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ABSTRACT. Suppose I is a totally ordered discrete abelian group, and I is
an ordered ideal in I". We show that the crossed product A x I'" by an action
inflated from one I'/I is isomorphic to the induced algebra Ind}, A x (I'/I)*.

Using this we show how the T-invariant ideals in the Toeplitz algebra of T’
are determined by the order ideals in T'.
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1. INTRODUCTION

Suppose N is a normal subgroup of a group G. Attempts to understand the
relationship between the group C*-algebra C*(G) and the smaller group algebras
C*(N) and C*(G/N) have motivated many theorems about crossed products and
twisted crossed products by automorphic actions of groups. Here we consider an
analogous problem for the Toeplitz algebra 7 (T") of a totally ordered abelian group
I': given an ordered ideal I in T', how is 7 (T) related to 7(I'/I)?

Murphy has shown in [10] that if T" is a lexicographic direct sum I'y @ T's

lex

and [ is the ideal I's in I, then there is a natural surjection of ’T(F1 ) I‘g) onto

lex
the algebra C(I'y, 7 (1)) = C(T,7(I'/T3)), and he identified generators for the
kernel. Our main theorem is a similar structure theorem for an arbitrary order
ideal: the surjection takes values in an induced C*-algebra rather than an algebra
of continuous functions, but the kernel has the same generators as Murphy’s.
Our strategy is to use the realisation of 7 (T') as a semigroup crossed product
Br+ x, 't from [3], the basic structure theory of semigroup crossed products
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developed in [2], and a new description of semigroup crossed products by actions
inflated from a quotient; this new theorem is modelled on a theorem of Olesen and
Pedersen for crossed products by actions of abelian goups ([11]).

We begin with our discussion of the crossed product of an inflated system,
and prove that it is isomorphic to an induced algebra (Theorem 2.1). Our proof is
quite different from that of Olesen and Pedersen ([11]), and uses a characterisation

of induced C*-algebras due to Echterhoff ([6]), as formulated in [12]. In Section
3, we focus on the semigroup crosssed product Br+ X, I't which was shown in [3]

to be isomorphic to the Toeplitz algebra 7 (I"), and use Theorem 2.1 to prove our
main structure theorem for 7(T"). In Section 4, we use similar techniques to give
a complete classification of the invariant ideals in the commutator ideal of 7 (T).

2. CROSSED PRODUCTS OF INFLATED SYSTEMS

Let I' be a totally ordered discrete abelian group with positive cone I't and identity
e. Suppose [ is an order ideal of I': that is, a subgroup of I'such thate < x <y el
implies « € I. The quotient group of I'/I is a totally ordered group with

[z] < [y] <= there exists z € I such that z < y + z;

the positive cone(I'/I)™ is the image of I'" under the quotient map ¢ : z — [z].

An endomorphism ¢ of a C*-algebra A is called extendible if it extends to a
strictly continuous endomorphism ¢ of the multiplier algebra M (A); this happens
precisely when there is an approximate identity (ey) for A and a projection p €
M (A) such that ¢(ey) converges strictly to p in M(A). Now let a be an action of
(T/I)* on A by extendible endomorphisms. Then 3 := a o ¢ is an action of I'*
by extendible endomorphisms; we say that the system (A,T'", 3) is inflated from
(A, T/, a).

Let (AxgI'*,ia,ip+) and (Axo(T/I)*, 5, jr/n+) denote the crossed prod-
ucts, as in [3]. Both carry dual actions; for example, B :T — Aut (AxgDT)is
characterised by B.Y(iA(a)) =1i4(a) and B—y(’ir-%— (z)) = ~y(x)ip+ () for v € T. The
pair (ja,jr/n+ ©q) is a covariant representation of (A,I't, 3) in A x (I'/I)", so
there is a nondegenerate homomorphism @ : A x5 't — A x, (I'/I)" such that
Qoia=jaand Qoip+ = jr )+ o q. Since the range of Q) is a C*-subalgebra of
A x4 (T/I)T containing all the generators, Q is surjective.

