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1. INTRODUCTION

Recently the operator-norm convergence and the error bound estimates were ob-
tained for the Trotter and the Trotter-Kato product formulae in the abstract
context of semigroups in a Hilbert space with self-adjoint generators ([12], [7], [9],
[10]), as well as for the Schrodinger semigroups ([3], [4], [5], [6])-

Let A and B be non-negative self-adjoint operators on the Hilbert space H.
Then some of these abstract results can be formulated as follows (cf. [9]): if B is
A-bounded with a relative bound a < 1 and A > I, then for the Trotter formula
one gets the operator-norm estimate

(11) ||(eftA/neftB/n)n _ eft(AjLB)H < ClnTn
uniformly in ¢ for any bounded interval [0, T].

The aim of the present note is to extend the class of semigroups for which
we have the operator-norm convergence of the Trotter product formula. This
extension is accomplished in two directions: we show that under certain conditions
on the generators —A and —B the operator-norm convergence takes place in a
Banach space, which was the initial context for the Trotter formula ([16]). As
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a consequence we obtain a generalization of the results [7], [9], [10] in Hilbert
space to some class of non-self-adjoint generators: —A generates a holomorphic
semigroup, and —B is A-small with a relative bound equal to zero (cf. [7]).

For these results the properties of holomorphic semigroups are essential. So
we begin with some preliminaries concerning bounded, holomorphic semigroups,
and fractional powers of generators.

2. PRELIMINARIES

2.1. BOUNDED SEMIGROUPS. As a starting point we recall the definition of a one-
parameter strongly continuous semigroup (or simply semigroup), then we state
some of its properties.

DEFINITION 2.1. A family Q(t);>o of bounded linear operators on a Banach
space B is called a one-parameter strongly continuous semigroup if it satisfies the
conditions:

(i) Q0) = I;
(i) Qs+ 1) = Q()Q(¢) for all s,t > 0;

(iii)}i_r% Q(t)r =x for all z € B.

The immediate consequences of this definition are (see e.g. [13], Section 13.34):

e There are constants C4 > 1 and v4 € R, depending on the generator of
the semigroup, such that ||Q(t)|| < Cae74t for all ¢ > 0.

e ¢ — Q) is a strongly continuous function from [0, +00) onto the algebra
of bounded linear operators on B.

e There exists a closed densely defined linear operator —A on B with domain
D(A), called the generator of the semigroup, such that }%(Q(t)x —xz)/t = —Ax

for any x € D(A), i.e. by convention Q(t) = e 4.

e The resolvent of the generator satisfies the estimate ||R_x(A)| = [|[(A +
A7 < Ca/(Re(N) — va) for all X with Re(\) > v4, thus the open half plane
with Re(z) < —v4 is contained into the resolvent set of A, defined as p(4) = {z €
C: |R;(A)| < +oo}.

REMARK 2.2. If v4 <0, Q(¢t) is called a bounded semigroup (otherwise, Q(t)
is called a quasi-bounded semigroup of type ya > 0). For any strongly continuous
semigroup, we can construct a bounded semigroup by adding some constant n > 4
to its generator. Let A=A+ 7, then for the semigroup @(t) generated by l one
has ||Q(t)|| < Ca, t = 0, and the open half-plane Re()) < 1 — 74 is included into
the resolvent set p(A) of A. So it is not restrictive to suppose that the considered
semigroup Q(t) is bounded and that {z € C: Re(z) < 0} C p(A).

REMARK 2.3. If [|Q(¢)]| < 1, ¢ > 0, the semigroup is called a contraction
semigroup. It is clear that the method of the preceding remark does not permit
to construct a contraction semigroup from a bounded semigroup in general, since
the constant C'4 does not change. Below we need a characterization of generators
of contraction semigroups (see e.g. [2], Theorem 2.24). We note by B* the dual
space of the Banach space B.
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DEFINITION 2.4. Let A be an operator in a Banach space B. A is said to
be accretive if for all pairs {u, p} € D(A) x B* with |Ju|| =1, ||¢| =1, (u,¢) =1,
one has Re(Au, ¢) > 0.

