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ABSTRACT. We look for an effective description of the algebra Dy (X, B) of
operators on a bimodule X" over an algebra B, generated by all operators
x — ax — xa, a € B. It is shown that in some important examples Dy (X, B)
consists of all elementary operators x — ) a;xb; satisfying the conditions

1
Ya;b; = Y.bja; = 0. The Banach algebraic versions of these results are also

1 1

obtained and applied to the description of closed Lie ideals in some Banach
algebras, and to the proof of a density theorem for Lie algebras of operators
on Hilbert space.
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INTRODUCTION

Let B be an algebra. A subspace C of B is called a Lie ideal of B if ax — xa €
Cforalla € B, x € C. The structure of Lie ideals of an associative algebra
attracted the attention of algebraists and Banach-algebraists since seminal works
of Herstein and Jacobson—Rickart [8], [9]. A more general subject is the structure
of Lie submodules in an arbitrary B-bimodule X — the subspaces of X, defined in
formally identical way. For example Lie ideals of each algebra that contains B as
a subalgebra are Lie submodules over B. (This example is in fact most general:
if X is a B-bimodule and ) is a Lie submodule of X then one can introduce a
product (a1 @ x1) (a2 ® x2) = aja; ® (a1x2 + x142) in A = B @ X and identify Y
with a Lie ideal 0 @ ) of A).

If one denotes by L, and R, respectively the operators of the left and right
multiplication by 4, then one can say that Lie submodules are invariant subspaces
for the set Z(X, B) of all inner derivations 6, = L, — R,, a € B.

Note that the structure of the algebra 2, generated by some set P of opera-
tors on a linear space X, gives useful information about the invariant subspaces
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of P. It suffices to say that all invariant subspaces are sums of cyclic subspaces
Ax, x € X. Of course, the usefulness of such information depends on the clarity
of the description of 2.

Thus trying to describe the structure of Lie ideals of an algebra B and Lie
submodules of bimodules over B, it is natural to consider the algebras Dy ;. (X, B),
generated by the sets (X, B) for various algebras B and bimodules X'. We will
see that in some important cases these algebras can be described effectively: they

n
coincide with the algebras My;e(X, B) of all elementary operators ) L, Rp, on
k=1

X, satisfying the conditions

(0.1) Y agb =0,
(0-2) Zbkak =0.

The algebra of all elementary operators on a bimodule X’ is denoted by EI(X, B).
For the most popular case X = B, we write El(B), Dy;e(B) and Mp;.(B) instead
of EI(B, B), Drie(B, B) and Myc(B, B)).

It is convenient and interesting to consider the corresponding problems in
tensor algebras. Let B be a unital algebra and B°P denote the opposite algebra to
B (that is the same linear space with the reverse multiplication: axb = ba). Then
each bimodule X over B can be considered as a module over the tensor product
B®BP, and the map a ® b — L;R} extends to a surjective homomorphism of
B®BCP onto the algebra of all elementary operators in X'. It sends the elements
of the form 2 ® 1 — 1 ® a to the inner derivations ¢,. Let T (B) be the algebra,
generated by all elements of the form 2 ® 1 — 1 ® 4, and N4 (B) the algebra of all
tensors ) ax ® by satisfying (0.1) and (0.2). If one proves that

k

(0.3) 7iie(B) = NLie(B)
then one obtains the equality
(0.4) Dyie(X, B) = Miie(X, B)

for all B-bimodules &X'.

We consider also the Banach-algebraic versions of the problems. If B is a
Banach algebra and X is a Banach B-bimodule then all elementary operators are
bounded and one can consider the norm closures Dyje(X, B) and Mp;.(X,B)
of the algebras Dpje(X, B) and My;(X, B) in the algebra B(X') of all bounded
operators on X'. These algebras can coincide even if Dy (X, B) # My (X, B).

Furthermore each Banach B-bimodule can be considered as a Banach mod-
ule over the projective tensor product V3 = B&B°P. In Vp one can consider the
closures of the algebras 7i;(B) and Ny (B). It is natural to consider also the al-

gebra N (B) of all elements Ozo: a; ® by € Vp satisfying (0.1) and (0.2) (with the
k=1
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norm-convergence of series). It is not difficult to see that

(0.5) Tiie(B) C Niie(B) C Npje(B).

We do not know examples for which Ny (B) # Npie(B). If B is commuta-

tive then the coincidence of these algebras follows from the identity ) a; ® by, =
k=1
L (4 @ by — by @ 1).
k=1
Note that if B is an algebra of functions on a compact K (B C C(K)) then
Vg C C(K x K) and Ny consists of all functions f(x,y) € Vp for which

f(x,x) =0.
Of course if
(0.6) Tiie(B) = Nwie(B)
then
(0.7) Drie(X, B) = Myie(X, B)

for each bimodule X'

In Section 2 we consider the case that B is an algebra. It is shown that
the equality (0.3) holds for algebras with one generator, for semisimple finite-
dimensional algebras and for the algebras of finite rank operators on linear spaces.
On the other hand, it does not hold for (the algebra of) polynomials of n > 1 vari-
ables, trigonometrical polynomials, rational functions and for free algebras with
n>2 generators. The corresponding results are obtained for elementary operators.

In Section 3 we discuss the equality (0.6) for commutative Banach algebras.
Some results in this case can be obtained from the purely algebraic results of
Section 2 by using the fact that if a commutative Banach algebra B has a dense
subalgebra satisfying (0.3) then B satisfies (0.6). But in general the condition (0.6)
is more "common" than (0.3): the completion (in a natural norm) of an algebra
non-satisfying (0.3) can satisfy (0.6). The main positive result of the section is that
(0.6) is true when B = C(K), the algebra of all continuous functions on a compact
K. More generally, (0.6) holds for all commutative regular Banach algebras B such
that the diagonal is the set of spectral synthesis for B&B.

Section 4 is devoted to the case that B = K(X), the algebra of all com-
pact operators on a Banach space X. It should be noted that in the case of non-
commutative Banach algebras the validity of (0.6) for a dense subalgebra does
not imply its validity for the whole algebra. Hence one cannot deduce (0.6) for
B = K(X) from the validity of (0.3) for F(X).

We establish (0.7) for X = H, the separable Hilbert space, when elementary
operators act on B itself. For general X, a somewhat more weak than (0.6) equality
is proved:

NLie(B)z = 7iie(B)z'
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It implies a weaker version of (0.7):
Drie(X, B)? = Myie(X, B)?,

where the B-bimodule X is arbitrary.

In Section 5 we obtain some applications to the structure of closed Lie ideals
in algebras A = B®F, where F is a uniformly hyperfinite C*-algebra, B an arbi-
trary unital Banach algebra. The main result is that each closed Lie ideal of A is
of the form

L = I®F + M&1
where [ is a closed ideal of B, M is a closed Lie ideal of B.

In Section 6 the obtained results are applied to the study of invariant sub-
spaces of some Lie algebras of operators on a separable Hilbert space H. In par-
ticular we establish a Burnside type theorem for Lie algebras of operators on H
that contain maximal abelian selfadjoint subalgebras of the algebra B(H) of all
bounded operators on H.

1. ALGEBRAIC RESULTS

The following result shows that AN i(B) and My (X, B) are "semiideals”
of B® B°P and EI(X, B), generated respectively by Tj;.(B) and Dy (X, B).

LEMMA 1.1. (i) The intersection of one-sided ideals of B @ B°P, generated by
TLie(B), coincides with Ny (B).
(ii) The intersection of one-sided ideals of EI(X, B), generated by Dye(X, B), coin-
cides with My;e(X, B).

