set HX(U(Dy)) = ZLU(Dy))/BLU(Dy)) the
one-cohomology group for wa of U(Dy).

THEOREM 1.3. (Theorem 5.16) There exists a natural short exact sequence:
0 — Hy(U(Dp)) — Outy(On,D4) — Aut(Xa) — 0

that splits, where Out,(Op, D) means the group of all outer automorphisms of
Op in AutU(OA,QA).

We will, in the final section, present certain examples of automorphisms of
the C*-algebra coming from some subshifts. We will further see that if a sub-
shift Xz has a fixed point, then the non-trivial gauge automorphisms are outer
(Corollary 6.5).

Slightly similar exact sequences to the above two exact sequences have ap-
peared in a discussion of classification of von Neumann algebras arising from non-
singular ergodic transformation (cf. [20]). The classification has exactly corre-
sponds to orbit equivalences of such ergodic transformations (cf. [5], [10], [20]).
C*-algebraic analogies have also been discussed in [4], [15], [27], etc. If a subshift
A is a topological Markov shift and, in particular, a full shift, the associated C*-
algebra Op becomes a Cuntz-Krieger algebra and a Cuntz algebra respectively.
Hence our study, in this paper, includes studies of automorphisms of these alge-
bras from a view point of symbolic dynamical systems. Studies of automorphisms
of Cuntz-Krieger algebras and Cuntz algebras are seen in many papers as in [1],
8], [12], [13], [18], [26], [28], .... The author has recently received a preprint [18]
by Katayama-Takehana in which outerness of automorphisms of Cuntz-Krieger
algebras are discussed by using a technique of Hilbert C*-bimodules (cf. [17]).

2. BASIC NOTATION AND THE C*-ALGEBRA Oj

Let ¥ be a finite set {1,2,...,n} for n > 1. Let ¥2, N be the infinite product
o0 o0
spaces [[ X;, ] X:; where X; = ¥, endowed with the product topology respec-

1=—00 i=1

tively. The transformation o on X% YN given by (o()); = 2441, i € Z, N for
x = (x :) is called the (full) shift. Let A be a shift invariant closed subset of ¥
i.e. o(A) = A. The topological dynamical system (A, o|A) is called a subshift. We
denote o|A by o for simplicity. This class of the subshifts includes the class of the
topological Markov shifts (cf. [19], [21]).

A finite sequence p = (1,...,ux) of elements p; € ¥ is called a block or
a word. We denote by |u| the length k of p. A block u = (p1,...,pux) is said
to occur in & = (x;) € Y2 if x,, = Uly.-osTmyk—1 = pi for some m € Z. For
= (z;) € X% or ¥V and i < j, we write

Tlig) = (xi,$i+1, - ,JL‘j), Tli,o0) = (mi,a:i+1, .. ) S v,
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For a subshift (A,c), let A* be the set of all words with length & in X%

l o]
occurring in some € A. Put A; = [J A* for I € N and A* = |J A* where A°
k=0 k=0
denotes the empty word (). Let X, be the set of all right-infinite sequences that
appear in A. The dynamical system (X, o) is called the one-sided subshift for A.
Put
Al(z)={pe A |px e Xy} forxze Xy, leN.

We define equivalence relations in the space Xj. For [ € N, two points z,y € X,

are said to be I-past equivalent if A'(z) = A'(y). We write this equivalence as z ~; y
(cf. [24]).

DEFINITION. ([24]) (i) A subshift (X4, o) satisfies condition (I) if for any
l € Nand x € Xy, there exists y € X such that y # x and y ~; x.

(ii) A subshift (X, o) is irreducible in past equivalence if for any | € N,
y € X, and a sequence (2¥)gey of X with 2% ~p 2%+ for k € N, there exist a
number N and a word p € AN such that y ~; pa!™V.

(iii) A subshift (X4, o) is aperiodic in past equivalence if for any | € N, there
exists a number N such that for any pair x,y € X,, there exists a word p € AN
such that y ~; px.

If a subshift (X,o) is aperiodic in past equivalence or irreducible in past
equivalence with an aperiodic point, then it satisfies condition (I) ([24]). If a sub-
shift (X4, 0) is a topological Markov shift (X4, ) determined by a square matrix
A with entries in {0,1}, the above aperiodicity, irreducibility and condition (I)
as a subshift coincide with the aperiodicity, irreducibility and condition (I) let it
stand as it is in [9] for the matrix A respectively.

Now we will review the construction of the C*-algebras associated with sub-
shifts along [22]. We henceforth fix an arbitrary subshift (A, ).

Let {e1,...,en} be an orthonormal basis of n-dimensional Hilbert space C™.
We put

F) =Cey (ep: vacuum vector);
FK = the Hilbert space spanned by the vectors e, = e,, ® --- ® ey, p =
(:ula v 7/'Lk) € Ak7

Fp = @ F} (Hilbert space direct sum).
k=0
We denote by T, (v € A*) the creation operator on Fi of e,,v € A*(v # )
defined by

T,eo=e€, and Tye,

_Je®e, (vpeAdr),
0 else,

which is a partial isometry. We put T}, = 1 for v = §). Let Py be the rank one
n

projection onto the vacuum vector eg. It immediately follows that > T;TF +
i=1

Py = 1. We then easily see that for u, v € A*, the operator T,PoT} is the rank

one partial isometry from the vector e, to e,. Hence, the C'*-algebra generated

by elements of the form T,PoT, n,v € A* is nothing but the C*-algebra K(Fy)

of all compact operators on Fj. Let 75 be the C*-algebra on F) generated by the

elements T, v € A*.
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DEFINITION. ([22]) The C*-algebra O, associated with subshift (A, o) is
defined as the quotient C*-algebra Ty /KC(Fy) of Ty by K(Fy).

