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ABSTRACT. Let A and By be separable C*-algebras with By stable and con-
taining a full projection. Let X be a compact, finite-dimensional topological
space. We show thatif T : A — M(C(X) ® By) is a unital, trivial extension
such that Ty is absorbing for every x € X then T is absorbing. This general-
izes a theorem by Pimnser, Popa, and Voiculescu. The main technical tool is
a proposition showing that, under suitable conditions, a deformation of prop-
erly infinite projections is a properly infinite projection.
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1. INTRODUCTION

Absorbing extensions are fundamental in both BDF-extension theory and
KK-theory ([11],[2], Section 15.12), as well as having applications in the K-theoretic
side of the classification program [8], [15] for C*-algebras. In Kasparov’s KK-
theory, the key step was the construction of a specific absorbing trivial extension.
In the cited papers by Lin and by Dadarlat and Eilers, it is again an absorbing
trivial extension that plays an important role. The terms used in this introduction
are defined at the start of the next section.

We determine when an extension of a stable C*-algebra is absorbing. An
early result in this direction is that of Pimsner, Popa and Voiculescu:

THEOREM 1.1 ([20]). Let X be a separable, finite dimensional, compact, and Haus-
dorff topological space. Let B = C(X) ® K, and let A be a separable, stable C*-algebra.
Let T : A — M(B)/B be an essential extension of B by A. Suppose that T is homo-
geneous — that is, the map from A to the canonical quotient M(K)/K of M(B)/B
corresponding to each point of X is injective. Then T is absorbing.

We shall obtain a generalization of this theorem, for the special case of trivial
extensions. It can be shown by means of an example that the finite-dimensional
condition in the above theorem is necessary. In our theorem, the algebra K is
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replaced by a more general algebra By of the form B’ ® K stable, where B’ is
separable and unital. This is not a very restrictive condition, since by Brown’s
isomorphism theorem, any stable separable algebra containing a full projection is
in fact of this form. Clearly, such algebras have approximate units of projections
(in Rerdam’s terminology, are 0p,-unital), where the approximate units are of the
form 1 ® k;; for a suitable approximate unit (k;;) of IC. This property (plus stability
and separability) is the only property of By that we need. We shall therefore prove
our theorems in this slighly more general setting. Naturally, we need an appro-
priate generalization of the homogenity condition, thus we shall assume that our
given extension is such that the pointwise restrictions to a fibre are absorbing. We
shall show that:

THEOREM 1.2. Let By be a stable, separable C*-algebra with an approximate unit
consisting of full projections. Let A be unital and separable. Let X be a compact, second-
countable, and finite-dimensional topological space.

Consider an extension T : A — M(C(X) ® By). If T is trivial and unital and Ty
is absorbing at every point x € X, then T is absorbing.

Our result will be obtained as a corollary of the following interesting result
on deformation of projections. This result says, roughly speaking, that a strictly
continuous family of properly infinite projections is, under suitable conditions,
properly infinite.

THEOREM 1.3. Let B be a separable, Up—unital, and stable C*-algebra. Let X be
a paracompact and finite-dimensional topological space. If P € M(B ® C(X)) is such
that for each x € X, the projections Py and 1 — Py are both properly infinite and full in
M(B), then P and 1 — P are properly infinite and full in M(B ® C(X)).

Theorem 1.2 could be viewed as a B-coefficient version of the original PPV
theorem (Theorem 1.1), rather in the spirit of the MiS¢enko-Fomenko index the-
orem [18]. It is possible that one could prove our result along the same lines as
the original theorem. However the proof in terms of a deformation of projections
result seems shorter, and the deformation result is of independent interest.

2. PRELIMINARIES

Recall that the multiplier algebra M(A) of a C*-algebra A is the largest
algebra inside which A is an essential closed two sided ideal. (Essential ideals are
sometimes instead termed large ideals, a term borrowed from ring theory.)

DEFINITION 2.1. A semisplit extension of A by B is a completely positive map
T:A— M(C(X)® Bp) from A to M(B) that happens to be a *-homomorphism
modulo B. If it is a *-homomorphism into the multipliers, we say the extension is
trivial.
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There is an addition operation on extensions if B is stable. An extension,
trivial or not, is said to be absorbing if it is unitarily equivalent to its sum with
an arbitrary trivial extension (it is understood that either both extensions are
unital or both extensions are nonunital). We are interested in the special case
B := C(X) ® By. In this case, we denote the maps obtained by evaluation of an
extension at a point x € X by 7, : A — M(B), for x € X.

The general theory of absorbing extensions is discussed further in [2], [9],
[24]. Trivial absorbing extensions are of particular interest, since they play a fun-
damental role in Kasparov’s absorbing extension picture of KK-theory (see Propo-
sition 15.12.2 of [2]).