Proof. Let ] be a left ideal of B ® B°P, containing 7y (B). Then each element
of the form 2 ® b — 1 ® ab belongs to ], because itequals to (1@ b)(a®1 —-1®a).
Hence | contains the set J; of all elements }_a; ® b; with }_a;b; = 0, because each
of them can be written in the form Y (2; ® b; — 1 ® a;b;). It follows that J; is the
left ideal of B ® B°P, generated by Tije(B). Similarly the right ideal generated by
TLie(B) coincides with J, = {Ya; ® b; : Y_b;a; = 0}. Since Np;e(B) = J1 N Jo, this
proves (i). The proof of (ii) is similar. &

As a consequence we get the inclusions
(1.1) Tiie(B)(B ® B°P)Tiie(B) C Niie(B),
(1-2) DLie(X/B)EZ(X/B)DLie(X/B) C MLie(X/B)‘

We consider the problem of validity of the equality (0.3) for arbitrary asso-
ciative algebra B. Let £ denote the class of all algebras for which this equality is
true.

LEMMA 1.2. If B is a commutative unital algebra in £, then each quotient of B
belongs to £.
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Proof. Let I be anidealin B, C = B/I and 7t : B — C the canonical epimor-
phism.
Let f = Y ux ® vx € Nyje(C). For each k choose a, by € B such that 7t(a;) =
k

uy, 1(by) = v and set § = Y a; @ by.. Since ) u vy =0 we have that c:=Y_ayb, € 1.
k K

The element ¢ — ¢ ® 1 belongs to N1 (B). Hence it belongs to Ty (B). Since
7 @ 7t clearly sends Tiie(B) to TLie(C), we get that f = n@n(g—c®1) €
TLie(C). This is what we need. 1

THEOREM 1.3. Each algebra B with one generator belongs to £.

Proof. Since each algebra with one generator is a quotient of the algebra
of polynomials in one variable it follows from Lemma 1.2 that we may restrict
to the case when B is the algebra of polynomials in one variable. Clearly B&B
can be identified with the algebra P, of polynomials in two variables. So in this
presentation 7Ty (B) is the subalgebra in P,, generated by all polynomials of the
form p(x) — p(y). It can be easily checked that NVpe(B) coincides with the algebra
J of all polynomials p(x, y) satisfying the equality p(x, x) = 0. It is not difficult to
see that | is the ideal of PP, generated by the polynomial x — y. Let ], be the set
of all uniform polynomials of degree # in J; since x — y is uniform, | = Z Jn- Itis

clear that a polynomial p(x,y) = Z a;x'y"~ belongs to J, if and only if Zal =0.

We will show by induction that Jn C Tiie(B). For n = 1 this is eV1dent
Suppose this is proved for n < k. Let ej,..., e, be a basis in Ji, and let

e(x,y) = xK — y*. Then for each i there is A = A; such that (x — y)? divides
e; — Aje. Indeed setting u;(x,y) = x( ’g>, u(x,y) = & ’z) we see that u ¢ ], or in
other words s(u) # 0, where s(u) is the sum of CoefﬁClents of u. So it suffices to
take A; = SS((l;’))

It follows that the functions u; — A;u belong to Ji_1. By induction hypothe-
sis, they belong to Tiie(B). Hence e; — Aje € Tie(B). Since also e € Trio(B), we
get that all ¢; are in Ty (B). Thus Jy C Trie(B).

Dealing with Lie ideals of associative algebras it is natural to put the ques-
tion: which algebraic expressions in elements xy,...,x; of an algebra one can
write, being guaranteed that their results are in the given Lie ideal, containing all
x;? A more correct formulation: which elementary operators preserve Lie ideals?
Using Theorem 1.3, we obtain the answer in a simplest case.

COROLLARY 1.4. Let a matrix (Ay )k men be given with only finite number of
non-zero entries. Suppose that

(1.3) Z Ak =0 for all n.
k+m=n
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If L is a Lie ideal of an associative algebra B then Y Ay ,akba™ € L, foralla€ B, be L.
k,m

Proof. Clearly Y Ay ,,aba™ = P(La, Ry)bwhere P(a, B) = ¥ Ay k™. The
km k,m

condition (1.3) provides that P(x,a) = 0. It follows from Theorem 1.3 that P
belongs to the subalgebra generated by all polynomials p(«) — p(B). Since L is
invariant under p(Ls) — p(Ra) = Lp(q) — Ry(a), itis invariant under P(Ls, Rs).

It can also be proved that the condition (1.3) is necessary in some sense.
Namely, if Ay ,, do not satisfy it then there are an algebra 4, its Lie ideal £ and
elements a,b € L such that ) /\k,makbam ¢ L.

km
Indeed, setting i, = ), Ag,, we have from the above that ) /\k,mak ba™ —
k+m=n k,m

Y una"b € L. So it suffices to construct £ in such a way that }_u,a"b & L. Itis
n n

easy to show thatif p is a polynomial of degree > 1 and A is commutative algebra
then there is a Lie ideal £ of A (any subspace is a Lie ideal) and elements a,b € L
with p(a)b ¢ L (take b = a, L = Ca).

To demonstrate possible applications of the results of such kind let us con-
sider one of the simplest examples: the algebra M, of all n x n matrices as a
bimodule over the algebra D,, of all diagonal matrices, with respect to the matrix
multiplications.

ForasubsetKof {1,2,...,n} x {1,2,...,n}, denote by Z(K) the space of all
matrices a € My, with ay = 0 for (j, k) K.

COROLLARY 1.5. Each Lie Dy-submodule of M, is a direct sum S = G + Z(K)
where G is a subspace of Dy, and K is a subset of {1,2,...,n} x {1,2,...,n}, non-
intersecting the diagonal.

Proof. Lie submodules are invariant subspaces for the algebra 7ii.(Dy).
Clearly D,, is generated by one element, hence, by Theorem 1.3, 71;.(Dy,) coin-
cides with N7;.(D,) which can be realized as the algebra of all matrices with
zero’s on the diagonal (and pointwise multiplication). In this realization the ac-
tion of N je(Dy) on My, is also the pointwise (Hadamard) multiplication. Then in
fact we have the action of the algebra C"("~1) on the direct sum D @ C*("~1), and
the action on the first summand is trivial. It follows that the invariant subspaces
are direct sums of subspaces of D and "coordinate" subspaces of C"("~1). This
proves our assertion. 1

As a consequence we get a well known (see for example [8] where a simi-
lar result was obtained for matrices over arbitrary ring) description of Lie ideals
in M,:

COROLLARY 1.6. The only Lie ideals in My, are 0, My, C1 and the space Mg of
all matrices with zero trace.
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Proof. Any Lie ideal S of M, is a Lie submodule over D,. Hence it has the
form S = G + Z(K), where G C D,,. Hence

[a4,Z(K)] C Z(K) + Dy, forallae M,.

The multiplication table of matrix units shows that this condition holds if either
K =Q@orK = {(jk) : j # k}. In the first case S = G C Dy. If a; # aj; for
some a € S, then [e,»j, a) ¢ D,, where ejj is the corresponding matrix unit. Hence
S consists of matrices A1, so either S =0or S = C1.

IfK = {(],k) L] #E k} then e; — ejj = [81‘]‘,6]‘1'] € S, for all (i,j) with i # j.
Hence G contains the linear span of all ¢;; — e;; which coincides with the space of

all diagonal matrices of zero trace. It follows that either G = D, or G = D, N MY.
SoS=M,orS=M) 1

Now let us show that (0.3) does not hold for all (even for all commutative)
algebras.