Our first theorem shows that we can realise A x5 I't as the induced C*-
algebra Ind i AXo(T/I)T, which by definition consists of the continuous functions
f:T = Axg (T/I)* satisfying f(yu) = B;l(f(fy)) for p € I+. The induced
algebra carries a natural action Ind@ of T such that (Ind a)s () = f(r ).
For a discussion of induced C*-algebras and their properties, we refer to Section 6.3
of [13].
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THEOREM 2.1. There is an isomorphism U of the dual system (Ax g™, f, ﬁ)
onto the induced system (IndF (A Xa (r/0nt), f, Ind@) such that ¥(£)(7)
= Q(ﬁ;l(f)) for{ e Axg 't and v € T.

We are going to apply a theorem of Echterhoff ([6]) to (A xz ', f, ﬁ) For
this we need a I- equivariant map from Prim A x gI'* onto f and we use Lemma 3.3
of [12] to obtain such a map. Note that the evaluation maps {¢; : @ € I} span a
dense subalgebra of C'(I ) and that the action of T by translation on C/(I (I ) satisfies
v -er = y(T)ey.

LEMMA 2.2. There is a f—equivariant nondegenerate homomorphism ¥ of
C(I) into the center ZM(A xg ") of M(A xgI'") such that 1(e;) = ir+(x) for
alzelr.

Proof. Consider U = ip+|IT : IT — M(A xgI'"). Then for z € I'T, we have

UwU; =i+ (a)‘)ip+ ($>* = ZA(ﬁm(l)) = ’L'A(a[e](l)) =1,

and U extends to a homomorphism U : I — UM (A x5 I't) by setting U, = U*,
for z < e (see Lemma 1.1 of [7]). Thus the universal property of C*(I) gives a
nondegenerate homomorphism 7 : C*(I) — M (A x5 I'") such that 7(d,) = U, =
ir+ (z) for all @ € I'™ (where 6 : I — C*(I) is the canonical homomorphism).

We claim that the range of 7 is contained in ZM (A xgI'"). To see this, we
first show that for z € I and y € I'", the element U, commutes with ip+(y)*.
By writing y =2 + (y — ) for y > z, and z = (x — y) + y for y < x, we have

. * iFJr (y I) Yy > Z,
Ui+ (y)" = {ir+<y Yirs (W)ir+ () y <.

Since I is an order ideal of T', ip+ (y)ir+ (y)* = 1 for y < z. Therefore

*

(
_ Jirt(y —2)* y >,
Usir+(y) {wmx—w y <
_ Jir+(y — @)%ip+ (2)%ip+ (2) y >z,
ir+ (y)*ip+ ()it (z — y) y <
= 751"* (y)*Um

Thus for z € [T, a € A, and y,z € I'", we have
7(0z) (ip+ (y) ia(a)ip+ (2)) = ir+ (y)“ir+ (x)ia(a)ip+ (2)
= ir+(y)"ia(Be(a))ir+ (2)ir+ (2) = ir+ (y) ia (e () )i+ (2)ir+ (2)
= ir+(y) 1a(a)ir+ (2)ir+ (z) = (ir+ (y)"ia(a)ir+ (2))7(0z).
For negative = in I, we have 7w(6,) = 7(d_)*, and m(d_,)* commutes with all
ir+(y)*ia(a)ir+ (2). So m(C*(I)) € ZM(A x5 I'M), as claimed.
Since I is abelian, there is an isomorphism ¢ of C’(A) onto C*(I) such that
¢(ex) =, for all x € I. So the homomorphism 7 o ¢ : C'( I)— ZM(A xg 1) is
nondegenerate, and it is I- -equivariant because for v € [ and 2 € I+ we have

