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ABSTRACT. Let ¢ be an analytic map from the unit disk into itself, X a com-
plex infinite-dimensional Banach space and 2 < p < oo. It is shown that
the composition operator Cy: f +— f o ¢ is bounded wH?(X) — HP(X) if
and only if C, is a Hilbert-Schmidt operator H? — H2. Here HP(X) is the
X-valued Hardy space and wH?(X) is a related weak vector-valued Hardy
space. A similar result is established for vector-valued Bergman spaces.
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1. INTRODUCTION

Let X be a complex Banach space and 1 < p < co. The vector-valued Hardy
space HP (X) consists of the analytic functions f: D — X which satisfy

£l 2= sup ([ ||f(V§)H§(dm(§))l/p <o,
T

where D is the unit disk in the complex plane and dm is the normalized Lebesgue
measure on the unit circle T = JD. Analogously, the vector-valued Bergman
space B, (X) consists of the analytic functions f: D — X such that

1/p

1£ls,00 = ([ 1F@I%dAR) " <
D

where dA is the normalized 2-dimensional Lebesgue measure on D. (The cus-
tomary notation H”(C) = H” and B,(C) = B, will be used in the scalar-valued
case.) These classes of vector-valued spaces have been studied quite extensively,
see e.g. [2], [13] and the survey [4]. The following weak versions of these spaces
were considered by e.g. Blasco [1] and Bonet, Domanski and Lindstrom [5]: the
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weak spaces wHP (X) and wB,(X) consist of the analytic functions f: D — X for
which

1fllonrx) == sup lx"o fllar,  Ifllws,x) == sup [x"o flls,,
[EIS} (B
are finite, respectively. Here x* € X*, the dual space of X. Such weak spaces
wE(X) can be introduced under fairly general conditions on the Banach space E
consisting of analytic maps D — C, see Section 4.
Let ¢ be an analytic self-map of I into itself. There is recent interest into
properties of the analytic composition maps

Cop: frfoo,

in various vector-valued settings, see e.g. [19], [5], [15], [17], [27] and [16]. It
is known (cf. p. 298 of [19]) that C, always defines a bounded linear operator
HP(X) — HP(X) and B,(X) — By(X) for any Banach space X and 1 < p < oo,
and it is easily checked that C, is also bounded on the weak spaces wH?(X)
and wB,(X). Hence it is a natural problem to characterize the analytic maps
¢: D — D for which C, is bounded from wH? (X) to HP(X), or from wB),(X) to
B,(X). This problem is motivated e.g. by the fact that H(X) and wH?(X) are
completely different spaces for any infinite-dimensional Banach space X. In fact,
HFP(X) & wHP(X) and || - [|pr(x) is not equivalent to || - || e (x) on HP(X), see
Corollary 12 of [11], or Example 15 of [15], Section 6 of [17]. The properties of Cy,
from wH? (X) to H? (X) further reflect these differences. Note that wH? (C) = H*
and wB,(C) = By, so our question does not arise for X = C. The theory of
composition operators on various spaces of scalar-valued analytic functions is
very extensive, see e.g. [8] and [22] for comprehensive overviews.

Our main results establish that for 2 < p < oo and any complex infinite-
dimensional Banach space X the operator C, is bounded wH? (X) — HF(X) if
and only if

1
(1.1) /7dm 7) < oo,
J T e ™
and C, is bounded wB,(X) — B,(X) if and only if

1
(1.2) D/HP(Z)W dA(z) < .

In (1.1) the a.e. radial limit function of ¢ on T is also denoted { — ¢({). The
appearence of (1.1) and (1.2) in this context is somewhat surprising. In fact, ¢ sat-
isfies (1.1) if and only if C,, is a Hilbert-Schmidt operator H? — H?, while anal-
ogously ¢ satisfies (1.2) if and only if C,, is a Hilbert-Schmidt operator B, — B,
(see Remarks 2.4 and 3.3 for a more careful discussion). As a contrasting exam-
ple we observe that C, is bounded wBMOA(¢?) — BMOA(¢?) if and only if
Cy is bounded B — BMOA, where B is the Bloch space. For completeness we
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also include concrete examples where the norms || - ||pr(X) and || - || B, (x) are not
equivalent on B, (X) for any infinite-dimensional X and 1 < p < co.

We are indebted to Sten Kaijser for asking during a conference at Oxford,
Ohio, about the boundedness of composition operators from wH?(¢?) to H?(¢?),
as well as to Pawel Domarniski for a subsequent discussion.

