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ABSTRACT. Quadrature operators are the go = (e %a 4 €a*)/v/2 where a
and a* are the annihilation and creation operators on L?(R). The structure
of the C*-algebra generated by operators f(gs) for f continuous function
vanishing at infinity and 6 in any subset © of | — m, 7| with Card(©) > 2 is
studied. It is shown that it contains all compact operators and it is a C*-
algebra of type 1. Its atomic representation and the structure of its spectrum
is explicitely given. A trace formula for the operators f(gs,)g(qo,) is proved.
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1. INTRODUCTION

Let ‘H be the complex Hilbert space L?(R), B(H) the algebra of all bounded
operators on H, K the ideal of compact operators and Cy(R) the set of complex
continuous functions on R vanishing at infinity. Let ¢ and p be the position and
momentum operators in H defined by qu(t) = tu(t) and pu(t) = —iuv/(t) on their
respective domains Dom(q) = {u € H : qu € H} and Dom(p) = {u € H :
u absolutely continuous, pu € H}, and consider the C*-algebras Qy = {f(q) : f €
Co(R)} and Qr /o = {f(p) : f € Co(R)}. The unitary equivalence between ¢ and
p given by the Fourier transform allows us to show that QyQr/2 C K C Qqo,x/2}
where Qg r/2} is the C*-algebra generated by Qo U Qr /2. Moreover, since f(p)
and g(gq) have continuous spectra for f and g real-valued in Cy(R), it turns out
that Qo NKC = {0} and Q.5 N K = {0}. Tt is easy to see that these facts imply

Qqo,r/2y = Qo+ Qry2 + K.
There is a natural generalization of ¢ and p which appears in the context of quan-

tum optics (see [9] and the references therein), the so-called quadrature operators
qo defined for each 0 €] — w, [ by

efiea + eiea*

qo = \@
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where a and a*, the annihilation and creation operators, are respectively the
closures of (q + ip)/v/2 and (¢ — ip)/v/2 (notice that ¢ = qo, p = qr/2 and

[96,, q0,] # 0 whenever 61 — 03 ¢ 7Z). The C*-algebra Qg generated by |J Qg
0cO

where Qp = {f(q) : [ € Co(R)} and O is any subset of | — m,7[ then arises
in a natural way as “good” algebra for studying the irreversible dynamics of the
observables of a quantum open system. Indeed, it was shown in [3] that quantum
Ornstein-Ulhenbeck semigroups on B(H) enjoy the Feller property with respect to
Qo,7/2}-

Our aim here is to study the structure of the C'*-algebra Qg where © is any
subset of | — 7, 7| with Card(©) > 2. We show that, if O is finite, then

Qo = Z Qo + I,
EG)
and so in general
Qo = limrerQr

where F is the set of finite subsets of © directed by inclusion. We give the atomic
representation of Qg and deduce that Qg is a C*-algebra of type I; an essential
composition serie is given when © is countable (Proposition 3.1 and Theorem

3.2). Its spectrum Qg is the topological free union 3 Qp + {t1a} where tyq is the
9co

inclusion Qg C B(H) (Theorem 3.3); in particular, Qg is Hausdorff.

2. STRUCTURE OF Qg

Let (hp)nen be the orthonormal basis of H given by
+2
ho(t) = 775 (2"n!) " 2e™ = H,(t)

where H,(t) = (71)”e‘52%e*t2 is the Hermite polynomial of order n. For all

0 € R let Fy be the unitary operator on H defined by
Fyh,, = e™h,, for all n € N.

Clearly {Fp : 6 € R} is a group of unitary operators with Fs,,, = Id and Fj = F_g.
It is well-known (see e.g. Chapter 4, Section 2, Example 4.18 and 4.22 in [6])
that each Fp coincides with the operator Py of the analytic continuation of the
Ornstein-Uhlenbeck semigroup {P; : ¢ > 0} and, by the Mehler’s formula, it has
an integral representation

o0
_ —it2 ot g its —is2 ot h
(Fyu)(t) = cye™ 2 esing 2 u(s)ds

— 00

for all u € ‘H where
. mwsgn(0
cop = (27r\sin9\)*%el( FE-5)
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Note that F(a,,41)x/2, n € N coincides with the Fourier transform on H

“+oo
(Pansayn/zn)() =) = <= [ eu(s)as,

For this reason the operators Fy are also called fractional Fourier transforms (see
[8] and the references therein). The following lemma generalises the well-known
property of the Fourier transform F 5 f(q)F_, /2 = f(p).

