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ABSTRACT. We consider Hankel operators on the Segal-Bargmann space

H?(C",dp). We obtain necessary and sufficient conditions for the simulta-
neous membership of Hy and HJ? in the Schatten class Sy for 0 < p < 1. In

particular, we show that the necessary and sufficient conditions obtained by
J. Xia and D. Zheng for the case 1 < p < oo extends to the case 0 < p < 1.
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1. INTRODUCTION

Let dy be the normalized Gaussian measure on C” centered at 0, so that
du(z) = n*"e*“z'ZdV(z).

Recall that the Segal-Bargmann space H?(C",dy) is defined as {f € L?(C",du) :
f is analytic on C"}. It is well known that

{(ky! k)25 2k > 0,0k, > 0}

forms an orthonormal basis for H(C",du) and that the orthogonal projection
P : L?(C",du) — H?(C",du) is an integral operator on L?(C",du) with kernel
el#®) Here and in what follows, we write

(z,w) = 21701 + - - - + 2, Wy.
For each v € C", let T, : C" — C" be the translation

(w)=w+v weC
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and define
T(C") = {f € L>(C",du) : fot, € L*(C",dp) for every v € C"}.

It is easy to see that a measurable function f on C" belongs to 7 (C") if and
only if the function w — f(w)e{®) belongs to L>(C",du) for every v € C". This
means that if f € 7(C"), then the set {h € H?>(C",du) : fh € L2(C",du)} is a
dense, linear subspace of H?(C",du).

Recall that the Hankel operator Hy : L*(C",du) — L*(C", dy) with symbol
f is defined by the formula

Hf = (I — P)MP.

Thus, if f € T(C"), then Hy has at least a dense domain in L%(C",dp).

Given a ¢ € L?(C",du), let SD(¢) denote its standard deviation with re-
spect to the probability measure dy, which is defined by

SD(¢p) = {/ﬂq)*/wdu\zdﬂ}l/z = {/.\€0|2dﬂf‘/§0dﬂ’2}1/2-

When f € T(C"), itwas shown in [1] that Hy and Hp are simultaneously bounded
if and only if { ~— SD(f o ) is a bounded function on C", and Hy and HJ7 are

simultaneously compact if and only if ‘ él\un SD(f o 1z) = 0 (it should be noted
— 00

that the later was proved in [2] for bounded measurable symbols, where in this
setting, it was also proved that Hy is compact if and only if H]? is compact). There-

fore, for f € T(C"), it is reasonable to think that the simultaneous Schatten p
class membership of Hy and Hy for 1 < p < oo would be characterized by an L?
condition involving the standard deviation. In fact, it was shown in [6] that for
feT(C")and1< p < o, Hyand Hg are simultaneously members of S, if and
only if

/{SD(fo )}V (£) < oo,

(CH
With this in mind, the following is the main result of this paper.

THEOREM 1.1. Let0 < p < land f € T(C"). Let Hy and H be the correspond-

ing Hankel operators from L2(C",du) to L2(C",du). Then we have the simultaneous
membership of Hy and Hj7 in Sy if and only if

[{sD(For)}dv(e) < .

(Cn
In particular, we will show that the quantity [ {SD(f o 7¢)}PdV(&) is com-
Cn
parable to [|Hy||s, + ||HJ7|| s, with a constant that is independent of .

We close this section with a sketch of the proof. The sufficiency direction is
proved by an argument that is identical to the proof for the case 1 < p < 2, and
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so we refer the reader to [6] for the details (more precisely, the proof follows from
standard reproducing kernel Hilbert space techniques that are specialized to the
Segal-Bargmann space.) For the other direction, let Z?" be treated as a lattice in
C". We will first prove that

[1sD( o) av e) [] [1fe+m) -+ bPav@)avE)

Cn Zzn QOn QN

where Qy is the cube [—%, %)2” in R?" and C depends only on 7, N, and p. The
proof is very similar to the proof of Lemma 3.4 in [6], though we include it for the
sake of the reader. We will next show that for large enough N and each b € §Z%",

/ /|f(z+b) ~ f(w + b)2AV (w)dV (2)
On Qn

<c [ | [ e~ fpeleiet et ay ) e ay

On+b On+b

()

where C only depends on 11, N, and p. To prove this, we will make crucial use of
the fact that N is chosen to be sufficiently large, and it is for this reason alone that
we work with the lattice %Zzn rather than Z2".