2. COMPOSITION OPERATORS FROM WEAK TO STRONG HARDY SPACES

We start with the following straightforward lemma which provides an up-
per bound for the norm of C, from weak to strong Hardy and Bergman spaces
forany 1 < p < oo. We include both cases here, since the arguments are very
similar.

LEMMA 2.1. Let X be any complex Banach space and 1 < p < oo. Then

1/p
(2.1) Cyp: wHP(X) — HP(X)|| < su / , and
22 [1Cy: wB(X) — B, < ( / 1 dA(z))””
. : — < _——
o B ] T=ToGP?
Proof. For (2.1) recall that any analytic map f: D — C satisfies
1
(2.3) If(2)]P < W”f”ﬁw zeD,
(see e.g. p. 18 of [8]). Hence
N 1
If@Ix = sup 1" @I < T—m Il

[lx*]I<1

for f € wH"(X). Consequently

1
||C<pf||Hp = sup /Hf (r0)) || 5 dm(g )<Hf||pr Oi‘gll[wwdm@)‘

0<r<1

The proof of (2.2) is similar, but instead of (2.3) one uses the sharp pointwise
estimate |f(z)|P < (1 — |z|2)’2||f||gp (see[25]). n

We will require Dvoretzky’s well-known theorem: for any n € N and ¢ > 0
there is m(n,e) € N so that for any Banach space X of dimension at least m(n, €) there
is a linear (into) embedding Ty : {5 — X so that

(2.4) (14¢)” (Z|a]| ) H Za]Tne/H <Z|a]| )1/2

for any scalars ay, ..., a,. Here (ey,...,e,) is some fixed orthonormal basis of /5.
For proofs see e.g. Chapter 19 of [9] or Chapter 4 of [21].
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The following result is the main one of this section. Here “~” means equiv-
alence up to constants only depending on p.

THEOREM 2.2. Let X be any complex infinite-dimensional Banach space. Then

(2.5) |Cy: wHP(X) — HP(X)|| = (/de(g))l/p
T
for2 < p < oo, and
@O [y wHE(X) — HEX)| = ( [ s am(@)
v (T[l—w)v )

Note that it is already hard to compute the norm of Cy: H> — H? (cf. [6]
and its references), so the general identity (2.6) comes as a pleasant bonus. Be-
fore embarking on the proof of Theorem 2.2 we record an elementary numerical
estimate that will be applied below.

LEMMA 2.3. There is ¢ > 0 such that for any —1<a<1and 1/2<t <1 one has
o k c
2 k't 1 _ t)zx+1

o) o
Proof. Suppose first that —1 < a < 0. Then Y, keek > f x*t* dx, since
k=1 1

the map x — x*t* = x%e *198(1/t) decreases on [1,00). By changing variables
x =y/(log(1/t)), and applying 0 < log(1/t) < 2(1 —1t)for1/2 <t < 1, we get
that

[0 9)

1
JLILSN / xlog(l/t)d _ / “Ydy > / ~¥d
Z re r= (10g(1/t))"‘+1 ]/ € yz 2o+l (1 t w1 |V € Y
1 log(1/t) log2

If0 < & < 1, then x — x%e~¥198(1/1) decreases for x > a/(log(1/t)). By arguing
as before we obtain (with a(t,a) = a/(log(1/t) +1))) that

Zk“tk> / xte X108/t qx > (2(1 — 1)) / y*e ¥ dy.
a(t,w) a+log?2

The above calculations yield the claim withc =272 [ y~le7Vdy.
1+log2

Proof of Theorem 2.2. It is known how to deduce the upper bound

1 1/p
(2.7) 1Coll < ( | 7= dm(Q)
’ (TZ e )
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from (2.1) for 2 < p < oo. Indeed, if the right- hand side of (2.7) is finite, then
|p(Z)| < 1forae. € T,so that (1— |@(7)|*)~! Z |¢(2)|?** a.e. on T. Mono-

tone convergence and the subharmonicity of |¢(- )|2k y1e1d that

1 (e
romdm(@ =Y sup [ ()P dm(@)> sup [ —dm(@).
[ @=L 2, =0 |
We next derive the lower estimate for ||Cy || in the case 2 < p < o, before
indicating the modifications required for (2.6). Suppose that x € X satisfies || x| =
1,and let g: D — X be the constant map g(z) = x for z € D. Clearly |[g||ypr(x) =
1,50 that [Cyl| > [1g © @llr(x) = 1] = 1. Hence

