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ABSTRACT. The paper elaborates the general approach to the differential struc-
ture of C*-algebras proposed by Blackadar and Cuntz [14]. The smoothness

properties of differential Fréchet algebras defined by (not necessarily ¢!-sum-
mable) differential norms are investigated. They are used, by taking appropri-
ate projective limits and inductive limits, to construct and investigate classes
of non-commutative smooth algebras describing differential structures defined
by differential norms. A large number of examples are discussed exhibiting
unified nature of general theory.
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1. INTRODCUTION

The present paper contributes to understanding the differential structure in
a C*-algebra A. A fairly general approach based on differential seminorms has
been proposed and developed by Blackadar and Cuntz in [14], and the present
paper grew out of our efforts to understand [14]. We believe that [14] is an im-
portant paper in view of its generality and richness of its results; and its poten-
tial has not been fully explored yet. The present paper is a step in this direc-
tion. Another general approach related with the one in [14] and based on growth
conditions on defining seminorms has been simultaneously proposed in [21]. A
differential structure in a C*-algebra A is generally specified by specifying an
appropriate dense *-subalgebra B. Ideally one should have a theorem giving
a functional analytic characterization of the subalgebra C*°(M) of smooth func-
tions on a (compact) manifold M in the commutative C*-algebra C(M) of con-
tinuous functions on M. Then a non-abelianization of the statement of such a
theorem would suggest an appropriate definition of a smooth subalgebra B of A.
This then would lead to non-abelian analogues of various classes of algebras of
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smooth functions. In the absence of such a theorem, a smooth subalgebra B is ex-
pected to satisfy adhoc smoothness properties like spectral invariance, K-theory
isomorphism, closure under appropriate functional calculi and completeness un-
der a suitable locally convex topology. Let us note that recently Alain Connes
has obtained a spectral characterization of C*(M) in terms of spectral triple (a
non-commutative geometric data) providing a first major step towards such a
theorem [18]. Following [14], a differential seminorm on a dense subalgebra 2 of
a C*-algebra A is a seminorm T from 2l into the space of all ¢!-summable non-
negative real sequences which is submultiplicative with respect to convolution
and whose degree zero part is continuous in the C*-norm. A derived seminorm
on 2l is the quotient of the total seminorm of a differential seminorm. The comple-
tion of 2 in the collection of all closable (with respect to C*-norm) derived norms
defines the smooth envelope S2; and 2 is smooth if A = SA. The content of [14]
is that a smooth algebra has desired smoothness properties.

In the present paper, we do not require a differential seminorm to be neces-
sarily ¢!-summable; and do require it to be involutive. This natural added gen-
erality would allow us to develop the Banach *-algebras ;) = Ck(A, T) and the

Fréchet *-subalgebra 2 = C®(2, T) of A which are no-commutative C¥-algebras
containing 2 and defined by T. In Section 3, we discuss the smoothness proper-
ties of these algebras. In particular, it is shown that they are hermitian Q-algebras
spectrally invariant in .4 and closed under the holomorphic functional calculus
of A as well as C*-functional calculus for selfadjoint elements of A. The spec-
tral invariance of a dense subalgebra B in A has long been recognized as an im-
portant smoothness property [31] which is closely related with locality [29] and
K-theory isomorphism [17]. This has led to the concept of spectral algebras [24],
[26] and C*-spectral algebras [8]. The basic properties of C*-spectral algebras and
of topological algebras [22] [19] that we shall need are summarized in Section 2.
Furthermore, we develop the analytic structure and the entire analytic structure
defined by a differential norm T'. This leads to complete locally convex x-algebras
AY = CY(A, T) and AW = C¢¥ (A, T) obtained respectively by the inductive and
projective limits of a sequence of analytic Banach *-algebras in C®(2, T). On the
other hand, analytic elements and entire analytic elements of 2 give rise, by com-
pletions, to the algebras 21« (T) and 2A¢“(T) contained respectively in C¢ (2, T)
and C*“(2(, T). The basic properties of these algebras are discussed in Section 3.
Hereafter we take limits of these locally convex x-algebras. There are projective
limits and inductive limits taken over suitable families of differential norms and
derived norms. We introduce strong analogue of smooth envelope by taking pro-
jective limit over all closable differential norms. Section 4 is devoted to smooth
algebras as well as strongly smooth algebras. Furthermore, the analytic struc-
ture defined by 2 in A is discussed by taking appropriate limits. Though the
resulting algebras exhibit desired smoothness properties, their analyticity is yet
to be explored. Permanence properties, smoothness properties and universality
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of smooth algebras are discussed refining and elaborating the results in [14]. We
also show that the algebra C®(2, T) is a strongly smooth algebra. In Section 5,
we consider the C* structures for which there are at least two approaches. One
initiated in [14] is based on flat differential norms (i.e. those defined by deriva-
tions); and this in turn leads us to flat differential norm approach to analyticity
(different from the one discussed above). We develop another approach to the C*
structures based on the derived norms of total order < k which is along the lines
of the approach to smooth algebras. This gives rise to C*-envelope C*%. The
resulting classes of smooth algebras are also discussed. Finally in Section 6, we
discuss examples with a view to unify them in the framework of the present the-
ory. The classical function algebras of smooth functions like C¥[0,1], C5(R) and
S(R) (Schwartz space) as well as CBV[0,1] (continuous functions of bounded
variations) and Sobolev-Banach algebras W"?[0, 1] are smooth algebras. Given
an action « of a Lie group G on a C*-algebra A, the locally convex algebra C*(.A)
of C*®-elements of .4 [16] is a smooth topological algebra. In [30], Schweitzer has
developed a smooth crossed product S(G, A, a) which is a Fréchet subalgebra of
C*-crossed product C*(G, A, «). We show that when G = R, S(R, A, «) is indeed
a smooth Fréchet subalgebra of C*(R, A, «). The general case S(G, A, «) remains
to be explored. In particular, the non-commutative torus T7 is a smooth Fréchet
algebra. In the developement of K-theory for Fréchet algebras [27], N.C. Phillips
has introduced smooth compact operators Ko on the Hilbert space [>(Z) for what
we show to be smooth subalgebra of compact operators K. A non-commutative
geometric data specified by either a Fredholm module or a K-cycle on a C*-
normed algebra gives rise to a smooth subalgebra of its C*-completion. We also
exhibit that the smooth structure defined by a pair of bounded self-adjoint opera-
tors having a trace class commutator discussed in [20] is indeed a smooth algebra
in the sense of the present paper.

2. PRELIMINARIES

A locally convex x-algebra is a x-algebra which is also a Hausdorff locally con-
vex space such that the multiplication is separately continuous in both variables
and the involution is continuous. A Fréchet x-algebra is a locally convex -algebra
which is a Fréchet space, and the multiplication of a Fréchet x-algebra turns out
to be jointly continuous. The investigation of locally convex *-algebras has begun
with those of locally m-convex *-algebras [2], [23]. For general theory of topologi-
cal algebras, we refer to [22], whereas [19] is a recent reference on topological alge-
bras with involution. A locally convex x-algebra A[7] is said to be m-convex if the
topology T is determined by a directed family {p, } 1ca of algebra *-seminorms
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(thatis, pr(xy) < pa(x)pa(y) and pa(x*) = pa(x), VA € A Vx,y € A). Ttis well-
known that every complete locally m-convex *-algebra is a projective limit of Ba-
nach x-algebras [23]. Let A be a locally convex x-algebra with identity 1. We de-
fine Sp4(x) = {A € C: (A1 —x)"Lin A}, r4(x) = sup {|A| : A € Sp4(x)}. An
algebra *-seminorm p on A is said to be spectral ([25], [11]) if {x € A : p(x) < 1}
is contained in the set A9 of all quasi-regular elements x of A (i.e. elements x
such that 1 — x is invertible in .4). An algebra *-seminorm p on A is spectral if
and only if 7 4(x) < p(x),Vx € Aif and only if r4(x) = nlglgo p(x" ¥x € Aif
and only if Sp A(x) = Sp(4/kerp)~ (x +kerp), Vx € A, where (A/ kerp)™~ is the
Banach *-algebra obtained by the completion of the quotient x-algebra A/ ker p
with the norm ||x + ker p||, = p(x),x € A. In particular, if p is a C*-seminorm
on A, then p is spectral if and only if p equals the Ptk function p 4 defined by
pa(x) = ra(x*x)1/2,x € A. A locally convex x-algebra A is said to be spec-
tral (respectively C*-spectral) if there exists a non-zero continuous spectral algebra
k-seminorm (respectively spectral C*-seminorm) on A. Spectral algebras have
been discovered by Palmer [24] as a class of non-normed algebras with satisfac-
tory spectral theory.