mod(v-ez) = o d(Y(x)es) = m(y(2)8y)
= (2)ip+ () = By(m o p(es)). 1
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Proof of Theorem 2.1. Applying Lemma 3.3 of [12] to the f—equivariant
homomorphism ¢ : c() — ZM(A x 3 I‘+) of Lemma 2.2 gives a contionous
I- equivariant map ¢ : Prim A xg I't — I which is characterized as follows. If
P = ker pxV is kernel of an irreducible representation px V of AxgI'", then there
is a nonzero homomorphism ¢p : C(:f) — C such that pp(f) = 072 ((f))(P),
where 6 : C,(Prim A x5 ') — ZM (A xg I'") is the isomorphism given by the
Dauns-Hoffmann Theorem; thus there is a unique v € T such that pp = €, and
¢(P) is by definition 7. Let g € Cp(Prim A xg I't) and £ € A xg I'". Then
0(9)¢ — g(P)¢ is in P, which means

pxV(0(9)€) —g(P)pxV(€) =0 forall g and &.

This implies tht p x V(0(g)) = g(P) - 1 for all g. So by taking g = 6~ (¢(e,.)) for
x € I, we see that our equivariant map ¢ is characterised by

(21)  pxV(¥(ea)) =07 (U(ex))(P) - 1 = pp(es) - 1 =(2) - 1= ¢(P)(z) - 1.
Now suppose J = N{P € Prim A xg 't : ¢(P) = 1} and D = (AxgTt)/J.

Then Echterchoff’s Theorem ([6]) says that (A xgI'", T,3)is I- equivariantly iso-

morphic to (Ind FLD 1" Ind ﬂ) the isomorphism ¥ : A X 't — Ind ILD is given

by ¥ (&)(x) = ﬁ Ye)+ J for £ € Axg T and x € T. The result will follow
if we can show that ker@ = J, so that @ induces an isomorphism of D onto
Ax, (T/D)T.

Suppose ¢ € ker @ and P = ker p x V satisfies ¢(P) = 1. Then from (2.1) we

have
Ve =pxV(ir+(2)) =px V(¥(ez)) = ¢(P)(x) - 1 =1

for all z € I. Thus V factors through an isometric representation W of (I'/I)7,
and we have an irreducible representation px W of A x, (I'/I)T such that px V =
(pxW)oQ. Thus pxV (&) = (pxW)oQ(&) = 0, and we have proved that ker Q C J.
Conversely, let £ € J, and suppose that p x W is an irreducible representation of
A xo (T/I)T. Then p x (Woq) = (px W)oQ is an irreducible representation of
A xg Tt with ¢(ker p x (W oq)) =1, so we have p x W(Q(£)) = 0. This is true
for every such p x W, so we must have £ € ker ), as required. 1

3. THE STRUCTURE OF TOEPLITZ ALGEBRAS

The Toeplitz algebra of a totally ordered group I' is the C*-subalgebra 7(T") o
B (H 2(rt)) generated by the Toeplitz operators Ty with continuous symbol f in
C(F) since C( ) is spanned by the functions e, : v +— ~(z), T(T') is generated by

the Toeplitz operators T}, := T, for z € I'", which form a semigroup of isometries
on H2(I'") ([8]). The functions

1 ify>
L (y) = {0 otherw1se

for x € 't span a C*-subalgebra Br+ of [°°(T"); the action 7 of ' by translation
on [*(T") leaves Br+ invariant and satisfies 7,(1,) = 1,4+,. It was shown in [3]
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that there is an isomorphism of Br+ X, 't onto the Toeplitz algebra 7 (') taking

ir+(z) to T, (apply Theorem 2.4 of [3] to the isometric representation z — T).
Since any isometric representation V of I't extends to a covariant representation

(my, V) of (Bp+,T'", ) (Proposition 2.2 of [3]), it follows that for any ordered ideal
I there is a canonical surjection R of 7(T') onto 7 (I'/I) such that R'(T}) = Tj,).
We can now state our main theorem.