1

1=[o(r0)?
@er pboparz

for 0 < r < 1. Consequently it will suffice towards (2.5) to find a uniform constant
K >0sothat, forO<r <1,

1
2.9) / e dm(D) < K|C, "
1—|o(r0)? !
{CeT: |p(r0)[>>1/2}
Let n € Nand ¢ > 0. Use Dvoretzky’s theorem to fix a linear embedding
Ty: €5 — X so that |[T,|| = 1and ||T; ! < 1+ ¢asin (24). Put xf{") = Tuex
fork = 1,...,n, where (ey,...,e,) is some fixed orthonormal basis of ¢5. Let

Ay = KM/p “i2 for k € Nand consider the sequence (f,;) of analytic polynomials
D — X defined by

ful(z ZAkzxk —T(EAkzek) z € D.

According to a result of Duren ([10], Theorem 1) the sequence (Ay) is a bounded
coefficient multiplier from H? to H? for 2 < p < co. This means that there is
¢1 > 0so that

n n
(2.10) H Z )tkakzkH , < 01H 2 akzk’
k=1 H k=1

(2.8) dm(7) <2 <2[|Cyll7,

n 1/
= Cl( 2 |”k|2)
H? k=1

n
for all n € N and complex polynomials Y. a;z*. We get from (2.10) for any x* €
k=1
BX* that

(x|

[x* o fullmr =

n 1/2
a( Yl ()P)
= k=1
n 1/2
—a( LT e)P)  =alTixl <o
k=1
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Thus sup || fullwrr(x) < 1 and [|Col| > cl_1 limsup || fu © @[l r(x)- We get from
n n

Fatou’s lemma that

1 .
IColl” > ?llmsup/‘

T 5 ot [ ame)

2 -
cf(l—i—s)l’

Y- Acg(re)er|, dm(@)
k=1 2

1( j7 imsup / kz/r’ p(rp) )" am(2)

1 /p— k p/2
2&5(1“)?!(1(_21"2” 1qu(ré')lz) dm(Q)

for any 0 < r < 1. Lemma 2.3, applied witha = 2/p — 1 and t = |¢(r{)|?, yields
that

R gl >
L A Tole) P77
for those ¢ € T that satisfy |¢(r{)|? > 1/2. Consequently
p/2

c 1
ICollr > 5t [ e
F(1+e)P 1—|o(rQ)?
1(1+e) {CET: |p(r0)2>1/2}

m(Z),

for 0 < r < 1. This proves (2.9) with K = cfZigcz_p/2 (and ¢ = 1). Hence, from
Fatou once more, (2.8) and (2.9), there is ¢, > 0 with

1/
|Cy: wHP (X) — HF(X)|| = cp - limsup /1_|‘P CalE dm(g )) !

r—1

1/p
[ | ,
(/= R ©)
so that (2.5) holds.

For (2.6) it is convenient to use the X-valued polynomials
Z =1y ( Z k=1 )
X zeD, neN.
Since (z¥) is orthonormal in H? it follows that ||x* ogn||Hz = Z ITx* (e)]? < 1
=1
for x* € Bx+, so that ||gx Hsz (x) < 1 for each n. We obtain as above that

HC¢||2> )PP2dm(0)

ekH dm(g
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for any 0 < r < 1. Thus

1 1
ol > g imsse | Ty 910 > g | g O

r—1
so that (2.6) holds as ¢ > 0 was arbitrary. 1

REMARKS 2.4. (i) The preceding argument was suggested by the case X =

2and p = 2. Let f(z) = Z zFer, 1, where (e) is the unit vector basis of /2. Then
k=

If(@)Z = (1 - [¢(2)]? ) lforz e ]D)andf € Byp2(2), so that as above

ol > 1> ol = i [ oz al: /1_|q, dm(?).

(ii) The boundedness of C,: wHP(X) — HP(X) forces ¢ to belong to a re-
stricted class of symbols, but (1.1) is unexpected here. Recall that C, is a Hilbert-
Schmidt operator on H? if and only if (1.1) is satisfied, see Theorem 3.1 of [23] or
p. 146 of [8], where the right-hand side of (2.6) equals the Hilbert-Schmidt norm.
Thus (1.1) is much stricter than the compactness condition for C: H? — H? due
to J.H. Shapiro, see e.g. Theorem 3.20 of [8] or p. 26 of [22]. Moreover, if ¢ maps
D into a polygon inscribed in the unit circle, then (1.1) holds (cf. Corollary 3.2 of
[23] or Proposition 3.25 of [8]) so that C,, is bounded wH?(X) — H?(X). Hence
there are self-maps ¢ so that ||¢[ = 1 and C, maps wH?(X) boundedly into
H?(X) for any X.