To understand the C*-spectrality of .A, we have investigated ([3], 6-10) the
notion of spectral invariance and locality of A, spectrality of *-representations of
A and stability of .A. We denote by CBRep.A (or R¢(.A)) the family of all con-
tinuous bounded operator *-representations of A. If CBRep A # @, then A is
said to be representable. We remark that even a Banach x-algebra is not neces-
sarily representable ([15], Example 37.16). Suppose A is representable. We put
|x| = sup{||7(x)| : m € CBRep A}, x € A. Assume that [x| < co forall x € A.
Then | - | is the largest C*-seminorm on A, and it is called the Gelfand—Naimark C*-
seminorm on A. The completion (LA/ ker | - |)™ of the quotient *-algebra A/ ker | - |
is said to be the enveloping C*-algebra of A and denoted by E(.A). The natu-
ral map j : x — x + ker|-| of A into E(A) is a *-homomorphism. We re-
mark that in general | - | is not continuous, and so j is not continuous. Let us
note that in the absence of the finiteness, there is a notion of unbounded Gelfand—
Naimark C*-seminorm leading to the notion of unbounded C*-spectral algebras ([9],
[11]). More generally, every representable locally convex x-algebra .A[7] admits
a projective limit of C*-algebras as a solution of the universal problem for con-
tinuous bounded Hilbert space operator representations of A. Let I' : {p)}rca
be a family of *-seminorms defining 7. Let P(A) be the set of all positive linear
functionals on A. For p € T, let P,(A) = {f € P(A) : [f(x)| < p(x),Vx € A}.
Let P.(A) = Ur Py(A). Let Ry(A) = {mr € CBRepA : ||7(x)| < p(x),Vx € A},

pe

rp(x) = sup{||7t(x)|| : m € Ry(A)}, x € A. Then ry is a continuous C*-seminorm
on A and ry(x) < p(x),Vx € A. The enveloping pro-C*-algebra E(A) of A is the
Hausdorff completion of (A, {ry : p € I'}) [3]. In fact, [3] contains construction of
an object in a more general class of O*-algebras that is universal for unbounded
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operator representations. It is shown in [3] that if A is a Fréchet m-convex -
algebra, then E(.A) which by construction is universal for bounded operator rep-
resentations turns out to be universal also for representations into unbounded
operators. We next define the notions of the spectral invariance and the stabil-
ity of A, and the spectrality of continuous bounded *-representations of A. If
A is representable and Sp4(x) = Spg(4)(j(x)) for each x € A, then A is said
to be spectrally invariant. If for any closed *-subalgebra B of A, any continuous
bounded x-representation 7 of B on a Hilbert space H, admits a dilation to a
continuous bounded *-representation 77 of A on a Hilbert space H 5 in the sense
that there exist a Hilbert space H 5 containing H ; as a closed subspace and a con-
tinuous bounded x-representation 77 of A on H 5 such that 7t(x) = 77(x)[H for
each x € B, A is said to be stable. A continuous bounded *-representation 7t of .4
is said to be spectral if Sp o(x) = Spc«(z)(7(x)) for each x € A, where C*(7) is
the C*-algebra generated by 71(.A). The spectral invariance of A is characterized
in Theorem 2.11 and Theorem 2.15 of [10] by the C*-spectrality of 4, the spec-
trality of x-representations of .4 and the stability of .4 as follows: The following
statements are equivalent:

(i) A is spectrally invariant and | - | is continuous.
(i) | - | is a continuous spectral C*-seminorm.
(iii) A is C*-spectral.
(iv) The Ptak function p 4 is a continuous C*-seminorm.
(v) There exists a spectral continuous bounded *-representation of A.
(vi) A is spectral and stable.

If this is true, then A is a Q-algebra (that is, A% is open) and hermitian (that
is, Spa(x) C R,Vx* = x € A). The spectral invariance of a dense subalgebra
2 of a C*-algebra A has been recognized as an important smoothness property
[31]; and is closely related with closure under holomorphic functional calculus
as well as K-theory isomorphism K, (2) = K, (A) [17]. At the above stated level
of generality, they are discussed in [10], [4]. Following [10], A is local (or closed
under holomorphic functional calculus) if for each x in A and for every function
f holomorphic in a neighborhood of Spg4)(j(x)), there exists an element y in A
such that f(j(x)) = j(y); i.e. Ais closed under the holomorphic functional calculus
of E(.A) via the canonical map j from A to E(A) defined as j(x) = x 4 srad A4,
where srad A is the *-radical of A. The following is proved in [10]: Let A be a
complete locally convex *-algebra. The following are equivalent:

(i) A is spectrally invariant.
(ii) A is local and the radical rad.A = srad.A.
(iii) A is spectral and hermitian.
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3. DIFFERENTIAL ALGEBRAS AND ANALYTICITY

In [10] we have investigated the properties of C*-spectrality and spectral
invariance of the Fréchet x-algebra defined by a differential seminorm, and have
left an important open problem. In this section, we shall solve this problem. We
shall also discuss Ck-algebras, 1 < k < oo, structure defined by a differential norm

on a C*-normed algebra 2, as well as the analytic structure theory. Let 2[]| - ||] be
a unital C*-normed algebra and A = 2[| - ||] be the C*-algebra constructed by
the completion of (]| - ||]

DEFINITION 3.1. A map T of 2 into the set w of all complex sequences is
said to be a differential seminorm on A if T(x) = (Ti(x))§ € w satisfies the follow-
ing conditions:

(i) T(x) >0,ie. Tx(x) > 0,Vx € Aand Vk € Ny = NU {0}.

(i) T(x+vy) < T(x)+ T(y), Vx,y € A
(iii) T(Ax) = [A|T(x), Vx € 2 and VA € C.

(iv) T(xy) < T(x)T(y) (convolution), Vx,y € A;i.e., Vk € Ny, wehave Ty (xy) <
Y Ti(x)Ti(y).

i+j=k
(v) There exists ¢ > 0 such that Ty(x) < ¢||x]||, Vx € 2.
We additionally assume that
(vi) T (x*) = Ty (x) for Vx € 2 and Vk € Np.
Let us note that the following apparently weaker condition is considered in
[21] in place of (iv).
(vi)’ There exist K;; > 0,Kgo = 1 such that Ty(xy) < ¥ K;;T;(x)T;(y) for

i+j=k
each k.
The powers of a derivation J naturally define a differential seminorm by
_16® (x)
Te(x) = | 2.

by a linear map with a non-negative norm curvature from 2l into a graded Banach
x-algebra. Let T be a differential seminorm on %I.

- T is said to be a differential norm if T(x) = 0 implies x = 0.
- T is said to be ¢'-summable if Tyot(x) = ¥ Ti(x) < oo for each x € 2.
k=

- T is of finite order if for some n € N Ty(x) = 0,Vk > n, Vx € 2. Then the
smallest such number 7 is said to be the order of T.

Blackadar and Cuntz assumed the /!-summability in the definition of differ-
ential seminorms. We do not require T to be £!-summable. This added generality
allows us to construct the Ck-algebras Ck(Ql, T),1 < k < o0 and to consider the
analytic structure defined by T. Throughout this paper, we assume that a differ-
ential seminorm T satisfies always the following condition: the two topologies
defined restrictively by the (semi) norms Tj and || - || are equivalent (denote by
To ~ || - |I)- Then T is automatically a differential norm. For any k € Ny, we
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k
put pr(x) = ¥ Ti(x),Vx € 2. Then {p;} is a sequence of algebra *-norms on
i=0

2 satisfying pg < p1 < pa2 < . We denote by 2 (or CK(2, T)) the Banach
x-algebra constructed by the completlon of the normed «-algebra A[py] and de-
note by 2%y (or C*(2, T)) the Fréchet x-algebra constructed by the completion
of the metrizable locally m-convex *-algebra A[7(T)], where T(T) is the locally
convex topology on 2l defined by {py}. We denote 7(T) and 2 () by T and 2,
respectively, when we do not need to distinguish them. We call 2, the differential
Fréchet x-algebra defined by T. We may consider 2; as the inverse limit of the
Banach «-algebras {2y }:

A = Lﬂ = {x = (xx) : xx € Ay and o341 (1) = xx, Vk € No},

where {0} } is the inverse limit decomposition of 2, determined by {p;} : 2y -
[y .

Ql(l) ((7_2 Ql(z) S o QI(k) <ﬂ Q[(k+1) — ---. Since || : H < Pr (k =

0,1,2,...), the identity map x € A[py] — x € A extends to continuous *-

homomorphisms ¢ : ;) — Aand ¢ : A — A, and

(3.1) o(x) = @r(xg), Vx = (xx) € Ar.

Indeed, take an arbitrary x = (x;) € ;. Then there exists a sequence {a,} in
2 which converges to x with respect to 7. Since ¢ is continuous, lim lp(an) —
n—oo

x)|| = 0. For any k € Ny, {a,} is a Cauchy sequence in 2[p;]| and lim pr(an —

xx) = 0. Since ¢y is continuous, we have Jim lok(an) — @x(xr)|| = 0. Hence
@(x) = @y (x) for all k.
A seminorm « on a C*-normed algebra (2, || - ||) is closable if the map x €

(2, -|)) — x € (A, «a) is closable. We say that a differential seminorm T =
k

(T) is closable if for each k, py = }_ T; is closable. If T is closable, then ;) C A
=0

and 2; C A and if Tiot is closablle, then A1 C A, where 2t is the completion of
{x € A: Tiot(x) < oo} in the norm Tipe(-).

