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SPACES OF INFINITE MEASURE AND POINTWISE
CONVERGENCE OF THE BILINEAR HILBERT AND ERGODIC
AVERAGES DEFINED BY LP-ISOMETRIES
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ABSTRACT. We generalize the respective “double recurrence” results of Bour-
gain and of the second author, which established for pairs of L* functions
on a finite measure space the a.e. convergence of the discrete bilinear ergodic
averages and of the discrete bilinear Hilbert averages defined by invertible
measure-preserving point transformations. Our generalizations are set in the
context of arbitrary sigma-finite measure spaces and take the form of a.e. con-
vergence of such discrete averages, as well as of their continuous variable
counterparts, when these averages are defined by Lebesgue space isometries
and act on LP1 x LP2 (1 < pq,pa < oo, pfl + pgl < %). In the setting of an
arbitrary measure space, this yields the a.e. convergence of these discrete bi-
linear averages when they act on LP! x LP? and are defined by an invertible
measure-preserving point transformation.

KEYWORDS: Measure, a.e. convergence, bilinear, Hilbert averages, ergodic averages.
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1. INTRODUCTION

For an arbitrary measure space (X, o), we shall denote by A(c) the algebra
under pointwise operations consisting of all complex-valued o-measurable func-
tions on X (identified modulo equality o-a.e. on X). The class of all real-valued
functions belonging to A(c) will be denoted by R(A(c)). In this setting we shall
use the following terminology and notation.

DEFINITION 1.1. Let T be a linear bijection of A(¢) onto A(¢). For each
real number r > 1, we shall denote the integer part of r by [r], and for f €
A(o), § € A(c), we define the corresponding discrete bilinear ergodic average
A, r(f,g) and the corresponding discrete bilinear Hilbert average H, r(f,g) by
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writing pointwise on X,

[r]—1
(1.1) Anr(f,8) = fZ:ﬂng
n=0
(12) H,1(f,g) = AT )
0<nl<[r]

Our principal concern will be to generalize the double recurrence theorem
of Bourgain for discrete bilinear ergodic averages [3] and its counterpart for dis-
crete bilinear Hilbert averages (recently established in Theorem 1.2 of [4]), whose
statements are reproduced as the following theorem.

THEOREM 1.2. Suppose that (X,p) is a finite measure space, and ¢ is an invertible
measure-preserving point transformation of (X,p) onto (X,0). Let T : A(p) — A(p)
denote composition with ¢. Then for every f € L*(p), and every g € L*(p), each of the
sequences { A7 (f,8)}5> 1 and {Hy 1 (f,g) }32., converges p-a.e. on X to a correspond-
ing function belonging to A(p).

Our main result, which is stated as follows, generalizes Theorem 1.2 in the
direction of LP-isometries for sigma-finite measure spaces. (See Theorem 5.2 in
Section 5 below for the continuous variable version of this generalization.)

THEOREM 1.3. Suppose that (2, u) is a sigma-finite measure space, and let U
be a bijective linear mapping of A(p) onto A(u) such that the following two conditions
hold:

(i) Whenever {gx}oq € A(u), § € A(p), and g — g p-a.e. on Q, it follows that
ask — oo, U (gx) — U (g) p-a.e.on Q,and U~ (g) — U ~1(g) p-a.e. on Q.

(ii) The restriction U|LF(p) is a surjective linear isometry of LP () onto LF (u) for
0<p<oo

Suppose further that
(1.3) 1<p1p2<oo;
1 1 1
(1.4) 1,113

PPz ps 2
Then for every f € LP1(u), and every g € LP2(u), each of the sequences

{Aku(f,8) e {Heu (£, 8) Y
converges p-a.e. on (2 and in the metric topology of LV3(u) to a corresponding function

belonging to A(u).

Although the proof of Theorem 1.3 will be deferred to Section 4, the hy-
potheses of Theorem 1.3 on (2, #) and U will remain in effect henceforth. Theo-
rem 1.3 has the following corollary, which is valid for arbitrary measure spaces,
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and which likewise obviously implies Theorem 1.2, since in the setting of any fi-
nite measure space (X,0), the inclusion L®(p) C L?(p) holds. (A variant of this
result, likewise valid for all measure spaces, is described below for the continuous
variable averages in Corollary 5.3.)

COROLLARY 1.4. Suppose that (X, o) is an arbitrary measure space, and let T be
an invertible measure-preserving point transformation of (X,o) onto (X,0). Suppose
also that py, pa, p3 satisfy (1.3) and (1.4), and let f € LP1(0), g € LP2(c). Then each of
the sequences

N e

0<|n|<k n

converges o-a.e. on X and in the metric topology of LF3(0) to a corresponding function

belonging to A(c).
Proof. Since f € LP1(0), we can write {x € X : |f(x)| > 0} = fj E;, where
=1

0(Ej) < oo, for each j € N. Putting

Y= UT"E),
nez j=1
we see that for all n € Z: 7"(Y) = Y, and f(7t"(x)) = 0forallx € X\ Y. So
in order to establish the desired o-a.e. convergence on X it suffices to prove that

k—1 co
for o-almost all x € Y, each of the sequences {% Y f(T”(x))g(T*”(x))} and
n=0

k=1
[T (x))g(t7"(x))

e}
> }k ) is convergent. But this follows immediately upon

{ 0<|n|<k
application of Theorem 1.3 to the sigma-finite measure space (Y, o) and the com-
position operator corresponding to the restriction 7 |Y.

Likewise for convergence in L”3(X,0), which can also be seen as follows. By
combining the reasoning regarding Y with the maximal estimates in the setting
of sigma-finite measure spaces of Theorems 9 and 10 in [2] (whose statements are
reproduced in Theorem 2.5 below), we see without difficulty that by dominated
convergence each of the following sequences converges in the metric of LF3(c):

(L5 s {3 Ay

0<|n|<k n

REMARK 1.5. While our main concern will be with extensions of
Theorem 1.2 to spaces of infinite measure, we briefly comment here on aspects
in which Theorem 1.3 generalizes Theorem 1.2, when Theorem 1.3 is restricted to
the finite measure space setting. If (€2, jio) is a finite measure space, then a bi-
jective linear mapping U of A(pg) onto A() satisfying conditions (i) and (ii) of
Theorem 1.3 need not have any of its odd powers implemented by an invertible
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measure-preserving point transformation of £2j onto (2¢. Such an example is fur-
nished by Section 343] of [8], which, taken in conjunction with standard consid-
erations about measure-preserving set transformations (see pages 452-454 of [6]),
furnishes a complete, non-atomic, finite measure space (f)o, 7o) whose measure
algebra is a separable metric space, together with a self-inverse algebra automor-
phism Uy of A(jip) onto A(jiy) satisfying conditions (i) and (ii) of Theorem 1.3,
but is such that Uy|L®(}ip) cannot be expressed by composition with an invert-
ible measure-preserving point transformation of the measure space (Qo, fig) onto
(Qq, fip). So Theorem 1.2 does not directly apply here, although in this particu-
lar example, since Uy is self-inverse, the jip-a.e. convergence from Theorem 1.3
will hold trivially — in fact, whenever f € A(jip) and g € A(jip). (For informa-
tion about the general relationships between measure-preserving set transforma-
tions and measure-preserving point transformations of non-atomic finite measure
spaces satisfying separability conditions, see Section 41 of [10] and [11].) In the
special case of Theorem 1.3 where the setting is an arbitrary finite measure space
(Qo, o) and (f,g) € L=(pp) x L*(up), the convergence p -a.e. of the averages
{Acu(f, &)}, and {Hyy(f,g)}5> can be deduced directly from Theorem 1.2
in conjunction with maximal results from [2] (which are quoted as Theorem 2.5
below) by following G.-C. Rota’s “dilation” theory for measure spaces [7],[15] in
a spirit similar to that in Chapter IV, Section 4 of [16]. We omit the details of this
line of reasoning for the finite measure space setting, since we will be proving
Theorem 1.3 in full generality by following a different path.