(iii) (Suggested by Eero Saksman.) Let U be a bounded operator H> — H?.
Suppose that

(2.11) (U Ipz)(gx) = (Ug)x, g€ H? xcfl?

extends to a well-defined bounded operator U ® I,»: wH?({?) — H?(¢?), where
gx denotes the analytic map z — g¢(z)x for g € H?,x € (?> and z € D. Then

U is a Hilbert-Schmidt operator H? — H?, that is, % |Ugnl[3, is finite, where
gn(z) =z"forn=0,1,...and z € D. "

To see this fact note first that E gnent1 € Bypa () by orthonormality.
Hence one gets from (2.11) that =

§|Ugn||%qz —/(i (Ugn)( dm(@) —/Hé(llgn)(g)gwrl jzdm(@
- Hg(ugrz)em‘;(ﬁ) H U®Ip) (i %1)’22([2)

< U ® Ip: wHA(2) — H2(62)|2.

An analogous comment also applies to the Bergman case in Section 3.
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It remains unclear whether (2.5) holds for 1 < p < 2. In this case the
bounded coefficient multipliers H> — HP correspond precisely to (A;) € £%,
see Theorem 2 of [14]. By applying the ideas of Theorem 2.2 to (A¢) = (1,1,1,...)
one only obtains the weaker lower bound

|Cp: wHP(X) — HP(X)|| = ¢cp - (T/ (W)W dm(§)>l/p’

where ¢, > 0 is independent of ¢. We leave the details to the reader.

3. COMPOSITION OPERATORS FROM WEAK TO STRONG BERGMAN SPACES

Let X be an arbitrary infinite-dimensional complex Banach space and 2 <
p < co. In this section we relate the norm of Cy: wB,(X) — B,(X) to the known
condition for C, to be a Hilbert-Schmidt operator B, — Bj.

We include concrete examples demonstrating that wB, (X) and B, (X) differ
for any p € [1,00) and infinite-dimensional X, since this fact does not seem to
have been made explicit in the literature. (Theorem 3.2 below also implies this
for 2 < p < oo, but only indirectly.) The argument will use the following fact
about lacunary series in B, (X): let X be any complex Banach space and p € [1,00).
Then there are a,, b, > 0 so that

[e] 1/ o) " [e] 1/
61 ap(Llulr2z) <[ S| <hp (L ez )
n=0 n=0 n=0

for any sequence (x,) C X. (See the survey [4], Proposition 4.4 and Corollary 4.5,
for a proof.)

PROPOSITION 3.1. Let X be any complex infinite-dimensional Banach space and
p € [1,00). Then By(X) & wBy(X) and || - ||pr(X) is not equivalent to || - HB,,(X) on
By (X).

Proof. Fix for n € N a linear embedding T),: ¢5 — X so that ||T,;|| = 1 and
IT;, 1H 2 as in (2.4). Put xlg ) — Tyer for k = 1,...,n, where (eq,...,e,) is
some fixed orthonormal basis of /5. Consider the sequence of X-valued lacunary
polynomials

n
Z 2k/ P52y (” n( Z 2k/pzzkek), zeD,
k=1

for n € N. Observe that

(32) | fullgy o =7 and || fullus, x) < cpr
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where the constants are independent of 1. In fact, by applying (3.1) for X = 2
we get that

n . n Y,
||fn||B,,(X) ~ H Z 2K/pz2 ekH LR ( Z ||2k/7”ek|\zn2 k) — nl/p
k=1 By(63) = 2

uniformly in 7 for any fixed p € [1, ).
Let2 < p < oo and x* € Bx+. The scalar version of (3.1) yields that

* - * ok 1/}7
"o fu <bp( Y ITox (e F)
k=1

n
= Zk/pzsz*x*(ek)’
B, H k; " B,
n

1/2
< bp(k_zl T " (ek)|2) < by.