THEOREM 1.7. The equality (0.3) is not true when:
(i) B = Po, the algebra of polynomials in two variables (x1,x2);
(ii) B = L, the algebra of Laurent polynomials;
(iif) B = R4, the algebra of rational functions of one variable.
Proof. (i) Clearly we can identify B®B with the algebra P, of polynomials

in four variables (¥, ) = (x1,x2,y1,y2) by the equality (p ® q)(%,7) = p(X)q(¥).
The polynomial p(%, ) = (x1 — y1)x2 belongs to N1 (B) because p(x1,x2, X1, x2)
= 0. We will prove that it does not belong to 7re(B).

Assume the contrary, then

(1.4) p(X,7) = Zqz X, )

where each g; is the product of polynomials of the form a(a’c’) a(¥). Itis evident
that one can assume that all 2(X) are monomials: a(¥) = xl xy'. Hence each g; is
a uniform polynomial. Taking only the uniform polynomials of degree 2 in the
right hand side of (1.4), we see that

(L5)  p(%,5) = M1 —y1)* + Aa(x1 = y1) (x2 = y2) + A3 (x2 —y2)?
+A4(x] = y7) + As (3122 = y1y2) + A6 (23 — ¥3)-
Setting x; = y; we get
0= A3(x2 —y2) + Asx1(x2 — y2) + A6(23 — 13).
Hence
0= Az(x2 —y2) + Asx1 + Ae(x2 +12),
which easily implies that A3 = A5 = A¢ = 0. So (1.5) gives:

x2(x1 — 1) = M(x1 —y1)* + Aa(x — y1) (x2 — y2) + Aa(xf — 7).
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It follows that

xo = A1(x1 —y1) +A2(x2 — y2) + Aa(x1 +y1)-
Setting x; = y1, x2 = Y2 we get xp = 0, a contradiction.
To prove (ii) and (iii) we need the following auxiliary statement.

LEMMA 1.8. Let Ry be the algebra of all rational functions in two variables, and
E, the subalgebra of Ry, generated by all functions f(x) — f(y), f € Ri. Then the
function g(x,y) = £ does not belong to E.

Proof. Assuming the contrary we have the equality

(1.6) g(xy) = f(x) = f(y) + hx,y),

here h(x,y) belongs to the linear span U of all elements of R; of the form

n

(17) wy) =TT = Fel) withn >2,f; € R,
=1

We divide both parts of (1.6) by x — y and, fixing x in the domains of definition
of all functions fy in all products of the form (1.7) that participate in h(x,y), take
the limit for y — x.

Note that for u(x,y) of the form (1.7), one has liin ”Y(%g) = 0. Hence we
Yy—=x -
obtain the equality
L
P f(x)

which is impossible because f is rational. 1

To finish the proof of parts (ii) and (iii) of Theorem 1.7, note that for B = R4
and B = L, the function g(x,y) = = belongs to the ideal of B generated by all
functions of the form f(x) — f(y). But Lemma 1.8 shows that it does not belong
to the subalgebra generated by these functions. 1§

Note that the algebra of Laurent polynomials is isomorphic to the algebra of
trigonometrical polynomials. Thus the equality (0.3) does not hold for the latter.

REMARK 1.9. In the proof of Theorem 1.7(i) we established that the poly-
nomial (x; — y1)x, does not belong to 7L je(P2). In what follows we will need a
more strong result: the polynomial (x; — y;)%x; also does not belong to Ty ;e(P2).

Proof. Suppose that p(x1,%2,Y1,Y¥2) = (x1 — y1)?x2 is in Trje(P2) and hence
can be represented in the form Y g;(x1, x2, y1,y2) where every g; is a product of
i

polynomials of the form a(x1,x2) — a(y1,y2). We may assume that every a is a
monomial. Since p(x1,x,x1,y2) = 0, it is not hard to see that the equality must
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have the form
p(x1,x2,y1,52) = M (3] = ¥3) + Aa(x1 —y1) (132 = y1y2) + As(xF — y7) (%2 — y2)
+ Aa(x1 —y1) (5 — 13) + As(x1 —y1)*(x2 — )
+A6(x1 —y1)° + A7 (x1 — y1) (x2 — 12)*.
Dividing the both sides by x; — 17 we get
(1.8)  (x1—y1)x2 =1 (3 +x1y1+y7) +A2(x1%2—y1y2) + A3 (x1—y1) (2 - y2)
+A4(x1=y1) (x2+y2) +As5(x14+y1) (2 —Y2)
+ As(x1 — 11)? + A7 (32 — y2)2.
For y; = x1 we obtain
3/\1x% + Aox1x2 — Aax1yp + 2A5x1x2 — 2A5x1Y2 + Ayx% —2A7x2y2 + /\7y§ =0
whence A = Ay = 0,4, = —2A5 and
(x1 —y1)x2 = = 2A5(x1x2 — y1y2) + As(x1 — 1) (22 — 2)
+ Ag(x1 = y1) (x2 + y2) + As(x1 + y1) (x2 — y2) + Ae(x1 — y1)°.
For x; = xp = xand y; = yp = y it gives us
(x —y)x == 225(x* =) + A3 (x = y)? + Aa(x — ) (x + )
+As(x +y) (x —y) + Ae(x —y)?

whence we obtain 3 equations : A3 + A4 — A5+ A6 =0, A3 — Ay + A5+ A6 =0,
A3 + A¢ = 0. This system has the solution of the form A3 = a, Ay = B, A5 =
B, A¢ = —u. Substituting into (1.8) we get the equality

(x1 —y1)x2 = a((x1 — 1) (22 — y2) — (x1 — 11)?)

which is a contradiction. 1

COROLLARY 1.10. The equality (0.3) is not true when B = F, the free algebra
in two generators a,b. In particular the element (a ®1—-1®a)bR1(a®1—-1®a)
does not belong to Trie(F2).

Proof. Let t : F, — P, be the homomorphism which sends the first gen-
erator a of F, to x; and the second generator b, to xp. Denote by 7 ® 7t the cor-
responding homomorphism from 7, ® F," to the algebra P, ® P, = Py. Since
nr(uel—-10u) = n(u) ®1—1® n(u) and 7 is surjective, we have the
equality 7 ® 7'[(7116(.7:2)) = 7119(7)2).

Setz=(1®1-1®a)b®1(a®1—1®a). This element belongs to N (F2)
by (1.1). On the other hand if z belongs to Tp;.(F2) then m ® 71(z) € Trie(P2). But
this contradicts Remark 1.9, because 77 @ 71(z) = (x1 — y1)%x2 & Tiie(P2). 1

On the other hand, the equality (0.3) turns out to be true for some important
non-commutative examples.
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THEOREM 1.11. The equality (0.3) holds if B is an arbitrary semisimple finite-
dimensional algebra.

Proof. Itis easy to check that the class £ is closed under forming direct sums.
Thus, by the Wedderburn’s Theorem, it suffices to prove the equality (0.3) for
B = M,,(C), the algebra of all complex n x n-matrices.

Denote, for brevity, Nie(B) by N and Ti;(B) by 7. Let 7t be the represen-
tation of B ® B°P on the space B, defined by the equality: 77(a ® b)(x) = axb. Then
7t is irreducible and faithful (because B and B ® B°P are simple). So it suffices to
show that 77(T") = 7t(N).