To investigate the spectrality of the differential Fréchet x-algebra 2(; and
to consider the analyticity of differential norms, we introduce analytic algebra
x-norms defined in [14].

DEFINITION 3.2. An algebra *-norm « on 2l is said to be analytic if for each
finite subset F in 2, with [|x[[ < 1 for all x € F, and for each sequence {xs}
in F, le (% loga(xyxy - -xs)) < 0. A C*-normed algebra that is a Banach x*-

S—00
algebra with respect to an analytic algebra *-norm is said to be an analytic Banach
x-algebra.

The total norm Tyt of every differential norm T of finite order is analytic.
The following important theorem has been discussed in [10]. There are
some minor errors in the proof therein. We present a simplified proof.
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THEOREM 3.3. The following statements hold:
(i) ™Ar is a C*-spectral algebra with spectral C*-seminorm | - || = [|@(-)||.

(ii) 2 is a hermitian Q-algebra.

(iii) 2 is spectrally invariant in A via the map ¢ and E(U;) = A.

(iv) ¢ is local, that is, it is closed under holomorphic functional calculus of A in the
sense that given x € ¢ and a holomorphic function f on Sp 4(¢(x)), there exists an
element y of 2 such that f(¢(x)) = ¢(y).

(v) ¢ and A have the same K-theory, that is, K, (A¢) = Ky (A).
Furthermore, the same results hold for Ql(k).

Proof. Case 1. Assume that T is of finite order, say n, so that Ty(x) = 0 for
each x € 2 and k > n. Then Tiot = pp and A = Ql(n) is a Banach x-algebra. Since
T =ker¢ = {x € A : ¢(x) = 0}, it follows from [14] that " = {0}, which im-
plies © C rad?;. Hence, x +% — x +rad®l; is a well-defined *-homomorphism
of the Banach *-algebra 2. /% onto the Banach *-algebra 2(;/rad2. By standard
Banach algebra arguments it is shown that

(32)  Spa, (x) = Spar, /radat, (X +rad?ic) = Spar, /(¥ + T) = Spya,) (@(x))

for each x € 2; and since the quotient norm of Tt on 2. /T is analytic and A /T
is isomorphic to the C*-normed algebra ¢(2l;), it follows from Proposition 3.12
of [14] that Spy_ /< (x +T) = Spa(¢@(x)), Vx € A, which implies by (3.2) that

(3.3) Spa. (x) = Spa(e(x)), Vxe A

Take an arbitrary C*-seminorm g on 2l;. Let 774 be the bounded *-representation
of % on a Hilbert space H, defined by g. Then we have by (3.3),

9(x)? = q(x*x) = |79 (x) 719 (0) | = r3(31,) (779 ()" 774 (x))
< Ty () (g (1) 729 (0)) < 1 (x°3) = 1a( (%) (%)) = [lo(x) 12

for each x € 2, which implies that the continuous C*-seminorm || - ||, = [|¢(-)]|
is the greatest C*-seminorm on 2 and hence | - ||, equals the Gelfand—Naimark
seminorm | - |. Hence, ker|-| = srad; = T = ker¢, and E(2;) is isomor-
phic to the C*-algebra A, which implies by (3.3) that Spy, (x) = Spa(¢(x)) =
SpE(,) (j(x)), Vx € Ar, where j is the x-homomorphism of 2 into E (%) defined
by j(x) = x + ker| - |, x € 2. Thus 2 is spectrally invariant and E(2;) = A.
Case 2. Let T = (Ty)g" be not necessarily of finite order. Consider 2 for
k)

each k € Ny. It is a Banach *-algebra with norm p; which is the total norm Tt(Ot
of the differential norm T®*) = (To, T, ..., Tx,0,0,...) of finite order k. Then we
have by (3.1) and (3.3), for any x = (x;) € 2y,

(34)  Spa(x USPm )= Spaler(xe)) USPA =Spale(x)),
k
which implies similar to Case 1 that |x| = ||(p(x)|| = | x|y for each x € 2A;.

Hence, ker|-| = srad; = ker¢ = %, which implies that 2, is spectrally
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invariant and E(2(;) = A. Furthermore, 2 is hermitian by (3.4), and since
ra, () = r4(e(x)) < |lo(x)|| = |x|,Vx € ¢, | - | is a continuous spectral C*-
seminorm on 2, and further since {x € 2 : |x| < 1} is an open subset of AT,
2 is a Q-algebra. The proofs of remaining assertions are as in Theorem 3.3 of
[14]. This completes the proof. 1

We have conjectured in [10] that if B denotes either A ) or Ar, then B is
closed under the C*®-functional calculus of .A. We show that this indeed holds.

THEOREM 3.4. The Fréchet x-algebra 21 is closed under the C*-functional calcu-
lus of A via ¢ in the sense that given x = x* € ¢ and a C®-function f on Sp 4(¢(x)),
there exists an element y of U such that f(¢(x)) = @(y). The Banach *-algebra 2y, is
also closed under the C®-functional calculus of A via ¢y.

Proof. Step 1. Consider 2 ), Vk € No. Take an arbitrary x = x™ in 2 ;). Since
or(x) = @r(x*) and Spay, (x) = Spa(@r(x)) by (3.3), it follows that Spay, (x) is
contained in some bounded closed interval I in R. We show f(¢x(x)) € ¢x((r))

using the Fourier transform. We may consider f € C*(I) C C*(R) and in L!(R).
The functional calculus in the C*-algebra A gives

5 floex) = 7= [ e f(s)as,

where f is the Fourier transform of f. Since 2y is a Banach *-algebra and also
closed in holomorphic functional calculus of A via ¢ (Theorem 3.3), it follows
that e's* € ) and P (eY) = 5% Vs € R and

1

r Ks|N*E[£(s)|ds  ([14], p. 274)

pr(e)|f(s)]ds < 4

~—3
5l

g—3g 32™——3

3
|

< = | KA+ [s)™N[f(s)]ds < oo,

Van
where K = sup {py(e!**) : 0 < s < 1}, which implies y = ‘/%7{0 e f(s)ds €
2 ) and by continuity of ¢
66 o) = 7k [ ou@)f(s)ds = A [ I f(s)ds = flgi(x).

Step 2. Consider 2; = Im 2. Let x = x* € A be given, say x = (xi)

be the associated coherent sequence satisfying o1 (xx41) = x¢. Let Spy, (x) C I

and f € C®(Spy,(x)) say f € C®(I). Since Spy, (x) = USpgl(k)(xk), we have
k
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fe C°°(Spg[(k> (xx)) for Vk € Ny. By (3.6) we have

67 we= = [ € eds e Ag) and @) = floilx),

and
07 ( ) = 0 1 eiskarlf(s)ds — 1 eiso'k+1 (xk+1)f‘/(-s\)ds
k+1\Yk+1 k+1\ 72 o

= \/% / % f(s)ds = yj.

Hence, y = (yx) € 2. Furthermore, it follows from (3.1) and (3.7) that ¢(y) =
or(vx) = f(@p(xx)) = f(@(x)). This completes the proof.

Let T be a differential norm on 2. The completion of /}(A, T) = {x € A :
Tiot(x) < oo} with respect to the total norm Tyt is called the differential Banach
x-algebra defined by T and denoted by 2. Then 7 is contained in the Banach
s-algebra b(2l;) = ¢} (A, T) which is the bounded part of 2 and 247 = b(2l;) if
T is ¢!-summable. Suppose that T is closable and ¢!-summable but not of finite
order. Then 241 = ﬁ[Ttot] C A; and A7 need not necessarily be an analytic Banach
x-algebra, and so not necessarily C*-spectral. With this view we consider the
analytic structure defined by a differential norm. Let T be a differential norm on
2. For t > 0, we define a differential norm T(t) by T(t); = t*Ti(x),x € . Let
(1(2A, T(t)) denote the set of all /!-summable elements of A with respect to T(t),
that is,

@A, T(H) = {xem T (ot Ztka }

Then ¢!(2A, T(t)) is a x-subalgebra of 2 and Kl(Ql,T( )T (#)tot] is @ normed -
algebra and ¢1(21, T(t1)) D (1 (A, T(t2)) and T(t1)tot < T(t2)tot for 0 < t; < to.
Let Ar(;) be the differential Banach x-algebra constructed by the completion of
(YA, T(t))[T()tot]. We introduce the notions of analytic differential norms and

of entire analytic differential norms leading to the notions of analytic structure
defined by T.