We denote by S;, S, the quotient images of the operators Tj, i € X, T},

u € A* respectively. Hence O, is generated by partial isometries Sq, ..., .S, with
>SS =1.

i=1

If (A, o) is a topological Markov shift, the C*-algebra O is nothing but the
Cuntz-Krieger algebra associated with the topological Markov shift (cf. [9], [11],
[13]).

We will present notation and basic facts for studying the C*-algebra O, .

Put a,, = S;, Sy, p € A*. Since T, T;; commutes with T;T),, u,v € A*, the
following identities hold

relation

(%) apSy = Sy, v e AN
We notice that for p, v € A* with |u| = |v/,
S5, #0 if and only if  p=w.

We will use the following notation. Let k,l be natural numbers with & < [.

A; = The C*-subalgebra of Op generated by a,, u € A;.

Ap = The C*-subalgebra of Oy generated by a,, p € A*.

Da = The C*-subalgebra of Op generated by S5, u € A™.

Dy = The C*-subalgebra of Op generated by Sy,aS;, p € A", a € Ax.

Fi = The C*-subalgebra of O generated by S,aS}, u,v € A¥, a € A;.
Fi° = The C*-subalgebra of O generated by S,aS;, u,v € A a e Ay
Fa = The C*-subalgebra of O, generated by S,aS;, p,veA*, |u| = |v|, a€ Ax.

The projections {7);7},; u € A*} are mutually commutative so that the C*-

algebras Aj, | € N are commutative. Thus we easily see the following lemma (cf.
[22], Section 3).

LEMMA 2.1. (i) A; is finite dimensional and commutative.
(ii) A; is naturally embedded into A;y1 so that Ay = lim A is a commutative

AF-algebra.
(iii) Each element of F. is a finite linear combination of elements of the form
SuaS;, p,v e A¥, a € A;. Hence ]—',é, is finite dimensional.
(iv) There are two embeddings in {FL.}r<;
(a) 1 : FL C FL through the embedding Ay C A41 and,
(b) mi : FL C f,lcfl through the identity

SuaSy = 8,;87a8;8;;, v e ac AL
j=1

(v) Both Fp° = llim FL and Fp = klim Fr° are AF-algebras.
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In the preceding Hilbert space Fj, the transformation e, — zkeu, € AR,
z €T ={z € C||z| =1} on each base e, yields a unitary representation which
leaves KC(Fy) invariant. Thus it gives rise to an action a of T on the C*-algebra
Oyx. Tt is called the gauge action and satisfies «,(S;) = 25;,1=1,2,...,n.

Each element X of the x-subalgebra of O, algebraically generated by S,,, S},
u,v € A* is written as a finite sum

(21)  X=> XS +Xo+ » 8,X, forsomeX_,, Xo,X, € Fx
lv| =1 Il 21

because of the relation (). The map E(X) = [ a,(X)dz, X € Ox defines a
zeT

projection of norm one onto the fixed point algebra Of under «. We then have

(cf. [22], Proposition 3.11)

LEMMA 2.2. Fp = OFf.

Note that the C*-algebra ©, is isomorphic to the commutative C*-algebra
C(X4) of all complex valued continuous functions on the one-sided subshift X
for A. Put

PA(X) =) S5;XS;, X €D, (or X € 0y)
j=1

which corresponds to the shift o of X,.
Consider the following condition called (I5) for the C*-algebra Oy (cf. [22]).
(Ip): For any I,k € N with [ > k, there exists a projection ¢, in D such
that
(i) ¢ta # 0 for any nonzero a € Aj;
(it) gief(qh) = 0,1 <m < k.
As in [24], the subshift (X4, o) satisfies condition (I) if and only if the C*-
algebra Oy satisfies condition (I5). Hence we may describe structure theorems for
the C*-algebra O, proved in [22].

LEMMA 2.3. ([22], Theorems 4.9 and 5.2) Let 2 be a unital C*-algebra.
Suppose that there is a unital x-homomorphism w from Ax to 2 and there are n
partial isometries s1,. .., s, € A satisfying the following relations

n

* * _ * *
> sisi =1, S;SuSu = SuS;, S, M,V E N,
Jj=1

n
shsu = (S5, we AN

where s, = Sy, Spy, b= (W1,..., k). Then there exists a unital x-homomor-

phism T from Op to A such that w(S;) = s;, i = 1,...,n and its restriction to

Ap coincides with 7. In addition, if the subshift X satisfies condition (1), this
extended homomorphism T becomes injective whenever T is injective.

LEMMA 2.4. (]22], Theorem 6.3 and Theorem 7.5 and [24], Theorem 5.8) If
a subshift X is irreducible in past equivalence and has an aperiodic point, then
Oy is simple. In addition, if a subshift X is aperiodic in past equivalence, the
C*-algebra Oy is simple and purely infinite.

We notice the following lemma.



ON AUTOMORPHISMS OF C*-ALGEBRAS ASSOCIATED WITH SUBSHIFTS 97

LEMMA 2.5. ([22], Proposition 5.8 and [24], Lemma 4.5, cf. [9], 2.17 Propo-
sition) Suppose that both subshifts (Xa,,0) and (Xa,,0) satisfy condition (I). If
they are topologically conjugate, then there exists an isomorphism ® from Oy,
onto Oy, such that ® oal =a20®, 2 € T where o is the gauge action on Oy,,
i =1,2 respectively.

3. THE COMMUTANT OF D IN Oy

We henceforth fix an arbitrary subshift (X, o) which satisfies condition (I). We
denote by D, the C*-subalgebra of Fj consisting of all diagonal elements of Fy
as in the previous section. In this section, we will show that the commutant of the
commutative C*-algebra ®p in Oy is exactly the algebra Djy.

LEMMmA 3.1.

DN NOp C Fa.