2.1. PREPARATORY LEMMAS AND PROPOSITIONS. We now give some lemmas
and propositions that will be needed in the proof of the main result. First, the
Raeburn-Thompson version [22] of the Kasparov stabilization theorem:

LEMMA 2.2. Let E be a Hilbert B-module that is generated, as a B-module, by
some countable subset of M(E). If we denote the standard Hilbert B-module by Hp,
then E ® Hp is unitarily equivalent to Hp.

It is interesting that in Proposition 2.3, we can avoid assuming that the C*-
algebra B is o-unital.

PROPOSITION 2.3. Let B be a stable C*-algebra. Let £ be a nonzero positive ele-
ment of M(B). The hereditary subalgebra M (B) generated by ¢B( is isomorphic to a
hereditary subalgebra generated by a multiplier projection P. Moreover, if £ is a norm-full
element of M(B) then P is also a norm-full element of M(B).

Proof. The closed right ideal E := /B is, if we take B to act in the natural
way from the right, a Hilbert B-module with inner product (a,b) := a*b, and is
countably generated in the Raeburn-Thomsen sense (that is, by multipliers) by
(€1/m)®_ . Thus, by the Raeburn-Thomsen version of the Kasparov stabilization
theorem, there is a unitary U in £(E & Hp, Hp) implementing an isomorphism
of E® Hpand Hp .

Let P be the projection of E @ Hp onto the first factor, E. The projection
T := UPU* € L(Hp) has image isomorphic (by a unitary equivalence) to E, and
thus by the definition of the compact operators on a Hilbert module,

K(THgp) = K(7B).

Now, however, recalling the definition of the compact operators on a Hilbert
module, we see that K (¢B) is generated by elements of the form ¢b, b} (* = (b b3¢,
where the b; are in B. Hence, TK(Hp)T = ¢B{. However, T is in L(Hp) =
M(B®K),and KL(Hp) = B&K.

Finally, suppose that ¢ is a norm-full element of M (B). Then

C(@,Hg)ﬁ(HB,@ D L(B,Hp)t*L(Hp,B) = L(B,Hp)L(B){2L(B)L(Hp, B).
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But since ¢? is norm-full in M (B), we must have that £(B){2L(B) = L(B).
Hence,

L(B, Hp)L(B){>*L(B)L(Hp,B) = L(B, Hp)L(Hg,B),
and since B is stable, the latter must be equal to £(Hp), and £(¢B, Hp)L(Hp, (B)

= L(Hp). The other cases, such as £(¢/B)L(Hp,¢B) = L(Hp, {B) are similar but

(1) 8 ) is norm-full in £(¢B & H3p).

Hence, T must be norm-full in the multipliers if £is. 1

simpler, so we see that P =

It seems surprising that there is a close connection between the basically
topological absorption property of an extension and the algebraic property of
stability, as shown by (iii) and (iv) of the following proposition. We say that
an extension is full if the image does not nontrivially intersect any ideal of the
multiplier algebra.

PROPOSITION 2.4. The following properties of a full trivial extension are equiva-
lent:

(i) The extension is absorbing.

(if) For every positive element c of the extension algebra that is not in the canonical
ideal B, there is an approximation property: given b € B, there exists r € B such that
b is approximated by r*cr. If b and c/ B have norm one, then r can be chosen to be in the
unit ball.

(iii) For every positive element c of the extension algebra, cBc contains a stable full
subalgebra.

(iv) There exists a splitting map s : A — M (B) such that for every positive, nonzero
a € A, the hereditary subalgebra s(a)Bs(a) is a full, stable subalgebra of B.

Proof. The equivalence of (i), (ii) and (iii) is from [9]. We here outline the
proof of equivalence with (iv). First showing that (iv) implies (ii), we thus have
¢ + b where the positive element ¢ comes from the image of the splitting map of
the extension, and we want to find an » making r* (¢ + b;)r — b, small in norm.
It is sufficient to find an  making r*(c® + cb.c)r — by, small in norm. Let us use
the functional calculus to slightly perturb ¢ to some ¢’ that acts as the unit on

N
¢’ € C*(c). Since ¢” is full, there are elements b; such that }_b’c"b; is close in
1

norm to by,. It can be shown by a trick involving square roots in a matrix algebra
that one can in fact obtain this symmetrical form involving b; and b;". Since ¢” Bc”
is stable, we can find a corresponding sequence of orthogonal partial isometries

N
(v;). Define r := ¥ v;, p1(c”)'/?b;, where M is chosen large enough to insure that
1

r*cbcer is small in norm. (One technical remark: to see that v} bv; goes to zero for b
in cBc, and not just for bin ¢’ Bc’, notice that by Cohen’s theorem, v; can be written
as f(c")vif(c’), so that then v; is a strict limit of the form f(c")b;f(c’) for some
bounded sequence (by) C ¢’Bc’. Since b has the form g(c)b'g(c), and f(c’)g(c)
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is close in norm to f(c’)h(c’) for a suitable function #, it follows that v}bv; will
go to zero because the v h(c’)b'h(c’)v; do.) Since r*c3r is approximately equal to
r*(c")3r = r*r ~ by, we see that r* (c® + cb.c)r is approximately b,