The reasoning used in [4] to deduce the a.e. convergence of the discrete av-
erages Hy 7(f,g) under the conditions of Theorem 1.2 above also furnished a
new proof of the result of [3] for the a.e. convergence of the discrete averages
{Ax7(f,8) 7> in the same circumstances. Our strategy (particularly as regards
infinite measures) for treating the wider scope of Theorem 1.3 and for obtaining
its continuous variable counterpart will be to combine suitable modifications of
the unified coverage of { Ay 7(f,¢)} iy and {Hi 7 (f, &) } ooy in [4] with the treat-
ment of the relevant bisublinear maximal operators in Theorems 9, 10, and 13 of
[2]. Accordingly, the remaining four sections of this article will be organized as
follows. In Section 2 we collect some background items that furnish key structural
tools for the demonstration in Section 4 of Theorem 1.3. In particular, Section 2
includes an expanded version of Lemma 3.1 of [4] aimed at providing, in the form
of a suitable oscillation estimate, an abstract sufficiency criterion for y-a.e. con-
vergence (see Lemma 2.3 below). The way is then opened for proceeding from
Lemma 2.3 and the maximal bisublinear theorems of [2] to derive Theorem 1.3 in
Section 4 after the development in Section 3 of the relevant oscillation estimates,
which will take the form of general discretization and transference results. We
close by treating the continuous variable model in Section 5, which, in particular,
establishes the counterpart of Theorem 1.3 for one-parameter groups of Lebesgue
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space isometries associated with the arbitrary sigma-finite measure space (€2, )
(see Theorem 5.2 below).

Henceforth, the following notation will be in effect. If A is a subset of a
given set Y, then, except where otherwise indicated, the characteristic function of
A, defined on Y, will be designated by x 4, and the restriction to A of a function
F defined on Y will be written F|A. The collection of all mappings of a set E into
a set W will be denoted by WE. Lebesgue measure on R (respectively, counting
measure on Z) will be symbolized by mp, (respectively, by myz). Given an arbitrary
measure space (X, ), and a function f € A(c), we shall denote by A(f,0;(-)) the
distribution function of f specified by:

(1.5) Af,oy) =c({x e X:|f(x)] >y}), foreachreal numbery >0,

and we shall follow standard notation by writing

1 fll 1o (o) = sup{yA(f,o;y) : y € R,y > 0}

Given a positive real number ¢ and a function f : R — C, we shall symbolize by
¢ f the dilation of f by ¢, which is defined by

(1.6) (62F)(x) = éf(%) for all x € R.

The letter “C” with a (possibly empty) set of subscripts will signify a constant
which depends only on those subscripts, and which can change its value from
one occurrence to another.

2. BACKGROUND ITEMS

The following proposition, a version of Corollary 3.1 in [14] (see also Propo-
sition 5 and Remark 5(i) in [2]), describes the structure of the operator U in the
hypotheses of Theorem 1.3.

PROPOSITION 2.1. In the setting of the arbitrary sigma-finite measure space
(Q, ), let U be a bijective linear mapping of A(u) onto A(u) such that the condi-
tions (i) and (ii) in the hypotheses of Theorem 1.3 hold. Then there are unique sequences
{hj}]?‘i_oo and {qu}]?’i_oo such that for each j € Z:

(i) hj € A(u), with |h;| = 1on Q, and @; is an algebra automorphism of A() onto
A(u);
(ii) for every f € A(u), U/f is expressed by the pointwise product on Q of the
functions hj and @;(f);
(iii) whenever {fi}>, € A(u), f € A(p), and fr — f p-a.e. on O, it follows that
as k — oo, ®; (fy) — @; (f) p-ae on Q. This unique sequence {617]»}]?“’:700 has the
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property that
u(E) = / @;(xg)dy, foreachj € Z, and each y-measurable set E.
Q

The sequences {h]-}]?"’:_oo and {®; }]?'°:_OO also enjoy the following properties for arbitrary
JEZ k€ Z:

(2.1) ®i(g) =0 foreach g > 0 belonging to A(u);

(2.2) @i ()" = Di(If|*), for f € A(p), and 0 < a < oo;
23) Oji(f) = B @(f)),  for every f € A(u);

(24) hiyr(x) = hj(x)(@jhe)(x), for p-almost all x € Q.

REMARK 2.2. (i) It is clear that for each j € Z the restriction @;|LF(u). is a
surjective linear isometry of L? (i) onto L¥ (u), for 0 < p < oo.

(i) By (2.1), @;(g) is real-valued for each j € Z, and each real-valued g belong-
ing to A(p). Moreover, from (2.3) we see that &_; = @;1. Hence application
of (2.1) to @; and to @_; shows that the restriction of @; to the class R(A(y))
consisting of the real-valued y -measurable functions on (2 is a surjective order
isomorphism. It follows that for each finite sequence {g }&_; € R(A(n)),

(2.5) ®j( sup gk) = sup Pj(g)-
1<k<N 1<k<N
(iii) It is readily seen from the foregoing considerations that each ®; preserves
distribution functions. That is, for f € A(u), each positive real number y, and
each j € Z, we have, in the notation of (1.5),

(2.6) M&i(f) wy) = Af 1w y)-
The following expanded version of the sufficiency criterion for a.e. conver-
gence in Lemma 3.1 of [4] will play a pivotal role in our considerations.

LEMMA 2.3. Let (02, u) be a sigma-finite measure space, and suppose that { f, }°°
is a sequence of complex-valued y-measurable functions defined on 2 which has the fol-
lowing property: there is a positive real constant © such that for every positive integer
] = 2, and every sequence of positive integers uq < uy < --- < uj, we have

en{E

1/2

Sup |f}’l - fuj“ |2} < @]1/4
neN,

uj<n<uj+1

LU (p)

Then there is a y-measurable function f : Q2 — C such that {f,}7"_, converges to f u
-a.e. on 2.

Proof. In view of the sigma-finiteness of ({2, jt) and the form of the hypoth-
esis (2.7), without loss of generality we can and shall assume henceforth in the
proof of this lemma that 3 (2) < co. Putting L(x) = limsup |f,(x)|, forall x € O,

n—oo
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and writing A = {x € (2 : L(x) = oo}, we claim that (A) = 0. Foreach j € N,
let

Ei={xe0:|ilx)] <j}

For the claim that y(A) = 0, it clearly suffices to show that (AN E;) = 0, for

each j € N. Assume to the contrary that u(ANE; ) > 0, for some jo € N. Observe

that by Egoroff’s Theorem there is B C A N E;; such that u(B) > }l(AgEjO), and

such that the sequence

[ min exp(-1fi)}

1<k<n

converges to the zero function uniformly on B. Accordingly, for each m € N,
thereis N € N such that foralln > N,

sup |fi| >m+jo onB.