Proof. Assume that X € Oy commutes with each element of ®,. For a non
empty word p € A*, put X, = E(S:X), X_,, = E(XS,). We will show that
X, =X_, =0.For f €Dy, wesee E(S;Xf)=E(S;fS,S};X) so that

Xuf =S, fSuX,.
We in particular have
Xy = XpuSuS,,  XuSufS, = fXu.
Let ¢ be the length of p. It then follows that
XM‘Pj\(f) = XMSNSZ Z S, fS, = XMSufSZ-
2
Thus we obtain 4
Xuop(f) = f Xy, [ €D

Now suppose that X, # 0. For any e > 0, take X, (m) € F' such that

| X, — X, (m)| < e for some m; > my, > i and assume that ||X I = ||X (m)| = 1.

We then have ‘
[f X (m) — X (m)ei ()] < 2]/ f[le.
Since Oy satisfies condition (I, ), for m; > my, there exists a projection dmt € DA

satisfying the condition (i), (ii) in condition (I5). Put Q(m) = @*(git) € Da.
It is easy to see that Q(m) commutes with X, (m). Hence we get

1%, (m)Q(m) — X,u(m)¢k (Q(m))]| < 2¢

As Q(m) is orthogonal to % (Q(m)) because of condition (I5), the correspondence
Y € Ft — Q(m)YQ(m) € Q(m)FQ(m) yields an isomorphism and hence
isometric by [22], Corollary 5.4. Hence we have || X,(m)Q(m)| = || X,(m)| =1
so that

1X,(m)Q(m) — X, (m) @ (Q(m)) || = Max{|| X, (m)Q(m)|, [|X,.(m)e (Q(m))II}

2 [|Xpu(m)Q(m)|| = 1.

This is a contradiction for a sufficiently small e. Thus we conclude X,, = 0. We
similarly have X_, = 0. This mean that X = F(X) € F5. 1
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LEMMA 3.2.
@;\ NFr = Dy.

Proof. 1t suffices to show the inclusion relation @) N Fo C Dy. Set the
algebras:

D! = The C*-subalgebra of D, generated by SuaS;, p € AF ae A
Dy® = The C*-subalgebra of Dy generated by S,aS},, u € AF a e Ay,
D) = The C”-subalgebra of D, generated by 5,57, u € AF.

Put P, = 5,S;, for p € A*. The map &l defined by EL(X) = EkPHXPM for
peEA
X € F! yields an expectation from Fi to Di. Since the restriction of i to
f,i coincides with E,lc, the sequence of the expectations {5;2}161\1 gives rise to an
expectation & from Fg° onto Df° such that &|F), = &/. Similarly the sequence
of the expectations {&x }ren gives rise to an expectation £y from Fy onto Dy such
that £|F° = &. Now let X be an element of F, which commutes with ® 4. Since
we have &(X) = X for all k € N, we see £(X) = X so that X belongs to Dp. 1

Therefore we obtain

ProroOsITION 3.3.
@;\ N Op =Dy

We also see

PROPOSITION 3.4. (i) Dy is a mazimal abelian x-subalgebra of Oy .
(ii) There ezists a faithful conditional expectation En from Op onto Dy .

4. AUTOMORPHISMS OF Op COMING FROM X

Put
Uy = {(.1‘1,.%‘27...,) € Xp |x1 = M1, T2 = {2,-.., Tk :Mk}
the cylinder set for g = py---pur € AF. We denote by Xu, the characteristic

function of U, on Xx. The correspondence S,,S;; — xv, yields an isomorphism
from ®p onto C(Xy).

LEMMA 4.1. Let Hp be the Hilbert space with complete orthonormal basis
{ex |z € Xp}. Let T, ..., T, be the operators on Hyp defined by

T, _ {ij ij:r, E‘XA,'
jCa 0 otherwise.

Then T, ...,T, are partial isometries such that the correspondence S; — T} yields
a faithful nondegenerate representation of Op onto the C*-algebra gemerated by
Ty,...,T,.

Proof. The assertion is easily shown from Lemma 2.3. &
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Now suppose that O, is represented on the Hilbert space Hp. For words p €
A*, v e Al with k < [, the projection Spa,S), exactly corresponds to the orthogonal
projection onto the subspace spanned by the vectors: e, for x € U,No~*(c'(U,)).
In particular, for a word v = vu € A* with [V| = m, the projection S,a,S;;
is represented by the orthogonal projection onto the subspace spanned by the
vectors: e, for x € o™ (U,).

For an automorphism h of X, we denote by h* the induced automorphism
of the algebra D, defined by h*(f) = foh™! for f € D5 = C(X4). By Lemma 2.5,
we know that the automorphism A* of ©®, may be extended to an automorphism
of the C*-algebra O,. In the following proposition, we will give another proof of
this fact and show that an extension can be taken in a homomorphic way.

PROPOSITION 4.2. For an automorphism h of Xa, there exists an auto-
morphism ap of Op such that ap(xz) = h*(x), x € D and the correspondence
h € Aut(X)) — ap € Aut(On) gives rise to a homomorphism.

Proof. We assume that O, is represented on the Hilbert space Hy. For an
automorphism h of X, put a unitary V3 on Hy:

Vier = Ch(z), L€ Xa.

We will show that Ad(V3)(Oa) = Op. Put S = Ad(V,,)(Si), i =1,...,n so that
we see for x € X,
Sle, = {eh(i}rl(x)) if ih~!(x) € Xy;
! 0 otherwise.
Set
Y; = {x € Xp |ih ' (x) € Xp}
so that Y; = h(o(U;)). As h is a sliding block code (cf. [21]), A(U;) is a finite

P
disjoint union of cylinder sets ([16]). Hence Y; is of the form: Y; = |J o(Uy,(m))

for some v;(m) € A*. Let P; be the orthogonal projection on Hj onto the subspace
corresponding to the set Y;. Since the projection for the subset o(U,, () is written
as Sy, (m) A, (m) Sy, (mmy Where vi(m) = v;(m)p;(m) with |7;(m)| = 1, the projection
P; belongs to the algebra Dy. For y € Y;, we denote by h(ih~!(y)); the first
coordinate of h(ih~1(y)). Set

Yi(j) ={y € Yi | h(ih ' (y)1 = j} forj=1,...,n.
We see that
hH(Yi(5)) = {z € Xa [ iz € ™1 ({Ugy)} nh™H(Y5).