DEFINITION 3.5. A differential norm T is called analytic on 2 if there exists
to > 0 such that the total norm T(t()t is analytic on the C*-normed algebra
YA, T(to)), and T is called entire analytic on Aif T(t)ior is analytic on £ (A, T(t))
for all t > 0. The pair (2, T) is called analytic (respectively entire analytic) if T(t)
is ¢1-summable (that is, /1 (A, T(t)) = 2A) and T(t) is analytic on ¢' (2, T(t)) for
some ¢ > 0 (respectively for all ¢ > 0).

The pair (2, T) is entire analytic for any differential norm T of finite order.
Indeed, this follows since /! (A, T(t)) = A and the total norm T (#)ot is analytic on
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(A, T(t)) for all t > 0 ([14], p. 264). We define analytic (entire analytic) locally
convex *-algebras defined by a differential norm T. Let T be a differential norm
on 2. We put RY = {t > 0 : T(t)tis analytic on ¢}(2,T(t))}. Suppose T is
analytic (if and only if RY # ¢). Then we consider

AV = [J O T(), A0 = A,
t>1v t>1w
where [“ = infRY. Let t € RY. Then it is easily shown that T(#) extends to
an analytic norm on 27 (;), and so the definition of A is meaningful. Suppose
T is analytic on 2. Then 2A¢ (respectively 2¢) is the inductive limit algebra of
the normed x-algebras {¢!(2, T(t)) : t > I} (respectively the Banach *-algebras
{&rp « £ > 1“}). By p. 122, and pp. 317-319 of [8], 2% is a complete locally
m-convex Q-algebra.
The following is easily shown.

LEMMA 3.6. Suppose (2, T) is analytic, that is, T (to) is £*-summable and T (tg)tot
is analytic on 01 (A, T(to)) for some ty > 0. Then the following hold:
(1) A = 1A, T(t)) and T(t)tor is analytic on L1 (A, T(t)) for 0 < t < to.
() 1Y =0,AY =Aand A = U A[T(H)ot)-
0<t<ty

Suppose T is entire analytic. We put

A = (N Apy = () Lrayn)-
t>0 neN

Then, 2 is a projective limit of the sequence of Banach x-algebras Ar(1/n) 1 €
N, hence it is a Fréchet x-algebras.

THEOREM 3.7. Let T be a differential norm on 2. Then the following statements
hold:

(i) Suppose that T is analytic on . Then A is C*-spectral with spectral C*-
seminorm || - ||, is an hermitian Q-algebra and is local.
(ii) Suppose T is entire analytic on A. Then AW is C*-spectral with spectral C*-

seminorm || - ||y, and is an hermitian Q-algebra. Furthermore, if T is closable, then Rew
is local.

Proof. Lett > 0 and A; the C*-subalgebra of A obtained by the Hausdorff
completion of A7) [|| - ||¢]. Since A; is a closed *-subalgebra of the C*-algebra A,
we have

(3.8) Spa,(9(x)) = Spalp(x)), x € 1A T(H).

(i) Suppose T is analytic on 2l. Take an arbitrary x € 2«. Then x € AT (1)
for some ty > [“. By the definition of [ there exists a real number ¢ such that
19 <t < tg and Ar(y is an analytic Banach *-algebra, which by Proposition 3.12
of [14] implies that Spg, (x) = Spa,(¢(x)), and that Az is local, therefore by
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(3.8) that

Spa (x) C Spaty, (x) = Spa,(¢(x)) = Spale(x)).
The converse inclusion Spgg; (x) D Spa(¢@(x)) is clear. Hence we have
(39) Spgw (¥) =Spauy, () =Spa(e(x)),  row(x)=rale(x)) <lle)[=x[lp-
Therefore || - ||, is a spectral C*-seminorm on 9. By the locality of A7), for
any holomorphic function f on Spgy (x) = Spar, (x) (by (3.9)) there exists an
element y of ™Ay C A« such that f(¢(x)) = ¢(y). Therefore, A< is local.

(ii) Suppose T is entire analytic on 2. Let x € 2@, We can show similarly
to (i) that

(310)  Spge(x) = U Spa, (¥) = U Spa,(9(x) = Spale(x)),
£>0 >0
rao (%) = rale(x)) < llo(x)[ = [lx[lp-
Hence, || - || is a continuous spectral C*-seminorm on 2¢v. Furthermore, since

A7y is local for all ¢ > 0, it follows that for any holomorphic function f on

Spgiw (x) there exists an element y; of 2y, such that f(¢(x)) = ¢(y). Suppose

T is closable. Then ¢ is an 1somorph1sm and so we have y; = yy for each t,t' > 0.

Hence,y = y; € ﬂo A7) = e, and s0 A is local. This completes the proof.
>

A differential norm T on 2 extends uniquely to a differential norm on the
Fréchet x-algebra 2. For t > 0, let (Az)7() = £1(Ae, T(1)).

LEMMA 3.8. (i) () (s is a Banach x-algebra with norm Tiot(t)(-) and Axy is
a x-subalgebra of (Ar)7(y).
(ii) For 0 < t1 < tp, (Q[T) T(ty) D (Q[T) T(t )and T( )tot T(tz)tot

Proof. (i) It is easily shown that ()7 [T (f)tot] is @ normed *-algebra. We

k .

claim that ()7 [T (#)tot] is complete. Indeed, since cxpx(x) < pi(x) =Y Ti(x)#
i=0

< Mgpr(x), Vx €2, Vk, where ¢y =min {ti : 0<i<k} and My =max {ti :0<i<k},
the two topologies on 2 defined by p}, and py are equivalent, and so the comple-
tion Qlik) of Alp;] = Ay and A[{p;}] = Ar. Hence, (Ar)7(;) = the bounded part
of 2l with respect to {p}} and it is a Banach x-algebra with norm T'(#) .

(ii) This is trivial. 1

DEFINITION 3.9. Let T be a differential norm on 2. Then T is called analytic
on A if there exists fg > 0 such that the total norm T'(¢()+ot is analytic on the C*-
normed algebra (2¢)r(;,), and T is called entire analytic on 2z if T (#)tot is analytic
on (2U¢) () forall t > 0.

Suppose T is analytic on 2. We put [¥ = inf{t > 0 : T(#)tot is analytic on
(A7)7() }- Then T is analytic on 2 and [ < I{. We define a +-subalgebra 21 of
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2Ar as follows: AY = U (Ar)7(;) and endow it with the inductive limit topology
>1¢
defined by the inclusions. By Lemma 3.6 ¢ is the inductive limit algebra of the
Banach x-algebras {(2r)r(;) : t > ¥}, and so it is a complete locally m-convex
Q-algebra ([22], Corollary 10.2, p. 319). Suppose T is entire analytic on ;. We
put A% = N (Ac)r@ = N (Ar)7a/n)- Then A is a projective limit of the
t>0 neN

sequence of Banach «-algebras (¢)r(1/,), 7 € N, hence it is a Fréchet x-algebra.
Furthermore, T is entire analytic on 2 and 2@ is a closed #-subalgebra of the
Fréchet *-algebra A%“. The following is proved the same way as the proof of
Theorem 3.7.

THEOREM 3.10. Let T be a differential norm on 2A. Then the following statements
hold:
(i) Suppose T is analytic on Ar. Then AL is C*-spectral with spectral C*-seminorm
|| - lg, is an hermitian Q-algebra and is local.
(i) Suppose T is entire analytic on Ar. Then ALY is C*-spectral with spectral C*-
seminorm || - ||, and it is an hermitian Q-algebra. Furthermore, if T is closable, then
A% is local.

4. SMOOTH SUBALGEBRAS OF C*-ALGEBRAS

In this section we study smooth structure in C*-algebras. We begin with the
definition of derived norms defined in [14]. A differential norm T on 2 is of fotal
order < k if for each T-bounded sequence {x; }in 2,

m log Tiot (x1x2 - - - X5)
5—00 log s

< gk.

If T is of total order < k for some k, then T is said to be a differential norm of total
order finite. By Proposition 3.10 of [14] we have the following.

LEMMA 4.1. Let T be a differential norm on A. Consider the following:
(i) T is of finite order.
(ii) T is of total order finite.
(iii) T is analytic, that is, Tyot is analytic.
Then (i) = (ii) = (iii).

DEFINITION 4.2. An algebra *-norm « on 2l is said to be a derived norm if a
is the quotient norm of the total norm of a differential norm of total order finite
in the sense that there are a C*-norm decreasing *-homomorphism ¢ from a C*-
normed algebra B with C*-norm || - ||z onto 2 and a differential norm T on B of
total order finite such that « is the quotient norm for Ty, that is,

a(x) =inf{Tiot(y) :y € B,x =¢(y)}, xeA
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Further, a derived norm « is of total order < k (respectively order < k) if « is the
quotient norm of the total norm of a differential norm of total order < k (respec-
tively order < k).

Here a differential norm T of order < k means that there exists m < k such
that T; = 0 for all i > m.