LEMMA 2.1.  For each [ in Cyo(R) and 0 in | — m,nw[ we have f(qp) =
Fof(a)F-e.

Proof. Using the well known relations H//(t) — 2tH! (t) + 2nH,(t) = 0,
H (t) =2nH,_1(t) and Hp41(t) — 2tH,(t) + 2nH,,_1(t) = 0 (see e.g. Section A.5

in [5]) we have
(g +ip)h, =V2nh,1 forn>0, (¢+ip)hg =0,
(g —ip)hn = /2(n+ 1) hyy1 forn e N.

Then a short calculation leads to FopqF,y = FpqF_g = q¢. Therefore we have also
Fof(qQ)F_g = f(qg) for all 0 €] — w,w[. 1

Let C.(R) denote the vector space of complex-valued continuous functions
on R with compact support.

LEMMA 2.2. For each f,g in Co.(R) and 0 in |—7,w[ with 6 # 0 the operator
f(q0)g(q) is Hilbert-Schmidt and has kernel

i(t2—s2)
2

ot 0 F((¢ — s)/sin0)g(s).

Proof. By Lemma 2.1, the operator f(gs)g(q) can be written in the form
Fof(q)F-9g(q). Moreover, for all u € H we have

(2.1) (t,s) — 2r~ 3| sinf] e~

oo oo

it? itr irs | is?
(Fef(Q)F—eu)(t)2090—96_%““/eS‘f“f’f(T)( / e_Si“GJrTCOWU(S)dS)dT
— 00 — 00
oo o0
it2 is? co ir(t=s)
ZCQC,ge_fTCOtG/efwu(s)/e o f(r)drds
—o0 —o0
o0
— \V2mcge_ge % cotd / "5 () F((t — 5)/sin 0)ds.
— 00

Thus f(qge)g(q) has kernel (2.1). &
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PROPOSITION 2.3.  For each f,g in Co(R) and 61 # 02 in | — m, x|, the
operator f(qe,)9(qe,) is compact.

Proof. By Lemma 2.1 the operator f(qg,)g(qs,) can be written in the form

F91f(q)F*91F029(Q)F*92 = F92 (Falfng(Q)F*(&*@z)) g(Q)Ffez
= F92f(qe1—92)g(q)F—92'
Therefore it suffices to show that f(gg)g(q) is compact for all non-zero 6 €] —m, 7.
This is clear when f and g have compact support by Lemma 2.2. In the general

case when both f and g belong to Cy(R), let (f,) and (g,,) be sequences in C,(R)
converging uniformly to f and g respectively. Since, for all n,m in N, the norm

| fn(20)9n (@) — fm(qe)gm(q)| is not bigger than
| £2(20)(9n (@) — gm (D)l + |(fn(g0) — fm(q0))gm (@)
< max { sup || fnll, sup ||9n||}(||9n = gmll + Ifn = fill)s
neN neN

it follows that the sequence (fy,(q0)gn(q)) is Cauchy in B(H). Therefore f(qs)g(q)
is compact as a norm limit of Hilbert-Schmidt operators. &

As a corollary we deduce a generalization of a trace formula due to Accardi
(see [1]) for the special case 0 — 03 = 7/2.

COROLLARY 2.4. For each f,g in C.(R) and 01 # 02 in|—m, [, the operator
f(q0,)9(qs,) is trace class and

tr(f(Qéh)Q(Q@g)):m/f(t)dt/g(s)ds.

Proof. Let 6 €] —m,n[ \{0}, & > 1/2 put g(q)f(qs) = zy with
r=g@+p) U+ )R Y= 1+ E0 ) ().

A computation as in the proof of Lemma 2.2 shows that both z and y have
a continuous square integrable kernel. Therefore x and y have bounded exten-
sions, these are Hilbert-Schmidt and g(q) f(gs) = xy is trace class. It follows that
f(q0,)9(q0,) = Fo, f(qo,—0,)9(q) F—g, is trace class for all 1 # 03 in | — 7, 7[. The
kernel (2.1) being continuous, the trace is given by the integral on the diagonal
ie.

+oo
(a0 )o(w0)) = x(Fan-0)0@) = = [ FO)a(e)ds

~

The conclusion follows from the definition of f(0). &
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LEMMA 2.5. The C*-algebra Qg contains all compact operators on H.