PROPOSITION 2.5. An operator —A with dense domain in a Banach space
B is the generator of a contraction semigroup if and only if A is accretive and the
range of A+ A equals B for some \ > 0.

The following observations will be useful for the sequel, see Section 3.

LEMMA 2.6. Let Q(t) be a bounded semigroup with boundedly invertible gen-
erator —A; then for all t > 0, and for any n € N, we have:

o (a0-§ )= E

dr,

(2.2) H ( kz: )A"1

Proof. We proceed by induction, and we first prove (cf. [13]):

tn+1

(n+ 1)

<Cy

(2.3) Q(t) — Dz = — / Q(r)Azdr, Va € D(A).

By virtue of semigroup properties one has for € > 0
t+e

/tQ d—/QS+€ ()dszi‘”ds—/aQis)ds
0

t 0
1
fI)g/Q(s) ds
0

Moreover we have:

€
ghi%% Q(s)xds = x, Vz € B,
0

ghi% Mw = —Azx, Vo € D(A).

This proves (2.3), and since A is boundedly invertible, we obtain (2.1) for n = 0.

Furthermore, since Q(t) is bounded by C4, we obtain the estimate (2.2) for n = 0.
Suppose that (2.1) and (2.2) are true for some n, then a simple calculation

leads to (2.1) for n + 1. Hence, using the representation (2.1) and (2.2) for n to

estimate the integrand, we obtain (2.2) for n + 1. This completes the proof by

induction. &

Similarly, we obtain a representation for a restricted development of
(I+A)~1
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LEMMA 2.7 Let A be as in Lemma 2.6. Then for any n > 0:

n

24)  (I+A)tAml= <Z(-A)k)A"1 (=) AL

k=0

Proof. For n = 0, the representation (2.4) follows from the resolvent formula:
(2.5) (I4+A) ' —At=—(14+4)714a1
Suppose that (2.4) holds for an integer n; then:
(2.6) (I+A)~tA"2 = (Z(—A)’“)A‘”‘Q + ()" T+ A)7tATL
k=0
Applying (2.5) to the last term of (2.6) we get the representation (2.4) for n + 1,
and thus for any n by induction. 1

LEMMA 2.8. If Q(t) is a bounded semigroup with boundedly invertible gen-
erator —A then:

< 3C4

(2.7) ’;((I+tA)1—Q(t))A2 <=5 vt > 0.

Proof. By Lemma 2.6 one gets

Ca
<A

(2.8) :

‘(Q(t) — I+ tA)tiQA—2

On the other hand by Lemma 2.7, we have

1
(2.9) H((I—i—tA)l — I+ tA) A7 = (I +tA) 7 < Ca

Here the last estimate follows from (I +tA)~' = (1/t)R_,,,(A) and ||[R_\(A)| <
Ca/(A+6), d =0, for bounded semigroups with boundedly invertible generators
(see Remark 2.2). Hence (2.7) follows from (2.8) and (2.9). 1

2.2. HOLOMORPHIC SEMIGROUPS. Now let U(z) be a family of operators with z
taking values in the sector of the complex plane:

(2.10) So={2€C:2z#0and |arg(z)] <w}
where 0 < w < /2.

DEFINITION 2.9. (cf. [2]) We define a bounded holomorphic semigroup of
angle w on a Banach space B to be a family of bounded operators U(z) where
z € S, and satisfying the following conditions:

(1) U(z1)U(z2) = U(z1 + 22) for all 21,29 € S,,.

(ii) If 0 < € < w, then |U(2)|| < M, for all z € S,,_. and some M, < 0.

(iii) U(z) is an analytic function of z € S,,.

(iv) If € B, and 0 < € < w, then lir% U(z)x = « provided z € S, ..