Since Ty ~ || - ||z and ¢ is C*-norm decreasing, we have || - || < a. A derived
norm « is called closable if id : x € 2| - ||| — x € 2[a] is closable.

LEMMA 4.3. Let « be a (closable) derived norm on . Then:
(i) « is analytic.

(ii) @ is a (closable) derived norm on A[«), where & is the natural extension of a to
A[a). Hence @ is analytic.

(iii) The restriction a[ g, of a to each -subalgebra 1 of 2 is a (closable) derived norm
on ;.
Furthermore, the following holds:

(iv) The sum of a finite family of (closable) derived norms is a (closable) derived norm.

Proof. The statements (i)—(iii) follow immediately from the definition of de-
rived norms (see Section 5 in [14]). The statement (iv) follows from Proposi-
tion5.3 of [14]. &

We define the smooth envelope S2 of A and smooth algebras as in [14]. We
define by A.q(2) (Acq, simply) the set of all closable derived norms on 2l and it is
directed by Lemma 4.3(iv). We denote by (A4 (2)) (T(Aqq), simply) the locally
convex topology defined by A4 ().

DEFINITION 4.4. The completion 2[T(Aq)] of 2 is said to be smooth envelope
of 2 denoted by S. The algebra 2 is said to be smooth if S = 2, that is, 2 is
complete in the topology defined by all closable derived norms on .

PROPOSITION 4.5. The completion of 2 in an arbitrary directed family of closable
derived norms is smooth algebra.

Proof. Let A be any directed family of closable derived norms on 2. Take
an arbitrary « in A. By Lemma 4.3, @ is a closable derived norm on 2[a], and by
restriction, &[2A[A] is a closable derived norm on A[A], where A[A] is the com-
pletion in the topology defined by A. This implies that the completion S2[A] of
all closable derived norms on 2[A] is contained in 2[A]. The converse inclusion
A[A] C SA[A] is trivial. This completes the proof. &

We define a Ck-envelope S*2( of 2. We denote by Afé{ the set of all closable
derived norms on 2 of total order < k. The completion 51[’[(/\?; )] of 2 is said to
be the CK-envelope of 2 denoted by S¥21. All these S*2 are smooth algebras by
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Proposition 4.5 and they have, by Lemma 4.3(iv),

AC SA= lim SA= lim lim A] C---cSMAcSUAC--- C A

k—o0 k—o0 aeAcédk

Let A be an arbitrary directed family of closable derived norms on 2l. By
Proposition 4.5 2[T(A)] is a smooth algebra and by Lemma 4.3(ii) the topol-
ogy T(A) on A[T(A)] is a smooth topology which is weaker than the topology
T(Acd(A[T(A)])) defined by all closable derived norms on 2[t(A)], but they do
not necessarily coincide. So, we need to define the notion of topologically smooth
algebras.

DEFINITION 4.6. A topological x-algebra B[t]| contained in a C*-algebra is
said to be a smooth topological algebra if B = SB and T coincides with the topology
T(Acq) defined by all closable derived norms on B.

A smooth Banach algebra (respectively a smooth Fréchet algebra) is a smooth al-
gebra 2 = S2 whose smooth topology T(Aq) is defined by a norm (respectively
is metrizable).

COROLLARY 4.7. (i) A[«] is a smooth Banach x-algebra for a closable derived
norm « on 2.
(if) A smooth algebra is an inverse limit of a directed family of smooth Banach -
algebras.
(iii) The completion of A in a countable family of closable derived norms is a smooth
Fréchet algebra.

Proof. By open mapping theorem, 2A[a] = S, and the topology T(Aq) is
defined by a. The assertion (iii) follows by an analogous argument, whereas (ii)
follows from (i) and the definition of smooth envelope. 1

THEOREM 4.8. Let 2 be a smooth algebra in a C*-algebra A. Then the following
statements hold:
(i) 2 is a dense x-subalgebra of A continuously embedded in A.

(ii) 2L is a complete locally m-convex *-algebra.

(iif) A is an hermitian Q-algebra.

(iv) A is spectrally invariant and E(2) = A.

(v) 2 is closed under holomorphic functional calculus of A, and A and 2 have the
same K-theory.

(vi) A is closed under the C*°-functional calculus of self-adjoint elements.

Proof. The statements (i) and (ii) are trivial. By Lemma 4.3(ii), for any a €

Acq, U] is an analytic Banach *-algebra, and so it follows from Proposition 3.12,
Proposition 6.4 of [14] that the statements (iii)—(vi) hold for 2[a]. Since A =
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lim 2[a], it is shown similarly to Theorem 3.3 and Theorem 3.4 that the state-
“EACd
ments (iii)—(vi) hold for 2. &

For the further properties of smooth algebras, we have the following. For
the sake of completeness, we incorporate relevant results from [14].

PROPOSITION 4.9. Let A be a smooth algebra in the C*-algebra A. Then the
following statements hold:
(i) Any closed *-subalgebra of 2 is a smooth algebra in the relative topology.
(ii) Let ] be a closed *-ideal of the C*-algebra A. Then the following hold:
(@) JN A is dense in J.
(b) Suppose that 2/ ] N A is complete in the quotient topology tq. Then /] N
2 is a smooth algebra and tq equals to the topology defined by all closable derived norms
on A/ ] N In particular, if 2 is a smooth Fréchet algebra in A, then (21/] N2A)[tq] is
a smooth Fréchet algebra.
(c) ] N A with the relative topology is a smooth algebra.
(iif) Let Ay and A, be smooth algebras, and ¢ a x-homomorphism from Ay to Ay. Then
the following hold:
(a) ¢ is norm decreasing for C*-norms.
(b) ¢ is continuous for the smooth structures.
(c) If ¢ is injective, then it is an isometry for C*-algebras.
(d) ¢(241) is a smooth algebra.
(iv) Let 6 : 2 — 2A be a closable x-derivation. Then & extends to a x-derivation
6+ SA — S If U is smooth, then J is continuous. Every closable differential norm on
a smooth algebra is continuous in the smooth structure.

Proof. For (b) and (c) in (ii) we remark that Blackadar and Cuntz have shown
in Proposition 6.7 of [14] that /] N A is always a smooth algebra, and [ N2A is a
smooth algebra if 2 is metrizable. But we think that we need the assumption of
the completeness of (2/] N 2A)[7q] in order that the former holds, and the latter
holds without the assumption of metrizability. So, we here prove only the state-
ments (ii)(b) and (ii)(c). The other statements are shown in Proposition 6.7, 6.8 of
[14].

(ii)(b) Let « be a derived norm on 2. It is easily shown that aq is a de-
rived norm on (/] N2A. Suppose « is closable. Then we show that aq is clos-
able. Indeed, take an arbitrary sequence {x,} in 2 such that ||x, + JN2A|| =
inf {||x, +yl :yeJnA} — Oand {xn + ] NA} is ag-Cauchy. We may as-
sume that ag((x,41 — x4) +JNA) < 1 for each n € N. Then there exists a
sequence {z, } in ] N2 such that:

1
w(xg +21) <aglx +7NA) + >

1
a((xn = xp—1) + (20 — 2n—1)) < agq((xn —x5—1) +JNA) + i M= 2,3,....
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Here we put y, = x,, +z, € %, n € N. Then
[yn +TORA| = [lxn +JORA| —— 0, a(ym —ya) < g+t g, m>n,
Since « is closable, we have nlgn a(yn) = 0, which implies

’}%wq(xn +7NA) < }%a(xn +zy) = ;}E{}o“(yn) =0.

Thus, aq is closable, therefore 74 is the topology defined by the family {aq : & €
Acq} of closable derived norms on /] N2l Since (2A/] N A)[1q] is complete, it
follows from Proposition 4.5 that (/] N2A)[14] is a smooth algebra. To prove that
the quotient topology T4 is the smooth topology defined by the family A(2(/] N2A)
of all closable derived norms on /] N2, it is sufficient to prove that each p €
Ad(A/] N2A) is 14 continuous. Take any such p, and define o : A — R, o (x) =
p(rt(x))(x € A), where m: A — /] N2A m(x) = x + ] N A is the quotient map.
First we show that ¢ is a closable derived seminorm on 2. Indeed if (x,) is a
sequence in 2 such that o(x, — x;,) — 0 and ||x,|| — O, then for the quotient
C*-norm || - ||qon /] N, |[7(xn) g < |[xa]| — 0and also p(71(xy) — 7(xm)) =
o(xy —xm) — 0. Since p is closable, 7(x,) — 0 in p. Hence x, — 0 in o. Thus
o is closable. Notice that o need not be a norm. By p. 273 of [14], ¢ is a derived
seminorm on 2. Now there exists a C*-normed algebra (B, | - | ), a surjective norm
decreasing *-homomorphism ¢ : B — 2 and a differential seminorm T = (Tj)
on B such that ¢(x) = inf{Tyot(y) : ¢(y) = x}. Define T" = (T}) on B as Ty(y) =
ly| + |y|’, where |y|" = ||x]| for ¢(y) = x, and T{(y) = T(y) for all k. Then T" is a
differential seminorm on . For any x € 2,