Conversely, we show that (i) implies (iv). If T is absorbing and trivial, it
is unitarily equivalent (in the sense sometimes termed “strong equivalence”) to
the trivial extension defined by the infinite repeat Tw = doo(T) := ¥ v; TV} Where
the v; generate a copy of O«. Thus, the extension algebra C of T is isomorphic
to Joo(C), and the isomorphism restricts to a unitary equivalence on B (see p. 67
of [26]). One can check using the Hjelmborg-Rerdam stability criterion [14] that
Joo(€)Bdws(c) is stable for all ¢ not in B, so that elements of the splitting map e
generate stable hereditary subalgebras in B. We compose with the isomorphism
to obtain a splitting map s for the given extension such that the algebras generated
are stable as claimed. 1

LEMMA 2.5. (i) If p and q are projections in the multipliers of a stable C*-algebra,
with q Murray-von Neumann equivalent to 1, and p > g, then p is Murray-von Neu-
mann equivalent to 1.

(if) if PBP is a full stable subalgebra of a stable C*-algebra B, where P is a multiplier
projection (in the multipliers of B), then P is Murray-von Neumann equivalent to 1.

Proof. The first of these lemmas is due to Mingo [17]. To establish the second
lemma, notice that under this hypothesis, PBP is a full stable subalgebra of B,
and hence by Brown’s theorem is isomorphic to B. As pointed out by Brown [3],
at least in the case of a corner, the isomorphism is moreover implemented by an
isometry v in the multipliers of B, so that Adv : B — PBP is an isomorphism.
Taking the strict limit b!/" — 1 M(B) for some strictly positive element b of B, we
see that, as expected, vv* = P, and hence P is equivalentto 1. &

Now suppose that A is a unital C*-algebra and B is a separable stable C*-
algebra such that T : A — M(B)/B is a unital, absorbing extension of B by A.
Letp : A — M(B)/B be a unital, trivial extension (for example, Kasparov’s
extension) such that for every nonzero positive a € A, p(a) is a norm-full element
in M(B)/B. Since B is stable, let Sy, S, be isometries in M (B) such that 515} +
5555 = 1. Then since T is absorbing, we must have that 51757 + 5,pS; is unitarily
equvalent to T, by a multiplier unitary. We simplify the notation by suppressing
the unitary, as it only alters the choice of isometry. Cutting down by 5,55, we
have S,0S5 = 5,5575,5;. Noting that the ideal generated by a positive element
is preserved by Murry-von Neumann equivalence, (to see this, notice that x*x
and (x*x)? generate the same ideal, but (x*x)? = x*xx*x will generate an ideal
contained in the one generated by xx*; reversing the role of x and x*, we see that
xx* and x*x generate the same ideal, as claimed), we see that the left hand side
is norm-full in the corona for all nonzero positive a € A. From this it follows that
for every nonzero, positive a € A, T(a) is a norm-full element of M (B)/B.
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We claim that in fact, every element of the extension algebra of 7 that is
not in the canonical ideal is norm-full in the multipliers. To see this, let a be
a nonzero, positive element of A. Continuing from the previous paragraph,
since Spp(a)(S2)* is norm-full in M(B)/B, we can choose multiplier elements

X1,X2, .., Xn,Y1,Y2, .., Yn such that f‘, Y(x;)S2p(a)(S2)*y(y;) is within € of the

unit of M(B)/B, where v is the natural quotient map. Hence, Z 7(x:)S2(S2)*

T(a)S2(S2)*y(y;) is within e of the unit of M(B)/B. Now let ¢ be any positive
lift of T( ) to a positive element of M(B). Then there is an element b € B such

that Z xi52(52)"¢S2(52)"y; + b is within € of 1 (). Now let S be an isometry
-1

in ./\/l( ) obtained from the stability of B, such that S*bS has norm less than .

Hence E S*x;S2(S2)*cS2(S2)*y;S is within 2¢ of 1, the unit of M (B). But since ¢

is arbltrary, we must have that ¢ is a norm-full element of M(B). Hence, if ¢ is a
positive element of the extension algebra of T, then ¢ must be norm-full in M (B).
Thus we have shown that an absorbing extension must be norm-full in quite
a strong sense.
Recall that a projection P in a unital C*-algebra C is called a halving projection
if Pand 1 — P are both Murray-von Neumann equivalent to the unit of C.

PROPOSITION 2.6. Let B be a separable and stable C*-algebra. A trivial extension
T is absorbing if and only if for every positive nonzero a € A, T(a) generates B as an
ideal, and the projection P associated by Proposition 2.3 with T(a)BT(a) is a halving
projection.

Proof. Let a be a nonzero positive element of A, and P the projection for
T(a)B7T(a) defined by Proposition 2.3. Supposing that this projection is a halving
projection, we then have that the projection is Murray-von Neumann equivalent
to 1. Hence, PBP is isomorphic to B and therefore is stable. Hence, the alge-
bra T(a)BT(a) = PBP is stable. From this, the fullness of T(a)BT(a) in B, and
Proposition 2.4, we have that 7 is absorbing.