Next, it is easy to see that Hy and Hy are bothin S, forall 0 < p < oo if and
only if the first order commutator [Mg, P] is in S;,. With this in mind, we will fix
some N large enough and estimate ||W|s, directly, where W = A[M, P|B and
where A and B are some bounded operators that will depend on our fixed N. This
will be done by the standard general method employed to handle estimating the
Schatten p quasinorm of special classes of integral operators for 0 < p < 1 (for
example, see [4] and [5]). For each M € N, we will first appropriately decompose
%ZZ” as the disjoint union of lattices {A;VI }+ je{1,..., My, and analogously decom-
pose W = o8 D e W;. We will break up each W; = D; + E; where D; is a diago-

J€ "
nal operator and E; is an off-diagonal operator, so that | W; ||§p > ||D; ng —[IEjlls,-
Finally, we will show that our choices of A and B, and the results from above, give

us that Y HD]-HEP is bounded below by C [ {SD(f o 1) }PdV/(¢), and that
j€{l,...,M}2” Cn
Y ||E,-|\§p is bounded above by Cy [ {SD(f o 1) }PdV(¢), where C > 0
je{l,...,M}2” Cn
is a constant that only depends on n, N and p, and Cy, is a constant depending
on n,N,p, and M with A}Iim Cpm = 0. Thus, with this fixed N, we can complete
—00

the proof by setting M large enough.
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2. PRELIMINARIES

For each N € N, let £Z*" denote the set {(kﬁl, e %) ER™:k €Z}). A
subset S = {py, ..., pr} of 4Z*" with k > 11is said to be a discrete segment in £ Z*"
if there exists j € {1,...,2n} and z € Z?" such that

i
N
where ¢; is the standard j™ basis vector of R?". In this setting, we say that py
and py are the endpoints of S. Also, we define the length of S to be |S| = k. Let
v= (% ..., &) and v = (%, : ,VQW”) be elements of ;Z?" where v # v/. We
can enumerate the integers {j : v; # l/]f,l < j < 2n}asjy,..., jmin ascending

pi=z+ e, 0<i<k

order, so that j; < --- < j,, whenm > 1. Set zo(v,v’) = v, and inductively define
Vi —v;
z1(v,V') = 21 (v,V') + L tej, for t € {1,...,m}. Note that z,,(v,v') = . Let
S¢(v,v') be the discrete segment in §,Z%" which has z;_1(v,v’) and z;(v, V) as its
endpoints. The union of the discrete segments S1(v,v'), ..., Sy (v,v') will be de-
noted by I'(v,v'). We call I'(v,v') the discrete path in Z*" from v to v'. Further-
more, we define the length |I'(v,v")| of I'(v,v') tobe [S1 (v, V)| 4+ - - - + [Sm (v, V)].
That is, the length of I' (v, V') is just the sum of the lengths of the discrete segments
which make up I'(v,v"). If v/ = 0, we let I'(v) denote I'(v,v’). In the case v = 1/,
we define the discrete path from v to v to be the singleton set I'(v,v) = {v}.

Let Sy denote the cube Sy = [0, &)%" and let Qy be the cube [—4;, %)".
Forany f € L2 (C",dV), write

loc
= [ [ 1f@) = f@) Pav()dv (w).

If E is a Borel set with 0 < V(E) < oo, we will denote the mean value of f
on E by fr. That s,

1
fE:V(E)E/de'

Universal constants will be denoted by C!,C?,... and will represent differ-
ent values in the proofs of different results. To keep better track of the dependence
of the various constants encountered, we will use subscripts to denote what a
particular constant depends on (though we implicitly assume that all universal
constants may depend on n and p).

Finally, we conclude this section by reviewing some necessary facts about
Schatten class ideals, all of which can be found in [3]. Recall that for any 0 < p <
oo, the Schatten p class S, C B(H) consists of operators T satisfying the condition
[Tls, < oo, where || - |5, is defined by

ITlls, = {te(ITI")}P = {e((T*T)"/2)}/P.
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When p > 1, || - [|s, defines a norm. However, when 0 < p < 1,| - [|s, only
defines a quasinorm, which means that we have the following;:

LEMMA 2.1. If0 < p < 1, then for any Schatten p class operators T and S, we
have that
P ITIP p
17+ SIE, < ITIIE, + ISI3, .