0(x) = inf{ Tioe(y) : ¢(y) = x} = inf{|y| + |y|": ¢(y) = x} > ||x]| + o(x) > o(x).
Thus 6(x) = 0 implies that x = 0 showing that 6 is a derived norm on 2. We
show that 6 € A.q(2), which in turn would imply that o € A.q(2). For this we
need to prove that 6 is closable. Let (x,) be a sequence in A such that 6(x, —
Xm) — 0,]|xx]| = 0. Then o(x, — x,,) — 0 by above, and by the closability
of o, inf{Tot(vn) : $(yn) = x4} = 0(x,) — 0. Hence for each n € N, there
exists y, € B such that ¢(y,) = x, and Tiot(yn) < % Thus Tiot(yn) — 0. Also
lyn|" = ||xx|| = 0. Thus inf{T},;(z) : ¢(z) = xn} < Tl (yn) — 0. Hence 6 is
closable. It follows that 0q is Tq-continuous and

oq(m(x)) = inf{o(x+2):z € JNA} = inf{p(rr(x) +7(z)) :z € JNA}
—inf{p(r(x)) sz € J N2A} = p((x)),
for all x € 2, which implies p is 7q-continuous. Suppose that 2 is Fréchet. Then
(/] N2A)[1q] is complete, and so (2A/] N2A)[1q] is a smooth Fréchet algebra.

(c) Since ] N A is a closed *-subalgebra of 2, it follows from (i) that ] N2 is
a smooth algebra. 1

We consider the other smooth structures that are useful in constructing ex-

f

amples. We denote by A, the set of all closable derived norms on 2 of finite
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order, and by AJCC the set of all closable differential norms of finite order. By
Lemma 4.1, A{ C A]Ccd C Ag-

DEFINITION 4.10. The completion §[[T(AJC[ 4)] of 2 is said to be the derived
strongly smooth envelope of A denoted by Sys2. The algebra 2 is called derived
strongly smooth if A = Sgqs2. The completion ﬁ[T(A]CC )] of A is said to be the
strongly smooth envelope of 2 denoted by Ss2. The algebra 2 is called strongly
smooth if A = Sg2.

We can show similarly to the proof of Proposition 4.5 that the completion
2A[T(A)] of Ais a derived strongly smooth algebra (respectively a strongly smooth
algebra) for each directed family A of closable derived norms (respectively clos-

able differential norms) of finite order. The C¥-envelopes S § SQland Sk of 2 are
<k
defined as in case of S*2. We denote by A4 the set of all closable derived norms
<k
of order < k, and by A¢ the set of all closable differential norms of order < k.

The completion ‘;’VJ.[T(AZ )] (respectively le[‘[(/\? ‘ )] ) of A is said to be the derived
strong C-envelope (respectively the strong Ck-envelope) of 2 denoted by S g A (re-
spectively Sk(). All Sgsﬁl are derived strongly smooth algebras and all S¥2 are
strongly smooth algebras, and

AC SAC cSHlrcsSAC---
N
RT k k+1 k
SdsQl_I&nk_desm - CSACSAC C A
N N
SA=lm _ SAc-.. cSFAcSAC-

We do not know the relation between S*2 and SésQ(, S!2l. For strongly smooth
algebras we have the following

PROPOSITION 4.11. The differential Fréchet x-algebra 2 (1) defined by a closable
differential norm T is a strongly smooth algebra, and S = I'LnT€ A Ae(T), where Ac
is the set of all closable differential norms on 2.

Proof. The topology T(T) is defined by the sequence T\") = (Tp, Ty, ..., Ty,
n
0, ...) of closable differential norms of finite order such that p, = ¥ T; = Tt(ont).
i=0
Thus ;) = @n QNI[Tt(Ont)] and is a strongly smooth algebra. Furthermore, we
have N
S = m Ql[Ttot} = 1&1’1 Ql'r(T)' [ |
Ten! TeA

We develop the analytic structure defined on a C*-normed algebra using the

totality of differential norms, and this is obtained by taking appropriate limit al-

gebras of the algebras A« and A considered in the previous Section 3. Though
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our approach to analyticity is experimental and tentative requiring further refine-
ment, it does lead to several algebras with smoothness properties. Here we con-
sider a family of (entire) analytic differential norms. Hence, for an analytic differ-
ential norm T on 2 we denote 2A“ considered in the previous Section 3 by A“(T),
that is, 2A“(T) = t>U€w NRA,T(H)) = hﬂt%w ¢Y(A, T(t)) and for an entire ana-

lytic differential norm denote A°“ by ¥ (T), that is, A°“(T) = N (A, T(t)) =
>0

lim, ¢Y(A, T(t)). Thus A (T) is a locally convex *-algebra, whereas ¥ (T) is
a locally m-convex *-algebra.

Here we define the analytic envelope and the entire analytic envelope of 2.
We denote by A, (respectively Aew) the set of all closable differential norms T
on 2 such that (2, T) is analytic (respectively entire analytic) in the sense of Def-
inition 3.5. Let T(Aew) be the locally convex topology on 2 defined by {Tiot :
T € Aew} and T(Ay) the locally convex topology on 2 defined by a family
{t¥(T) : T € Ay} of the inductive limit topologies T (T).

DEFINITION 4.12. The completion 2[7(A,,)] (respectively A[T(Aew)]) of A
is said to be the analytic envelope (respectively entire analytic envelope) of 2 and
denoted by 5,2 (respectively Se,21). The algebra 2 is said to be analytic (respec-
tively entire analytic) if 2 = S, (respectively A = Se,2A).

We remark that Blackadar and Cuntz in [14] have called an analytic algebra a
C*-normed algebra that is a Banach *-algebra with respect to an analytic algebra
x-norm. Here we call such a C*-normed algebra an analytic Banach *-algebra.

Then S, and Se2U are locally convex x-algebras and

Se = lim 2A%(T) = lim Lim Az [T()ror],

TeAw TeAy tl0
Sew = lim A(T) = lim lim Ay [T(Hrot]
TeAew TEAew t—00

Concerning S, S4s2, Ss2, Sl and Sew Y, it is easily shown that the topologies
T(Ad), T(A)Cf 1), T(Aew) and T(Ay) are finer than the topology T(A{ ), and that
S2A, Sgs, Sew? and S, are contained in Sg2l. Here if 21 is smooth, then it is
derived strongly smooth, smooth, entire analytic and analytic. For completion of
2 with respect to a family of (entire) analytic closable differential norms we have
the following.

PROPOSITION 4.13. (i) Let A be a family of closable differential norms T on 2
such that (A, T) is entire analytic, and Tew, (A) the locally convex topology on 2 defined
by {T(t)iot : T € A, t > 0}. Then A[tew (A)] is entire analytic.

(ii) Let A be a family of closable differential norms T on U such that (2, T) is ana-
Iytic, and ., (A) the locally convex topology on U defined by {t%(T) : T € A}. Then

A[1, (A)] is analytic.

Proof. These are proved in the same way as the result of Proposition 4.5. 1
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The same results as Theorem 4.8 and Proposition 4.9 obtained for the smooth
algebra S hold for Sy, Ss2, Sew and S, .

5. Ck-STRUCTURES

In this section we quickly review the C¥-structures introduced by Blackadar
and Cuntz. This leads us to the study of abstract C*°-algebras. A C*-algebra is
smooth, but not every smooth algebra is a C*-algebra. We investigate this class
of smooth subalgebras of C*-algebras. An (Ny-)graded *-algebra is a *-algebra B
equipped with projections Py, k € No, P;P; = 0,i # j, onto involutive subspaces
By = PiB of B such that B;B; C B;y; and such that ZPk id. This implies the

important relation P(xy) = Y (Px)(Py), x,y € B For a graded algebra A,
i+j=k

let 02 denote the set of elements of 2 of degree > 1. An Ny-graded *-algebra

B is said to be a Banach (Ng)-graded *-algebra if BB is a Banach x-algebra, the al-

gebraic direct sum 69 By of the By is dense in B, and ||P|| < 1, Vk € Nyg. A

graded Banach x- algebm B is a Banach x-algebra (B, || - ||) together with projec-
tions Py, k € Np, onto involutive subspaces By = P(B) of B such that P;P; = 0
for i # j, BiB; C B, the algebraic direct sum }_ By is dense in B, ||P[| < 1
= Y Px in the norm for all x € 2, and )} ||Pex|| < oo for all x € B. A x-

k k

homomorphism ¢ of an Ny-graded #-algebra B; into an Ny-graded *-algebra B,
is said to be graded if (p(PE]x) = Psz(p(x),Vx € By, Vk € Ny. Let Af|| - ||] be
a C*-normed algebra. Let D2 be the universal graded *-algebra over 2 con-
taining 2 and closed under a *-derivation. This is the universal *-algebra gen-
erated by the symbols dk (x),xin2, kin N, that are linear in x and satisfy the
relations: d*(xy) = ¥ dl( )di (y),d*(x)* = —d*(x*). A canonical derivation
P
6: DA — DA is defmei:l as

S(d" (x1)d™ (xz) - - - d (x)) 2 i+ 1)d (xq) - diT () - d ().