For the converse direction, if we assume that T is absorbing, we have, by
Proposition 2.4, that T(a)BT(a) is stable and full in B. Hence, PBP is a stable sub-
algebra of B. Now since T is absorbing, by the remarks preceding this proof,
T(a) is a norm-full element of M (B), and the projection P coming from Proposi-
tion 2.3 is a norm-full element of M (B). Hence, PBP is a stable, full subalgebra of
B. Hence, by clause (ii) of Lemma 2.1, P is Murray-von Neumann equivalent to
1 p4(B)- Recall, from the proof of Proposition 2.3, that P is unitarily equivalent to

a projection Q in £(7(a)B & Hp) = M(B) such that Q is the projection onto the

space T(a)B. Hence, 1 — P is unitarily equivalent (via the same unitary) to 1 — Q,
which is the projection onto the space Hp. It follows from the stability of K(Hp)
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that (1 — P)B(1 — P) is stable and moreover 1 — P is norm-full in the multipliers
for much the same reasons that P is.

By Lemma 2.1(ii), then 1 — P is Murray-von Neumann equivalent to the unit
of M(B) and P is therefore a halving projection in M(B). 1

3. PROOF OF THEOREM 1.3

We now come to the central part of the proof of the main result. We now
prove that:

THEOREM 3.1. Let By be a o-unital and stable C*-algebra. Let X be a compact,
finite-dimensional topological space. If P € M(By ® C(X)) is such that Py and 1 — P
are both equivalent to 1,4 p) for each x € X, then P and 1 — P are both equivalent to
Im(soscx):

It is easy to check that in the multipliers of a stable C*-algebra, a projection is
Murray-von Neumann equivalent to 1 if and only if it is full and properly infinite,
hence the above theorem is equivalent to Theorem 1.3.

Throughout this section, By will be a o-unital, stable C*-algebra with an
approximate unit consisting of projections.

Recall, we are considering an extension T : A — M (C(X) ® By), with X be-
ing a finite-dimensional paracompact topological space, such that the strictly con-
tinuous family of extensions obtained by pointwise evaluation, Ty : A — M (By)
is absorbing at every point x € X. We shall prove that T(a)(C(X) ® By)T(a). is
stable and full in C(X) ® By if the algebras obtained by evaluation at a point,
Ty(a)BoTy(a), are all stable and full in By.

This will then imply that the given extension T was in fact absorbing.
Following Proposition 2.3, there is a projection P € M(C(X) ® By) such that
T(a)(C(X) ® By)T(a) = P(C(X) ® By)P, and we shall prove that P is a halving
projection at every point x € X. More precisely, P is a strictly continuous map
P : X — M(Byp) from X into the halving projections of M (By), and the key step
in the proof of the main theorem will then be to show that this family of halving
projections is globally a halving projection: that is, that P is a halving projection
in M(C(X) ® By).

Now fix a halving projection H € M|(By). Let P denote the set of all halving
projections in the multipliers of By, and let WW denote the set of all partial isome-
tries v € M (By) with initial projection being a halving projection and range pro-
jection H. Give both P and W the relative topologies from the strict topology of
M(By) (note that P and W need not be closed in the strict topology). Define a
map Fy : W — P by the adjoint action v — v*Hv. Fy is continuous (with respect
to the relative strict topologies). If this map had a continuous section, that is, if
there was a strictly continuous map s : P — W such that Fyy os(q) = g, then
we would be able to compose s with P : X — ‘P and obtain a strictly continuous
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family of partial isometries that would implement an equivalence of P with H.
Regarding H as a trivial constant family of halving projections, this would then
show that P was globally a halving projection in M (C(X) ® By), as desired. Un-
fortunately, there is no such section s, in general, but there is one if we restrict
to suitable subsets of P, which is where we use the finite dimension of the base
space X. We now establish a lemma needed for this procedure.

LEMMA 3.2. The adjoint map Fy : W — P takes open sets to open sets (with
respect to the relative strict topologies), and the inverse image of a point, Fgl(p), is
nonempty, closed, and contractible, for any given halving projection p € P.

Proof. We first prove the inverse image is nonempty and closed. Fix a halv-
ing projection p € P. Then the inverse image Fﬁl(p) consists of all partial
isometries v € M|(By) with initial projection p and range projection H. The in-
verse image Fp; L(p) is, from the strict continuity of the map Fy, a strictly closed
subset of M(By). Since both p and H are halving projections, the set F;;'(p) is
nonempty. We now show that Fﬁl (p) is contractible in the (relative) strict topol-
ogy. Let w be an element of Fgl(p). The map given by v — vw™* is a homeo-
morphism (in the relative strict topology) from Fy; 1(p) onto the partial isometries
in M(By) with both initial and range projections being H. The latter topolog-
ical space is homeomorphic (in the strict topology) to the set of all unitaries in
HM(By)H = M(HByH). But since H is a halving projection, HByH is a sta-
ble C*-algebra, and the set of unitaries in M(HByH) is contractible in the strict
topology (see, for example, 2.M of [26]). Hence, F;; L(p) is contractible in the strict
topology.