1<k<n

For1 <v < N,wehaveon (2,

(2.8) Ifv = ful <Ifv— fvgal +Ifngr — il €2 sup | fie — fvsal,
1<k<N-+1

and it now follows that

m
uB)<u{xeq: sup [fimfil>mi<pu{ren: sup |fimfxnl>73}.
1<k<N+1 1<k<N+1
This, together with an application of (2.7) (for | = 2, u; =1, up = N + 1), shows

that
mp (AN E]-O)
2

Since m € N is arbitrary, we can let m — oo in this to contradict the supposition
that (AN Ej)) > 0, thereby establishing the claim that y(A) = 0. Hence

< mu(B) < ©2%4, forallm € N.

;4((2\ G {x € 0 sup |fu(x)] gk}) —0,
k=1 neN

and so by confining attention to each set {x € Q:sup|fu(x)| < k} separately,
neN
we can assume (in addition to (2.7) and u(2) < oo) that {f,}5; C L®(Q,u),

with

sup || fullre(qu) < oo
neN

From this point onwards, the proof of Lemma 2.3 is a straightforward adap-
tation of the proof sketched in [4] for Lemma 3.1 therein. &
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REMARK 2.4. Given a sequence {f,}5_; € A(u), a positive integer | > 2
and any sequence of positive integers 11 < up < --- < uj, we can adapt the
elementary reasoning of (2.8) to infer readily thatfor 1 <j < J -1,

sup  |f, n_fu,-+1|\ sup |f"_f”]'|'

neN, neN,
uj<n<u]-+1 u]-<n<uj-+1

Consequently,

Iz

1/2
wp Vo ful)

1/2
<|(x
Ll,oo(

sup f_fl¢j+1|2}

j=1 neN, j=1 neN, L ()
]<n<u]+1 u]<n<u]v+1
Similarly we also have
J-1 1/2 J-1 1/2
o) [{T swlf—fi,l} <[ suplfu—fu.l?} .
]; neN o LY () ]; neN, "t L1 (n)

u]-<n<uj+1 uj§n<u]-+1
Hence the minorant in (2.7) can be equivalently replaced by the minorant in (2.9).

In order to cover the y-a.e. convergence forall f € LP1(y) and all g € LP2(p)
in the conclusion of Theorem 1.3, we shall require the following bisublinear max-
imal theorem for this setting (a combination of the statements of Theorems 9 and
10 in [2], which were obtained by discretizing and transferring Michael Lacey’s
bisublinear maximal theorems for the classical setting [13]).

THEOREM 2.5. Assume the hypotheses of Theorem 1.3 on (Q, u), U, p1, p2, and
p3. For f € LP\(u) and ¢ € LP2(u), define the maximal functions Hy(f,g) and
Mu(f, g) by writing pointwise on 2,

un u—i’l
@10)  Hulfg) = suplHyulfg) —sup | Y WAUTD)
jeN JeN To<|n|<j
(2.11) Mul(f,8) = P 5 +1n_ZJlU"fllu "gl.

Then there are positive constants My, ,, and Ny, p,, each depending only on py and pa,
such that for all f € LP1(u) and all g € LP2(p):

(2.12) IHu(fr e ) < Mpups 1 F 1o o) 1811Le2 0y
(2.13) [Mu(f, &)L ) < Mpypo [1F Lo o) 18 11Le2 (0)-

3. DISCRETIZED AND TRANSFERRED OSCILLATION ESTIMATES

In this section, we develop general discretization and transference results
that will implement the derivation of Theorem 1.3 by setting up suitable appli-
cations of Lemma 2.3 and Theorem 2.5. The first step in this process will be to
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discretize the following oscillation theorem for the real line (Theorem 1.4 of [4]),
which plays a seminal role in our considerations.

THEOREM 3.1. Let K : R — R belong to L2(R), and suppose that its Fourier
transform K satisfies the following conditions:

Ke C®(R\ {0});

sup (|K(y)| max{L, [yl}) < oo;
veR\{0}

~

d"K
sup (‘T;Sy)’ max{|y|"?, |y|"+1}) < oo, foreachn € N.

yer\{o} * Y
Suppose that m € N, and let d,, = 2Y/™. Then there is a positive constant g,
depending only on K and m, such that for every pair of compactly supported functions
f and g belonging to L*(R), for each positive integer | > 2, and for each sequence
{u]-}]I:1 C Zsuch that uy < up < --- < ujy, we have, in terms of the notation (1.6) for
dilations,

Ll

HE s | [ stk - 6 gk e}
R

j:l kEZ,ui<k<uj+1

(3.1) < v JM 1 l2w) 8N 2 ()

The discretization of Theorem 3.1 will be accomplished by making suitable
use of a general discretization tool for maximal functions (Lemma 3 of [2], whose
statement is reproduced below in Lemma 3.2). Before embarking on this course,
we introduce some auxiliary notions and notation in order to avoid digressions
later on. The closed interval [—%, %] in R will be designated by 7, and for each
n € Z, we denote by T, the interval Z +n = [n — },n + 1]. For each ¢ € L'(R)
such that the support of ¢ is a subset of 7, we define the linear mapping P, :

C? — CR by putting

(3.2) (Pp({antpe_oo)(x)=) anp(x —n), forall {a,}y- € CZ,and all x€R.
nez

When ¢ is specialized to be xz, the characteristic function, defined on R, of 7, we

shall write P rather than Py. Clearly, if 0 < p < oo, and if ¢ € L}(R) N LF(R) with
support contained in Z, then

33) [Pp{anti—co) o) =l o) Kan} i —collevz),  for all {anki’ oo €lA(Z).

Notice also that if ¢ € L!(R) is a non-negative function with support contained
inZ,if N e N,if, for1 <j <N, al) = {ag)},‘f:foo is a sequence of real numbers,
and if we put
afl = sup aﬁlj), foralln € Z,
1N
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then pointwise on R we have

(3.4) ({ll n_—oo)_ sup P‘P({a }n——oo>
1<jKN

For a given F € L'(R), we shall denote by Sr the bilinear mapping of L?(R) x
L%(R) into L' (R) specified by

(3.5) (Sr(f,8)) / flx+y)g(x —y)F(y) dy.

Similarly, for a given W ={W, }%__., € ¢'(Z), we define the bilinear mapping
Gyy : L2(Z) x *(Z) — (' (Z) by writing for all a € (2(Z), all b € ¢*>(Z), and all
nedwz,

(36) (©w(@,8) (1) = Y anseby Wi

k=—o0

Using the foregoing notation, we can reproduce the statement of Lemma 3 from
[2] as follows.

LEMMA 3.2. Let N € N, and suppose that {P}N C LY(R) is such that for

1 <j < N,and each n € Z, the restriction (F;|Zy) belongs to CY(Z,), and denote its
derivative by (F;|Z,)". For each n € 7Z, let

An = sup{|(BIZ,) (0)] : 1< j < N,x € T},

and assume that the sequence A = {A,}°__, € (1(Z). Let

37) (SM(f,9)(x)= sup |(Sk(£,9))(x)|, forall f,g€ 1*(R), and all xR,
Len

and put

(3.8) (G(N)(a,b))(m) = sup Z am+nbmfnl:j(”) ,
1<j<N' n=—o0

forall a,b € (*(Z),and all m € 7.
Further, let ¢po = 0 and ¢1 = 0 be the functions defined on R by writing for each u € R,

9) o) =2( Il xr(w);
1 2
(3.10) o1(0) = (5~ Iul) xz(w)

Then for every pair a, b of finitely supported complex-valued sequences defined on Z, the
following inequality holds pointwise on R:

(3.11) Py, (6N (a,b)) < SN) (Pa, Pb) + Py, (S (|al, |b])).
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This discussion has paved the way for our discretization of Theorem 3.1 in
the following form. (n.b. In Section 4, we shall need to modify the proof of this
discretization theorem in order to obtain a variant of its conclusion for a certain
kernel lacking compact support. For the sake of this subsequent modification we
shall keep careful track of the constants involved in the present proof — particu-
larly as regards the parameters each of them depends on.)