Thus, d/(x) = §j(x) . The *-algebra D2l is generated by 2 ~ d°(2l) and &/(2), j €
N,and d°: x — do( ) is a *-homomorphism of 2 into D2I. The *-algebra D2l has
the following universal properties:

(5.1) If ¢ : A — Bis a *-homomorphism into a *-algebra B with a *-
derivation ¢’ : B — B, then there exists a unique *-homomorphism ¢ : D2 — B
such that (x) = ¢(x),Vx € Aand & o p = P o 4.

(52) There exists a formal *-homomorphism e? : 2 — D2, e?(x) = ¥

i=0
di(x) such that if ¢ : 2 — B is a *-homomorphism into an Ny-graded *-algebra
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B, then there exists a unique graded *-homomorphism @ : D — B such that
p=1oel.

The homomorphism e is well-defined if D2 is divided by the ideal J; of
elements of degree greater than k, or if D2 is completed in an appropriate topol-
ogy. We consider the notion of C*-graded seminorms [14] on D2 to define the
CK-structure. An algebra -seminorm a on D is called a C*-graded algebra semi-
norm if 3C > 0 : a(d’(x)) < C||x||,Vx € 2, and a(Pry) < a(y),Vy € DA where
P, = PP* is the projection of D2 onto the kth degree part of D. Let a be a
C*-graded algebra seminorm on D2(. We say that:

e a is of finite order k if a(d'(x)) = 0,Vx € 2A,VI > k, and for some y €

A, a(d(y)) # 0.
e ais of (1-type on A if ¥ a(d¥(x)) < oo, Vx € A
k=0

e « is of /' -type on D2 if OZO‘, a(Pyz) < o0,Vz € D
k=0
e « is of strongly (' -type on DA if a(z) = E a(Pyz),Vz € D
k=0

LEMMA 5.1. Let « be a C*-graded algebra seminorm on DU. Define T, = (Tf)
by T (x) = a(Pe(x)) = a(d*(x)),x € A. Then T, is a differential seminorm on 2
such that the following hold:
(i) Ty is of finite order k if and only if « is of finite order k.
(ii) Ty is £*-summable if and only if « is of £-type on 2A.
Ty is called the differential seminorm on A induced by w.

We discuss some technical results describing a relationship between C*-
graded algebra seminorms on D2l and differential seminorms on L.

LEMMA 5.2. « is a C*-graded algebra seminorm on D2Lif and only if w is induced
by a graded x-homomorphism of D2 into a graded x-algebra with algebra norm whose
restriction to degree zero part is continuous with respect to the C*-norm on 2.

Proof. Let a be a C*-graded algebra seminorm on D2(. We put N(a) = {z €
D2 : a(z) = 0}. Then N(«) is a graded *-ideal of D%, thatis, PN («) C N(«), Vk,
and B, = D2/N(a) is a graded *-algebra, the gradation being defined by the
maps PkB”‘ : By — B, PkB”‘ (z+ N(a)) = Pz + N(«),z € D. This is well-defined.
Now B, is a normed *-algebra with the norm defined by ||z + N(a) ||« = a(2).
Thus B, is a graded *-algebra with the algebra norm || - ||4. Let 71, : D2 — B, be
7. (z) = z+ N(a). Then clearly 71, is a graded *-homomorphism and || 77, (z) ||« =
a(z), 7wy (Pez) = P]fg “114(2), Vz € D2L. Also, the restriction of 7, to the degree zero
part d°(2A) ~ 2 is continuous with respect to the C*-norm || - ||. The converse is
easily shown. 1

For a characterization of C*-graded algebra seminorms on D2 which are of
¢!-type on 2, we introduce the notion of flat differential seminorms defined by
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Blackadar and Cuntz [14]: A differential seminorm T on 2 is said to be flat if T
can realized as Ty(x) = [|[PP¢(x)| s, k > 0, for a x-homomorphism ¢ : A — B
from 2 into a graded x-algebra B equipped with an algebra seminorm || - || 3. Sup-
pose that a differential seminorm T is ¢'-summable. Then it follows from Theo-
rem 4.4 of [14] that T is flat if and only if there exists a C*-seminormed algebra
2;[|| - ||1] containing A as a *-subalgebra and a derivation J; on 25 such that
To(x) = |x]1,Vx € Aand Ty(x) = £[|65(x)|1,Vx € 2A It follows that there
exists a non-zero C*-graded algebra seminorm on D% if and only if there ex-
ists a non-zero flat differential seminorm on 2; and there exists a separating
family of C*-graded algebra seminorms on D% if and only if 2 is embeded in
a pro(jective limit of-) C*-algebra(s) that admits a separating family of densely
defined *-derivations.

LEMMA 5.3. The map o — Ty is surjective from the set of all C*-graded algebra
seminorms a on DA which are of £'-type on 2A (respectively of order k) onto the set of all
flat £'-summable differential seminorms on 2 (respectively of order k). If Ty is closable,
then a o d/ is closable for each j.

Proof. Let a be a C*-graded algebra seminorm on D2 of ¢!-type on 2. Then
e is defined on B, and ¢ = myo e is a *-homomorphism of 2 into B,, where
(By, ty) is defined in Lemma 5.2 . Let T, = (T}) be the differential seminorm on
2 induced by «. Then we have

IPF* (9(x))lla = [ Pele?(x)) + N(@) o = [l (x) + N(@)[la = a(d*(x)) = T¢ (x),

for each k € N and x € . Hence T, is a flat #1-summable differential seminorm
on 2 such that a(d*(x)) = T (x),Vk € N,Vx € 2. Conversely suppose T is
a flat ¢'-summable differential seminorm on 2. Then T is realized as Ti(x) =
|PE¢(x)||5,k > 0, for a *-homomorphism ¢ : 2 — B from 2 into a graded
x-algebra B equipped with an algebra seminorm | - ||3. By (5.1) there exists a
unique graded *-homomorphism ¢ : D2l — B such that ¢ = 1 o e. Here we put
a(z) = ||¢(2)|lg,z € D2. Then « is a C*-graded algebra seminorm on D2l and
a(d*(x)) = [$(@)) 5 = [$(Be ()15 = [PE@(e(x))lls = IBEg(x)]ls =
Ty (x) for each x € 2. Hence « is a C*-graded algebra seminorm on D2l which is
of ¢'-type such that T, = T. Thus the map & — T, is surjective. This completes
the proof. 1

For C*-graded algebra seminorms of £!-type on D2, we have the following.

LEMMA 5.4. a is a C*-graded algebra seminorm on D24 which is of £'-type on DA
if and only if « is induced by a graded x-homomorphism from D2l into a graded Banach
x-algebra such that its restriction to the degree zero part is continuous with respect to
the C*-norm on 2. If this is true, then there exists a C*-graded algebra seminorm o' of
strongly (' -type on DA such that a is equivalent to the quotient of ' and the seminorm
o' o e on U is the total seminorm of the differential seminorm defined by o',
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Proof. Suppose a is a C*-graded algebra seminorm on D2 which is of ¢!-
type on D2(. Let B,[|| - ||l«] and 71, be defined in Lemma 5.2. Since & is of ¢!-
type on DA, B, || - ||+ is a graded normed x-algebra whose completion By ||| - ||s]
is a graded Banach *-algebra, and 71, is a graded *-homomorphism of D2l into

B||l - ||a]. Conversely suppose a is induced by a graded *-homomorphism ¢ of
D2l into a graded Banach *-algebra B][|| - || 5]. Then since Zvc(sz) = Z lv(Pez) 5

= Z IPBy(z)||p < oo for each z € D, it follows that « is a C*-graded algebra

seminorm on DA which is of ¢!-type on D2I.
Let « be a C*-graded algebra seminorm on D2 which is of ¢!-type on D2l
Since  is of /!-type on D2l, we may define an algebra *-seminorm &’ on D by

o'(z) = ¥ a(Pz),z € D. Furthermore, we have
k=0

(Zsz) < Z (Pez) = a'(z), Vze€ D2

k
(5.1) zx’(Pk ) =a(Pz) <az) <a(z), Vze D
=) a(Pz) =) o' (Pz), VzeD
k k

o (x) =a(x) <C|x|, Vxe2

Hence &' is a C*-graded algebra seminorm on D2l which is strongly ¢!-type on
D2 By (5.3), N(¢') C N(a). Conversely take an arbitrary z € N(a). Then
a(Pz) = 0,Vk € N, and so a/(z) = 0. Thus, N(a) C N(a’). Hence, N(a) =

N(a’). Therefore, on B, = % both & and &’ define norms || - || and || - ||
and || - |o < || - |lor- Thus we may assume that both « and &’ are norms on D2l.