The set Y;(j) is the intersection between Y; and a finite union of cylinder sets.

Hence the orthogonal projection corresponding to the set Y;(j) belongs to Dy,

that we denote by P;(j). For an element = € X,, x belongs to Y;(j) if and only

if ep(in-1(2)) = €jo as vectors in Hy. Hence we have S;P;(j) = S;Pi(j). Since
n

we have P, = Y Pi(j) and P, = S/"S., it follows that S, = Y S;P;(j) so that

Jj=1 j=1
Ad(V4)(S;) belongs to the algebra Op. We then write oy, = Ad(V},). It defines an
automorphism of Op. This correspondence h € Aut(Xp) — ap € Aut(O,) gives
rise to a homomorphism. 1
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We set
Aut(Op,Dp) = {a € Aut(Op) | (D) =Da},
Aut, (Op, D7) = {a € Aut(Op, D)) oo =0 o on Dy}

where o* denotes the endomorphism ¢, ( => 5 S;) of ®, induced by the
j=1

shift o.
As an extension on Oy of an automorphism h of X, commutes with shift

on Dy, we will study the group Aut,(Op, D). We first see a difference between
Aut(Op, D) and Aut,(Op,D4) as follows:

LEMMA 4.3. An automorphism o« € Aut(Op, D) belongs to Aut,(Op, D)
if and only if a(S};)S, belongs to Dy for all words p,v € A* with |[u| = [v|.

Proof. We see that o commutes with ¢, if and only if the following equalities

hold:
a( > spsvsss;j) = > 8,a(8,55)8;

HEAE veAk
for any word v € A*. The above equality is equivalent to the equality:
a(S},5,5,555,)5, = a(S,)* Sya(S,S])S,5,

Rad”
that is equivalent to the condition that a(S,)*S, commutes with a(S,S%). This
means that a(S,)*S, belongs to the algebra Da by Proposition 3.3.

Thus we see

PROPOSITION 4.4. For an automorphism « € Aut,(Ox,Dy), we have
(i) oy = apoa for allt € R, where ay is the gauge automorphism of Op.
(ii) a(Dp) = Da.

(iii) o Ay = Ap o @ on Dp where Ay is defined by A (X) = > S;XS; for
j=1
X € O,.
Proof. (i) For j,k=1,...,n, put f; = a(S;)*Sk that belongs to D by the

previous lemma. Since a(S;) = > Sk f7, it follows that
k=1

a(a(S)) = eV IS, 1 = eV Ma(S)) = alau(S))).
k=1
(ii) For p,v € A¥ and v € A*, we put f,,, = a(S,)*S,, g4 = a(S3S,) € Dy.
As the algebra @, is invariant under «, it commutes with a(Dp). Hence we have

for v # ¢
Fawdyfue = S58,55a(5,558,S,,)S¢S¢Se = 0.

It follows that
O‘(SMGWS;) = Z Suf;,ug’yfu,ﬁsg = Z Suf;,ugvfu,uss'

v,EEAR veAF
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This shows that a(Dy) = Dy.
(iii) For p,y € A* with p = pp’, u1 = 1,...,n, it follows that
ao A (SuayS},) = a(Sway S )a(S, Su,)-

On the other hand, we have

A o a(Syua, S, ZS* SwaySi)a(Sy)S;

—Z 05500 (57,)8;5 (S0

because both the elements S;‘a(Sﬂl),a(Szl)Sj belong to Dy by the previous
lemma. Hence we have the assertion. 1

LEMMA 4.5. If o € Aut,(Op, D7) is the identity on Dp, it is also the iden-
tity on Dp. Hence an extension of an automorphism of Xa to an automorphism
of Dp is unique.

Proof. Suppose that « is the identity on ®,. As o commutes with Ay, we
see for p € AL,

a(S,S,) = ao )\f\(S#S;) =X o a(SuSy) =SS,

For v € A* with k <, it follows that by Lemma 4.3

a(S,a,S)) = Y SeSa(S,)a,a(S;)
EENF
= Y Sea,a(S;)a(S,)Sta(S,)a(S)) = S,a,sS;.
EENF

Hence we obtain that « is the identity on Dy. 1

LEMMA 4.6. For an automorphism « of Op, its restriction to Dp is the
identity if and only if there exists a unitary U, € Op such that

a(S;) =U,S;, i=1,2,...,n and U, € Dy.
Proof. Suppose that the restriction of an automorphism « of Op to the

n
subalgebra ©, is the identity. Set U, = Y «(S;)S}. Since the extension of an
i=1
automorphism of X, to an automorphism of the algebra D, is unique, we see
a(SFS;) = S5S;,i=1,2,...,n. It follows that U,S; = «(S;) and

n

U Ur = Zn: UaSiS;UL = a(SiS)) =1

=1 i=1

U*C_Zsas* 255*4

7,7=1

We also have
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For a word = (u1,...,) € A*, put ' = (pa, ..., ). It then follows that

n

UaSuSiUs = > a(S;)S; 5,55 Ska(Sy)

j.k=1
= (S,) S5, Sy S S S5 Sa(SE)
= (S, S5 a(SE) = a(S,, S0 S5 SE,) = 5,55

Hence U, commutes with every element of ®, so that it belongs to D by Propo-
sition 3.3. The converse implication is easy. 1

For an automorphism a of Oy, put
Ua(k) =Y a(S,)S;, fork=1,2,....
HEAF

COROLLARY 4.7. For an automorphism « of Oy, its restriction to D, is the
identity if and only if Uy (k) is a unitary in Dy for each k = 1,2,.... In this case,
we have

(4.1) Ug(k +1) = Uy ()X (Us (1)) fork,1=1,2,...
and
(4.2) a(S,) =Uy(k)S,, forpe A" k=1,2,....