Set H) = Cl and H, = {x € M : tr(x) = 0}. These subspaces are invariant
for 71(N') (hence for 72(T)). Moreover

Hy =Ker n(N) =Ker n(7) and H, D n(N)B 2 n(T)B.

Indeed it is easy to see that H; C Ker n(N') C Ker n(7T) = H;. Moreover if
T=Ya;®b; € Nthentr(n(T)x) = trYa;xb; = tr}_b;a;x = 0, for each x € B, so
i i i

1
the range of 77(/) is contained in H,.

Let S denote the restriction of the algebra 7(7) to Hy. Then each non-
trivial invariant subspace of the algebra S is a non-zero Lie ideal of B strictly
contained in Hp. By Corollary 1.6, B has no such Lie ideals. So S has no non-
trivial invariant subspaces; by Burnside’s Theorem, S coincides with the algebra
L(H,) of all operators on H,. Hence the restriction of the algebra 71(N') to H; is
also L(Hy). Since H; = Ker 7t(7") = Ker 71(N) and the space B is a direct sum of
Hj and H,, we conclude that 7(A) = (T)and N = T. &

Below we always denote by B the unitization of B.

Let X be a linear space, £(X) the algebra of all linear operators on X, F(X)
the algebra of all finite-rank operators on X. The algebra F(X) in this case can be

—~—

realized as F(X) + C1 C £(X). Our next aim is to show that for the algebra F(X)
the equality (0.3) holds.

LEMMA 1.12. Let B be a unital algebra. Then:
(i) for any x € B, the element 1 ® x> — x ® x belongs to Ty (B);
(if) ifa,x € Band ax = xa = 0 then

(1.9) 1 =10 —x2x)(a01-104)(x®1-1®x)

whence a @ x> € Ti;e(B).

Proof. Part (i) follows from the equality 2(1® x> —x®x) = (x®1-1®
x)?2 — (x>®1—1® x?). The formula (1.9) can be checked by easy calculation;
using (i) this implies part (ii). 1

THEOREM 1.13. The equality (0.3) holds if B = F/(;(/)
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Proof. Note first of all that for finite-dimensional X the result immediately
follows from Theorem 1.11. So we have to consider only when dim(X) = co.

An arbitrary element of B®B°P can be written in the form R=A+a®1+1®

n
b+ Y. a;®b;, witha,b,a;,b; € F(X). If R€ Ny (B) then it is easy to see that A =0.
i=1

Let a € F(X) and let p be a finite-rank projection in F(X) such that ap =
pa = a. Setting g = 1 — p we get ag = ga = 0. By Lemma 1.12, a ® ¢> € Tie(B).
Since > = gweseethata @ p—a®1 € Ti;e(B). Similarly 1@ b — p @ b € Ti;e(B)
for an appropriate projection p € F(X). It follows that modulo 7Ty (B) each
element of Vi j.(B) can be written in the following form, with a;, b; € F(X),

n
R = Z a; ® bj.
i=1

Let now p be a finite rank projection such that a;p = pa; = a; and b;jp =
pb; = b; for all i. Then all a; and b; can be considered as operators on finite-
dimensional space Y = pX. By Theorem 1.11, R belongs to the algebra Ty (£(Y)).
But the natural imbedding of £(Y) into £(X) maps Tr;e(L£(Y)) into T (F(X)) =
Tiie(B). We conclude that R € T{;e(B). &

Turning to elementary operators we have the problem of the validity of the
equality
(1.10) Diie(B, X) = Muie(B, X).

It is straightforward that if for an algebra B the equality (0.3) holds then
(1.10) is also true. As a consequence we obtain

COROLLARY 1.14. For algebras M, P/(}(/) and for each algebra with one genera-
tot, the equality (1.10) holds.

The next result extends part (ii) of Theorem 1.7.
THEOREM 1.15. Mpe(F2) # Drie(F2)-

Proof. Let f : F, ® F5* — EI(F,) be the standard representation of F ®
F,¥ by elementary operators on J,. By Theorem 2.3.13 of [5], it is injective (be-
cause J; is centrally closed, by Theorem 2.4.4 of [5]); the surjectivity of f is obvi-
ous. It follows that f(7Lie(F2)) = DrLie(F2) and f(NLie(F2)) = Mpie(F2); using
Corollary 1.10, we conclude that Dyje(F2) # M(F2). 1

2. COMMUTATIVE BANACH ALGEBRAS

Let now B be a Banach algebra. A natural Banach-algebraic analogue of
(0.3) is the equality (0.6) which for commutative B is equivalent to

(2.1) 7iie(B) = mLie(B)'
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We are going to consider the question of the validity of these equalities for differ-
ent Banach algebras.

Let us firstly list some consequences of Theorem 1.3.

Recall that if B is a function algebra on a compact K, such that ||f|p >
| fllc(x) then the natural embedding of B®B into C(K x K) is injective, so B®B
can be considered as a subalgebra of C(K x K).

COROLLARY 2.1. Let B be an algebra of functions on a compact K C C, supplied
with a complete norm in which polynomials are dense in B. Then Ti;e(B) coincides with

the ideal ] = {f(x,y) € B®B : f(x,x) = 0}.
Proof. Let f(x,y) = Z ai(x)bi(y) € ], then f(x,y) = %l(ﬂi(x) —ai(y))bi(y)

and the series of norms converges Hence it suffices to show that

22) (a(x) —a(y))b(y) € TLie(B).

Let firstly b be a polynomial. The set of all a(x) for which (2.2) holds, is closed in
B. It contains all polynomials by Theorem 1.3. Hence it coincides with B. Thus
(2.2) holds for each a € B and each polynomial b. Since the set of all b, for which
(2.2) holds with given g, is closed, the condition (2.2) holds foralla,b € B. &

As example for B, one can take C(0,1), or C?(0,1), or the disk algebra or,
more generally, the closure of polynomials in C(K), for arbitrary K, or the algebra
of absolutely convergent Taylor series on D.

PROBLEM 2.2. Is the result of Corollary 2.1 true for the algebra A(K) or
R(K), where K C C is arbitrary compact? Here A(K) C C(K) is the algebra of all
functions on K, analytical on int(K), R(K), the closure of the algebra of rational
functions with poles outside K.

Let us look what Corollary 2.1 gives for the case of Lie submodules in Ba-
nach bimodules.
Denote by T(D) the algebra of all absolutely converging Taylor series on ID,

that is all functions f(z) = Z YZ* with || flls = Z|’yk| < oo. It is clear that

the functions in T(D) can be apphed to any operator A of norm < 1, and that
Il f(A)|l < |Ifllx- Hence for any function f in the algebra S = T(D)®%(D) and
any two commuting operators A, B with norms < 1, one can calculate f(A, B)

and || f(A, B)[| < lfls-

COROLLARY 2.3. Let X be a Banach bimodule over a Banach algebra A. Let L
be a closed Lie submodule in X. If a € A, ||a|| < 1, then for each function f(A, ) in
S = T(D)RT(D) with f(A,A) = 0, the operator f(L,, R,) leaves L invariant.

Our next aim is to show that for B = C(K) the result of Corollary 2.1 holds
without the assumption K C C.
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Let K be an arbitrary compact. The Banach algebra V(K) = C(K)®C(K) is
called the Varopoulos algebra of K. It is naturally realized as a regular symmetric
function algebra on K x K. The theory of such algebras and their relations to
various branches of analysis was developed in [17].