For p € [1,2) Holder’s inequality and the above estimate imply that

| fallawp, (x) < [l fnllwp,(x) < b2

Concrete functions f € wB,(X) \ By(X) can be produced e.g. by mimicking
the argument for the vector-valued Hardy spaces in Example 6.2 of [17]. Consec-
utive applications of Dvoretzky’s theorem as above yield embeddings T;,: (3" —
X, for each n, where X;; = [V, +1,-- -, Ym, +1] are suitable block subspaces of some
fixed Schauder basic sequence (yx) C X. Here (m,) C N is some rapidly enough
increasing sequence. The desired analytic function f: ) — X can be chosen as

0 n
flz) =Y, 2_“"/”"[,1( 2k/pzzkek), z €D,
n=1 k=1

where 0 < a < 1/2. In fact, the series converges geometrically in wB, (X) by (3.2).
Since (X, ) is a finite-dimensional Schauder decomposition in X there is ¢ > 0 so

()
that || ¥ x,
n=1

each n, see p. 47 of [18]. By combining these estimates

| 27 (Y2 ey
n=1 k=1

[e0]
> c-sup ||x,|| whenever Y. x, converges in X and x, € X, for
n n=1

2N

oy 2 2T ( B 27|
BP(X) k=1 B

p(X)
>c-dy- 2(N/p)(A=a) _, o
as N — 0. Above d, > 0 is independent of N. 1

The following result is the analogue of Theorem 2.2 in the Bergman case.
THEOREM 3.2. Let X be any complex infinite-dimensional Banach space. Then

1 1/p
(3.3) |ICp: wBy(X) — By(X)|| ~ = dA(2)
o @B 09 = B0l =~ (| e 44)
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for2 < p < coand
G4 1ICy: wBa(X) = Ba(X)]| = (

D
Proof. The upper estimate [|Cyl[P < [(1 — |@(z)[*) "2 dA(z) holds by (2.2)

D
for 2 < p < oo. The strategy of the rest of the proof will be similar to that of
Theorem 2.2, but involving different functions.
It will again suffice as in the Hardy case to verify for 2 < p < oo that

1

1—|¢(z)]?)?
(20 Lol 2o1/2) (1 —lg(z))

dA(z) < KJ[ICy?,

where K > 0 is a suitable constant. Fix for any given n € N and ¢ > 0 a linear
embedding T,: ¢5 — X so that | T,|| = 1and ||T,!|| < 1+¢asin (24). Let
(n)

xp ' = Tyep for k = 1,...,n, where (e1,...,en) is an orthonormal basis of /5.
Consider the X-valued polynomials

n
fo2) = L ", zeD,
k=1
where A, = k¥/P~1/2 for k € N. By a result of Vukoti¢ ([26], Theorem 2) the

sequence (k?/P~1) is a coefficient multiplier B, — By, for 2 < p < co. Hence there
is ¢; > 0 so that

. Kk 2 1/2 K o o2) 2
‘ Y Akagz H <C1H2k/ﬂk2 H <C1(2|ﬂk|) ,
k=1 By k=1 By k=1

n
for all n € N and complex polynomials Y. a;z*, since (v/n + 12") is an orthonor-
k=1
mal sequence in By. If x* € By« then we get that

I o fallar = |

Lk e () 2) 2
k;/\kx (xp )z HBP <cl(k;|x (x )l ) < ¢y,

so that || ful|pr(x) < 1 for all .
It follows that ||Cy| > ¢ limsup ||fx o ¢|| B,(x)- By applying Lemma 2.3,
n

witha = 4/p—1 € (=1,1] and t = |¢(z)|?, for those z € D which satisfy
|p(z)|> = 1/2 we get from Fatou’s lemma that

1 1 p
C p>7limsu/ Meo(z)ke dA(z
161" > G e | | X Ao, a4
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1 (Y /p— k p/2
24’0%’!(;"“ o()[*)" dA(z)

5/2 1

> —= - -
Z p / 1- 2)2
a+er e (1=le(2)?)

dA(z).

This proves the claim with K = cprcz’P /2 5o that (3.3) holds.
Towards (3.4) consider instead

—1
:nX:\/k—i-lzkx,En = n(nZ:\/k—i-lzkek), zeD, neN.
k= k=0

n
It follows that ||gn||,p,(x) < 1 for any n, since [|x* ogn||%32 = Y |Tix*(en)]? < 1
k=1

by orthonormality for any x* € Bx+. We obtain as above, using some elementary
calculus, that

ICol?> [ |
D
1

> (Hg)zﬂg(i(kﬂ)cv( 2)[*)dA(z) = e Hg(l_w(z)'z)sz(z).

k=0

n(ézv?+1¢&fqﬂ£dA@>

Since £ > 0 is arbitrary we get the desired lower bound in (3.4). 1

REMARKS 3.3. (i) Define f: D — /¢, by f(z) = i Vk+1zker  forz € D,
k=0

where (ey) is the standard unit basis of £2. One verifies as above that f € BB, (4,)/
while [|f(z) |7, = (1 — |z[*)~* for z € D. Hence the lower bound

1

A ToPe 4

|Cp: wBy(£2) — Ba(£2) | = /
D

is also immediate in this special case.