To show that the map Fp is open, we will in fact show that a certain exten-
sion of Fy is open. Let V denote the set of all b € M (By) such that b*Hb is a
halving projection in M (By) and Hbb*H = H, and give V the relative topology
from the strict topology on M (By). Note that W is a subspace of V. Extend Fy
to amap Fy : V — P in the natural way — that is, given b in V, the map Fy
takes b to b*Hb. Fy is continuous in the (relative) strict topology. In the appen-
dix, we prove that Fy; is open in the (relative) strict topology. Now we show that
Fp is an open map in the (relative) strict topology. So let G' be an open set (in
the strict topology) in M (By) such that G' N W is nonempty. Letv € G NW
and let p = Fyy(v) = v*Hu, so that p is a halving projection. Since G is open, let
€1,C2,...,Cy be positive elements in M (By), each with norm less than or equal to
one, and let e > 0 be a real number such that the open set G; C M (By) consisting
of all elements d with ||dc; — ve;|| < 5e and ||c;d — ¢;v]] < B¢, for 1 < i < n, is
contained inside G'.

Then Gi is contained inside G . The set G; is an open neighbourhood of v,
and is also a subset of G'. For simplicity, let us assume that ¢ is strictly less than
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1/5. Now let G/2 be the open subset of G/1 which consists of all elements d in
M (By) such that:
(i) ||dc; — vci|| < €/1000,
(ii) ||cid — c;v|| < €/1000, and
(iii) ||c;(1 — H)d|| = ||c;(1 — H)d — ¢;(1 — H)v|| < &/1000, for 1 <i < n.

By the openness of Fy in the relative strict topology, fH(G/2 NV) is an open
neighbourhood of p = Fy(v) in P in the relative strict topology. We will show
that Fi(G, N V) is contained in the image Fyy (G; N W).

Suppose that d € G; N V. Then Hd is a partial isometry with range projec-
tion H and initial projection being a halving projection, say g. Hence, Fy;(d) =
Fy(Hd) = q. Since d € Glz, it follows that ||Hdc; — vc;|| < €/1000 and ||c;Hd —
civ|]| < €/500. In particular, Hd is a partial isometry contained in G/1 NW. But
since d was arbitrary, I?H(G; NV) is contained inside FH(G; NW) C Fy(G nW).
Since v, G were arbitrary, the original adjoint action map Fy must be an open
map in the relative strict topologies. 1

We need the Michael selection theorem, which is where we use the finite-
dimensionality from our hypotheses. Let X, Y be topological spaces. Let 2¥ be
the set of all subsets of Y.

DEFINITION 3.3. Recall that a set-valued map S : X — 2Y is said to be lower
semicontinuous, if for every xo € X, for every open set G C Y, either S(xg) N G is
empty or there is an open neighbourhood N of xj such that S(x) N G is nonempty
for every x € N.

The Michael selection theorem stated as explicitly as possible is:

THEOREM 3.4 ([16]). Let X be a paracompact finite dimensional topological space.

Let Y be a complete metric space and let S be a set-valued lower semicontinuous map from
X to closed subsets of Y. Let L denote the range {S(x) : x € X} of S. Then, if for some
m > n we have:

(i) S(x) is m-connected;

(ii) each L € L has the property that every point x € L has an arbitrarily small
neighbourhood V(x) such that 70, (L' NV (x)) = {e} for every L' € L;
then there exists a continuous map s from X to Y such that s(x) is in S(x) forall x € X.

In the statement, 71, is the m!" homotopy group, defined by 71, (Z) :=
[s™, Z].

We shall eventually apply the theorem to the map of the form F;;'(P(x)),
where P is a strictly continuous map from X to the halving projections, and Fy is
the map from the previous lemma.

Proof of Theorem 1.2. Let T(A) — M(C(X) ® By) be the given trivial exten-
sion that is absorbing at each point.
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Now let 2 € A be a nonzero, positive element. Let P be the projection in
Proposition 2.3 associated with T(a)ByT(a).

Foreach x € X, let ry : C(X) ® By — By be the surjective *-homomorphism
obtained by point evaluation at the point x. Let 777/ : M(C(X) ® By) — M|(By)
be the unique strictly continuous extension of 77y. For each x € X, let a(x) :=
7 (T(a)) = Tx(a) and let P(x) := 7t/ (P). Then both a and P both naturally give
strictly continuous maps from X into M (By) (see [1]).

By the pointwise absorption property of the given extension, the hereditary
subalgebra a(x)Bpa(x) is a full and stable subalgebra of By for every x € X. Thus,
by the argument of Proposition 2.6, the projection P(x) associated a(x)Bpa(x) is
a halving projection in M (By) for each x € X.