Proof. Suppose that « is the identity on 4. As in the proof of the previous
lemma, we see that U, (k) commutes with every element of the algebra ©, so
that it belongs to Dy by Proposition 3.3. The converse implication is direct. The
identities (4.1) and (4.2) are straightforward. 1

Let U(Dy) be the set of all unitaries in Dy. A unitary one-cocycle for py is
defined as a U(D, )-valued function U from N satisfying

Uk+1)=UKk)eEU®I) fork,l=12....
We denote by Z1(U(Dy)) the set of all unitary one-cocycles for ¢ in U(Dy). It
is an abelian group in natural way. For U € Z1(U(D,)), put

MU)(S,) =U(k)S, forpeA* k=1,2,....

By Lemma 2.3, we see that A(U) yields an automorphism of the C*-algebra O
that acts identically on ©,. Hence \ gives rise to a map from Z1(U(D,)) to
Aut,(On,D2). We notice that Z1 (U (D)) is regarded as the unitary group U(D,)
by corresponding to the value at 1. We sometimes identify them.

LEMMA 4.8. The map A : U € ZLU(Dy)) — AU) € Aut,(Op,Dn) gives

rise to an injective homomorphism.

Proof. Since A(U)(v) = v for v € U(Dp), A gives rise to a homomorphism.
Suppose that A(U) = id on Op. It follows that
U1)=> MU)S;)S; =58 =1.
j=1 j=1

Hence U is the unit of Z1(U(Dx)). 1
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Thus we have the following theorem.

THEOREM 4.9. Suppose that (Xa, o) satisfies condition (I). There exists a
natural short exact sequence:

0 — ZLU(Dy)) — Auty(On,Da) — Aut(Xy) — 0
that splits. Hence we have a semidirect product:
Aut, (Op, D7) = Aut(Xp) - U(Dy).
Namely we have

COROLLARY 4.10. Any automorphism of X, is uniquely extended to an au-
tomorphism of Ox modulo unitaries in Dy . That is, for an automorphism h of Xy,
if two automorphisms o, B of Op coincide with h* on Xy, then o = " o \(u)
for some unitary u in Dy where AM(u) € Aut(Oy) is defined to be A(u)(S;) = uS;.

Now we refer a connection to the K-theory for Oj and Fju.

COROLLARY 4.11. Any automorphism h of X induces an automorphism
hs of the K-groups K. (Op) and Ko(Fp) such that the maps h € Aut(Xp) — hy €
Aut(Ki(Oyp)) and h € Aut(Xp) — he € Aut(Ko(Fp)) give rise to homomor-
phisms respectively. In particular, h, € Aut(Ko(Fp)) commutes with the induced
automorphism A of Ko(Fp).

Proof. For U € U(Dy), as A(U) = id on D and hence on Ay, the induced
homomorphism A(U), on K, (Op) is trivial because of [23]. Hence the assertion is
clear by Theorem 4.9 with Lemma 4.5. 1

5. OUTER AUTOMORPHISMS

If a subshift A is the full n-shift A,,, the C*-algebra O, is nothing but the
Cuntz algebra O,, of order n. Outerness of some types of automorphisms of O,,
have been discussed in several papers (cf. [1], [2], [8], [12], [13], [26], [28], etc.)

In this section, we will discuss on outerness of automorphisms of Oy coming

from automorphisms of X 5. Let Inn(Ox) be the set of all inner automorphisms of
Op. We set

Inn, (O, Dp) = Inn(Op) N Auty (Op, D)
= {Ad(v) € Aut, (Op,Dp) | v € Op, unitary}
and

Outg(OA,@A) = Autg(OA,QA)/IHHU(OA,QA).

LEMMA 5.1. For an automorphism o € Aut(Oy), if there exists a unitary
v € Op such that a = Ad(v), then we have U, (k) = vk (v*) for k € N.
Proof. For a unitary v € Oy with a = Ad(v), it follows that for u € A*,
Ua(k)S,.S), = vS,v*S),.

Hence we get the assertion. 11
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Now we introduce the notion of condition (I) for an automorphism of X, .

DEFINITION. An automorphism h € Aut(X,) satisfies condition (I) if it
satisfies the following condition: For any [,k € N with [ > k, there exists a
projection q,lC in D, such that:

(i) h*(¢})a # 0 for any nonzero a € Aj;

(1) h*(q)eR (qt) =0, 1 < m < k.

Hence we see that a subshift (X4, o) satisfies condition (I) if and only if the
trivial automorphism id € Aut(X,) satisfies condition (I) in the above sense.

We will first verify the following theorem.

THEOREM 5.2. If a non-trivial automorphism h € Aut(Xy,) satisfies condi-
tion (1), then any extension of h to an automorphism of Oy is always outer.

We fix an automorphism h € Aut(X,) satisfying condition (I) and its arbi-
trary extension a € Aut,(Op,Dp) to Op. Suppose that « is inner in Oy that is
implemented by a unitary v € Oy.

In order to prove the above theorem, we provide some lemmas.

LEMMA 5.3. Fork,l=1,2,...,n, we put X = S;vS;. Then we have X f =
vfv*X for all f € Dy.

Proof. By Lemma 4.3, o 1(S})S; commutes with ©,. This implies that
v Xf=fv'X forall feDy 1

LEMMA 5.4. We have X € Fp and hence v € Fy.