Forall 0 < p < o9, it is well known that S, is a two sided ideal of the ring
of bounded operators B(H). More precisely, if A,B € B(H) and T € S,, then
ATB € S, with

IATB]|s, < [[AlloplITlls, 1 Bllop-

If0 < p < 2, then for any T € S, and any orthonormal basis {f,} of H
(where H is a separable Hilbert space), we have that

ITIE < X Y [(Thu f) P

n=1k=1

3. MAIN RESULT : NECESSITY FOR0 < p < 1.

We will now follow the outline discussed in the introduction. As stated
before, the details for sufficiency can be found in [6]. The results and proofs of the
next three lemmas are very similar to Lemmas 3.2-3.4 in [6], though we include
proofs for the sake of the reader.

LEMMA 3.1. Forany f € L2 (C",dV) and v € £7*", we have

4n
6 [lfon—fe Pav < (N +250r0)) T (o)
SN

ael(v)

Proof. The case v = 0 is trivial. If v # 0, enumerate the points in I'(v) as
ag,ay,...,ap with £ = |y(v)| in such a way that a9 = 0,4, = v, and

{Sn+aitU{Sn+a} CON+a1, 1<j<L
By the triangle inequality,

[(f o ta)sy = (f 0 a1 )y
(32) < |(fo Tﬂj)SN - (fo Ta;l)QN| + |(fo Ta];l)QN - (fO Tﬂj71)5N|

forany 1 < j < {. Since V(Sy +4;) = 557 and Sy +4a; C Qn + a1, we have

|(foTﬂj)SN_(fOTﬂj—1)QN|2:N4n / {f_fQN""“ffl}dV

SN+ﬂj



150 J. ISRALOWITZ

S N RN\

QN'+ﬂj—1
2 2 1N¥
— N2 |f°Tuj71_(f°Taj71)QN| dV:E?’W]N(fOTaFI).
QN
Similarly,
2 1 N4n
‘(foTﬂj—l)Q (fOTa] 1)SN| N3 ]N(fOngfl).
Thus, by (3.2),
N#1 .
(3.3) |(fOTa) (fOTa )SN|<3ﬁ]N(fOTu,;1) I1<j<d
Now,

64 [Ifon—fsuPaV<2 f(Ifor— (Fon)s, HI(fom)s, — o, F}aV.
SN SN

However,

—f(z+v) |2dV(w)dV(z)

2/ [fot—(fot)syl?dV = V(é )
SN

1 n
< WIN(](OTV) =N? In(f o Ta)
and by (3.3),

|(fOTV) f5N|2 - |(fOT11[ (fOTﬂO)SN|
{

65) <{ LI oms ~om s}

]:

4 N4n
1|(foTﬂ]) (fOTﬂ/ 1)SN| X 32n ZIN fOTfl] 1)

~

</
]

But ¢ = |I'(v)|, so that (3.1) follows from (3.4) and (3.5). &

LEMMA 3.2. For f € T (C"), there exists Cy > 0 such that

66 sup [ |for- /forzdu) du<cy Y Y e WA (for),

zeSN %ZM ael(v)
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Proof. For any z € Sy, we have

. 2 )
/‘foTZ—/foTzd]/l‘ du < /|fOTz*fSN| du
(Cﬂ

Ci‘l
_ L / fS ‘Ze—|w z\zdv( )
Velzln SN+V
(3.7) - / (f o) (w) — fs, 2o~ 1@ Fqy (w)
Ve Z2"
< — fsy 2V,
ve L ZZn

where d(v) = expy — inf |(w—¢&) +v[*}. Since |[(w—¢&) +v|> > [v|> +
p w,GESN

lw — &% = 2|w — ¢||v| = % — |w — &%, there exists C}; > 0 such that d(v) <
C}\,e’Mz/ 2. Obviously, N|v| dominates the length of every discrete segment in
I'(v), so that |[I'(v)| < 2nN|v|. Therefore, we have that