THEOREM 2.4. The closed subalgebra in V (K), generated by all functions f(x) —
f(y), coincides with the ideal of all functions F(x,y), vanishing on the diagonal:

Tiie(C(K)) = {F € V(K) : F(x,x) = 0 for all x € K}.

Proof. The inclusion C is evident; we have to prove D.

Let us fix two non-intersecting open subsets Vi, V, of K. We claim that if
supp(f) C Vi and supp(g) C Va then f(x)g(y) € Trie(C(K)).

To prove the claim, set [; = {f € C(K) : supp(f) C V;}, fori = 1,2.
By Lemma 1.12, g(x)f(y)® € TLie(C(K)) for any two functions f,g such that
f(x)g(x) = 0. Hence f(x)%¢(y) € Tie(C(K)) forall f € J1, g € Jo. Furthermore
the set j = {f € C(K) : supp(f) C Vi} is an ideal of C(K). Since C(K) is
a regular algebra, J; coincides with the ideal 3, the linear span of all products

fif2f3, where f; € J; (for each f € J; one can find f1, f» € J; equal 1 on supp(f),
s0 fifof = f). On the other hand it is not hard to see that J? is linearly generated

by all functions f3 with f € J;: it suffices, for each f1, f», f3, to consider the sum

3
Y (fi + wifa + wifa)?
i=1
where w; are the cubic roots of 1. This proves our claim.
Let F(x,y) = Y ax(x)bu(y) € V(K) and supp(F) C K; x K where K;
n=1

are disjoint compacts. We claim that F € Tp;(C(K)). Indeed let U; (i = 1,2)
be disjoint open sets containing K;, and p; € C(X) be such that supp(p;) C Uj,
pi(x) = 1for x € K;. Then

F(xy) = p1(0p2)F (6 y) = Y an(0)p1 ()ba(y)p2(v).

=1

=

Since supp(an(x)p1(x)) C Uy, supp(bn(x)pa(x)) C Uy, we have, by the above,
that

an(x)p1(x)bn(y)p2(y) € Tiie(C(K)).
Hence F € Trie(C(K)).

Denote by A the diagonal of K x K: A = {(x,x) : x € K}. Let F be an
arbitrary function in V(K) with suppF N A = @. One can choose a finite cov-
ering of supp(F) by rectangular open sets U}’ x U} with U] x U} NA = @ and
Ul NUy = @. Let ¢, be the partition of unity corresponchng to this covering.
Then each function F(x,y)¢,(x,y) belongs to Tr;e(C(K)) by the above. Hence

F(r,y) = LE(y)en(x,y) € Tiie(C(K)).
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Suppose now that F € V(K) is an arbitrary function vanishing on A. Since
A is a set of spectral synthesis in V(K) (see [17]), there is a sequence (F,)$ ; of
elements of V(K) such that F, — F (by norm of V(K)) and supp F, N A = @.
Since all F,, belong to Tii(C(K)), F € TLie(C(K)). 1

REMARK 2.5. The above proof literally extends to the class (SD) of all reg-
ular commutative Banach algebras B, such that the diagonal is the set of spectral
synthesis for B®B. It was proved in [15] that this class is quite wide: it contains
any regular Banach algebra generated by all its bounded subgroups. In particu-
lar (SD) contains the group algebras and moreover all regular quotient algebras
of measures on locally convex abelian groups. Thus we obtain

COROLLARY 2.6. The equality (2.1) holds for the group algebras of discrete abelian
groups.

Note that even for the Wiener-Fourier algebra WF(T) of periodical func-
tions with absolutely summing Fourier series (the group algebra of Z) the equal-
ity (2.1) cannot be deduced directly from purely algebraic results, because WF(T)
does not have one generator. It has the dense subalgebra of trigonometrical poly-
nomials, but this subalgebra does not possess the property (0.3).

An example of a Banach algebra for which (2.1) fails, can be constructed by
modifying one of our algebraic counterexamples:

THEOREM 2.7. If B is the algebra of absolutely summing Taylor series on D? then
the equality (2.1) is not true.

Proof. An element of B is a function of the form f(¥) = Y. f("), where ¥ =
n=0

(x1,%2), f")(X) is the uniform component of degree n: f(")(X) = ¥ ai]-xgxé
i+j=n
and ) [a;j| < oo. Denote by P the projection onto the space of polynomials of
ij=1
degree < 2: Pf = (O 4+ f(1) 1 £() Tt is continuous on B; as a consequence the
projection Q = P ® P is continuous on B&B.
It is clear that the polynomial p(X, ) = (x1 — y1)x2 (or in tensor form x3xp ®
1 — x; ® x7) belongs to Npje(B). We claim that it does not belong to Tp;e(B).
Suppose the contrary: p = klim F, with all Fy in Tpje(B). This means that
—00

each F is a sum of products of functions of the form a(¥) ® 1 — 1 ® a(¥). Non

restricting generality we may consider only the case that a(¥) = x’i sz.

Since Q is continuous, p = lim QF,. But QF; # 0 only if F; has a summand
of the form

AM(x1 —y1)? + Aa(xr —y1) (x2 — y2) + As(x2 — y2)? + Aa(xf — i)
+ As(x102 — y1v2) + A6 (X5 — ¥3) + 81+ 83 + 8,
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where g; are polynomials of order i, and in this case QF; is of this form. Hence
we obtain that p is a limit of such functions. Since the space of these functions is
finite-dimensional, p belongs to it. Hence

p=M(x1—y1)? + Aa(x1 = 1) (x2 = y2) + A3 (2 — 2)?
+A4(af = yf) + As(x1x2 — yaye) + Ae (3 — v3).
As the proof of Theorem 1.7 shows, this is impossible. 1

3. ALGEBRAS OF COMPACT OPERATORS

Let us now consider the algebra (%) of all compact operators on a Ba-
nach space X. We assume that X has the approximation property, the compact
operators are norm-limits of finite-rank operators. The next result shows that the

equality (0.6) "almost holds" for IE_(\i‘/)
THEOREM 3.1. If B = K(X) then Nije(B)? C Tii(B).

Proof. Let x,y € Npje(B). By Lemma 1.1, x = Z dix;, y = 2 Xj d’ for
some di,d; € TLie(B), xi,x} € B® B°P. Hence xy = %dlxlxjdj € 7]116( B)(B®
B°P)T1ie(B) and we get
(3.1) Mie(B)? € Tiie(B)(B @ B®) Tiie(B).

Leta,b,y,z € B, an, by, yu,zn € l?(i/) witha, = a,by = b, yn = Y, 20 = 2,
where as usual F(X) is the algebra of all finite-rank operators on X. Then

(a01-1®4a) (yR2)(ba1-1®b) =lim(a,®1—-1®a,) (Y, ®z,) (b, @1 —1Rb,)

and (a,01-10a,) (ya®20) (ba ©1— 1®b,1)eTLE(VA(“))F(E@@OpTLm(F(x)).
By Lemma 1.1 Tyse(F(X) )E( F(X) @ F(X) " Tie(F(X)) € Mie(F(X)) which in its
turn coincides with 7y (F (%)) by Theorem 1.13. Thus (4 ®1-1®a)(y®z)(b®
1-1®0b) € 7116(1?(%/)) C Tiie(B), for any a,b,y,z € B, whence Ti;e(B)B®
B Tie(B) € TLie(B)- By (3.1)
Mie(B)* C Tiie(B).
Our next goal is to establish the equality

(3.2) Drie(B) = Mie(B)

for B = K(H), the algebra of all compact operators on a Hilbert space H.
It follows easily from Lomonosov’s Theorem (see [10]) that in a reflexive Ba-
nach space X with the approximation property each transitive algebra of compact
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operators is norm dense in the algebra /C(X) of all compact operators. We need
the following extension of this result.