Proof. Although the proof given here is parallel to the proof of Lemma 3.1,
we give it for the sake of completeness. Put X, = E(S;X), X_, = E(XS,)
w € A*. We will show that X, = X_, = 0 for any non-empty word p. For
f €Dp, as Xf = h*(f)X by the above lemma, it follows that

Xuf = E(S,Xf)=8,h"(f)SuXy.
Put i = |p| so that we see
Xutpi\(f) = S;(pi\(h*(f))SMXu = SZSuh*(f)SZSMXu = h*(f)Xu
Now suppose that X,, # 0. For ¢ > 0, take X,(m) € ]—',im with l,,, > k., = ¢ such

m

that || X, — X, (m)|| < e. We may assume || X, | = || X,(m)|| = 1. It then follows

that .
177 () X (m) = X (m)ei (I < 2e][ £]-
As h satisfies condition (I), there exists a projection ¢, in D, such that
(i) A*(gm)a # 0 for any nonzero a € A;

(i) 2*(gm) @ (am) =0, 1 < j < k. |
Put Q,, = go[k\m (gm). Both of the projections h*(Qm ), ¢4 (Qm) belong to
golfx’" (Da) so that h*(Q,n), gof\(Qm) commute with .7-",?7’71 Since we see

h*(Qm)(p’j\(Qn’J =0,

m?

it follows that
1B (Qn) Xu(m) — X, (m)@h (Qun) | = Max{[|B* (Qu) X (m) [, [| X (m) (Qu) 1}
> W (Qum) X, (m)]].
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By using a similar manner to the proof of [22], Corollary 5.4, we see the mapping
X € Fym = 1 (Qu) XN (Qm) € ™ (Qu)Fym h™ (Qun)

is an isomorphism. Hence we have |h*(Qm)X,(m)| = || X.(m)|| = 1. This is a

contradiction for sufficiently small e. Thus we conclude that X, = 0 and similarly

X_,, = 0sothat X € F,. We also see that v € Fa because of the identity
n

v = Z SkS;’USlSl* |

k,l=1

s

LEMMA 5.5. For anye > 0, there exists k € N such that for any word i € A*
we have
0SS, —bull <&  for some b, € Dy.

Proof. By the above lemma, for € > 0, take v, € ]-',in with [,,, > k,, such
that |v — v,|| < . Put k = ky,. For any p,v € AF, we have S;v,,S, € Aa. As
oz(S:)SV € Da, we see vS;v*S, - SJv,, S, belongs to Da. Put b, = vS;v*v,S,
that belongs to Da. Hence we get [[vS);S, — byl <e. B

Proof of Theorem 5.2. Keep the above notation. It suffices to show that the
unitary v belongs to the algebra Dy. For any € > 0, take & € N such that for a
word p € A* there exists an element b, € Dy as above. For any a € Dj, we have

l(av — va)SS, | < a(vS5S, — bl + 1| (b — 0SS, )al] < 2e.

Let ff,.... f T’f( k) be the set of all nonzero minimal projections in the commutative
C*-algebra generated by projections a,, for p € AF. As fF =1, we have
i=1

fF(av —va)*(av — va)f;»c =0 fori#j

so that we see

n(k) 2
k k
o vl = | St vzt = w11

Since fF is majorized by a projection of the form S5, for some p € AF. We
obtain that
lav — val| < 2e.

Now a € D, is independent of € and hence v € ®, N F,. This implies v € Dy and
the homeomorphism A is trivial. &

We next introduce some condition, called (D), for subshifts that guarantee
condition (I) for all non-trivial automorphism of X,. A subshift (X, o) satisfies
condition (D) if for any [ € N, there exists V; € N such that for any z € Xy, there
exists y € X, such that y # z, y ~; z and o™ (x) = oNi(y).

This condition is clearly a stronger condition than condition (I) for subshifts.
But the following proposition shows that it is not a so strong condition.
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PROPOSITION 5.6. Suppose that X is not a single point. If X is aperiodic
in past equivalence, then it satisfies condition (D).

To prove the above proposition, we need the following lemma.

LEMMA 5.7. Suppose that X, is not a single point. If X is aperiodic in
past equivalence, there exists K € N such that for any z € X, there are words
w,v € AKX satisfying

uw#v and pz,vz € Xj.

Proof. If A is a full shift, the assertion is clear. Suppose that A is not a full
shift. Take [ € N and a,b € X such that a is not [-past equivalent to b. Since X
is aperiodic in past equivalence, we find K € N such that for any z € Xy, there
are words fiq, ity € A satisfying jiqz ~; a, ppz ~; b so that we see pq # pp. 1

Proof of Proposition 5.6. For any [ € N, as X, is aperiodic in past equiv-
alence, take N € N as in the property of aperiodicity in past equivalence and
K € N as in the above lemma. Set N; = N + K. For any x € Xx, put v =z nj,
§ = TNt1,N+K] and — T[N+ K+1,00)- By the above lemma, there exist distinct
words p,v € AK with pa’,va’ € X,. We may assume that p # & (otherwise
v#£¢&). Put y = pr’ € Xp. Since X, is aperiodic in past equivalence, we may
find n € AN with 2 ~; ny’. Set y = ny’ € Xx. Thus we see that

r#y, T~y and UNl(x):UNl(y). ]

We will show that every non-trivial automorphism on X, satisfies condition
(I) under the condition (D) for the subshift.
The following lemma is direct.