Let 0(A) = C\ p(A) denote the spectrum of A. We mention the follow-
ing characterization of generators of holomorphic semigroups (see e.g. [2], Theo-
rems 2.33 and 2.34):
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PROPOSITION 2.10. The operator —A in a Banach space B is the generator
of a bounded holomorphic semigroup of angle w < w/2 if and only if A is a closed
operator with a dense domain D(A) such that:

(2.11) 30<w<z, U(A)g{wEC:|arg(w)|<z—w}
2 2
and
(2.12) Ve>0, IN: 20, Vw € Sy_cirjo, (w4 A) 7 < Nefw| ™.

We shall use below the following property which is an alternative characteri-
zation of these semigroups (see e.g. [2], Theorems 2.38, 2.39, and [8], Chapter IX,
Remark 1.20):

PROPOSITION 2.11. IfU(z) is a bounded holomorphic semigroup of angle w
with generator —A, then for all z € S,, n € N, U(2)B C D(A™), and there are

positive constants C'y, 01(4”) such that:

AU (¢) ), d"U(¢) ct
. SO <A = AU (@) < =A-.
(2.13) ’ m H lAU@Ol < =*  and T 1A"T @I < —

In fact, these estimates are valid for complex values of ¢ in any sector Sy for
0 < # < w with constants depending on 6.

REMARK 2.12. Similarly to strongly continuous semigroups, a family U(z),
z € S, is called a quasi-bounded holomorphic semigroup of angle w if there exists
a constant v > 0 such that e™"*U(z) is a bounded holomorphic semigroup of
angle w.

Finally, the class of semigroups we shall consider below is:

DEFINITION 2.13. We say that U(z), z € S, is a holomorphic contraction
semigroup of angle w if it is a bounded holomorphic semigroup of angle w, and its
restriction on RY is a contraction semigroup.

Notice that this class of semigroups is not empty:

(i) Let U(t), t € R, be a contraction semigroup with generator —A on a
Banach space B, such that U(t)B C D(A) for t > 0. If ||AU(t)|| < ¢t~ for some
¢ > 0 and all ¢ > 0, then there exists w > 0 such that U(t) may be analytically
continued to a bounded holomorphic semigroup of angle w; see [2], Theorem 2.39.

(ii) Let A be a sectorial operator on a Hilbert space H, i.e. its numerical
range {(u, Au) : u € D(A) and ||u| = 1} C S;/2-0, 0 <w < 7/2. If —A is closed,
then it is the generator of a holomorphic contraction semigroup of angle w; see [§],
Chapter IX, Theorem 1.24.

(iii) Let —A be the generator of a holomorphic semigroup on a Banach space,
if A is accretive, then —A generates a holomorphic contraction semigroup.

2.3. FRACTIONAL POWERS OF GENERATORS. For generators of bounded semi-
groups, it is possible to define fractional powers (see e.g. [17], Chapter IX, Section
11). We need below some properties of these operators.
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Following [17], we define the fractional power 0 < o < 1 of the generator A
of a bounded semigroup Q(t) by the integral (when it is well defined)

oo

JESRCIOR Y
0

where A% is chosen to be positive for A > 0. Notice that for any x € D(A), the
integral (2.14) is convergent, thus D(A) C D(A®). We set also A = I and for any
a > 0, if [a] denotes the integer part of a, we put A* = A~ Aled,

(2.14) A%z = )

PROPOSITION 2.14. For each « € [0, 1], there exists a constant C,, depend-
ing only on C4 and «, such that, for all p > 0,

Co
(2.15) A (A+ )7t < =

Proof. For a = 0 or a = 1, the result follows directly from the estimate of the
resolvent. Let 0 < a < 1 and € B (notice that Ran(A+pu)~! = D(A) C D(A%)),
then

(2.16) AY(A4p) e = ! //\_“_1(@()\) —I)(A+p) tzd
0

I(=a)

We divide the integral (2.16) in two parts: 0 < A < g~ and A > =, and use the
representation (2.3):

-1

Iz A
A“<A+M>‘1w=p(ia) [t [ - utas pyadear
0 0
+F(ia)/A“1(Q(/\)—I)(A+u)1di.