N4n+1
<N2”+2—|F( ))dw) < Ch (N +4n—;

2
v])e /2 < CRe2

and so (3.6) follows from the above inequality and plugging (3.1) into (3.7). 1

LEMMA 3.3. For0 < p < 2and f € T (C"), there exists Cny > 0 such that

[{sDforpave) <cn ¥ Un(fom))?2
(CVI

be Lz

Proof. Since U {Sy+u} = C"and V(Sy+u) = it is enough to

2n/
ue &7 N
show that
Y sup {SD(for)}’ = ¥ sup{SD(foon,)}’
ue%ZZMZESN"'_u ue%Z”’ZGSN
< Cn Z {In(fom)}/2
be {72

Since 0 < p < 2, Holder’s inequality applied to (3.6) gives that

sup{SD(fot,o1)}F < Cll\] Z Z e_’g‘”'z/é{]N(fo Ty OTu)}p/z.

zESN UG%ZZVI uef(y)
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Since T, 0 T, = Ty+q4, We have

Y sup{SD(fomom)l'<Cy ¥ L L e Mn(foria)}?

ue 72 2€5N ue 72 ve 4720 acl (v)
2
=Chv e V¥ Un(fema)l
efzn a€l (v) ue L, z2n
=Cy Y e PIvP/6card (T 2 {In(f o) }P/2
ve 72 be {72

Since card(I'(v)) =14 |I'(v)| < 1+ 2nN|v|, itis clear that Lemma 3.3 holds. &

LEMMA 3.4. There exists N € Nand Cy > 0 such that for any f € L2
and v € & ZZ” , we have

. 2
|| (@)= fpetmrertef 2emimemay @) e av (@) >y (for).
On+v Qn+v
Proof. Since

(C")

loc

e7|z|2/2e<z,w>ef\w|2/2 _ e7|z|2/2e<z,w>/2e<z,w>/2ef|w\2/2
— e—|z|2/2|e<z,w>/2|2e—|w\2/2eilm(2,w) _ e—\z—w\z/ZeiIm(Z,w)’
we have that

[ | ] (@ fpetme P e imtn gy @) e v (z)

OnN+v Qn+v

= /1] <f<z>—f<w>>e*‘Z*W'Z/Zeﬂmmefﬂm<vfw>dV<w>\ZdV<z>

On+v Qn+v

. 2
=[] [(Font) - fonw)e ol 2dmen avw) | av(z).
Qv Qn
Pick some 6 > 0 to be determined, and pick N large enough so that

(3.8) e7|zfu;\2/2eilm(z,w) =1+ 720

where |7y;,w| < 6 for any (z,w) € Qn x Qn. This implies that if z € Qy, then
2
( / (f otu(2) — f o1, (w))dV (w)| | / (f o1(2) — f 0 7)) 72,0dV (w)
‘2

\/ (fom(z) — for(w)dV (w)

—2\/foru — fon()dV(w H/forv — f o) 12dV ()|
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’/ (foty(2) — fot(w))dV(w ‘ —2( /|fo'r1, —fon(w )|dv(w))2_

Therefore, (3.8) and the triangle inequality implies that

[ | [ifor@)fon e =eP2em ey (w)[av (z)
Qn On

39 > (]| Jtron ()~ for(@)aview)|

QOn On
—25( / oty (z)— forv(w)|dV(w))2} dv(z).
QN

However,

wignr /| [ ent —ren@av| ave

N N

(3.10) = / f ot — (f o T)gyl?dV

//|for,, — for(w)PdV(w)dV(z)

QN (&)Y,
so that

/‘/fo'rv ~ for,(w))dV (w)‘de(z)

On Qn

@11) vn) [ [ 1fem@) = for(w)av(w)av(z)
On QN

whereas the Cauchy-Schwarz inequality gives us

[ ([iforni) - fon@lav) ave)

Onv Qn

(3.12) //|fo’rv ~ fort,(w)2dV(z)dV (w).