THEOREM 3.3. Suppose that K : R — R belongs to C*°(R) and has compact sup-
port. We put
(3.12)  ag =min{n € N: K(x) = 0 whenever |x| > n}; Bx = sup |K'(x)|.
xeR
Let m € N, and put d,, = 21/™. For each j € N, let K;u € C®(R) be the compactly

supported function specified by writing (in accordance with the notation for dilations
defined in (1.6)) Kj ,, = 6 J K, and let Qj g m : C%Z x C% — CZ be the bilinear mapping

defined for all v € C% and all ro € CZ by

[e9)

(3.13) (Qjkm(v,w))(n) = Y v(n+kw(n—kK;,(k), foralnel.
k=—o0
(Notice, in particular, that if v and vo are finitely supported, then so is the sequence
Qjxm(v,10).) Then for every pair of finitely supported sequences a € C%and b € C?,
for every integer R > 2, and for each sequence of positive integers u; < uy < --- < Ug,
we have:
R-1

1/2
619 [{T sw [Qkm(ab)—Qu. kmlab)}
r=1  JjEN,
U <j<tyiq

1 (7)

< em(vim + axBr)RY* [lall 2z 10]l 2z

where ¢y, is a positive constant depending only on m, and g ., is the positive constant
depending only on K and m that occurs in (3.1).

Proof. Until further notice we now fix r € Nsuch that1 <r < R—1. For
each j € N such that u, < j < 1,41, define the compactly supported C*(R)
function F;, by writing

(3.15) Fy = Kjm — Kuyym-
Continuing with the notation used in Lemma 3.2, we now define the bilateral

sequence APKm) = {AKM0o o wyriting for each n € Z,

(3.16) AT = sup{| (E;,

o) ()| ur <j<upyp1,x €Ly}

Notice that {A,({’K’m) 12 is finitely supported, since K has compact support,
and so we can apply the conclusion (3.11) of Lemma 3.2 to the finite sequence of

Upp1—1

functions {F;,} iLu, ~and its corresponding sequence {A,(I’K’m)}ffz_oo specified
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by (3.16). This furnishes our present circumstances with the following pointwise
inequality on R:

@17 Pa( sup 1Qukm(@b) — Qu e, b))
e,
“rgjj<”r+l

S sup |SE;, (Pa, Pb)| + Py, (& p¢xm (lal, [0])),
€
”r<]f <Ury1
where the bilinear form & ,xm : (*(Z) x (*(Z) — ('(Z) is defined in accord
with (3.6), and thus satisfies

s 0o

(3.18) (& e (1], 1) = {2 lanibnslaf™ ™}

k=—o00 n=—oo

Before letting » € N run through all values 1 < r < R — 1 as on the left side
of (3.14), we first estimate ||AK™) || ¢ (z) for a fixed r in this range. Forj € N
satisfying u, < j < u,;1, we have F;,(x) = 0, whenever |x| > agdy ', and
consequently

1
(3.19) A%F’K’m) =0, foralln € Z such that |n| > agd,/*' + T
Suppose that s € Nwith u, <s < u, 1. Then forall j € Nsuch thats <j < u, 1,
we have for all x € R,

(3200 K}, (x) = K, (6] = \;zjk(d’f) - 1K(d,:> |
m m

dilllr+1
1 1
< —_+ .
~ ‘BK(d%ns + diur+l>
Moreover, if n € Z and satisfies

1
(3:21) In| > axd;, + g

then for all x € Z,, and for all j € N such thatj <,
(3.22) K;m(x) =0.

Combining this with (3.20) we infer that for each s € N satisfying u, < s < 1,41,
the following estimate is valid:

11 1
daz g ) '

(r,K,m)
3.23) AV g[—;K( 7

for all n € Z such that |n| > axd;, +
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Consequently, we see with the aid of (3.19) that

(3.24) Z{A;"K"”) n€Z,|n| > axdy + %}

1 1
< L T{A ez and 4 2 nl > oy, + 4 )
seN
Up<S<upyq

1 1
< 2axBrdm Y. (@*W)d’%
m

seN
Up<S<ilyqq
ZtXK‘BKdz 1 Upi1
< (T 1) g + 2 et

By specializing the value of s in (3.20) to be u,, we see that for alln € Z,
1 1
AT < BK(* + 7)
m
Hence

325 Y. {AS'K"” n €z, |n| < axd" + %}

<l + ) ot )

1 1 3 1 1
< 2“[(5[((?1;{ + dz{“ ) + EIBK(dZu, + d2ur+1 )
m m

Upon combining (3.24) and (3.25), we deduce that for each r € N such that 1 <
r<R-1,

r,K,m 1 Ur
(3.26) [ATKMl 02y < axBiCn (7 + iy )-

u u
dy

We next square both sides of (3.17). In view of the definitions of ¢y and ¢;
in (3.9) and (3.10) this gives us the following inequality, valid pointwise on R.

627 4P sup |Qikm(ab) = Quy (@ b))
ey,
”Vg]j<1‘r+1

2
<{ sup Sk, (Pa,Pb)|+ Py (S yoxm (Jal, b))} -
jeN
U<ty
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After summing this inequality for 1 < r < R — 1, we deduce with the aid of
Minkowski’s inequality for ¢? that the following holds pointwise on R.

R-1 1/2
629 Pu({ L ( sup Q@b ~ Qun(@ )} )
"~ urgj]'<'/;r+l
R-1 1/2 R-1
<{E sup 185, (PP} 4 Py (X Sk (lal b))
r=1 IS r=1

up<j <ty

Foreachn € Z, ¢po(x — n) > % provided |x —n| < %. It follows readily that, in
terms of distribution functions (taken with respect to Lebesgue measure mp on R
and counting measure my on Z), we have for each positive real number y,

R-1 1/2

1 2
(3-29) 1/\({ 7221< ]S;JI\I; IQj,K,m (grb)_QurH,K,m(al b)' )}
up<j<ttpiq

R-1

<M ({ X sup \QJ,K,m(a,b)—Qum,K,m(a,b)|2)}” 2),mR;%)‘

r=1

,mz;y)

Uy <<ty qq
From (3.28) and (3.29) we see at once that
R-1

630 A({Z( s Q@) - Qukn@h)?)} may)
=t llrg]je<l\2r+1

R-1

5 1/2 Y
<A({ r; sup |Sk;, (Pa, Pb)| } ,mR,g)
U j<ilyiq

Moreover, an application of Theorem 3.1 shows that

R-1 172 y\ _4Avkm RY4all 2z (0]l 2z
(331) A sup |Sr.,(Pa,Pb)|>}  ,mp;%) < — :
(X sop isr,vnr0f} " mest) y
ur<j<lypiq

R-1
Applying Chebychev’s inequality to the function Py, ( Y 6 ekm(lal, |b|)), we
r=1
find with the aid of (3.26) that
R-1 akPxCullallz(z) bl 2z
432 A(Pp (X & pexm (lal b)) mei 5 ) < ot
r=1 8 Y