THEOREM 3.1. Let I be an order ideal in a totally ordered abelian group T,
let R' : T(I') — T(T'/I) be the canonical surjection taking T, to Ty, and let T be
the dual action of T on T(T) characterised by 7 (Ty) = y(x)Ty for~ € T. Then
there is a short exact sequence

0— Cr — T(T) -2 Wmd?, T(T/1) — 0,

in which Cy is the ideal in T (T') generated by {T, T — T, T :v—u € I}, and ©
is defined by ©(a)(v) := R (7, (a)).

For the proof we need to recall some results from [2]. Suppose « is an action
of 't by extendible endomorphisms of a C*-algebra A. For any ideal F' of A,
there is a canonical nondegenerate homomorphism ¢ : A — M (F). We say that F
is extendibly a-invariant if it is a-invariant and has an approximate identity (iy)
such that «(iy) converges strictly to 1 (a(1)) in M(F).

This concept is more subtle than it might appear at first sight: in particular,
extendibility of the endomorphisms o, |F does not automatically imply extendibil-
ity of the ideal F. (Take A = ¢o(Z), I' = N, define a by a,,(f)(n) = f(n—m) and
take F':= {f € A: f(n) = 0 for n < 0}. Then a,,|F is extendible, but for any
approximate identity (ey) in F, the net a;(ey) converges strictly to (0,1,1,1,...)
in M (F) which is not equal to ¥ (a@(1)) = (1,1,1,...).)

Theorem 3.1 of [2] says that if F' is an extendibly a-invariant ideal of A, then
there is a short exact sequence of C*-algebras

0—>FXQF+—>AXQF+—>A/FX&F+—>O.

Since Br+ has identity 1., the endomorphism 7, are trivially extendible.
We claim that the span Br+ o, of {1, — 1, : 2,y € I'",z < y} is an extendibly
invariant ideal. To see this, note that (1. — 1,),cp+ is an approximate identity
for Br+ o, and 7, (1 — 1,),er+ converges strictly to the projection 1, = 7, (1)
in M(Br+ ). Becausse ) A1, (x) = > A; when « > x; for all ¢, the functions
in Br+ have limits as  — oo in I't, and we can view Br+ o, as the collection of
functions f € Br+ such that f(z) — 0 as ¢ — oco. In other words, if we define
e:Bpr+ = Cbye(f) = zlggo f(x), then we have a short exact sequence

0 — Br+ o — Br+ —C—0

to which we can apply the result from [2]:
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LEMMA 3.2. There is a short exact sequence of C*-algebras:
(3.1) 0 — Br+ oo X7 I — By x, Tt % O(T) — 0;
it follows that Br+ o X I't is a mazimal T-invariant ideal of Br+ x,T'T.

Proof. Since translating by y € I'* does not affect limits as x — oo, the
action 7 on C = Br+/Br+ o is trivial. Thus the quotient crossed product is
C xiq I'". Since C has only trivial nondegenerate representations z +— z - 1, the
covariance condition says that the isometric part of a covariant representation of

~

(C,T'*,id) consists of unitaries, and we have C x;q I't ~ C*(T") ~ C(T"). Thus [2]

~

gives the desired exact sequence. Finally, Br+ o, X, I'" is a maximal I-invariant
ideal of Br+ becuase there is no nontrivial ideal in C(T'). 1

REMARK 3.3. Since the isomorphism of B+ x, ' onto 7(T") takes the
generator 1, —1, for Br+ o %, I'" to the difference of commutators (T, T —T;T,)—
(T, T; — T;T,), and since the quotient Bp+ x, I'"/Bp+ o x, I'" is commutative,
it carries Br+ oox .+ onto the commutator ideal C of 7(I'). The exact sequence

of Lemma 3.2 becomes the usual one in which o takes a Toeplitz operator T to
its symbol f ([8]).

LEMMA 3.4. The set Cr+ = s5p{l, — 1, : z,y € Tty —x € It} is an
extendibly T-invariant ideal of Br+.