LEMMA 5.8. A subshift X satisfies condition (D) if and only if it satisfies
the following condition:
For any pair I,m € N, there exists N; ,,, € N such that for any x € Xy, there
erists y € Xp such that
(1) T} = Y(1m) AN Tt Ny +1,00) = Yot Nim+1,00)
(1) Tmt1,m+Ni ] 7 Yimt1,m+ Nyl
(iil) © ~; y.
Forl €N, let F!, ..., an(l) be the set of all [-past equivalence classes in X,.
m(l)
Hence we have a decomposition of Xj: Fll = Xx.
i=1
LEMMA 5.9. Suppose that X satisfies condition (D). Then for an automor-
phism h € Aut(X,) and a natural numberl € N and i =1,2,...,m(l), there exists
y € F! such that
o™ (y) #hly) forl<m<lL

Proof. Fix | and i = 1,...,m(l). Take x € F! and suppose that o(z) =
h(z). By condition (D), there exists N; € N satisfying the property of (D). Put
p = a1,y and take p/ € AN such that p # g/, and p/o™(z) is admissible
in Xy and o™ (z) ~; poNi(z)(= z). Put o’ = plolNi(z) € Xp. As p # W
and o™i(2') = oNi(z), we obtain that o(z’) # h(z'). We in fact see that if
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a(z') = h(z'), o™ (2') = Nt (2). Hence hNt(2") = hNi(z) because h(z) = o(z).
This is a contradiction for x # z’. Therefore we find an element 2’ € F} such that
o(z’) # h(z'). Put 2(1) = 2’.

We will next see that there exists 2(2) € F! such that

o(2(2)) # h(2(2), 0*(x(2)) # h((2)).

If 02(x(1)) # h(z(1)), we may take z(2) as 2(1). Suppose that o?(z(1)) = h(z(1)).
As h and o are uniformly continuous on Xy, there exists m; € N such that for
y € Xa, if 2(1)[1,m,] = Y1,my)> then o(y) # h(y). By Lemma 5.8, there exists
Nim, € Nand y € X, such that

(1) (D) 1,ma] = Y,my) a0d T(1) (my 4Ny, +1,00) = Ylmy +N1, iy +1,00)

(i) x(l)[m1+l,m1+NLml} # Ymi+1,mi+Nim, ]

(iii) (1) ~; y.

Hence we see y € F! and o(y) # h(y). If o%(y) = h(y), we have, by the
above condition (i) and the condition o?(x(1)) = h(z(1)), ™+ Numi(2(1)) =
h™+Numy () a contradiction to z(1) # y. Therefore we obtain o2(y) # h(y).
Thus by putting z(2) = y, we have

©(2) € Fj, o(x(2)) #Mx(2)) and o®(2(2)) # h(x(2)).

By continuing similar arguments to the above, we may take, for any n € N, an
element x(n) € F! such that o*(x(n)) # h(z(n)) forall 1 <k <n.

LEMMA 5.10. Suppose that X satisfies condition (D). Then for an auto-
morphism h € Aut(Xy) and natural numbers I,k € N with | > k, there exists
yt € F! for eachi=1,2,...,m(l) such that

o™ (yl) # h(yé) foralll<m<kandi,j=1,2,...,m(l).
Proof. For i = 1, by the previous lemma, we may find 4} € F} such that
o™ (y}) # h(yt) for all 1 < n < k. Similarly find #, € FY such that
(5.1) o™ (zb) # h(zb) for1<n <k

By uniformly continuity for h, o, there exists K21 € N such that if y € F} satisfies
mé[LKZl] = Y[1,K,4), then o™ (y) # h(y) for 1 < n < k. Now the subshift X,
satisfies condition (D) so that there exists 2z} € F} satisfing Zé[l,Kz,l] = xé[Lszﬂ
and (24)y # (24)y for some N > Ky 1. If o(zb) = h(y}), we see o(z) # h(yh).
Hence we may find 2, € F} such that

(5.2) oM () #h(Z) for1<n<k and o(2}) #h(yh).

By using (5.2) instead of (5.1), a similar argument to the above one shows that
there exists an element wh € F} such that

o"(wh) # h(wy) for L<n<k and  o(wh) # h(yh), o”(wh) # h(yh).
By repeating these procedure, we may find ub € F! such that

(5:3) o"(up) # h(up), o"(up) # h(yy) for1<n<k.



108 KENGO MATSUMOTO

We next choose an element v} € F} from (5.3) such that
o™ (vy) # h(vg), " (vh) #h(y)) for1<n<k and o(y))# h(vh)

by using a similar argument to the preceding one. By repeating these procedure
several times, we finally take an element v} € F! such that

o (yh) # h(yé) foralll<n<k,i,j=1,2

Consequently we may find elements y! € F} for i = 1,...,m(l) that satisfy the
required condition by similar procedures. 1

We thus have

PROPOSITION 5.11. Suppose that X, satisfies condition (D). Then any au-
tomorphism h € Aut(Xy) satisfies condition (I).

Proof. For any I,k € N with | > k, we will first find a projection px in Dy
satisfying the following conditions:

(i) pra # 0 for any nonzero a € Aj;

(i) pre (h* 'pi) =0, 1 <m < k.

For any I,k € N with | > k, take y! € F! as in the previous lemma. Put
Y={yli=1,....m1)} C Xp. Aswesee c - (h(Y))NY =0 for 1 <m <k,
there exists a clopen set V, that includes Y, such that o= (R(V)) NV = 0 for
1 < m < k. Let p; be the characteristic function of V on X,. The projection py
satisfies the above conditions (i), (ii). We then put ¢, = h*~'(py) that satisfies
the required conditions for condition (I). 1

We reach the following theorem

THEOREM 5.12. Suppose that X satisfies the condition (D). Then any ex-
tension of a non-trivial automorphism of the subshift X, to an automorphism of
the C*-algebra Oy is outer.

Let X 4 be the one-sided topological Markov shift determined by an n x n
square matrix A with entries in {0, 1}. If A is an aperiodic matrix, the subshift X
is aperiodic in past equivalence and hence satisfies condition (D). Thus we have

COROLLARY 5.13. For an aperiodic matriz A with entries in {0,1}, any
extension of a non-trivial automorphism of the topological Markov shift X o to an
automorphism of the Cuntz-Krieger algebra O 4 is outer.