(i) Boyd ([7], Theorem 4.1) showed that C,, is a Hilbert-Schmidt operator on
B, if and only if (1.2) holds. Moreover, if ¢ maps D into a polygon inscribed in
the unit circle, then C,, is Hilbert-Schmidt on By, see Theorem 4.3 of [7]. Thus the
class of self-maps ¢ for which C,: wB,(X) — B,(X) is bounded for 2 < p < oo
lies strictly between those where ||¢| < 1 and where C, is compact on B,.
Compactness was characterized by MacCluer and Shapiro in terms of the angular
derivatives of ¢, see Theorem 3.22 of [8].

For 1 < p < 2 the preceding ideas only yield a weaker lower bound, and
this case remains unresolved. In fact, here (k*) is a bounded coefficient multiplier
B, — Byifandonlyifa < 1/p —1/2, see Proposition 4 of [28]. The computations
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of Theorem 3.2 applied to these sequences yield that

||C(p: pr(X) — BP(X)H 2 Cp,ﬁ . (/ (1_|q)1(z)|2)ﬁdA(Z)>1/p

D
for1 < B <1+ p/2. The details are left to the reader.

4. OTHER WEAK AND STRONG SPACES

Suppose that (E, || - ||g) is a Banach space consisting of analytic functions
D — C such that E contains the constant functions, and the unit ball Bg is com-
pact in the topology of uniform convergence on compact subsets of . For any
complex Banach space X the analytic function f: D — X belongs to the weak
vector-valued space wE(X) if || f||,gx) = sup ||x* o f||g is finite. Then wE(X)

x*E€Byxx*
is a Banach space which is isometric to the space L(V,, X) of bounded operators,
where V is a certain predual of E, see p. 244 of [5]. Here wE(X) = E(X) may
occur. This is so e.g. if E = H* or E = B, the Bloch space, but recall that wH? (X)
and wB,(X) always differ from the respective strong spaces.

It is easy to check that C, is bounded wE(X) — wE(X) if and only if C,
is bounded E — E, and some results for composition operators on weak spaces
of analytic (or even harmonic) functions are found in [5], [15] and [17]. We point
out here as an example that the condition for C, to be bounded wBMOA (£?) —
BMOA (¢?) is unrelated to the Hilbert-Schmidt conditions (2.6) and (3.4). Recall
that BMOA (X)) consists of the analytic functions f: D — X for which

£ lBvoax) W(Hx+ngO%—wam@y<w
ac

where 0;(z) = (a —z)/(1 —az) for a € D. The weak space wBMOA (X) differs
from the strong space BMOA (X) for any infinite-dimensional X, see Example 15
of [15].

EXAMPLE 4.1. C, is bounded wBMOA (¢2) — BMOA(¢?) if and only if
(4.1) /W@ ‘ﬁ(”)dA@)<m
ae]D) | )
Proof. The known pointwise estimates for BMOA functions (see e.g. p. 95 of
[12]) imply for z € D that

1

1|22 £ llwBmOA(2)-

If(@)lle < M@l fllupmoa)  If @)l <
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where M(z) = 1+ (1/2)log ((1+ [z])/(1— |z[)). If f € Bypmoa(e). then ([3],
Corollary 1.1) yields that

oS Iowonce) < 1 (9(0)) iz +C - sup / £ (p() 21/ ) P dpa())
9/(2) 2
<M(4’(0))+C'?€1}g( W dpa(z )) ,

where C > 0 is a uniform constant and dy,(z ) (1—|oa(2)?) dA(2).
Conversely, define g: D — (2 by g(z) = Z (k+1)"V2k+1g  forz € D. It
k=

follows that g € wBMOA(EZ) (e.g. use Hardy’s 1nequahty, see p. 743 of [15]) and
lg'(z )||gz = (1 — |z|?)~? as above. Thus

1/2
IColl > ¢ ICoglmoncz) > ¢-sup ( [ 112(9(2) 219 2) P daz))
ac
D

¢’ (z)? 1/2
=c-su = dpa(z) |
ad@( = Toay )
REMARK 4.2. C, is bounded from the Bloch space B to BMOA if and only
if (4.1) holds, see e.g. Proposition 3.8 of [24] or Proposition 3.1 of [20].
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