Let Y be the closed ball in M (By) of elements with norm less than or equal
to two. Since Y is convex and norm-closed, the Hahn-Banach theorem implies
that Y is closed in the weak-* topology, and a fortiori is closed in the weak topol-
08y

Moreover, since Y is a bounded subset of M (Bjy), the strict topology on Y is
metrizable. Let 2" be the set of all subsets of Y. Let S : X — 2! be the set-valued
map defined by S(x) := F;!(P(x)) for every x € X.

We now show that S is lower semicontinuous. Suppose that G C M(By) is
an open set in the strict topology. Suppose that xy € X is a point such that S(xg) N
G = S(x9) N Y N GNW is nonempty. By Lemma 3.2, F5 (G N'Y N W) is an open
neighbourhood of P(xp) in P (in the (relative) strict topology). By the continuity
of P, there is an open neighbourhood N of xj such that P(x) € Fg(GNYNW)
for ever x € N. So for all x € N, S(x) = F;;'(P(x)) has nonempty intersection
with GNY. Since xg and G were arbitrary, S is lower semi-continuous.

We next show that properties (i) and (ii) needed by the Michael selection
theorem hold. Lemma 3.2 shows that S(x) is contractible, hence m-connected for
all m, as needed for property (i). To check property (ii), it is enough to find an
arbitrarily small V(u) such that F~1(P(x)) N V(u) is contractible (or empty). We
begin by showing that in the unitary group of the multipliers of a stable algebra,
there is a plentiful supply of contractible neighbourhoods. Consider M (By ® K).
As in 2.M of [26] one can define a strictly continuous family of isometries V; €
B(L2[0,1]), for t € (0,1], by

B =172 -f(s/t) when s < ¢,
Vi(f)(s) == { 0 otherwise.

Since V;V;" — 0as t — 0, and since multiplication is strictly continuous on norm-
bounded subsets, it follows from V; = V;V;*V; that V; goes to zero strictly as t —
0. There is a natural way to embed B(H) in M (By ® K), by the tensor product.
Define G : [0,1] x U(M(By® K)) — U(M(By @ K)) by

u— 1 VHu(le Vi) +1— (1 V).
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This is a contraction of ¢/ onto {1} that keeps the point {1} fixed. Recall that
on bounded subsets the strict topology is given by a norm of the form |||x||| :=
[lxb|| + ||x*b|| where b is strictly positive in B ® K. Since By is unital, we may
as well choose b to be of the special form 1 ® k. (It is even possible to choose k
so that ||V;*k|| is monotone decreasing.) Thus, G; will also give a contraction of
N;(1) NU, actually for all r. Since the unitaries are a group, we may replace 1 by
any other unitary. Thus, we have the required contractible neighbourhoods. We
can use them to construct an arbitrarily small V(u) having contractible “fibres” —
more precisely, such that each element of the family of disjoint sets x — V(1) N
F~1(P(x)) is either empty or is one of the above neighbourhoods.

Applying the selection theorem, let s : X — )V be a continuous selection
such that s(x) is an element of S(x) for all x € X. Then s is a partial isometry
in M(By) with initial projection P and range projection H. Hence, since H is a
halving projection, P is Murray-von Neumann equivalent to the unit of M (By).
Hence, PByP is stable, and therefore T(a)(C(X) ® By)T(a) is stable. But from our
previous arguments, T(a)(C(X) ® By)T(a) is also full. Hence, by Proposition 2.4,
the trivial extension T is absorbing. i

4. APPENDIX A: PROOF OF THE OPENNESS OF A CERTAIN MAP Fy.

Let H be some given halving projection in M (By). Let V denote the set of
all b € M(By) such that b*Hb is a halving projection in M (By) and Hbb*H = H.
Give V the relative topology inherited from the strict topology on M(By). The
strictly continuous map Fy : V — 7P is then defined to be the map that takes
b €V tob*Hb.

We are to show that Fy; is an open map (in the (relative) strict topology).

Proof. Suppose then that G is an open subset of M (By) such that GNV is
nonempty (so that G NV is a nonempty open subset of V). Let b be an element
of GNV, and let p be the halving projection fH(b) := b*Hb. Letcq,cp,...,c, be
positive elements of By, each with norm less than or equal to one, and let ¢ > 0
be a real number such that the following hold:

(i) The open set G; C M(By) that consists of all elements d € M (By) with
|lde; — be;|| < 3eand ||c;d — c;b|| < 3¢, for 1 < i < n, is contained inside G.
(if) The number ¢ is strictly less than one.

Let & > 0 be a positive real number that is strictly less than e. We will
further specify J later, without introducing a circular argument. Since H is a
halving projection in M (By), HByH, by fullness, stability, and Brown’s theorem
[3], is isomorphic to By. Hence, HByH has an approximate unit consisting of
projections. Therefore,

(i) Let e be a projection in HByH such that ¢;H is within §/10000 of c;e, for
1<i<n.
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(ii) Let G2(0) be the open subset of G; consisting of all elements d € M (By)
such that ||dc; — be;|| < 6/1000, ||c;d — c;b]| < §/1000, and ||ed — eb|| < 6/1000,
foralliwithl <i < n.