Proof. Since 1,(1; — 1,) =1,y — Lyyande< zVy—zVae <y—z, Cr+
is an ideal in Br+. Thus we have to produce an approximate identity (iy) for
C+ such that for each € I't, the net 7, (in) converges srictly to 1, = 7,(1.) in
M(Cr+). Let D be the set of pairs (F,t) in which F is a finite subset of I' with
at most one point in each coset [y] € I'/I, and ¢ € I'". Define a relation on D by

(F,t) < (G,s8) < [u,u+t)C U[v,v—l—s) for all u € F.
veG

We claim that this relation directs D. Reflexivity and transitivity are obvious.
Suppose (F,t) and (G, s) are given; we want (E,r) which dominates both (F,t)
and (G, s). Write F' = {uy, ug,...,u,} and G = {v1,va,...,0p}. If ;] NG =0,
then take u; as an element of E. If [v;] N F = (), then take v; as an element of
E. Otherwise [u;] N G # (), and hence there must be exactly one vji) € G such
that [vj(;)] = [us], in this case we put min{u;,vj(;)} in E. It is not so obvious that
the last condition is symmetric, but starting with j such that [v;] N F # ) would
give u;(;) such that [v;] = [u;(;)], and then we would have j = j(i;) because G hits
each coset at most once. We now have a finite set E such that for each [y] € T'/I
the intersection F N [y] is empty or a single point. Let r be the largest of the three
elements t, s and

{max(v;(;) + s,u; +t) — min(ug, vj(;) « @ satisfies [u;] NG # 0}.

Then r is in I, and we have (E,r) > (G,s) and (E,r) > (F,t). Thus D is
directed.
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We claim that the elements 1z := > (I, — luq¢) form an approximate
uelF

identity for C7+. To see this, it is enough to show that if f = >~ A;(1,, — 1,,) and
i=1

z; —y; € I'T, then there exists (F,t) € D such that

(32) (Ga 8) = (Fv t) = ]I(G,s)f = f

First we suppose that all the y; are in different I-cosets. Let F' = {y1,...,yn}

and t = max (z; — yi). Then each interval [y;,z;) is contained in [y;,y; + t),
1isn

hence N(py)f = f. So (3.2) is satisfied, because (G,s) > (F,s) = ligs =
I(g. If not all of the y; are in different I-cosets, say {yi1,¥i2,. .-,y } are in
the same coset as y;, and z;; is the point that corresponds to y;;, then we let

w; = min{y;1, Y2, - - -, Yik} and r; = maé(k(zij) — wj. Since there are only finitely
1S
many y; involved, this gives a finite set F' = {wi,...,w,}, and we can take
t= max . Then 1(gy f = f, as required.
I<ism

Next, we show that for z € T't, T.(I(r4)) (F,yep converges strictly to 1. in
M(Cy+). Again, it is enough to show that 7.(l(z4))f converges to f in Cr+ for
all f of the form Y A;(1,, —1,,) where y; —z; € I't. Choose (F,t) satisfying (3.2),

and let (G,s) > (F,t). We write G’ = {v —z:v € G} NT'", and add the point e
to G" if z belongs to some interval [v,v+s). Then 7. (e ) f = L1 o f = 1.1,
and hence 7. (1(g ) f = 1. f for all (E,r) > (G',s). Thus 7.(1(g4)f converges to
1. f in Cr+. Since 7. (1) = 1,, this proves that Cr+ is extendibly 7-invariant, and
proves the lemma. 1

Proof of Theorem 3.1. From Lemma 3.4 and Theorem 3.1 of [2] we obtain
an exact sequence

0— C[+ Xr rt-— BF+ Xr r-— (BF+/CI+) X5 rt—o.