Proof. Suppose first that © contains 0 and a non-zero 6 in | — 7, 7r[. Let g €
C.(R) and let gy(t) = e(t"<2t®/24(4) The Fourier transform of the gaussian distri-
bution with variance e, f.(t) = (2re)~1/2e=t"/2¢ is f.(t—s) = (2m)~1/2e—=(t=9)°/2,
Therefore by (2.1) the operator 27| sin 8| g(q) f-(q0)9(q) — |go){ge| has the kernel

e(t,5) = Vare T B (- 5)/ sin0)g()3(t) — g0 (5 (1)

i(12—s2) cot o ; _ £(t=s)2
-0 2 (e 2(sin )2 _ l)g(s)y(t)

Notice that k. converges to 0 in L?(R?) as € goes to 0 by dominated convergence.
Therefore the operator 27|sin 6| g(q)f-(qs)g(q) converges to |gg){gs| (as € — 0)
in the Hilbert-Schmidt norm. Thus both |gg)(ge| and |g)(g| belong to Q. If
u € H and (g,) is a sequence in C.(R) converging in L? norm to u, then |g,)(gn|
converges in norm to |u)(u|. Thus every finite rank operator belongs to Qg and,
by norm closure, the same conclusion holds for all compact operators.

When © contains two points 61,60, € | — 7, w[ with 81 # 0, it suffices to recall
the identity Q{gl’gz} = Fy, Q{O,gz,gl}F_gl. Indeed, Fp, KF_g, =K. 1

PROPOSITION 2.6. If © is finite, then Qo = Y. Qg + K.
)
Proof. Notice that Qy, Qg, C K for all #; # 62 in © by Proposition 2.3, and

since for each real-valued f € Cp(R) and 6 € O, f(gp) has continuous spectrum we
have Qy NI = {0}. Foreachx = > xg+zandy= > yo+2' in > Qy+K, we

=€

) ) 0o
have (x —2)(y —2") = Y @oys + > xoyo € >, Qo+ K,andso Y Qp+ K is
) ) e )
0'€®
0' 6
a *-subalgebra of B(H) containing LU |J Qp. For each 6y € © and > zp+z €
EG) gco

> Qp + K we have
6ce

124, | ’Zﬂce +ZH > Hm90<2m9 +z>H > |23, + ||
[dSC] e

for some 2’ € K, and since Qp, 4+ K is a C*-subalgebra of B(H) with Qp, NKC = {0},

there is a constant cg, > 0 such that cg,|lzf, + 2| > |25 | = llzg,[/*. Thus
cooll Do o +ZH > ||z, || and ¢ = ) ¢y satisfies
0€® [2S{C)
(2.2) | > w0+ 2] = ol
e 0eo

Let ( > Tpo + zn> be a sequence in Y. Qy + K converging to y € B(H). By
0o 0O
(2.2), (xn,9) is a Cauchy sequence converging to some zy € Qp for all § € ©, and

( > xnﬁg) is Cauchy converging to > . Thus, (z,) is a Cauchy sequence with
0co 0co
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some limit z € K, and y = Y xp + 2. Therefore > Qp + K is closed and so it is

e 6o
the C*-algebra generated by K U |J Qp which is equal to Qg by Lemma 2.5. 1
6co
Let F denote the set of finite subsets of © directed by inclusion; since |J QO

FeF
is a self-adjoint algebra containing K and all the Qg with 6 € O, we obtain the
following:

COROLLARY 2.7. The C*-algebra Qg is the inductive limit of the directed
system { Qp : F € F }.

3. SPECTRUM OF Qg

Let Irr(.A) denote the set of irreducible representations of a C*-algebra A and let
A denote its spectrum. Moreover, for all © € Irr(A) we denote by ¢, the image of
min A.

ProprosSITION 3.1. The atomic representation w, of Qg is

Ta=ma® P T

00
mg€lrr(Qyg)
where Ty is the inclusion Qg C B(H) and Ty the unique element m € Irr(Qe)\ {7 }
such that 7o, = .

Proof. Since Qg acts irreducibly on H, (7, H) is an irreducible represen-
tation of Qe. Let (m, H,) € Irr(Qo)\{(7w, H)}. Since m must vanish on K ([7],
Theorem 10.4.6), there exists § € © such that 7(Qyp) # {0} by Corollary 2.7. For
each ¢y € Qg and = € Qg we have 7(z)m(xg) = lim7(z;)7(rg) = limm(x;zg) for
some net (z;) in |J Qp by Corollary 2.7. Since Qg Qp C K for all ' # 6 in O,

FeF
we have 7(z;z9) € m(Qp) and so

(3.1) m(z)m(zg) € w(Qp).