Now by the estimate of the resolvent ||[(A + )| < Ca/p for all u > 0 one
obtains:

—1

”w 00
JA%(A + ) a <CA<1+CA>||x||< [reas | A““‘ld)\>
I'(-a) I
0 /,L_
Ca(l+Cy)p>!
e

X

P(—a)a(l — «)
Setting Cy, = Ca(1+ Ca)/(al'(—a)(1 — a)) we get the estimate (2.15). 1

PRrROPOSITION 2.15. ([15], Lemma 2.3.5) D((A+9)%) = D(A®) for all 6 >0
and 0 < a < 1.

PROPOSITION 2.16. Let U(t) be a bounded holomorphic semigroup with gen-
erator —A; then for any real o > 0, we have

(2.17) sup [|[tYA“U(t)|| = My < 0.
>0
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Proof. Let 0 < o < 1: by D(A) C D(A?*) one gets D(A*U(t)) = B. Hence
by (2.14) we have

oo

(2.18) ACU(t) = m/xa*(U(H A) = U(t)) d.
0

Now we split the integral (2.18) in two parts: 0 < A < ¢t and X\ > ¢, and we use the
estimate of the derivative of the holomorphic semigroup (see Proposition 2.11) to
obtain

Cl
(2.19) U+ X —U@)| <X sup [|U(1)] < \=2.
t<r <t t
This leads to the estimate
t

1 —aCl For oo
« < (e} «
14T < fy </A : d)\+/2CA>\ d)\>
0

i
< t—« < 'y + 20,4) .
I'—a) \1-« a
Therefore we get (2.17) for 0 < a < 1 by setting M, = I'(—a)"1(C/(1 —a) +
2C 4/ ).
For integer powers «, (2.17) follows directly from Proposition 2.11. Notice
that by Proposition 2.11, Ran(U(t)) C D(A™) for t > 0. Then result (2.17) follows

for any non-integer a > 1, from D(A® = A~ [l Alel) 5 D(Al+1) | representation
(2.18), and the estimate (2.13) of derivatives of order [o] + 1. &

3. TROTTER PRODUCT FORMULA

3.1. IN A BANACH SPACE. The aim of this section is to prove the operator-
norm convergence of the Trotter product formula for holomorphic contraction
semigroups in a Banach space. We require that the operator —A generates a
holomorphic contraction semigroup, and that:

(H1) —B is the generator of a contraction semigroup;
(H2) there is a real a € [0, 1) such that D(A%*) C D(B) and D(A*) C D(B*).

Notice that we can suppose A boundedly invertible; if it is not the case, let
consider A + n for some 1 > 0, and we have D((A + n)*) = D(A*) C D(B) by
Proposition 2.15.

REMARK 3.1. We note that the last assumption (introduced by Ichinose and
Tamura in [7]) implies that B is relatively bounded with respect to A with the
relative bound equals to zero. Indeed, for n > 0 by D(A + n) C D(A*) C D(B)
and by Proposition 2.14 one gets (A is supposed boundedly invertible):

— —a a — Ca —«
(3.1) IBA+n) " < [BA™[[|A*(A+n) | < ia IBAC:

11—«
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Since the operators A* and B are closed, the inclusions (H2) are equivalent to
A*-boundedness of B and the A*-boundedness of B*. In particular, |BA™%|| < d
and |[B*A* || < d for some d,d’ > 0. Therefore for any z € D(A) C D(B), we
have the estimate

CalBA™

(3.2) |Ba]l < LAz +ncaiBa=] 2]

nl—a
and the relative bound in (3.2) can be chosen arbitrarily small by the shift n > 0.
For such perturbations we can prove the following result (cf. [8], Chapter IX,
Corollary 2.5):

LEMMA 3.2. Let e ' be a holomorphic contraction semigroup of angle w on
B, and suppose B satisfies (H1) and (H2). Then the algebraic sum —(A+ B) with
D(A + B) = D(A) is the generator of a holomorphic contraction semigroup.