Since the isomorphism of Br+ X, I' onto 7(T) carries Cr+ x I'" onto the ideal

Cr, it remains to identify (Bp+/Cr+) x I'T with Ind 7 (T'/I) in a compatible way.
We begin by noting that - A;l,, — > Aill},,] is norm-decreasing, and hence

extends to well-defined surjection I of Br+ onto B(p,r)+ such that I(f)([u]) =

Jim f(u+2z) for f € Br+. Since [(1,1,) = {(Imax(u,0) = Lmax(u,0)] = Lmas((ul, [v])

zeIt

= T}y 1y, 1 is @ homomorphism. A messy computation shows that

Cri ={f€Bp+: flx+2) —0asz—ooin "} =kerl,

so [ induces an isomorphism of Bp+/Cy+ onto B py+. It is easy to check that
this isomorphism intertwines the action 7 induced by translation on Br+ and the
action 7 o ¢ inflated from the action 7 of (I'/I)* by translation on B,/ p+. We
therefore have an isomorphism of (Br+/Cy+) xz I'" onto B(r) )+ Xroq I'", which
is the identity on the generating copies of I'T.

We can apply Theorem 2.1 to the inflated system (B py+,T'",7 0 ¢), and

obtain an isomorphism W of B+ Xroq I't onto IndiB((p/I)Jr x,(T/1)*. If
we now put our isomorphisms together and identify B, p+ X7 (I'/I)T with the
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Toeplitz algebra T (I'/I), we obtain an isomorphism of (Br+/Cr+) xz 't onto
Ind ¥, 7(I'/I); a quick look at the formula for ¥ in Theorem 2.1 shows that this
isomorphism takes the generator ir+(z) to the function v — = *(x)T},). Since
the isomorphism of Br+ x, I'* onto 7T (I') takes ir+ () to T, and R'(T;) = T},

~

this shows that the induced surjection 7 (I') onto Ind}, 7(I'/I) takes T} to the
function vy — RI (75M(T,)). Thus this surjection agrees on generators with the
homomorphism © described in the theorem, and hence agrees an all of 7 (I"). This

completes the proof of Theorem 3.1. &

When I" decomposes as a lexicographic direct sum (I'/I) @ I, the dual group

lex
I' decomposes as I+ x I, and the inducing construction collapses. Therefore we
can recover Murphy’s description of the Toeplitz algebra of a lexicografic sum:

COROLLARY 3.5. ([10]) If T is a lexicografic direct sum T'y @ T2 of totally

lex

ordered abelian groups T'y and T, then T(T')/Cr, = T(I'1) @ C(Ty).

Proof. We just need to apply the Theorem 3.1 to the ideal 'y and note that,
if G=H x K, then Ind$D = C(K,D). 1

REMARK 3.6. It is important to note that Theorem 3.1 is more general then
Corollary 3.5: Clifford has shown that T is not always isomorphic to T'/T € I ([4]).

lex
In his example, T is the subgroup of Q € Q generated by (1/p,,n/p,) where p,
lex

is the n-th prime, and I is the set of all (0,y) with y an integer. In general,
I 2T/I@1I if and only if the short exact sequence 0 — [ — T — T'/T — 0

lex

splits in the purely group-theoretic sense, and Clifford proves that this does not
happen for his example.

4. INVARIANT IDEALS

When T is a discrete subgroup of R, the commutator ideal C in the Toeplitz algebra
T (T') is simple ([5]). For more general totally ordered groups, the commutator ideal
can have many ideals. Here we shall use our techniques to completely determine
the ideals in C which are invariant under the dual action 7.

In the previous section, we showed that an order ideal I in I' determines an
extendibly invariant ideal C'7+ in Br+. This ideal is always contained in the ideal
Br+ o, and hence Theorem 3.1 of [2] gives an exact sequence

0— Cr+ x, " L>BF+700 x, ' i>(Bl—\+,oo/01+) x:z I — 0.

The embedding ¢ satisfies ¢(ir+ (z)) = ir+ (), and hence respects the dual action
7; thus the range of ¢ is an invariant ideal of Br+ o, X, I'". Our theorem says that
every invariant ideals has this form:
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THEOREM 4.1. Suppose I is an order ideal in a totally ordered abelian group
I'. Then the crossed product Cry+ X, I'" naturally embeds as a I'-invariant ideal
of Br+ oo X+ I'", and the map I — Cr+ x; T is an isomorphism of the lattice of
order ideals of I onto the lattice of T-invariant ideals of Br+ oo X+ I't.