Thus 7(Qyp) is a closed ideal in 7(Qg). Since 7(Qp) # {0}, we have (mqg,,
7(Qp)Hr) € Irr(Qp) ([10], Lemma 4.1.5), and since 7(Qp)H, is invariant for = by
(3.1), we have 7(Qp)Hr = Hy. Therefore (mg,,Hr) € Irr(Qp). For each 6" # 0
in © we have 7(Qp/)H, = 7(Qqp)7(Qp)Hr = {0} whence 7o, = 0. Thus for
each (m,Hr) € Irr(Qo)\{(7u, H)} there is a unique 0, such that 7(Qg_) # {0};
moreover (7|, ,Hr) is a character on Qg and g, determines completely 7 by
Corollary 2.7. Therefore there is an injective map

(3.2) Ir(Qo)\{(ma, M)} — | Ir(Qp), 7+ mq, -
0co
Each mp, € |J Irr(Qp) can be extended to an element 7, € Irr(Qo)\{mu} by

0€o
defining 7y, (K) = 7,(Q9) = {0} for all 6 # 6 in ©; since 6~ = 6 we have
0

T09|Qq, = M0, and the map (3.2) is onto. &
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THEOREM 3.2. Qg is a C*-algebra of type 1. If © is finite or countable,
then the family
{Jn:0<n<Card(©)+2}

where Jo = {0}, 1 = K, Jo = Qo, + K, Tn = Qqo,.,....0,_,} for all 3 < n <
Card(©) + 2 is an essential composition series for Qg such that Jni1/Tn has
continuous trace for all 0 < n < Card(©) + 1.

Proof. By Proposition 3.1, each m € Irr(Qe)\{m} is one dimensional and
so Qg is a C*-algebra of type I. Assume that © is finite or countable. For each
0 < n < Card(©)+2, J, is closed in Qg by Proposition 2.6, and since Qp, Qy, C K

for all 8, # 65 in ©, 7, is an ideal in U Ji; thus 7, is a closed
0<k<Card(©)+2
ideal in Qg by Corollary 2.7. Since Qg is the norm closure of U Tns
0<n<Card(©)+2

the family {7, : 0 < n < Card(®) + 2} is a composition series for Qg. Let
1 < n < Card(®) + 2 and J a non-zero closed ideal in J,11. If 7N J, = {0},
then each element z € J hasaformz =z +---+x,+2z with z; € Qp,, 1 <i < n,
z € K and z,, # 0. Since Kz,,x € KJ = {0}, we have x,z = 22 + 2z’ = 0 for some
2’ € K, i.e., #2 € K which is impossible. Thus JNJ, # {0} and J,, is an essential
ideal in Jp,41. Since J1 = K and Jp41/Tn = Qp for all 1 < n < Card(©) 4 1 the
theorem is proved. 1

Recall that the free union Y X; of a family {X; : ¢ € I} of topological

iel
spaces is the set (J{i} x X; endowed with the topology {G C Uit x Xi -
i€l i€l

G N ({i} x X;)isopenin {i} x X; forall i € I}. If X is a topological space
and {X;,i € I} an open cover of X, then the family of homeomorphisms {1; :
{i} x X; — X; : i € I} defined by ;(i,2;) = z; induces a homeomorphism
> Xl-) /R =~ X where (i,z;)R(j, ) if x; = 2/ ([4], Theorem 8.5 and Example
i€l
2, p. 131).

THEOREM 3.3. @@ = > ée + {tu} where tiy corresponds to m. In par-
0€0

ticular, Qo is Hausdorff.

Proof. Since Qg is a C*-algebra of type I by Theorem 3.2, Q@ coincides
with the primitive spectrum ([2], Proposition 1.5.4). By Proposition 3.1, for each
7 € Irr(Qo)\ {7} there exists 0, € © and a maximal ideal My_ of Qg such that

(3.3) U 2r+ Mo, CKerr.
057
For each 6 € ©, Qy C (1 t by (3.3), and each t € @g does not contain Qg;
t’e/Q\(—)\é\a
it follows that Vt € @e, t 2 (| ¢, which shows that Qg is open in @@. The
t'€Qo\ Qo
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set {tiq} is open in Qg since K C N  t. Therefore {Qp: 0 € O} U {ti} is
t’E/Q\@\{tId}
an open cover of Qg. For each 0,0 in O, tg € Qp and tj, € Qy/, we have by (3.3)
to = tp, if and only if § = ' and ty = t}, so that Qo = > Qp + {tu}. The last
[4SC]
assertion is obvious since Qg is Hausdorff for all 6 € ©. 1
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