Since p is a halving projection in M (By), pByp is again isomorphic to By and
has an approximate unit of projections. Hence, let f be a projection in pByp such
that:

(i) pc; is within /100000 of fc;,

(if) c;H is within 6 /100000 of c;Hbfb*H, and

(iii) e is within /100000 of eHbfb*H, for 1 < i < n.

(To see the last claim, recall that Hb is a partial isometry with initial projection p
and range projection H.) Now since Hbfb*H is a projection in By, and by clause
(i) of Lemma 2.1, we have that H — Hbfb* H is a halving projection.

(i) Let Hp and H;j be orthogonal halving projections in M (By) such that we
have a (orthogonal) decomposition H — Hbfb*H = Hy @ Hj.

(ii) Let V be a partial isometry with initial projection H — Hbfb*H and range
projection Hy.

(iii) Let b’ := Vb + Hbfb*Hb + (1 — H)b.

By our construction, b € G,(J). (Note that Vb = VHb and that Hb is a partial
isometry.) Moreover, H Visa partial isometry with initial projection p and range
projection Hy ® Hbfb*H a subprojection of H. Now let W be a partial isome-
try in M (By) with initial projection H; and range projection 1 — p. Let U(6) =
W+ b*H(V* + Hbfb*H). Then U(J) is a partial isometry in M (By) with initial
projection H and range projection 1;(Bp). Moreover, U(8)b = U(6)Hb = p.

Now let O be an strictly open subset of M (By) consisting of all elements d
such that:

(@) ||dc; — U(d)bc;|| < 6/10000,

(i) ||lc;U(6)*d — c;U(6)*U(d)b|| < 6/10000, and

(iii) ||eU(6)*d — eU(6)*U(J)b|| < /10000, for 1 < i < n.

The set O is an open neighbourhood of U(8)b. Now suppose that d is an element
of O. Letd := U(6)*d + (1 — U(6)*U(8))b. Then U(6)d = d. Also,

(i) ||le;d” — c;b|| < 6/10000,

(ii) ||ed’ — eb|| < 6/10000, and

(iii) ||d'¢; — bey|| < 6/10000, for 1 < i < n.

Hence, d' is in G,(6) and therefore is in U(8)G,(8). Since d is arbitrary, O is an
open set contained in U(6)Gy(6). By our construction, p = U(é)b’ is contained
inside O, so that U(J)G,(d) contains an open neighbourhood of p in the strict
topology in M (By).

We now proceed to show that (U(6)Gz(d)) NP is contained in the image
Fy(G N V) for § sufficiently small (and nonzero). Suppose that g is an element
of G(9) such that U(d)g = U(4)Hg is a halving projection, say, q. Then Hg is a
partial isometry with initial projection g and range projection contained inside H
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(and hence, by Lemma 2.1(i) the range projection is also a halving projection). We
need to replace g with an element whose range projection is all of H. Since g is an
element of Gy(6), ||leg — eb|| < 6/1000. Now eb is a partial isometry with range
projection e. Also, we specified that c;H is within §/10000 of cje, for 1 < i < n.
Hence, there is a projection h contained inside Hgg*H (the range projection of
Hg) such that h is close to e (in norm). In particular, there is a nonincreasing
function k defined on the real numbers (or at least in a suitable neighbourhood
of zero) with k(0) = 0 and k continuous at 0 such that c;H is within k(é) of ¢;h,
for 1 < i < n. Moreover, the function k should be independent of g. Note that
since e € HByH, h € (Hgg*H)By(Hgg*H). Since q is a halving projection, 4Byq
is isomorphic to By. Therefore, let r be a projection contained in gByq such that:

(i) Hggc; is within 6/1000 of Hgrc;, for 1 < i < n, and

(ii) h is within §/1000 of hHgrg*H.
Hence, c;H is within 5k(6) + /100 of c;Hgrr*gH, for all i with 1 <7 < n.

Now by Lemma 2.1(i), we have that since r is in By, the projections H —
Hgrg*H and Hgg*H — Hgrg*H are both halving projections in M (By). So let
T be a partial isometry in M (By), with initial projection Hgg*H — Hgrg*H and
range projection H — Hgrg*H. Let g, be the element of M(By) given by gl =
Tg+ (Hgrg*H)g + (1 — H)g. Then Hg' is a partial isometry with initial projection
g and range projection H. In particular, g/ is an element of V. Now g,ci is within
6/100 of gc;, and ¢;g is within 20k(6) 4 6 of ¢;g, for 1 < i < n. Let &) be a
strictly positive real number such that 20k(dy) + dp < €/100. Then, if § < &y then
¢ €G CG. In particular, g €GNV,

From the arbitrariness of g, and from the above arguments, we see that for
8 < &y, (U(8)G(d)) NP contains an open neighbourhood of p = Fy(b) (in the
relative strict topology) and (U (8)G(8)) NP is in the image F;(G N'V). Butb, G
were arbitrary. Hence, Fy is an open map (in the (relative) strict topology). &

Acknowledgements. We thank Michel Frank for a helpful comment. Supported by
AARMS and NSERC.