A coboundary U is defined as a U(Dy)-valued function U from N such that
there exists v € U(Dy) such that

U(k) = vk (v*) fork=1,2,....

We denote by BL(U(D,)) the set of all coboundaries in U(Dy). It is a subgroup
of ZL(U(Dy)). If we identify Z1(U(Da)) with U(Dy), we can regard BL(U(Dy))
as the set of all unitaries U in U(D,) that is of the form

U =vpp(v*) for some unitary v € U(Dy).

We recall that for a unitary U € U(D,), an automorphism A(U) of Oy is defined
as AM(U)(S;) =US;, i =1,...,n that gives rise to an element of Aut,(Ox,Dy).
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LEMMA 5.14. For a unitary U € U(Dy), the automorphism AN(U) is of the
form A(U) = Ad(v) for some unitary v € Oy if and only if v € U(Dy) and
U = vpp(vY).

Proof. Suppose that A(U) = Ad(v) for some unitary v € Op. Since A(U) is
the identity on ©, v commutes with every element of D, so that v belongs to the
algebra Dy by Proposition 3.3. The condition A(U)(S;) = Ad(v)(S;),i=1,...,n
is equivalent to the condition US;vS; = vS;S}. That is also equivalent to the

condition Y S;vS;} = U*v that is nothing but U = vpp (v*). 1
i=1

‘We thus have

PROPOSITION 5.15. For a unitary U € U(Dp), the automorphism A(U) be-
longs to Inn, (Oa, D) if and only if U belongs to BL(U(Dy)).

Now we set
H,(U(Dp)) = Zy(U(Dx))/ By (U(Dy))
the one-cohomology group. Therefore we conclude

THEOREM 5.16. Suppose that a subshift (Xa,o0) satisfies condition (D).
There exists a natural short exact sequence:

0 — Hy(U(Da)) — Outy(On, Da) — Aut(Xp) — 0
that splits. Hence we have a semidirect product:
Out, (O, Dp) = Aut(X4) -U(Da)/BEU(D,)).

Proof. The above exact sequence is induced by the exact sequence in Theo-
rem 4.9 and Proposition 5.15. 1

6. EXAMPLES

In this section, we will present some examples of automorphisms of O, coming
from automorphisms of certain subshifts X . In [3], Boyle-Franks—Kitchens have
studied automorphisms of one-sided topological Markov shifts. We will use some
of their results in [3].

EXAMPLE 6.1. The full 2-shift As.

It is known that the automorphism group Aut(Xs) of the one-sided full 2-
shift X is the group Z/2Z (cf. [16], [3]). The non-trivial element is the flip-flop
$12 that interchanges the symbols 1 and 2. Let aq be the automorphism of the
Cuntz algebra Oy defined by

a12(51) =5y, 0412(52) =5.

It is an extension of sjo and hence outer by Corollary 5.13. The outerness of
the automorphism was first proved by Archbold in [2]. The discussion has been
generalized in [12], [26] and [18].
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EXAMPLE 6.2. The topological Markov shift determined by the matrix

0 1 1
1 0 1].

1 10

A:

It was proved in [3] that the automorphism group Aut(X,4) of the one-sided
topological Markov shift X 4 is isomorphic to the group &3 of all permutations of
order 3. By the calculation formula for the Ko-group Ko(O4) of the Cuntz-Krieger
algebra O 4 in [7], we know that the group Ko(O4) is isomorphic to Zs@®Zs through
the correspondences:

[1] = (O7O)a [Slsﬂ = (130)7 [SQSS} = (07 1)3 [S3S§] = (17 1)

Let s(;;r) € 63 be the permutation given by (1 j 2) . Put

a(ijk)(sl) =5; a(ijk)(82> = Sj a(ijk)(SB) = Sk.

Then ;1) gives rise to an automorphism of O 4 that is an extension of an auto-
morphism of X4 induced by the permutation s;;z) of the symbols. It is an outer
automorphism of O4 by Corollary 5.13 or by [18]. Such automorphisms of Oy4
yields automorphisms of K¢(O4) so that we see a natural isomorphism between
Aut(X4) and Aut(Ko(O4)) (cf. Corollary 4.11).

EXAMPLE 6.3 The full 3-shift As.

Boyle-Franks-Kitchens in [3] showed that, for n > 2, the automorphism group
Aut(X,,) of the one-sided full n-shift X, is infinite. We now treat automorphisms
of the full 3-shift X3. For £k =1,2,..., let 7, be an automorphism of X3 defined
by exchanging words:

S~ S~ S~ S~
k times k times k times k times

and 73 identically acts on other words in X35. Put

OéTk(Sg) = SQ,
[e7% (Sg) = SlPQk + 83(1 — P2k)7
Qi (Sl) = S3Por + 51(1 — ng),

where Py = Sp -+ 5555 -+ S5 . It is easy to see that o, yields an automorphism
\W—/\—v—/

k times k times
of the Cuntz algebra Oj that is an extension of 7. The automorphisms are outer

by Corollary 5.13 or by [26], Theorem 1.

We finally remark on outerness of the automorphisms A(u) of Op coming
from unitaries u of U(Dp). Suppose that a subshift X satisfies condition (I). We
denote by Per](X) the set of all n periodic points of X, under the shift 0. The
following proposition is directly seen from Lemma 5.14.
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PROPOSITION 6.4. For a unitary u in Dy if there exists a point x in Perly (X )
for some n € N, such that u(z) # u*(e" 1(z))u* (" 2(x)) - u*(c(z)), the au-
tomorphism A(u) is outer in Op. In particular, if u is a complex number z with
modulus one such that z™ # 1 and Per(Xy) is not empty, then the automorphism
A(z) defined by A(2)(S;) = 2S; is outer.

COROLLARY 6.5. If there exists a fized point in X, for o, the gauge action
a of Op is an outer action of the one dimensional torus group T.
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