Proof. First we verify the conditions of Proposition 2.10. Let £ > 0; by (3.2)
we have for |arg(z)| <w+7/2—¢

_ C,||BA™® B o o B
(3.3) 1B+ 2 < ClBANy a4 o 1 rcaBA= (A +2) L
which leads to
C,||BA™® o N
(3.4) ||B(A—|—z)*1|\ < |7|71_a”(1 + N.) +n%C,||BA O‘Hm

Therefore the Neumann series for (A + B + 2)~! converges if the right hand side
of (3.4) is smaller than 1. Thus we can choose n such that the first term in the
estimate (3.4) becomes smaller than 1. Then we obtain:

M

3.5 A+B+2)7 < ——
(3.5) (I¢ )l Z =7

for |arg(z)| < w+m/2—¢, where M and ~y are some positive constants. By Propo-
sition 2.10 we conclude that —(A + B) generates a quasi-bounded holomorphic
semigroup of angle w — €.

On the other hand, A and B are accretive, thus A + B is accretive. But for

x < 0, |z| sufficiently large (|z| > «), = is in the resolvent set of A 4+ B, hence we
conclude that —(A 4 B) generates a contraction semigroup, by Proposition 2.5. 1

The proof of the main theorem of this section involves three technical lem-
mata. For the two first we suppose only that B and B* are A-bounded, i.e. there
are positive constants a and b such that:

(3.6) Vz € D(A) CD(B), |[Bz| < allAz| + bl
(3.7) Vip € D(AY) CD(B), B ¢l < allA%oll + blje]l.

If A is boundedly invertible, then we can set b = 0 with the relative bound a +
b||A~1|| instead of a.
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LEMMA 3.3. Let —A, boundedly invertible, and — B be generators of bounded
semigroups. Let B and B* be A-bounded as in (3.6), (3.7) and suppose that the
operator —H = —(A+ B) with D(H) = D(A) is the boundedly invertible generator
of a bounded semigroup. Then there exists a constant Ly such that for all T > 0:

(38) ’|A71(67TB€‘7TA 7 7T(A+B) H
(39) ||(efrBef-rA e~ A+B 1||

Proof. By virtue of the identity
AL (e ™BemTA _ o T(A+B)) = A71(eTB _ [)eTA 4 A"1(eTA _ )
+ AT'HH YT — ™)
and Lemma 2.6 we get (3.8):

||A—1(e—TBe—TA _e—TH)H < H / dSA—lBe—sB

+[lA e =)

+ AT H| | H (I — e
< ||ATIB||CpT 4 Cat + |A H||Cy 7.

Finally, we remark that (3.7) implies the boundedness of the closed operator
A7!B, and that |A7'H| < I + A7'B|| < 1+a+b|A7Y|. To prove (3.9) one
has to use (3.6), and the same line of reasoning as above to put finally L, =
Cpa' +Cy+ Cy(1+d') where ’ =a+b||A7Y. &

LEMMA 3.4. Let A, B and H = A+ B be the same as in Lemma 3.3. Then
there exists a constant Lo such that for all 7 > 0:

(310) HA—l(e—‘rBe—TA _ e—T(A+B
(311) ||A71(677A67TB _ ef-r(A+B

27—7

//\ //\

2’7’

Proof. By virtue of
o TBo—TA _ o—TH _ (I _ e—TB) (I _ e—TA) + (e—TA —(I+ TA)—I)
+ (P —(I+mB) )+ (I+7H) ' —e™H)
+7H(I +7H) ' —7A(I+7A) —7B(I+71B)™!
and the identity
A1 (TH(I +7H) ' —7AI +7A) " —7B(I + TB)’l) A1
=7 (I+7A) '+A'BU+7B) 'BA' —AT'H(I+TH) 'HA™"),
we get the representation
AN e ™Be ™ _ e THY AT = A7V([ — e TB) (I — e ) A
+e™ - (I+7A) A2+ A (TP - (I +7B) ) A
+ AT H (I +7H) ™ —e ™) H2HA ™ + 72 (I + 7A) ™!
+72A'B(I+7B) 'BA™ — A" H(I +7H) " "HA™!,
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which gives the following estimate:

1
2T - —TA A71
ey A

1 1 [
7||A71(67TBeiTA . effH)Aflu < 7HA71BH dsefsB
72 T
0
1 —TA -1\ 4—2
+ Slle™™ = (I +74)7) AT

mll

T S1
1
+ 1A' B H/dsl/ dsge 2B — 72(I +7B)™!
-
0 0

1, L _
+ 4 YHI((T+7H) ™ —e TN H?| |HATY
+14 AT Bl | BATH | + [AT H| |[HAT|.

Now Lemmata 2.6 and 2.8 together with (3.6), (3.7) imply (3.10): we can
take Ly = a'CaCp + 3C4/2 + 3Cpa?/2 + 3Cu(1 + a')?/2+ 1+ a? + (1 + a')?
with @’ = a + b||A~Y||. Similarly one gets (3.11). 1

In the next lemma we need the Ichinose-Tamura condition (H2) and contrac-
tion semigroups.

LEMMA 3.5. Let —A be the boundedly invertible generator of a holomorphic
contraction semigroup. If —B is the generator of a contraction semigroup and
there exists a € [0,1) such that D(A%) C D(B), then for any k > 1 and 7 > 0:

(3.12) [(e=™Pe ™)k A < =2 + k— a >0,
!
(3.13) (e~ Pe~ ™) A|| < Ls(1 +Ink) + % a=0.
Proof.
||(ef'rB —TA k:AH < ||((ef'rBef‘rA)k: o efk‘rA)AH + ||efkr7'AAH
k—1 )
< (e_TBe_TA)k—l—] (e—TB _ I) e—TAe—jTAAH + He—k‘TAAH
=0
k—1
/ dse™*BBA~0| [ A% UHDTA L] 4 |l 4.
JZO

Notice that the second inequality is in particular due to contractiveness of e 4 and
e '8 and to equation (2.3) of Lemma 2.6. From the hypothesis D(A%) C D(B)
we deduce (cf. Remark 3.1) that ||[BA™%|| < d. By Propositions 2.11 and 2.16 we
get respectively:

!
. M,
le™* 44| < Y4 and JA e UHDTA| < et
kr ((j+ 1)r)i+e
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Therefore, we conclude that:

M,d ’“i L Ch
« 1+a :
T = (G+1) kT

H(efrBef'rA)kAH <

Since a > 0, this gives the annonced result (3.12) with

Ly =dM, Yy (1/j)'+,
j=1

and (3.13) for a = 0 with Ls = | B||C’,. W

Since D(A*) C D(B) implies D(A*") C D(B) for o > a, the estimate (3.12)
is valid in fact for any o/ > a.

THEOREM 3.6. Let e~*A be a holomorphic contraction semigroup. If —B

is the generator of a contraction semigroup, and there exists a € |0, 1) such that

D(A*) C D(B) and D(A*) C D(B*), then there are constants My, My, Ms,n > 0,
such that for anyt > 0 and n > 2:

Inn

(3.14) ||(e*B/memtA/myn — o THATB)|| < (M + Mat'™*)e "tn1 = a>0,
— |
(3.15) ||(e*B/memtA/myn — o THATEN < (M + Mgt)e"t%, a=0.