The desired conclusion (3.14) is an immediate consequence of (3.30), (3.31), and
(3.32). 1
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The next theorem and its included corollary of Theorem 3.3 (see Corol-
lary 3.5 below) furnish key applications of Lemma 2.3 by using the “isometric”
transformation U in the hypotheses of Theorem 1.3 to transfer discrete oscillation
estimates such as (3.14) of Theorem 3.3 to the setting of the arbitrary sigma-finite
measure space (2, ). (Compare the transference reasoning in [4] and [5] that
targeted averages defined by the invertible measure-preserving point transfor-
mations of finite measure spaces.) The notation of Proposition 2.1 will now be in
effect, and it will be convenient to observe that since each @, k € Z, is multiplica-
tive on A(p), it follows from Proposition 2.1(ii), together with (2.3) and (2.4), that
forall F € A(u), G € A(u), n1 € Z,and ny € Z, we have y -a.e. on (2,

(3.33) (pk((uml:)(unzc)) = ¢k(hn1) (pk+n1 (F) qbk(hnz) (pk+n2(G)
= h 2 (UF™F) (UF™G).

THEOREM 3.4. Suppose that (Q,u) is a sigma-finite measure space, and let U
be a bijective linear mapping of A(u) onto A(u) such that conditions (i) and (ii) in the
hypotheses of Theorem 1.3 hold. For each j € N, let s; : ZZ — C be finitely supported, and
define the bilinear mappings T; : C* x C* — C%and T; : A(u) x A(u) — A(u) as
follows:

(T;(v,))(k) :Zn(k—ﬁ—n)m(k—n)sj(n), for each v e C%, each w € C%, and all k € Z;
Ti(F,G) = Y, (U'F) (U "G)sj(n), forallF e A(p), andall G € A(u).
n=—o0

Suppose that there is a positive real constant { such that for every pair of finitely sup-
ported sequences a € CZ and b € CZ, for every integer R > 2, and for each sequence of
positive integers uy < up < --- < ug, we have:

R-1 ) 1/2
@34 [[{X sup ITj(a,b)~Ti,.,(a,b)]}
r=1 JeEN,
U <j<ityi1

1/4
gl,w(z)géR H{’IH(Z(Z)HbHéZ(Z)

Then for every f € L?(u), every g € L2(u), every integer R > 2, and each sequence of
positive integers u; < up < - -- < ug, we have:

R-1 5 1/2
635 [{ X sup I5i(f.8) =50 (f. 0P}
r= ] ’
U f<ilyiq

Ll,oo

w SRV Fll2g I8 2 -

Hence by Lemma 2.3, for every f € L?(u) and every ¢ € L*(u) the sequence
{%i(f.9) ]?'°:1 converges u -a.e. on (2 to a corresponding function belonging to A(p).
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Proof. For convenience, put

R-1 5 1/2
(3.36) a={¥L s I5(f.8)-Tu.(r2)}
r=1 €N,
Mrg]]'<ur+1

Applying (2.6) to the distribution function of A, we see that for each k € Z, and
each real number y > 0,

(3.37) MA, 13 y) = MPi(4), 1 y)-
From the properties of @ in (2.1), (2.2), and (2.5) we deduce that

R-1 5 1/2
038 @A) ={ L sup |2(T(8) - Au(Tus(f,0)
r=1 €N,
urgj]'<ur+1
R—-1 ) ) N 1/2
={L swp [e(T(£,8) — BO(Tu,, (£}
r=1 jeEN,
U j<lpiq

For every v € N, we have by virtue of (3.33),

()

(3.39) BP(Tu(f,8) = Y (U f) (U "g)su(n).

n=—oo
Using (3.39) to substitute in (3.38), we find that for each k € Z,
R—1

G4y e ={ Y swp | Y @FHUTgsn)
r=1 ]6 ’ n=—oo
Uy <j<tlpqq

_ i (uk+nf) (uking)ﬁu,ﬂ(n) ’2}1/2'

n—=-—oo

Now let Ny be the least positive integer N such that s;(n) = 0 whenever 1 <
j < ugand |[n| > N, temporarily fix an arbitrary L € N, and let ¢; v, denote the
characteristic function, defined on Z, of

(ne€Z:|n| <L+No}.

For each x € 2, we define the finitely supported sequences ¢, : Z — C and
Yy : Z — Cby writing for each n € Z,

Px(n) = €N, () (U f)(x)); () = Cp (1) ((U"8)(x))-

In terms of this notation, we can use (3.40) to write for each k € Z such that
—L <k<L, and foreach x € 2,

R-1 1/2
(3:41) (<1>k<A))<x):{Z1 sup [Ty (@, ) (K) = (T (@, ) R
r= €N,

U<ty
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From (3.37) we have for each real number y > 0,

(3.42) 2L+ 1)A(A wy) Z MOr(A), 15 y).
k=—L

Temporarily fix an arbitrary positive real number y, and for each k € Z with
—L < k < L, denote by xj the characteristic function, defined on (2, of the set Ej
specified by

Ex = {x € : (9(4))(x) > y}.
This permits us to rewrite (3.42) in the form

(3.43) QL+ DA(D, 1;y) = /( Z xi(x )

0

With the aid of (3.41) we see that at each x € (2, the integrand in (3.43) can be
expressed in terms of counting measure mz on Z by:

L
Y xk(x)=my{k€Z:—-L<k<L, andx € E}

k=L
R-1 1/2
<mp{kez: {} sup |(T) () () (Tuy (9 ) P} >y -
=1 J€&
' ur<]j<u,+1
Application to this of the hypothesis (3.34) shows that for each x € (2,
L GRVHpxll 2z N9l 2z
Y x(x) < @) @)
k=—L y
R1/4 . LiNo 1/2 ¢ LNo 1/2
Ry jwp@rl L g er)
L N n=—L—Np

Using this on the right of (3.43) and then invoking Cauchy-Schwarz, we find,
since U|L?(y) is a surjective linear isometry, that:

€R1/4 L+Ny ; 1/2 L+Ny " 1/2
(349) A(Apy)< m/{ L HE} {n_;NJ(u 9P du

<€y ( 2L+01 )Hf”LZ(y)Hg”LZ(y)

In view of the definition of A in (3.36), we can immediately arrive at (3.35) by
letting L — oo on the right of (3.44). 1

The following corollary results directly from Theorem 3.3 and Theorem 3.4.

COROLLARY 3.5. Suppose that (Q, i) is a sigma-finite measure space, and let U
be a bijective linear mapping of A(u) onto A(u) such that conditions (i) and (ii) in the
hypotheses of Theorem 1.3 hold. Suppose that K : R — R belongs to C®°(R) and has
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compact support. Let m € N, and put d,, = 21/™. For each j € N, let Kjm € C*(R) be
the compactly supported function given by Kj,, = 6 ; K, and define the bilinear mapping

A kmu of A(p) x A(p) into A(p) by writingforr{;ll Fe A(p),and all G € A(p),
> n

(345) 2k i (F,G) =Y (U"F)U "G)K;,(n) = % i(u"F)(u*"G)K(—.).

oo Ay n=co dl,

Then for every f € L?(u), every g € L2(u), every integer R > 2, and each sequence of
positive integers uy < up < --- < ug, we have:

R-1 2 1/2
e46)  |{ Lo oo st (F,8) = mu P L
”r<j<ur+1

< TRV | 112 18112 0

where I ,, denotes the constant ¢, (g m + ¢k Bk ) that occurs in (3.14). Hence for every
f € L?(p) and every g € L*(u), the sequence {2k mu(f,8) 2 converges ji-a.e. on
Q) to a corresponding function belonging to A().