The homomorphism [ : Br+ — B+ in the proof of Theorem 3.1 maps
Br+ o t0 Br/1)+ 00, and hence induces an isomorhism © of (Br+,00/Cr+) Xz r+
onto B(r/1)+ 00 Xroq I't. Now Theorem 2.1 implies that there is an isomorphism

YoO: (BF+,oo/CI+) Xz rt— Ind?L(B(F/I)+,OO Xr (F/I)+),
and we have an exact sequence
0 — Cpe 52 TF =5 B oo %, TF 222 10a T (B gy o x5 (D/1)) — 0.

Therefore to identify ideals in Bp+ o X7 I't, we need to know about invariant
ideals in induced C'*-algebras.

LEMMA 4.2. Suppose H is a closed subgroup of a locally compact group G,
and B : H — AutC is a strongly continuous action on a C*-algebra C. If L
is a closed Ind B-invariant ideal in the induced C*-algebra Ind%(C’, B), then J =
{f(e): f € L} is a B-invariant ideal of C, and

L=TndJ:={f €md%(C,B): f(z) € J for all z € G}.

Proof. 1f j = f(e) € J and ¢ € C, we can find g in Ind %(C, 3) such that
g(e) = ¢ (Corollary 6.18 of [13]). Then fg € L and jc = f(e)g(e) is in J, so J is
an ideal of C. It is @-invariant because

Bu(f)(e) = f(eh™") = f(h™") = (Ind B)n(f)(e).

Next we prove that L = Ind J. For f € L we have f(z) = (Ind 8);1(f)(e), so
the invariance of L implies that L C Ind J. To see that Ind J C L, we let [ € Ind J,
and find f € L such that ||f —{|| is small; then [ must be in L because L is closed.
Fix ¢ > 0. For each = € G, there exists h, € L such that ||h,(y) — ()] < € for
yH in a neighbourhood N, of zH. Indeed, since I(x) € J, there is k € L such that
l(x) = k(e), and we can take h, = (Ind 3),(k). For then h,(z) = (Ind 8).(k)(z) =
k(e) = l(z), and hence h,|zH = l|zH; the continuity of xH +— ||(h, — 1)(z)]|
gives the required neighbourhood N,. Since the map sH — ||I(s)|| belongs to
Co(G/H), there is a compact subset K of G/H such that [|I(y)|| < e for yH & K.
By compactness, there are finite subcover {N;}1<;<, of K and hy,ha, ..., hy, € L
such that ||h;(y) — || < e for yH € N; and 1 <i < n. Now let {p;} be a partition

of unity subordinate to K¢ U {N;}, and define f(y) = > pi(yH)hi(y). 1
i=1

LEMMA 4.3. Suppose J is a nonzero closed ideal in Br+ o x,I't. Then there
is a monzero ideal I in T' with positive cone IT ={z €Tt 2ip (1. —1,) € J}.

Proof. Because J is nonzero, it follows from Corollary 2.7 of [3] that E :=
{x ert: ip., (le—1;) € J} is nonzero. We will prove that E' is the positive
cone in an order ideal I. For this we show that E is a subsemigroup of I't such
that e <y <z € E implies y € E; then [ := E — E has the required property.
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Let 2,y € E. Then iBHm(lle —1,4,) € J, because

in+m(]le - ﬂx-&-y) = in+m((ﬂe - ]ly) + (]ly - ﬂx+y))
= iBF+‘oo(]le - ]ly) + iBF+1w(Ty(ne - ]lx))
= iBﬁm(ﬂe —1,) +ir+ (y)iBﬁ.,m(ﬂe = 1)ip+ (y)*.
Thus z+y € E. Next suppose z € Fande< z<x. Then0 < 1. -1, < 1. - 1,,
o)
0< iBﬁm(]le —-1,) < i3r+,x(]16 —1,).
This implies that ip_ oo (1. — 1,) € J, because closed ideals of C*- algebras
are hereditary (Corollary 3.2.3 of [9]). Thus z € E. &