Qn Qv
Finally, plugging (3.11) and (3.10) into (3.9) gives us that

. 2
/‘/forv — for(w ))e_lz_w‘z/zellm<z'w>dV(w)‘ dV(z)
Qn Qn
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> (5 -2)vien) [ [Ifont) - fon@Pdv)dve)

Qn QN
2n
= 22 (3-2) [ [ ifemta) ~ fonw)Paviwavis)
Qn On

since V(Qn) = Nln Therefore, picking 0 < § < and N corresponding to 6
completes the proof of Lemma 3.4. 1

4. PROOF OF THE MAIN RESULT

We can now prove our main result.

THEOREM 4.1. Let 0 < p < land f € T(C"). If Hy and Hy € Sy, then there
exists a constant C > 0 independent of f such that

18D o) yPav(@) < U], + ]2
CH
Proof. Fix N € N such that Lemma 3.4 holds. For M € N to be deter-
mined later and each j = (ji,...,jon) € {1,...,M}?", set A;VI = {ve Lz

v = (§v,..., Hvon) witheach vy = j, mod M}. Since [Mg, P] = [My, PIP +
_ _ o O\ * : P
[Mf,l;’](l P) : Hy (Hf) , we have that [My, P] € S, with ||[Mf,P]H5p <
VA E + IH.
Let {e,},. m be an orthonormal basis for L?(C", dy). Let
j

Xon+v(2)([My, Plhv(z))
X Qn-+v[My, Plhv]]

ho(w) = el F /7m0 o () and E(z) =
Set W; = A]’f [Mf, P] Bj where Aje, = ¢y and Bje, = hy, so that

7’[
@n Y vl Mz"anll[Mfr Pllls, < M
je{1,.., M}

an(HHst +IH7S,).

Fix R € Nand let Z = {v = (11,...,v2,) € §Z*" where each |v;| < R} so that
for any v,V € Z, we have I'(v,v') C Z. Let Z; = A;VI N Z and let Pz, denote
the orthogonal projection onto span{e, : v € Z;}, so that clearly Pz, WPz f =

Y (f.ev)(Wiey, ep)ey. Let D; be defined by D;f = ij (f,ev)(Wjey, ey)e, and

U,VGZ]' ve i

set Ej = Pz WjPz, — Dj so that |[W;l[5 > [IPz;W;Pz|l5, > IDjlls, — IE;I§, -
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Thus, since D]- is diagonal, we have that

ID;lI5,=3_ (A7 [My, PIBjev,ev)|P =} lxoy+v[My, Plhv?

VEZ; VEZ;
. 2 /2
(4.2) _Z / }/ zw)e—\w|2/2e—1lm(v,w>dv(w)‘e—\2\2dv(z))lﬂ
VEZ;

7 On+v Qn+v

2CN Z {]N fOTv)}p/ZI

VEZ]'

where the last inequality follows from Lemma 3.4.
We now get a upper bound for ||E; ng Since 0 < p < 1, we have that

IENs, <} X HEewen)l” =3 Y [{Eeven)l”

VEAM v eAM veZ; V’EZ]v
v/ £
_2 2 ([Mf, Plhy, Xy 4v/ [Mf, Plhyr) p
veZiv'eZ, |‘XQN+V’[Mf, Plhy ||
V£
4.3) < L L lxgyew (Mg Pli|l?
VEZ]'V/EZ]'
v’;év

-y Z /’/ Jelz) g lwl/2

veZjv EZ;Q QN+

. /2
e‘ﬂm(v'de(w)‘e"z‘de(z))p .
But by the Cauchy-Schwarz inequality, we have that
2 / ‘ / (w))e(z,w)e—\wlz/Zeilm(v,w>dV(w)‘Ze—\z|2dv(z)>p/2

VEZ]V EZI On+v Qn+v

S () [ re-swpet

VELVIEL ity Quet
v'#y
p/2
(=) |2e—\w\2dV(w)dV(z))

w) e vl qv (w )dV(z))p/2

= EZ] QN+V’QN+V
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(44) e /(M- 3)/N>2 3 P

_ 2 p/
Y r / [17@)~flw) e =0l 2av (w)av(z)
VEZ]V EZ] ON+V'ON+V

2

<C2Ne—(np/4)((M—3 )/N)? Z Ze—p\v—v 12/5
veZ; I/IGZ/'
vy
(] fifors (@)= fom(w)Pav(w)dv(z)
ONQN
Now, if z and w are both in Qy, then enumerating the points in I'(v/,v) C Z as
{ao,...,a;} in such a way thatag =v' and ay = v,