4. PROOF OF THEOREM 1.3

In view of Theorem 2.5 and dominated convergence, we need only demon-
strate the conclusions of Theorem 1.3 regarding the existence of p-a.e. limits. By
Theorem 2.5 and the Multilinear Banach Principle (see, e.g., Proposition 1 of [2]
for the latter), it suffices for the demonstration of Theorem 1.3 to show that each of
the sequences { Ay y1(f, &) ooy and {Hy 11 (f, &)}t (as defined by (1.1) and (1.2))
converges p-a.e. on 2 when we specialize f and g to be p-integrable simple func-
tions such that ||| =) = [Igllz~(,) = 1. This will be carried out in two parts.
(In the ensuing discussion, we shall use without explicit mention the convenient
fact that, since U|L® () is a surjective linear isometry, we have for alln € Z,

[U" fll ooy = 1U"g | ooy = 1.

Part (i). We first prove the p-a.e. convergence of { Ay ;(f, )}~ for such
f and g. Let M be an arbitrary positive real number, and choose a real-valued
function KM € C®(R) such that: K™ vanishes on (—o0, — 3] U [1 + &, 0);
KM) =10n [0,1); KM is increasing on [— 47, 0]; KIM) is decreasing on [1,1 + 44].
By Corollary 3.5, for each m € N, the sequence {Q[j,K(M),m,U( f.9) j= correspond-

ingto f, g, K‘M), and m in accordance with (3.45) converges yi-a.e. on (2. For each
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j € N, we have
(4.1) Ql]‘,K(M),m,u (f.8)

Y {wrpHurg ki o - —% <n<2/m(14 ]34)}

S rgr e -2 <n<0}+1bg]<unf><u-"g>
jm M

2j/m

+ o {WrHuTKG (n) 2/ << 20/ (14 %) }

w

But for each n € Z such that — <n<0or2/m<n< 2]/’”(1—0— l),

M

(M) 1
0< Kj,m (n) < S

and so
w2 S 2 e ol < st () -
{2 <n <2 (1} < (5 + )

Since {Qlle(M),m,u(f,g)}]?"’zl converges j-a.e. on (2 for arbitrary m € N, and arbi-
trary positive M € R, it follows readily from (4.1) and (4.2) that for each m € N
the sequence { A/ ul(f,8)}52, specified by

1 [2]/111],1 . » '
2]/m U(f g) 2]/m 2 (u f)(u g)/ for eaCh] € N'
n=0

converges p-a.e. on (2. So for Part (i) of the proof it remains to show that the u-
a.e. convergence of {Ayj/m ;;(f, g)}]?"’=1 for each fixed m € N can be converted into
pi-a.e. convergence of the sequence {Ax;(f,8)} ;- Given m € N, k € N, with
k>2,letj=j(k,m) e N satisfy

(4.3) 20/m L < U+ /m

Hence for some absolute constant 77 we have

k—2i/m  f—2i/m
. < < -

and consequently we have pointwise on (2,

(4.5) |Axu(f, g) — 21/'" ulf 8l

<otm_1<

7

3

k—oi/my 271 k-1

<(rm) L Whlugl+ Wl

n=0 n:[zj/m]

k—2i/my - of/m_[2i/m) oy
< < —
\2( )+ k S Tk

k
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It follows from (4.5) and the y-a.e. convergence for each m € N of the sequence
{Az,-/,,,,u(f,g)};il that the sequence {Ay;(f, &)} is pointwise Cauchy p-a.e
on (.

Part (ii). To complete the demonstration of Theorem 1.3, it will suffice (as
noted above) to establish the yi-a.e. convergence of the averages { Hy 11(f,8) } 14
for p-integrable simple functions f, g such that || f|| e (,,) = 8|l (,) = 1. For this
purpose, we shall follow the main outlines of the proof for Theorem 1.2 of [4].
We start by letting M be an arbitrary integer such that M > 2, and then choosing,
as the relevant kernel for applying Theorem 3.1, an odd C*(R) function &M :
R — R such that:

(4.6) ﬁ<M>(x):;, for x| > 1;

(M) (1) — <1 L.
(4.7) 8 (x) =0, forl|x| <1 e
(4.8) 18M) (x)| <2, for |x| < 1.

Notice that by virtue of (4.6), the successive derivatives % forn € N, all
belong to L!(R) N L®(R), and this fact is helpful in seeing by elementary con-
siderations that &M satisfies the hypotheses of Theorem 3.1, which thereby fur-
nishes us with the following oscillation estimate, valid for each integer M > 2,
each m € N, each integer | > 2, each sequence of positive integers u; < up <

- < uj, and every pair of compactly supported functions F and G belonging to
L*(R).

(49) H{’zl sup | [ F(x+9)G(x = 1)((04 8™) ()
=LA
UjSK<Ujiq

2y1/2
(6,5 &M W) dy| |

< Can J* IFll 2wy Gl 2w

L

However, since the kernel 8™’ lacks compact support and does not belong to
LY(R), its exploitation of the oscillation estimate (4.9) will require extra care. In
this regard, it is convenient to observe that because of (4.6) £M) has the following
“quasi-stability” under dilations: for each positive real number ¢,

(G5 M)(x) =

Hence if 0 < & < &, then (5§1 >)( ) = (5§2ﬁ<M>)(x) =1 for|x| > & In
particular, for 1 <j < J—1,and u; <k <ujyq,

,  whenever |x| > ¢

(4.10) (§d£IR<M> — 5d”j“ &M))(x) =0, whenever |x| > d,’ eiss
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Consequently, although the C®(R) kernel £M) itself lacks compact support (and
so is not automatically covered by the discretization result in Theorem 3.3), the
discretization methods in the proof of Theorem 3.3 can nevertheless go forward
from (4.9) by straightforward adjustments which rely on the compact supports
of the relevant difference kernels in accordance with (4.10). This procedure dis-
cretizes (4.9) by yielding the following result. For each integer M > 2, for each
m € N, for every pair of finitely supported sequences a € CZ and b € CZ, for ev-

ery integer R > 2, and for each sequence of positive integers u; < up < --- < ug,
R-1 5 1/2
(4-11) H { Z sup |Kj,M,m (a/ b) - KurH,M,m (ar b) ‘ } 100
=1 jeN, 0(Z)
Uy <j<ulyi1

< Coan RY* ]l 2z 101l 22,

where for each v € N, and each k € Z,

(4.12) (ICv,mm(a, b)) (k) = i ket nzlvb(k =) glon (di")

n=—oo

(Since a and b are finitely supported, the sum on the right of (4.12) has only finitely
many non-zero terms, and also C;, y1 (4, b) is finitely supported.)

In order to obtain a transferred counterpart of (4.11) to which we can apply
Theorem 3.4, we shall first recast (4.11) so that it becomes completely expressed
in terms of finitely supported discrete kernels (rather than the present discrete
kernels of the form (JdrvnR<M> )|Z). The method for doing so will be taken from
the proof for Theorem 1.2 in [4]. Specifically, for each j € N, we define Aj 1, :
Z—R,9jm:7Z— Rand Djp,, : Z — Rby writing:

LaM () iflnl < d
(4.13) mm(ny = | () 1l < o,
0 otherwise;

1 j
< if0 < |n| < dy,
. n) = n
ﬁ]’m( ) { 0 otherwise;

Djmm(n) = Ajpm(n) — 9Hjm(n), foralln € Z.