Proof. Since B satisfies (H1) and (H2), by Lemma 3.2 the operator —H =
—(A + B) is generator of a holomorphlc contraction semlgroup If the operator
A has no bounded inverse, let A=A+ 7 and H = A+ B for some n >0
(see Remark 2.2). Then they are boundedly invertible. As we indicated at the
beginning of the section, these changes of generators do not modify the domain
inclusions. If we want to obtain |[BA~1|| < 1 then by the estimate (3.1) we
have to choose a sufficiently large shift 7. This gives us the estimate |AH || =
(I +BA=1)~1| <1/(1 — a) where we set a = ||[BA™!||.
Now we put 7 = t/n, U(t) = e *H and T(r) = e "Be~"4. To estimate the
left-hand side of (3.14) we use

(e—tB/ne—tA/n)n o e—t(A—i—B) _ (Tn(T) _ ﬁn(,]_))etn

and the identity:

n—1
T(r)"=U(r)" =Y T(r)"" NT(r) = U(r)U(r)"
=0
=T(r)" PAA YT (r) = U(r)) + (T(r) = U(r)) A" *AH*HU ()"}
+ i T(r)"~"YAANT(r) - U(r)) A" AH HU ()™

m=1
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which implies:

1T ()" = T()"| ) S
<T@ AN AT (@) =TI+ IT () =T @) A | AH | | HT (7)™
n—2

+ > T () A AT T () = T(e) A I|AE Y| |HU ()™

Hence by Lemmata 3.3, 3.4, and 3.5 (it is at this point that we use the hypothesis
of contractiveness), and Proposition 2.11 we obtain the estimate

~ ~ / /
||T(7')n—U(T)n|| < <L3 + C’)) L17’ Ll CH

7@ (n—1 l—an-—1

n—2
C Ly
L l1—o A H
er2=1< 8T +n—m—1>

l—am

ti-a L,

C LaLoCl tl— 223 1
<CA+1HG>+ 8 2H

1—a nil-@
m=1

(3.16)

m

-« L
S Lsly—— + - < i >
nt—% n— 1-—

+2L3L2021t1—o¢ Inn +4L2021014h17n
1—a nl-o l1—a

-
Here we used:

n—1 n—1

P>

=1

2

2 |
2 <Z(1+In(n-1)< 4Eﬁ
n

1
m

—=

m=

3

The ebtlmate 6) implies the announced result (3.14) for o > 0, with M; =

(3.1
'y ) + 4L20HCA and My = 2L3L; + 2M. In a similar way for
a =0 one gets

~ ~ ~ t L{C’ LC! 1
IT(r)" = U(r)"|| < Ls(1 +In(n — 1)Ly — + ——4 4 2171

n n-—1 l—-an-—1
n—2
~ t c’ Ly
+Z(L3n(1+ln(nml))+n_ A—l) l—aWH'
m=1

This estimate gives (3.15) with Mg = 2030, + 2%. ]

COROLLARY 3.7. Let e~ be a holomorphic contraction semigroup. If —B
is the generator of a contraction semigroup, and there exists o € [0,1) such that
D((A*)*) C D(B*) and D(A) C D(B) (and D(A*) C D(B*) if B is not reflexive),
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then there are constants Ms, My, M4777 > 0, such that for anyt > 0 and n > 2:

1
(3.17) [|(e= A memtB/myn — e HAYB | < (M + Myt~ *)e™ —= @ >0,
n
— 2(lnn)?
(3.18) ||(et4/metB/myn _ o~HA+E)|| < (M; + M@)ent%, a=0.

Proof. Let F(r) = e~™4e~7B_ Then by the same arguments as in the proof
of Theorem 3.6, one gets:

U(r)"—F(r)" = i U(r)"™=Y(U(r) - F(r))F(r)™
m=0
=U(r)" "HH"AA Y (U(r) — F(7)) + (U(r) — F(1)) A *AF (r)"!
n—2

+ Y U(r)"m 'HHYAAN(U(r) — F(r)A ' AF(1)™.

m=

—

Notice that Lemmata 3.3 and 3.4 hold for ﬁ(’]’) By a simple modification of

Lemma 3.5, where one uses ||A~B|| = || B*(A~*)*|| < oo, we get:
-~ L /
ARy < L Ca s,
T kT

~ /
Hg(efTAefrB)kH < Ly(1+1Ink) + %, a=0.