REFERENCES

[1] C. AKEMANN, G. PEDERSEN, J. TOMIYAMA, Multipliers of C*-algebras, J. Funct.
Anal. 13(1973), 277-301.

[2] B. BLACKADAR, K-Theory for Operator Algebras, Math. Sci. Res. Inst. Publ., vol. 5,
Cambridge Univ. Press, Cambridge 1998.

[3] L.G. BROWN, Stable isomorphism of hereditary subalgebras of C*-algebras, Pacific J.
Math 71(1977), 335-348.



182 DAN KUCEROVSKY AND P.W. NG

[4] L.G. BROWN, R.G. DOUGLAS, P.A. FILLMORE, Unitary equivalence modulo the com-
pact operators and extensions of C*-algebras, in Proceedings of a Conference on Opera-
tor Theory (Dalhousie University, Halifax, N.S., 1973), Lecture Notes in Math, vol. 345,
Springer, Berlin 1973, pp. 58-128.

[5] R.C. BUsBY, Double Centralizers and extensions of C*-algebras, Trans. Amer. Math.
Soc. 132(1968), 79-99.

[6] P.J. COHEN, Factorization in group algebras, Duke Math. J. 26(1959), 199-205.

[7] J. CuNTZ, N. HIGSON, Kuiper’s theorem for Hilbert modules, Contemp. Math.
62(1987), 429-434.

[8] M. DADARLAT, S. EILERS, On the classification of nuclear C*-algebras, Proc. London
Math. Soc. (3) 85(2002), 168-210.

[9] G.A. ELLIOTT, D. KUCEROVSKY, An abstract Brown-Douglas-Fillmore absorption
theorem, Pacific J. Math. 3(2001), 1-25.

[10] G.G. KASPAROV, Hilbert C*-modules: theorems of Stinespring and Voiculescu, J.
Operator Theory 4(1980), 133-150.

[11] G.G. KASPAROV, The operator K-functor and extension of C*-algebras, Tr. Math.
USSR Izv. 16(1981), 513-636.

[12] D. KUCEROVSKY, Extensions contained in ideals, Trans. Amer. Math. Soc. 356(2004),
1025-1043.

[13] N. HIGSON, A characterization of KK-theory, Pacific |. Math. 126(1987), 253-276.

[14] J. HJELMBORG, M. RORDAM, On Stability of C*-algebras, J. Funct. Anal. 155(1998),
153-170.

[15] H. LIN, Stable approximate unitary equivalence of homomorphisms, preprint.
[16] E. MICHAEL, Continuous selections. I, II, III, Ann. of Math 64(1956), 562-580.

[17] J.A. MINGO, K-theory and multipliers of stable C*-algebras, Trans. Amer. Math. Soc.
299(1987), 397-411.

[18] A.S. MISCENKO, A.T. FOMENKO , The index of elliptic operators over C*-algebras,
Izv. Akad. Nauk SSSR 43(1979), 831-859.

[19] G.K. PEDERSEN, C*-Algebras and their Automorphism Groups, Academic Press,
London-New York 1979.

[20] M. PIMSNER, S. POPA, D. VOICULESCU, Homogenous C*-extensions of C(X) ® K. I,
J. Operator Theory 1(1979), 55-108.

[21] D. REPOVS, P.V. SEMENOV, Continuous selections of multivalued mappings, Kluwer,
Dordrecht 1998.

[22] I. RAEBURN, S.J. THOMPSON, Countably generated Hilbert modules, the Kasparov
Stabilization theorem, and frames with Hilbert modules, Proc. Amer. Math. Soc.
131(2003), 1557-1564.

[23] M. RORDAM, A simple C*-algebra with a finite and an infinite projection, preprint.

[24] K. THOMSEN, On absorbing extensions, Proc. Amer. Math. Soc. 129(2001), 1409-1417.

[25] D.V. VOICULESCU, A non-commutative Weyl-von Neumann theorem, Rev. Roumaine
Math. Pures Appl. 21(1976), 97-113.



AN ABSTRACT PIMSNER-POPA-VOICULESCU THEOREM 183

[26] N.E. WEGGE-OLSEN, K-Theory and C*-Algebras, Oxford Univ. Press, New York 1994.

DAN KUCEROVSKY, DEPARTMENT OF MATHEMATICS AND STATISTICS, UNB-F,
FREDERICTON, N.B., CANADA E3B 5A3
E-mail address: dkucerov@unb.ca

P.W. NG, DEPARTMENT OF MATHEMATICS AND STATISTICS, UNB-F, FREDERIC-
TON, N.B., CANADA E3B 5A3
E-mail address: pwn@math.unb.ca

Received April 16, 2004; revised September 19, 2005.