Then it is easy to verify from definitions that whenever j € Nand v € N, we have
foralln € Z,

1 n 1 n
— g () g () — . _
d]r'nﬁ (d]m) d%ﬁ (d%) QJ,M,m(n) QV,M,WI(”)'

For each v € N, we define the bilinear mapping D, 1 : CZ x C? — CZ by
writing for all v € CZ ,allw € CZ,and allk € Z,

[e)

(DV,M,WI(U/ m))(k) = Z U(k + Vl) m(k - i’l) DV,M,H’!(”) .

n=-—oo
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We can now use the finitely supported discrete kernels D 51, to rewrite the in-
equality (4.11) in the following form, valid for each integer M > 2, each m € N,
every pair of finitely supported sequences a € CZ and b € CZ, every integer
R > 2, and each sequence of positive integers 11 < up < -+ < ug.

R-1 1/2
(4.14) H{ Y. sup |Djmm(ab)— DurH,M,m(arb)F}

r=1  jeN,
ur<j<tlpyq

1(7)

< Cuvm RV [lall 2z 16l 2.

After applying Theorem 3.4 to (4.14), we infer that for each integer M > 2, for
each m € N, and for the above-described p-integrable simple functions f, g, the
sequence

(4.15) { ) (ukf) (U_kg)’Dn,M,m(k)}oo converges j-a.e. on (2.

|k|<dy, -

For each n € N, it is clear from definitions and the notation of (1.2) that the
following identity holds pointwise on (2.

(4.16) | lz(ukf)(ukg)@n,M,m(k)_ ‘2 (U F) (U ) A pa (k) — Has u (£, 8)-
K<, K|<ds,

Moreover, (4.13), taken in conjunction with (4.7) and (4.8), shows that for each
integer M > 2,eachm € N, and eachn € N,
E (ukf)(uikg>An,M,m (k)
[kl <diy
=yt ) 1w () s (1 D) < k<),
dar, dar, M/ "

and so we have pointwise on (2,
1 1 1 1
k —k _
| L wnu ) anmn(®)] <2(35+ ) =4(57 + 3w )

Since the integer M > 2 is arbitrary, it follows from this, (4.15), and (4.16) that for
eachm € N,

(4.17) {Hoyu/m 1(f,8) }i=1 converges pi-a.e. on Q.

The pi-a.e. convergence of the averages { Hy ;;(f, g) };>; can now be deduced from
(4.17) by reasoning analogous to that used to complete Part (i) of the proof.

5. THE CONTINUOUS VARIABLE COUNTERPART OF THEOREM 1.3

This brief final section features Theorem 5.2 below, which is the counter-
part of Theorem 1.3 for averages defined by one-parameter groups of Lebesgue
space isometries associated with the arbitrary sigma-finite measure space (02, u).
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These continuous variable averages do not require any discretization for oscilla-
tion estimates based on Theorem 3.1, and in this respect their treatment is sim-
pler than that for the discrete averages. Moreover, Theorem 5.2 below can be
established by techniques which, though at times involving measure-theoretic
technicalities, are transparently analogous to those used in the preceding sec-
tions for the discrete averages. In particular, for the relevant transferred maximal
estimates (repectively, relevant transferred oscillation estimates) in the present
setting, we need only replace the role of Theorem 2.5 (respectively, Theorem 3.4)
by suitable reasoning based on Section 6 of [2] so as to transfer from R to the
(Q, u) context Michael Lacey’s classical estimates [13] for the bisublinear Hardy—
Littlewood maximal operator and the bisublinear maximal Hilbert transform (re-
spectively, oscillation estimates of the form (3.1) of Theorem 3.1). In view of this
state of affairs, the discussion below will, for expository reasons, omit detailed
arguments.

In order to formulate the results for the continuous variable setting, we be-
gin by describing the main ingredients of the discussion. Our transference vehi-
cle for defining the relevant averages on the measure space side will be a one-
parameter group U = {U; : t € R} consisting of linear bijections of A(y) onto
A(u). Thus,

(5.1) Us++(f) = Us(Uif), foralls e R, t€R, fe Au).

The one-parameter group U = {U; : t € R} will be required to satisfy the follow-
ing conditions:

(1) Foreach t € R, klim (Urgx) = Uig p-ae. on 2, whenever {g}7>; € A(p),
g€ A(p),and klim gk = g p-a.e.on .

(2) For 0 < p < o0, and each s € R, L¥(u) is invariant under U;, and the
restrictions {U|LP (i) : t € R} form a strongly continuous one-parameter group
of surjective linear isometries of L¥ (y) onto L? ().

(3) For each f € A(u), the expression (U;f)(x), where (t,x) runs through
R X (2, can be regarded as being a jointly measurable version with respect to the
product of linear Lebesgue measure my and the measure y. In other words, there
exists a complex-valued (mg X p)-measurable function Fr on R x 2 such that
for each t € R, Ff(t,-) belongs to the equivalence class (modulo equality y -a.e.
on Q) of Uy f. (For convenience, we shall denote such a function ¢ by (U:f)(x).)

REMARK 5.1. (i) We observe here that for f € A(j), any two jointly measur-

able versions S}l) and 3’}2) representing (U;f)(x) on R x Q in accordance with

condition (3) would automatically have the additional property that for p-almost
allx € 2,

(5.2) 3’}1) (t,x) = Sj(fz) (t,x), formp-almostall f € R.
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For this reason among other obvious reasons, the particular choice of jointly mea-
surable version of (U;f)(x) on R x 2 will be immaterial in all our considerations
below.

(i) As is well-known (see, e.g., Proposition 5 in [2]), the above conditions (1)
and (2) can be shown to imply that for each t € R, U;|L®°(p) is a surjective linear
isometry of L®(u) onto L®(p). Hence, in view of condition (3), for every f €
L*®(u), we have for p-almost all x € O,

(5.3) UL ey < Nl p)

In terms of the foregoing notation, our continuous variable version of Theo-
rem 1.3 takes the following form. (In particular, the variable limits of integration
of the indefinite integrals occurring below are continuous rather than discrete
variables.)

THEOREM 5.2. Let (02, ) be a sigma-finite measure space, let U = {U; : t € R}
be a one-parameter group of linear bijections of A(u) onto A(p) satisfying the above
conditions (1), (2), and (3), and let p1, p2, p3 satisfy (1.3) and (1.4). Then for every pair
of functions f € LP\(u)N L?(u) and g € LP2(u)N L? (), the following assertions hold:

(i) Each of the following two limits exists y-a.e. on (2, as well as with respect to the
metric topology of the space LP3(u):

r

64) (Bugeo(f,8)) (¥) = Jim [ (Uf) () (U1)(x)
0

5 (Bun(f,£))(x) = lim - [ (ULf)(x) (U-1g) (x)
0

Moreover,

(5.6)  max{|Be,0(f, &) llrrs (o) 1 Es,c0 (f: &) lrs )} < Cpppa lf I o) N8N ez )
(ii) For p-almost all x € (2, the (Cauchy principal value) improper integral

S T CIUE I Wy g UG

t

t c—oo
e e<tl<c

exists in C for every e > 0, and (Hey(f,8))(x) = [ M dt approaches
5<\t|

a limit (Hy(f,g))(x) € C, as e — 0T. We also have the following two limit relations

with respect to convergence in the metric topology of the space LF3 (u):