LEMMA 3.2. Let X be a Banach space with the approximation property, W C
(%) a closed algebra without (closed) invariant subspaces, Y a closed complemented
subspace of X*. Suppose that the following conditions are fulfilled:

(@ wW*x* Cv.
(ii) There is no proper non-zero closed subspace of Y invariant for W*.
Then W ={T € K(X) : T*X* C Y}.

Proof. Prove first of all that W contains a rank one operator with nonzero
trace. By Lomonosov’s Lemma (see [10]) there is such operator T € W that
o(T) # {0}. Let0 # A € o(T) and P be the corresponding spectral projec-
tion. Then P is finite-dimensional and belongs to W. Let Wy = PWP|px. Since
this algebra has no invariant subspaces it coincides with B(PX) by Burnside’s
Theorem. Hence it contains rank one operator T such that trT # 0. Since we can
identify Wy with a subalgebra of W we have T € W. Writing T = xo ® fy where
xo € X, fo € X*, we have that 0 # trT = fy(xp). Since Im T* = Cfy we have
fo ey.

Consider the set {x € X : x® fy € W} C X. Itis a closed invariant subspace
for W and hence it coincides with X. Similarly theset {f € X*: xo® f € W} C X*
is closed invariant for W* subspace of Y and hence it coincides with Y. So for any
xe€X, feYwehavex® fo € W,xp® f € Wwhencex® f = m(x@)fo)(xo@
f) € W. Hence W contains any finite rank operator T such that T*X* C Y. If we
denote by W; the algebra of all compact operators T such that T*X* C Y, then
it can be said that W; N F(H) C W. So to show that W = W; we have only to
establish that Wy N F(H) is norm dense in Wj.

Let P : X* — X* be a projection on Y (it exists because Y C X* is assumed
to be complemented). Denote by j : ¥ — X** the canonical inclusion. We claim
that for any compact operator T € K(X), the subspace j(X) of X** is invariant for
the operator T** P*. Indeed for any finite rank operator

N
T = in@)fi,
i=1
we have
N
T* =) fi®jx)
i=1

and forany z € X, g € X*

N
(T P*j)(g) = (PRI = (P*j(z) (L8

N N
=Y g()(PR)=) = j( L (PRI)x) ()

=1 i=1
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whence

N

T Pj(z) = j( L(Pf)(2)x)

i=1

so that j(X) is invariant for T**P*. Let T = li_r>n Ty, where T, are of finite rank.
n—oo
Then ||T**P* — T,;;*P*|| < ||T** — T,;*|| — 0 and since the closed subspace j(X) is
invariant for all T;;* P* we get that it is invariant for T**P*.
Now we can define for each T € K(X), an operator T € (%) by the equality

(3.3) jT = T**P*j.

It is easy to see from (3.3) that the map T — T is linear and continuous: ||T|| <
IPINT-

IfT =x® fthen T = x ® Pf while (T)*(Y*) € CPf C Y. Thus T € W,
for any rank one operator T. By linearity and continuity of the map T — T we
conclude that this is true forall T € IC(X).

Now let us show that T = T for each T € Wi. Forany x € X, g € X*, we
have ¢(Tx) = (T**P*j(x))(g) = j(x)(PT*g) = (PT*g)(x) and since T*g € Y we
have PT*¢ = T*g whence g(Tx) = (T*g)(x) = g(Tx). Thus we get T = T.

Now we can finish the proof. Let K € Wj. Since X has the approximation
property, one can choose finite rank operators K, such that K, — K. Since the
map T T is continuous we have Kn — K. Then K = K = lim K,1 But Kn
Wy N F(X) C W. Since W is closed we get K € W. 1

Let B = K(H), the algebra of all compact operators on a Hilbert space H.
We will apply Lemma 3.2 in the case X = B. The dual Banach space B* of B is
C1(H), the ideal of all trace class operators. We denote by C{(H) the subspace in
C1(H) consisting of all operators with zero trace.

COROLLARY 3.3. Dy;e(B) NK(B) = {T € K(B) : T*B* C CY(H)}.

Proof. Note first of all that B = IC( ) has the approximation property. In-
deed if P, is a sequence of projections increasing to 1y, then the compact maps
T — P, TP, strongly tend to 15 (p).

Set W = Dp;(B) N K(B), Y = C)(H). Obviously Y has codimension 1 in
C1(H), so it is complemented. For anya € A,y € C;(H),x € B, we have

((La=Ra)" () (x) =y((La—=Ra) (x)) =y ([a, x]) = tr y[a, x] = —tr [a, y|x = ([y, a]) (x),

so (Ly — Ry)*(y) = [y, a] and we see that (L, — R;)* maps C1(H) to Y. It follows
that all operators in Dye(B)* map C1(H) to Y. Hence W*C;(H) C Y. We proved
that the condition (i) of Lemma 3.2 is fulfilled.

To establish the condition (ii) let us prove firstly that for each pair p,q of
finite rank projections with pg = 0, the operator L,R; belongs to W. It is clear
that this operator is compact so we have to show only that it belongs to Dy (B).
The operator T = LyR;+ LyRy = —(Lp — Rp)(L; — Ry) belongs to Dy 4e(B), hence
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S = (Ly —Rp)T = LyR; — L4R, also belongs to Dyje(B). It follows that L,R,; =
155 € Diie(B).

Let Yy C Y be a closed subspace invariant for W*. Denote by Z the anni-
hilator of Yy in C;(H)* = B(H). This subspace is invariant with respect to all
operators T** : T € W. It is not difficult to see that the second adjoint of a multi-
plication operator on K(H) is the "same" multiplication operator on B(H). Thus
pZq C Zif p,q are finite-rank projections with pg = 0.

Suppose now that g is an arbitrary projection satisfying the condition pg =
0. Then there is a sequence of finite-rank projections g, < g which tends to g in
strong operator topology. Since pZg, C Z and Z is *-weakly closed we obtain
that pZg = 0. Dealing in the same way with p we conclude that pZg for any
projections p, q satisfying the condition pq = 0. In particular pz(1 — p) € Z and
(1 —p)zp € Z for each projection p and each z € Z. Subtracting we get that
pz —zp € Z. Using the fact that B(H) is linearly generated by projections (or
just Spectral Theorem and the closeness of Z) we obtain that az — za € Z for all
a € B(H) and z € Z. Thus Z is a Lie ideal of B(H). Since Z is *-weakly closed
and non-zero we have, by [12] (see also [13], [7]), that Z = B(H) or Z = C1. Thus
Y() =0or YO =Y.

We proved that the condition (ii) of Lemma 3.2 is fulfilled. Now applying
Lemma 3.2 we get that Dy (B) N K(B) = {T € K(B) : T*C1(H) C C}(H)}.

LEMMA 3.4. Let H be a Hilbert space, A, B € IC(H). Then there exist K, X,Y €
K (H) such that A+ K = X?>and B— K = Y2,

Proof. Write A + B in the form M + iN where M, N are hermitian. Then
both components are normal and compact hence M = X2, N = Y? with compact
X,Y.SoA+B=X>+Y2SetK=B—Y2 ThenA+K=X*B—-K=Y% 1

THEOREM 3.5. Dy;(K(H)) = Myie(K(H)).