These ingredients ensure the estimates (3.17) and (3.18). 1

COROLLARY 3.8. Under the same conditions as in Theorem 3.6, we have
the operator-norm convergence of a symmetrized Trotter formula, i.e. there exist

My, Mg, Mg,n > 0, such that for anyt > 0 and n > 2:

Inn

pl—a’

(319) H(eftA/2neftB/neftA/2n)n7eft(A+B) H < (M5+M6t170‘)e’7t >0

(3.20) H(e*tA/Q"e*tB/”e*tA/zn) —e HA+E) | < (M5+M6t)e”tm, a=0.
n

Proof. Since Lemmata 3.3, 3.4, and 3.5 can be easily extend to the sym-
metrized product e~ 74/2e~7Be~74/2 the proof of the Theorem 3.6 carries through
verbatim to obtain (3.19) and (3.20).

3.2. IN A HILBERT SPACE. Up to our knowledge, all preceding results concern-
ing operator-norm convergence of the Trotter or Trotter-Kato product formulae
require semibounded self-adjoint generators —A and —B in a Hilbert space ([3]-
[7], [9]-[12]). The results of Section 3.1 are evidently valid in a Hilbert space
B = H. This permits to compare them with the above results concerning the
operator-norm convergence of the Trotter formula.

In the case of a Hilbert space, we have generalized the operator-norm conver-
gence to non-self-adjoint (moreover non-normal) semigroups. This indicates that
normality is not indispensable for the operator-norm convergence of the Trotter
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formula. In fact, the evident advantage is technical: one uses the spectral theo-
rem, which is widely exploited in [5]-[7], [9]-[12]. On the other hand notice that
non-negative self-adjoint operators generate holomorphic semigroups of angle 7 /2,
contractive on the entire half-plane (moreover these holomorphic semigroups have
a strong continuous extension on iR, which is a unitary group). Since they are
continuous in the operator-norm topology for ¢ > 0, the holomorphic contraction
semigroups seem to be the natural generalization of the self-adjoint ones, in order
to prove the operator-norm convergence of the Trotter formula.

Notice that our generalization to the non-self-adjoint semigroups is obtained
under Ichinose-Tamura hypothesis (H1) and (H2). They are stronger than those
of [9] where, instead of 0, B has relative bound less than 1 with respect to A. In
[10], these conditions are extended to D(A%*) C D(B®) for some 1/2 < a < 1,
which does not imply that B is relatively bounded by A nor A by B. Hiroshi
Tamura ([14]) has recently shown that the error bound in [10] is optimal, and that
operator-norm convergence cannot be extended to « < 1/2 without supplementary
conditions ([11]).

Finally, we note that the error bounds we found are less optimal than those
of [9] and [10].

4. CONCLUSION

We generalize the Trotter-Chernoff results ([16], [1]) to the operator-norm conver-
gence in a Banach space assuming B with zero A-bound and e *4 holomorphic.
This shows that the hypothesis of self-adjointness in the case of a Hilbert space
has only a technical importance. On the other hand the operator-norm topology is
“natural” for holomorphic semigroups, which leads to think that it is an essential
hypothesis. We would like also to remark that the contractiveness assumption is
not as superfluous as one could suppose. For demonstration we address the reader
to an instructive example by Trotter ([16]) where it is called “the norm condition”.

Our results could find applications in quantum mechanics and in the theory
of Schrodinger semigroups ([3]-[5], [7]). Let H = L*(R%) be the Hilbert space of
square integrable functions on R%, H = —A + AV where A denotes the Laplace
operator and V a real potential with a complex coupling constant \. If V is
relatively bounded with respect to (—A)® for some « € [0, 1), then these operators
satisfy the hypothesis of the Theorem 3.6. However, for real coupling constants A
the results of [3]-[7] or [9]-[10] are more efficient.
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