{Sn +{1/',1} U{Sy +a]'} C QN +a;1, 1< j <4,

p/2

we have that

[fot(z) = fom(w)

(4.5) <[fot(z) = (for)gyl+I(for) gy —fotw(w)]
/
+Xi|(foTﬂjf1)QN _(fOTaj)QN"
=
However,

¢
|[foty (Z)_(fOTv/)QN|+Z% |(fotay)on = (f o T ) oyl +I(fotw) gy —fotu(w)]
]:
< 20Ny —v'[+ 2} 2(|f o 1 (2) = (Fo Ty + I(f oty — f 0 Tugw)
!
+ Z; (Fotm oy — (fot)oy?
]:

which means that

([ [ o - fon@Pav@avi)”

On On
371
< (@aNl=vI+2) [ |fory = (for)oul dv)
QN
32np p/2
(46 + iy (@nNlv = v/ +2) ZI(fOTa] Doy = (Fom)oyl?)

j=
n

3np p/
i (@nNl =11 +2) [ [fon = (fom)q,l2aV)
On

+
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Now plug the first term of (4.4) into (4.3) and noting that

{2nNlv — V| + 2}P/23*P|V*V’\2/5 < C?\,e*p‘V*V’lz/é,

we get
cg]e*("p/‘i)((M%)/N)zz Zefp\va’|2/5
veZi'eZ;
VA
/ 2 P/
(@nNlv—v1+2) fifots—(fot)q, av)
QN
4.7) < ci,e*(np/ﬁl)((M 3)/N)? Z Z a—Plv—V'12/6
VGZ/VEZ
v/ £

( / fot— (fomoyPav)”

:nge—(np/z;)((M 3)/N)? /|foTv’_(foTv)QN|2dV)
V’EZ] On

= Qe /O 5 (o) 12
v’eZ

and by symmetry, we get the exact same estimate by plugging the third term of
(4.4) into (4.3).

Now we plug in the second term of (4.4) into (4.3). Since 0 < p < 1, we
only need to estimate the quantity

48) e~ (np/4)((M—=3)/N)? Z Z Z e Plv— 1/|2/6|fOT 1)QN_(fOTaj)QN|p

VEZ] v eZ j=
v 7é1/
where for each v/ and v in the above sum, I'(V/,v) = {ay, ..., ag, 1.
As in the computation from equation (3.3), we have

|(fOTﬂj71)QN (foTﬂ )QN‘p ‘fQN+u] 1 fQN+ﬂj|p
< ‘fQN-‘rﬂ];l - f5N+uj|p + |f5N+ﬂ]‘ - fQN+Hj|p
< CRIUN(F o Ta-1))2 + (In(f 0 7;))P"2].

Now, if v = (y1,...,Y2) and v/ = (z1,...,22,) with v # v/, then by defini-
tion,
2n
r' vy=H{ - v wzi1, .- 200) €Z : min{yy, 2} <u<max{ys, z¢} }-
(=1
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Therefore, combining the three summations in (4.5) into one single sum, this sum
is taken over the set {u,v,v' : u € Z, (v,v') € I,} where

2n 2n " ’
ncJuUntun,,
'=1(=1

with
I’f* ={v,vV eZ:u=(uy,...,up), v=(uy, ..., up_1,u,x01,---,%n),
v = (y1,.. . yo_, v upiq, ... uzy) where ' > up > u}
and
Ff* ={vvV eZ:u=(uy,...,uz),v="(ug, ..., up_1,t,xp41,--.,%n),
vVi=(y1,..., o1, u upgq, ... uzy) where !’ <uy <u’}.