Proof. Denote K(H) = A. Let T = ¥_Ls,R;, € Miyjc(A), where a;,b; € A.
This is a compact operator on A. For any u € C)(H) and x € A we have

(T*u)(x) = u(Tx) =truTx =tru)_a;xb; =tr Y bjua;x = (Zbiuai) (x)

(we use the same notation for a nuclear operator and the corresponding func-
tional on the space of operators). So T*u = ) b;ua; and tr T*u = tr ) a;b;u = 0.
Hence T*A* C C)(H). By Lemma 3.2, T € Dy (A).

Note that Mpje(.A) is generated by elements of the form T = } LRy, +

Rc+ Ly, where a;,b;,¢,d € A, Y ab;+c+d =Y bja;+c+d = 0. So it suffices
i i

to prove that any such operator belongs to Dpje(A). By Lemma 3.4, there exist

elements k,x,y € Awithc—k=x?,d+k=y? Then T = ¥ LsR), + Rp2 + L.

Let us consider an operator S =} Lq; Ry, + LyRy + LyRy. Then S is compact and

belongs to Mpie(A) because Y a;b; + x> + y?> = Y bja; + x> + y*> = 0. By what
1 1
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we proved above, S € Drje(A). Let us show that T — S € Dy (A). For this we

should prove that R,» — LyRy € Dr;e(A) and Ly, —LyRy € Drie(A).

Consider the homomorphism ¢ from the free algebra F with one genera-
tor a to A, which sends a to x. Correspondingly we have a homomorphism vy
from F @ F to EI(A): 7(u®v) = Ly,)Ry (). Clearly ¥(Npie(F)) C Mrie(A),
’)/(7116(.7:)) C DLie(A)/ ’)/(1 X a2 —a X 11) = sz — LyRy. By Theorem 1.3, NLie(F>

= TLie(F); since 1 ® a? —a®a € N;e(F) we get R,o — LyRy € Dpie(A). Using

the same arguments we obtain L,» — LyR, € Drie(A).

SoSand T — Sarein Dpje(A) whence T € Dpje(A). 11

4. APPLICATIONS TO LIE IDEALS

Recall that a C*-algebra F is called uniformly hyperfinite (UHF) if it is the
closure of the union of an increasing sequence of C*-subalgebras F, isomorphic
to full matrix algebras.

Let us denote by F, the union of the algebras F;.

It is known that F has a unique normalized trace 7. We set F; = Ker 7.

Let Z be the identity operator on F. We will denote by Dy;.(F) + CZ ° the
closure of the unitalization of the algebra Dy . (F) in the strong operator topology.

LEMMA 4.1. Let F be a uniformly hyperfinite algebra. Then there is a sequence Py,
of finite rank norm-one projections in Dye(F) + CZ * which strongly tends to I.

Proof. It is well known that F can be realized as the infinite C*-tensor prod-
uct M; ® M ® - - - of matrix algebras M; = M(n;, C). We denote by F, the prod-
uct of the first n factors. Then F, the commutant of F, in F, is the product of all
factors from n + 1 to oo.

Let K, be the operator,

(4.1) X — / uxu*du,
U(Fu)

where U(F,) is the unitary group of F;.

Claim 1. ||Kyx — T(x)1|| — 0 for each x € F.

Indeed since ||K,|| = 1, it suffices to check this for x € F,,. But for n = m, it
is well known that K, (x) = 7(x)1. Hence the same equality holds for n > m.

Let us denote Dy (F) by &, for brevity.

Claim 2. Let Py be the operator x — 7(x)1. Then Py —Z € £.

Indeed it suffices to show that K, —Z € £. Lete > 0. Let Wy,..., Wy be
measurable subsets of U, with m(Wy) = & and diam(Wy) < e. Choose u; € Wy
and set Ty, (x) = & Y uyxuj. Then | T, — Ky|| < 2e. On the other hand T, — Z =

k
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N Z(Luk — L1R;) € £. Indeed all operators LukR — L1R; clearly belong to

M 1e(Fn). Smce F, is a full matrix algebra they belong to Dy (F,) C Drie(F) C
&, by Theorem 1.11.

Since ¢ is arbitrary, K, —Z € £.

Let us denote by P; the expectation onto the subalgebra Fi. It can be cal-
culated as the limit of operators K}, ;, which are defined by the formula, similar
to (4.1) but with integration by the unitary group of the algebra M1 ® My » ®

-+ ® Myt C F. The arguments similar to the above show that P, —Z € £.

Since Py are projections onto Fy and || P|| = 1, we conclude that Py — Z in

the strong operator topology. 1

The lemma implies a localization result for Lie ideals in the projective tensor
products with uniformly hyperfinite algebras:

COROLLARY 4.2. Let B be an arbitrary unital Banach algebra, A = BRF, where
F is a UHF algebra. Then each closed Lie ideal L in A is the closure of Leo := LN(B®Fwo).

Proof. Leta =) bj ® xj € L. Then
j
(4.2) a= Zb] ® ka] Zb ® PkX])
j

where P are the projections constructed in Lemma 4.1. Clearly 1 ® Dy(F)° C
DLie(B@)F ) * and this implies that operators in 1 ® Dy (F) ° preserve Lie ideals
of the algebra B®F. Since, by Lemma 4.1, 1 — P, € Dy (F) °, the second term in
(4.2) belongs to L. Hence the first one belongs to L. Moreover it belongs to the
tensor product of B and F; which is contained in B ® Fe. Therefore it belongs to
Le. The second term tends to 0 when k — co. Hence the first one tends to a. We
obtain that L, is densein L. 1

Applying Theorem 4.14 of [4] we obtain the description of closed Lie ideals
of B®F in terms of Lie ideals of B.

COROLLARY 4.3. For each closed Lie ideal L of A = B ®F, there is a closed ideal
I of B and a closed Lie ideal M of B such that L = IQF; + M®1.

5. APPLICATIONS TO INVARIANT SUBSPACES OF OPERATOR LIE ALGEBRAS

A well known result of Arveson [2] states that if an algebra of operators in
a Hilbert space contains a maximal abelian selfadjoint algebra (masa, for short)
then either it has a non-trivial invariant subspace or it is dense in B(H) with
respect to the ultra-weak topology. We now extend this result to Lie algebras.

Let D; be masas in B(H;), i = 1,2. All Hilbert spaces will be assumed
separable so D; can be realized in coordinate way: Dy = L% (X, u), D, = L*(Y,v)
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acting on Hy = L?(X, yt) and respectively Hy = L?(Y, v) by multiplications. Here
X,Y are metrizable locally compact spaces, y, v are regular measures.

We identify a subset K of X with a projection in D; (multiplication by xx)
and with the range of this projection (the space of all functions in L?(X, ), van-
ishing almost everywhere outside K).

A set x C X x Y is called marginally null (m.n.) if it is contained in (P x
Y) U (X x Q), where P and Q have zero measure. For brevity, we write x = 0
(k # 0) if « is (respectively is not) marginally null.

A set is called w-open if up to a m.n. set, it coincides with the union of a
countable family of "rectangulars” P x Q. The complements to w-open sets are
called w-closed.

We have to define the projections of a subsetin X X Y to the components. Let
firstly for any family P = P, of measurable subsets of X, define its supremum
and infimum. Namely, \/(P) is the subset of X that corresponds to the closed
linear span of all subspaces PyH, while A\(P) corresponds to their intersection.
In other words we take infimum and supremum in the measure algebra of (X, jt)
(or in the lattice of projections of L® (X, u)).