Proof of Theorem 4.1. Let J be a nonzero T-invaraiant ideal of Br+ oo % T
Then by Lemma 4.3 there is a nonzero order ideal I of I" such that It = {x €
It: ip.,  (le—1;) € J}. Since

iBF+,oo(]lu — ]lv) = iBr+,oc (Tu(]le — ﬂv—u)) = ip+ (u)iBFJrvoo(]le — ]lv—u)iFJr (u)*,
the T-invariant ideal Cp+ x, 't of Br+ o X, I't is contained in J. We will prove

that Cj+ x,. I't = J.
Suppose Cr+ x, 't # J. Then J/(Cr+ x, I'") is nonzero, and ¥ o © o ®(J)

is a nonzero I'-invariant ideal of the induced algebra Ind i Br/1y+,0 X (T/I)*.

By Lemma 4.2, there is a nonzero invariant ideal E of B(r 1)+ o *- (I'/T)" such
that

WoOod(J) = Ind E = {f € IndL, Bip/1y+ oo X+ (T/I)* : f(7) € E for all y € T}
Now Corollary 2.7 of [3] says there is a nonzero element [u] of (I'/I)* such that
L= j/n+ (Wi ([u))” =is,, ¢ (e = ) € E,

where jp : B(r/1)+,00 = Br/n+,00 X7 (/1) is the canonical embedding.

(r/n+,00
But from the characterisations of Q : B(r/1)+ oo Xroq I'" — B(r/1)+ 00 X+ (I/I)T
and ¥ we see that

jB(F/I)+,oo(]1[€] =) = Q(iB(r/1>+,oo(]1[e] — 1))
= Q(ﬂ;l(il?(r/[)tw(]l[e] — 1)) forallyel
- \Ij(iB(r/Iﬁ—,m(]l[e] - ]l[u]))('Y) for all v € .

So \I’(iB(r/Iw.w(ﬂ[e] — 1)) €Ind E = VYoOo®d(J). Hence ip
©0®(J), and iz

(r/ 0+, 00 (]1[6] o ]1[“]) €

(L) — 1)) = © 0 (k) for some k € J. Thus

(T/I)+,00

ip., (le—1,) —ke€ker@o®=Cps x, I C

and therefore ip_, (1. — 1,) belongs to J. But this means u € I't, and [u] = [e]

is the zero element of I'/I, which is a contradiction. So Cr+ x, 't = J.
Next suppose I1 and I5 are distinct order ideals of I'. Then one has to contain
the other; say Iy is strictly contained in I;. We want to show that Cp+ x, I'f
1
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is strictly contained in CI; x, It Let y € I\ I. Then B, (le — 1) is
in CI; x> I'T, and we claim that it is not in CI1+ x, T, If iBth(]le -1, €
Crs s I't, then © o <I’(Z'BF+YOG(11e - 1,) = ip
Br/n)+,0 X7 I'". Hence \Ij(iBmzlw,w(]l[e] — ﬂ[y])) = 0 in the induced algebra
Ind B(F/Il)+,oo XT(F/I1)+, and ip (ll[e] —ﬂ[y]) =0in B(F/h)*,oo XT(F/11)+.
But this implies that Ty — 1) =0, s0 y € Ifr, which contradicts the assumption
that y ¢ I;F. So C’Il+ %, I'T must be strictly contained in 01; x, I'T. This
completes the proof of Theorem 4.1. &

(F/I)+,oo(]1[e] — 1p,)) vanishes in

(T/I1)F 00

COROLLARY 4.4. Every T-invariant ideal in the commutator ideal C of the
Toeplitz algebra T (T') is the ideal Cr generated by {T, T — T, T} :v—wu e I} for
some order ideal I of T'.

Proof. The isomorphism of Br+ x, 't onto 7 (') is equivariant, and takes
Br+ o X7 I't to C and Cr+ x.I'" to C;. Thus the result follows immediately from
the Theorem 4.1. 1
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