Thus, after switching the order of summation, (4.5) is smaller than

@9) e DN Y g (Fom)? ) eHive
uez ()€l

If we denote v = (11,...,v2,) and v/ = (vq,...,v},), and let 77; : C" <~ R be
the canonical projection onto the i factor, then

Z e—P\V—v/‘2/6 _ ( Z e—p|1/1—v{\2/6) .. ( Z e_p|V2"_‘/én|2/6),
(vv)ery, (v,vy)€my xmy (L) (V2 Vh,,) €702 X 02 ()
For some ¢ € {1, e, 2n}, we now get an estimate on

(4.10) ( Z efp‘vlfvﬂz/G) - ( Z efp|v2n7v§n|z/6)

L 13
(Vl,l/{ Yem xmy (I, 1) (1/2,,,1/5”)671'2" X1 (I, )

for fixed u. The terms that involve some I'.~’s are treated similarly. Assume ¢
is neither 1 nor 2#n, since the case where ¢ = 1 and ¢ = 2n is very similar. If
j€A{L...,0—1}, then |v; — 1/]’| = |uj — 1/}|, and if j € {{+1,...,2n}, then

lvj — 1/]’| = |uj — vj|. Moreover, since v, < u; < vy, (4.7) is smaller than
y efplulfv{\%) . ( y efp\wfvm%) ( y e*P\Vanuzn\2/6>‘
V{E%Z Wéuzévé vzne%Z

Thus, as we are holding u fixed, each of the factors corresponding to j # ¢ in the
product above converge to a positive number that depends only on N and p. For
the factor that corresponds to j = ¢, we have

Uy 0 )
_ _ 2 _ k2 2 k2 2
Z e~ Plve—vpl?/6 _ Z Z e Pk*/6N < Z Z e Pk*/6N
vp<ug<y) Vg=—00 k=(uy—vy) V€L k=|uy—vy|

ol —v,2 2
< C}\Iz Z e plug—ve|*/12N*
VEL
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Since each Y e~ Pluc—vil*/12N? converges to a number that only depends on
U[;GZ
p and N, we have that (4.6) is smaller than

Cle= 0/ (M=3)/NE Y™ (11 (F o 7,)}P/2
uez

which therefore gives us that

(411) IEjl, < Chter (/D (MINE 57 (g (F 0 ) P72,
ue”z
Going back to (4.1) and combining (4.2) with (4.8), we have that
371
M = (I Hglls, +1H7NS)) > 1My, Pg, > Z IWillg, = 2 1Pz WiPzllg,
N"pP P
jE{L... M} jE{L.., M}
Y Dl - B
jG{l, ,M}Zn
2((:3 C14M2n —(np/4)(M-3)/N)>? )Z{]N(foT )}p/Z.
uez

Pick M > 0 large enough so that C3, — C}\?MZ”e’(”p‘l)((M’g)/N)2 > 0. Thus,
since the above estimate holds for any R € N (and recalling that Z = {v =
(V1,...,v20) € 42" with each |v;| < R}), Lemma 3.3 gives us

(IIHfII’s’p + ||H7||’§p) >Cy /{SD(fo ) AV (S).
(Cn
For some constants Cll\? > 0, which proves the theorem. 1

Acknowledgements. The author wishes to thank L. Coburn for the interesting discus-
sions regarding this work, and J. Xia for his extremely valuable comments.

REFERENCES

[1] W. BAUER, Mean oscillation and Hankel operators on the Segal-Bargmann space,
Integral Eqnuations Operator Theory 52(2005), 1-15.

[2] C.A.BERGER, L.A. COBURN, Toeplitz operators on the Segal-Bargmann space, Trans.
Amer. Math. Soc. 301(1987), 813-829.

[3] I.C. GOHBERG, M.G. KREIN, Introduction to the Theory of Linear Nonselfadjoint Opera-
tors, Transl. Math. Monographs, vol. 18, Amer. Math. Soc., Providence, R.I. 1969.

[4] L. PENG, Paracommutators of Schatten-von Neumann class Sp,0 < p < 1, Math.
Scand. 61(1987), 68-92.

[5] D. TIMOTIN, C,, estimates for certain kernels: the case 0 < p < 1, J. Funct. Anal.
72(1987), 368-380.



160 J. ISRALOWITZ

[6] J. X1A, D. ZHENG, Standard deviation and Schatten class Hankel operators on the
Segal-Bargmann space, Indiana Univ. Math J. 53(2004), 1381-1399.

J. ISRALOWITZ, MATHEMATICS DEPARTMENT, UNIVERSITY AT BUFFALO, BUF-
FALO, 14260, U.S.A.
E-mail address: jbi2@buffalo.edu

Received October 22, 2008.