We set now

mi (k) =X\ \/{P: (P xY)Nkismn.},
mo(k) =Y\ \/{P: (X x P) Nkismn.}.
Let us call a rectangular P x Q non-essential for a family £ C B(Hj, Hp), if
(5.1) QLP = 0.

We say that a set k C X x Y supports L, if any rectangular non-intersecting
k is non-essential for £. It is known that among all w-closed sets supporting L,
there is the smallest one (up to a m.n. set it is contained in each supporting L set).
It is called the support of £ and denoted supp L.

For any w-closed set x, we denote by Mmax (k) the set of all operators sup-
ported by «. It is well known (see for example [16]) that it is a D-bimodule and
supp (Mmax(x)) = .

In what follows X =Y,y =v, Dy =D, =D, H; = H, = H.

LEMMA 5.1. Let £ be an uw-closed D-bimodule with supp () = . Then:
(i) giH = 71'2(7(),’
(ii) ker & = X\ 1y (x).

Proof. (i) Since £ is an uw-closed D-bimodule, £H is closed under multi-
plication by functions from L*(X, ) and hence, as is well known, consists of all
functions from L?(X, ) vanishing on some subset of X. Thus we may consider
EH as a subset of X.

Let P be a projection in L*(X); it can be considered as a subset of X. If
PNEH # @ then PEH # @, that is PE # @, or, equivalently, (X x P) Nk # @,
that means P N 715 (x) # @. Thus EH C (k).
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Let PNy (k) = @. Itis equivalent to (X x P) Nk = @, whence P = 0 and
PNEH = @. Thus mp(x) C EH and hence 7, (x) = EH.

(i) Let & be the support of £*. It is easy to see that ¥ = {(y,x) : (x,y) € «}.
Hence we have ker & = (E¥H)* = (m(%))* = (m(x))* = X\ r1(x). n

LEMMA 5.2. If £ is a family of operators, P, Q, projections in D then:

(i) supp (Q€) = (X x Q) Nsupp (E);
(ii) supp (EP) = (P x Y) Nsupp (£).

Proof. Since both sides of (i) are w-closed, it suffices to prove that for all
projections R, S € D, the condition (R x S) Nsupp (QE) = 0 holds if and only if
(RxS)N (X xQ)Nsupp (E) = 0. It is easy to see that the both conditions are
equivalent to SQER = 0.

The proof of (ii) is similar. 1

Let us say that a set k C X x X is the graph of an order if for each rectangular
P x Q non-intersecting x,

(5.2) (kN (Px X)) Am (kN (X xQ)) =@.

After this preliminary work we turn to the consideration of uw-closed Lie
subalgebras of B(H) that contain masa.

PROPOSITION 5.3. If an uw-closed Lie subalgebra £ C B(H) contains a masa D
then it is a D-bimodule.

Proof. Let us prove firstly thatif A,B € D and AB = 0then ALB C L.

Indeed let us choose a dense separable subalgebra Dy of D which contains
A, B. Then we may assume that X is the character space of Dy and Dy = C(X).
Now L is a Lie submodule of a Dy-bimodule; by Theorem 2.4, it is stable under
multiplying on elements of Dy&@Dy which vanish on the diagonal. The product
A ® B is such an element. Hence ALB C L.

Let now P be a decomposition X = Py UP,U---UP, of X. Set Ep(T) =

n
Y. BTP, forany T € B(H). Then, foreach T € £, T — &Ep(T) = Fp(T) =

i=1

‘%‘PiTPj € L, by the above (because P;P; = 0). If A € D then AT = A&p(T) +
17]

AFp(T). Again AFp(T) € L because (AP;)P; = 0. Thus AT — AEp(T) € L, for
any decomposition P. Taking a decreasing sequence P, of the decompositions,
we may say that AT — S € £, for any limit point S of operators AEp(T).

It is easy to see that S € D. Indeed AEp(T) = Ep(AT) commutes with all
projections P; € P, so it commutes with the algebra D(P), generated by P. Since
the union of the algebras D(P;), for an appropriate decreasing sequence P, of
decomposition, generates D, each limit point of the sequence AEp, (T) commutes
with D and hence belongs to D.

Since D C L, we get that AT = (AT —S) + S € L; similarly TA € L. 1
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THEOREM 5.4. The following conditions on an w-closed set k C X are equivalent:
(i) Mmax (k) is a unital algebra;
(ii) x is the support of an algebra that contains D;
(iii) x is the support of a Lie algebra that contains D;
(iv) « is the graph of an order and contains the diagonal A = {(x,x) : x € X} of
X x X.

Proof. We will denote Mmax () by M, for brevity.

(i) = (ii) Since Mmax(x) is a D-bimodule we have that D C Mpax(x) if (i)
holds.

(ii) = (iii) is evident.

(iii) = (iv) Let £ be a Lie algebra, D C £ and supp (£) = . Non restricting
generality we may assume that £ is uw-closed. Hence, by Proposition 5.3, it is a
D-bimodule.

It follows from the inclusion D C £ that supp D C supp £ thatis A C «.

LetxN(Px Q) =0.SinceACx,PNQ=0.Then QLLP = [QL,LP] C L,
hence QLLP C QLP = 0. It follows that LPH C ker(QL). By Lemma 5.1,
mp(supp (LP)) N i (supp (QL)) = 0. This exactly means (if one takes into ac-
count Lemma 5.2) that (5.2) holds. Thus « is the graph of an order.

(iv) = (i) If P x Q does not intersect ¥ then (5.2) holds. Set P; = m1(x N
(X xQ)), Q1 = m(kU (P x X)). By Lemma 5.2, supp (MP) = (P x X) Nk,
supp QM = (X x Q) N«k. By Lemma 5.1, MPH = m(supp MP) = m(x U
(Px X)) =0Qq, kerQM = X\ mr1(supp QM) = my (kN (X x Q)) = X\ P;. But
by (5.2), Q1 C X\ P;. This means that QM MP = 0, thatis P x Q is non-essential
for M?2. Hence supp (M?) C x, M? C M.

We proved that M is an algebra; since A C « it is unital. &

Let us say, for brevity, that a subspace M of B(H) is irreducible if it has no
non-trivial closed invariant subspaces. Furthermore M is transitive if Mx = H
for each non-zero vector x € H. It is easy to see that if M is a unital algebra then
these conditions are equivalent.

It was proved by Arveson [2] that a transitive bimodule over a masa is uw-
dense in B(H) (for non-separable H it was proved in [14]). As a consequence each
irreducible operator algebra containing a masa is uw-dense in B(H) (the density
in the weak operator topology was previously established in [1]). Now we extend
this result to Lie algebras.

COROLLARY 5.5. A Lie algebra L of operators, containing a masa D, either has a
non-trivial invariant subspace or is uw-dense in B(H).

Proof. Suppose that L is irreducible. Let x = supp (£) and A = Mmax(k).
By Theorem 5.4 (the equivalence (i) < (iii)), A is an algebra. Since £ has no
invariant subspaces, so does A. By [1], A = B(H) and, consequently, x = X x X.
Non-restricting generality we may assume that £ is uw-closed. By Proposi-
tion 5.3, £ is a masa-bimodule. Let us prove that it is transitive. Suppose that Lx
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is not dense in H, for some x € H. Let P be the projection on the subspace (Lx)*,
Q be the projection on Dx. Then PLQ = 0 and, since the subspaces (£x)* and
Dx are invariant for D, the projections P, Q belongs to D. This is a contradiction
with the equality ¥ = X x X. Thus L is a transitive masa-bimodule. Applying [2]
we conclude that £ is uw-dense in B(H), £ = B(H). 1
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