(5.8) Hey(f,8) = (}Lngo (utfx.)iu_tg)(.) dt, foreache > 0;
e<[t|<¢

(5.9) Hy (f, g) = Jim Hey (f, 8)-
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Moreover,

6:10) [ (£,8) sy < || 99 Bleae £,y < Coupalf s Il

LP3 (u

We come now to a discussion of the convergence properties exhibited by
the one-parameter (continuous variable) averages in the setting of an arbitrary
measure space (X,0). Although the measure ¢ need not be sigma-finite, this
context does offer a notion of joint measurability with respect to the measurable
spaces of mg and ¢ for complex-valued functions defined on R x X (as in, e.g.,
Section 33 of [10]), but a product measure of mp and o (in the sense of the ab-
stract Fubini’s theorem, as in, e.g., Section Section 35, 36 of [10]) is lacking, and
this lack imposes technical constraints on attempts to mirror the general mea-
sure space results for the a.e. convergence of the discrete averages induced by
measure-preserving point transformations (Corollary 1.4). For example, we no
longer have a route to compatibility conditions like (5.2), and so the framing of
o-a.e. convergence questions in the continuous variable framework can become
refractory. In view of these circumstances we shall, for convenience, forgo discus-
sion of 7-a.e. convergence for the one-parameter averages in favor of studying the
convergence in L7 (o) of their Bochner integral formulations.

The transference vehicle for the present framework will be a one-parameter
group (under composition of mappings) P = {¢ : t € R} consisting of invertible
measure-preserving point transformations of (X, ) — thus, forall x € X, alls €
R,and all t € R, ¢ps1+(x) = Ps((x)). In this setup, we postulate the following
two properties for P = {y; : t € R}, thereby endowing V = {V; : t € R}, the
one-parameter group of corresponding composition operators on .4 (c), with the
counterpart of the conditions (1), (2), and (3) that were imposed on U ={U; : t €
R} at the outset of this section.

(A) tlirrt}) a((y:(E))A(¢r,(E))) = 0, for each set E C X such that 0(E) < oo, and

each ¢ty € R, where A denotes the symmetric difference of sets.

(B) For each f € A(c), there exists a complex-valued function €r on R x X
such that €& is jointly measurable with respect to the measurable spaces of mg
and o, and for each t € R, &(t, o) belongs to the equivalence class (modulo
equality o-a.e. on X) of Vif. (For convenience, we shall denote such a function €&
by (Vif)(x) = f(:(x)).)

In view of (A) and Cauchy-Schwarz, for each f € L?(c) and each g €
L?(o), the pointwise product f(y:)g(y—¢) qua function of t € R moves con-
tinuously in L'(¢). So for each F € L'(R), the L!(¢)-valued Bochner integral
J f(pr)g(p—¢)F(t) dt exists and clearly satisfies
R

| [ fonsto-nE®at] < 1Pl Il s
R
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With due attention to technical details arising in this context, one can de-
duce, as a corollary of Theorem 5.2, the following continuous variable variant of
Corollary 1.4.

COROLLARY 5.3. Suppose that (X, 0) is an arbitrary measure space, and let P =
{y; : t € R} be a one-parameter group of invertible measure-preserving point transfor-
mations of (X,0) onto (X, o) which has the properties (A) and (B) listed above. Let py,
pa, p3 satisfy (1.3) and (1.4). Then for each pair of functions f € LP1(c)N L?(c) and
g € LP2(0)N L2(0), the following assertions are valid:

r
(i) The L' (v)-valued Bochner integrals [ f(y¢)g(p—¢) dt (r > 0) belong to LP3 (),

0
and have the property that both the following limits exist with respect to the metric topol-
ogy of the space LV3(0).

(5.11) Epo(f,g) = lim — /f Yi)g
512) Epo(f,) = lim - / f)s
Moreover,

(5.13) max{[|[Epo(f, &) llrrs (o) IEPco(fr &) lrs (o)} < Covpallflr (o) I8N P2 (o)

(ii) For each ¢ > 0, the L(0)-valued Bochner integrals [ f(py)g(yp—)t 1 dt
e<It<g
(e < ¢) belong to LP3(0), and have the property that, with respect to the metric topology
of the space LP3(0),

Hop(f,g)=lm [ f(gog(y-ot i
e<t[<¢
exists. We also have, with respect to the metric topology of the space LF3(c), the exis-
tence of

Hp(f, g) = JLim Hep(f,8)-

Moreover,

IIHP(f,g)HLPs(a)<su1(f]>||Hs,7>(f,g)Hm3( < Cpupa I flleen @) 18lLr2 o)
e>

We close with the following example, which illustrates Theorem 5.2 in the
realm of harmonic analysis on groups.

EXAMPLE 5.4. The context of this example will be Helson's classic theory of
generalized analyticity and invariant subspaces, which we first describe in order
to set the stage. (For a full discussion of this context and its generalizations, we
refer the reader to [1], [12].) Let I be a dense subgroup of the additive group R
of all real numbers. Endow I” with the discrete topology and the order it inherits
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from R, and let K be the dual group of I'. (Equivalently, K can be characterized
as a compact abelian group other than {0} or the unit circle T such that the dual
group of K is archimedean ordered.) Denote the normalized Haar measure of
K by mg, and for each t € R, let ¢; € K be specified by writing for all v € T,
¢t(7) = el'7. A cocycle on K is a Borel measurable function A : R x K — T such
that

A(t+u,x)=A(t,x)A(u,x+¢), forallt € R allu € R,andall x € K.

Every cocycle A on K automatically has the property that the mapping ¢ —
A(t, ) is continuous from R into LP(mg) for 0 < p < oo (see Lemma VIL.12.1 of
[9]). We denote by C the class of all cocycles on K (identified modulo equality
(mgp X mg)-a.e.on ]R x K), and we associate with each A € C the following one-

parameter group U(4) = {U : t € R} of linear bijections of A(mg): for each
t € Rand each f € A(mK)

(UM £)(x) = A(t,x) f(x +¢), for mg -almost all x € K.

It is readily seen that Theorem 5.2 applies to U(4) = {Ut(A) : t € R}. Briefly put,
Helson’s classic theory of generalized analyticity and invariant subspaces uses

the spectral decomposability of the one-parameter unitary groups {Ut(A) |L2(mg) :
t € R}, A € C, to establish a one-to-one correspondence between the cocycles A
on K and the normalized simply invariant subspaces of L?(m). This state of af-
fairs has been generalized to LP (mg), 1 < p < o0, as follows (see Sections 2 and

3 of [1]): the one-parameter group U(4) = {U(A t € R} transfers the Hilbert

transform for R to a weak type (1,1) operator (4 ) : L (mg) — A(mg) which is
specified by taking

/‘ 'y f)(x)

(HWf)(x) = lim ~

n—oo

dt, for mg-almostall x € K,

n=1|t<n

and H(4) furnishes, via generalized Hardy spaces, a cocycle characterization
of the normalized simply invariant subspaces of LV (mg). For 1 < p < oo,

A)|LP (mg) is a continuous linear mapping of L? (m) into itself. Clearly, Theo-
rem 5.2 above when specialized to {Ut(A) : t € R}, provides the bilinear counter-
part for H(4) (and, in contrast, the transferred bilinear Hilbert transform
H,,4)(+,-) is bounded even in the instances where the index pj3 of the target space

LP3 (mg) satisfies 2 < p <1).
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