Then there exists a continuous *-homomorphism 7 : D2A[a’] — D2A[a] such that
D2 = id and (ker 7r) N DA = {0}. Let ap(z) = a(7(z)),z € DA[a]. Then agy
is an algebra *-seminorm on D[] and ao(z) = a(z),Vz € D2A. Now ker 7t is a’-

DA . . . .
closed, and so ki(r[(:t] is complete in quotient norm 0(:1 from «’. Furthermore, via 7,

!

“:1 and « are equivalent. Hence, on [ﬁlr[ n] , g and Dc{] are equivalent. Thus on D2,
a and ag are equivalent. Since « is anorm on D and & ~ ag(z) = inf{a’(z +u) :
z € DA, w(u) = 0}, ag is also a norm on D2A. Now, on 2 define a differential

seminorm T]{(x) = o/(d/(x)). Then T} (x) = 2&’(df(x)) = o/(e(x)),Vx € 2
)

This completes the proof. 1

We first define and investigate the C¥-completion of 2l as defined by Black-
dar and Cuntz. Let I'(D2l) be the set of all non-zero C*-graded algebra norms «
on D2 such that a[2 ~ || - ||, « o d/ is closable for each j, and is 7(I'(D)) the
topology on D2 defined by I'(D2(). We simply denote I'(D2) by I'. Suppose
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I' # ¢. Let k € Ny. Denote by J; the x-ideal of D2 consisting of all elements of
degree > k + 1in D2

LEMMA 5.5. The quotient DU/ Ji. is a graded *-algebra with the projections {13]},
where 13](2 +Ji) = Piz+ Jy,z € DU For a € I, let aq denote the quotient norm of
won DA/ Ji. Then {ag : « € I'} = I'(DA/]Ji), and so the quotient topology TI]E’q on
DU/ Ji equals the topology T(I'(D2U/ Ji)) defined by I'(D(/ Ji.).

Proof It is easily shown that D2/ Ji is a graded *-algebra with the projec-
tions {P }. Take an arbitrary « € I'. Letz € D2l For 0 < j < k we have

ka(Bi(z + 1) = aq(Pz+Jo) < a(Pz) = a(Py(z+y)) < a(z+y) for each
y € Ji, which implies txq(ﬁj(z +Jk)) < ag(z+Jk). Forj > k+1 we have
aq(ﬁj(z—l—]k)) = aq(Jx) = 0 < ag(z + Ji). Thus aq is a C*-graded norm on DA/ Jj.
Furthermore, it is easily shown that aq[d®(A) + Ji ~ || - || and aq(d/(-) + Ji) is
closable by the closability of «. Hence, aq € I'(D/]i). Conversely take an ar-

bitrary p € I'(D2/]i). Then we put a(z) = B(z+ Jx),z € D2 Then it is easily
shown thata € I' and &g = B. Thus we have {aq:a € '} = I'(DA/Ji). 1

Since the projections P; of D2 onto B; = P;j(D2l) are T(I')-continuous, they
extend as the projections 13] of the completion D[7(I')] onto the completions Ej_
By Lemma 5.5 we have the following

LEMMA 5.6. (i) The algebra D[T(I')] is the inverse limit of Banach graded -
algebras D[], w € I', and it isa graded x-algebra which is a complete locally m-convex
*-algebra with continuous projections { P;} such that 0DA[T(I')] = (aDA)™ [t(I')].

(ii) The quotient algebra DA[T(I)]/J = (DQ[/]k)N[TIIE,q] (completion)
= (DA/ i)~ [x(L(D2A/ J))]-
This locally m-convex x-algebra is simply denoted by ﬁﬁgk
(iii) The algebra DA~ is the completion of DASK in the quotient topology.

We remark that for any « € I', D2[a] is a Banach graded x-algebra, but it

need not be a graded Banach x-algebra, that is, kozoloa(sz) < o0, Yz € DU does

not necessarily hold unless « is of £!-type on D2l.

DEFINITION 5.7. The closure of ¢ (2() in DA~ is called the CK-completion of
2l and is denoted by C*2(, where ¢ : x € A — d°(x) + - - +d¥(x) + J € DA/ Jy.

Following [14], an equivalent approach to the Ck-structure is as follows: Let
T be the topology on D2 defined by the family of all C*-graded algebra semi-
norms on D2 Let D2 be the Hausdorff completion of (D2, 7). Let DA =

DA/ T, Tk being the ideal of elements of degree > k + 1 in D2A. Notice that Jj is
the Hausdorff completion of the ideal J; of elements of degree > k + 1 in D2l
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Let¢ : 2 — DA~ be the map ¢ = joe viz. ¢p(x) = d°(x) +d'(x) +d>(x) +
oo 4d*(x) + J, x € A Let Ay be the closure of ¢(21) in DA™, Then Ay is the
Hausdorff completion of 2 in the family of all flat, not necessarily closable, dif-

ferential seminorms of order < k. Now C*Ql is defined to be ;. /2 N abﬁgk with
the quotient topology 7*, and it is the completion (2, {Tiot : T € Affk})” of 2
in the family Affk of all closable flat differential seminorms of order < k. (Notice
that here and throughout T is of order < k means that there exists m < k such
that T; = O for all i > m.) The following is shown by the closability of each T,
« € I (see Lemma 5.3).

— <k
LEMMA 5.8. CktnaD~ = {0}.

THEOREM 5.9. The algebra C*2U is the completion of 2 in the family of all flat
closable differential norms of order < k.

Proof. We show that the *-isomorphism ¢y : x € Ql[T(Affk)] — Pr(x) =

AO%x)+-+dx)+ i € DA~" is bicontinuous. Indeed, take an arbitrary g €
I'(DA/Ji), we put a(z) = B(z+ Jg),z € DA. By Lemma 5.5 a is a C*-graded

algebra norm on D2l of order < k. Hence it follows from Lemma 5.3 that T, € Affk
k
and B(¢r(x)) = a(dO(x) +--- +d*(x)) < & Tj”‘(x) = (Ta)tot(x) for each x € 2A.
=0

Conversely, take an arbitrary T € Affk . By Lemma 5.3 T = T, for « € I' of order
< k. Then, for 0 < j <k, Vx € A and Vy € J we have

Tj(x) = a(d/(x)) = a(P(d®(x) + - +d°(x) +y)) < a(d(x) +- - +d"(x) +y),

which implies that klﬁ Tiot(x) <aq(Pr(x)). Thus ¢y is bicontinuous by Lemma 5.5,
and ﬁ[Affk] (ff C*2L. This completes the proof. 1
k

DEFINITION 5.10. The algebra C*2l = [\ Ck2l with the projective topol-
keNy

ogy T from {CkA[t <k] 1k € No} is called the C*-completion of %, and it is the
cf
completion of 2 in the family A{f of all flat closable differential seminorms of fi-

nite order. If A = C*%, that is, 2 is complete in the family A]C(f of all flat closable
differential norms of finite order, then 2 is called a C*-algebra.

By Theorem 4.4 of [14], the projective topology T on C*2 is defined by

k i
the norms { Yy | (};,)HD" : k € Ny, d is a closable *-derivation of C°°9l}, where Dy
j=0 '
is a normed *-algebra containing 2l with norm || - |[p, whose restriction to 2 is

equivalent to the C*-norm || - ||. The next two results describe some properties of
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CF-completions. We leave open the important problem: When is the embeding
id : k19 — Ck2A compact?
PROPOSITION 5.11. () % C SA C S € C®A = lim, Cru[r Aik] =
lim es A[Tiot) € CHH1A C ChA C A
If A is a C*°-algebra, then it is a strongly smooth algebra.
(ii) The algebras C*2 and C*% are strongly smooth algebras.
(iii) The completion of a C*-normed algebra 2 with respect to a countable family of

closable flat differential seminorms of finite order is a Fréchet C*-algebra.
(iv) If A has finitely many generators, then C*°2 is a Fréchet C*-algebra.

Proof. (i) The statement (i) follows from Theorem 5.9 and the definitions of
SA, Ss2 and C*A, which implies (ii). The statements (iii) and (iv) are shown
similarly to Corollary 4.7. 1

The following is essentially in [14].

THEOREM 5.12. Let k € N. The following statements hold:
(i) C®A and C*2A are complete locally m-convex *-algebras continuously embedded
as dense x-subalgebras of A.
(ii) C®°A and C*QA are hermitian Q-algebras.
(iii) C*°2 and C*2 are spectrally invariant in A and E(C®) = E(CFA) = A.
(iv) C*A and C*A are C*-spectral algebras.
(v) C® and C* are closed under holomorphic functional calculus and under C®-
functional calculus for self-adjoint elements.
(vi) K, (C®A) = K, (CkA) = K, (A).
(vii) (a) Any *-homomorphism ¢ of A onto a C*-normed algebra B extends to a
continuous *-homomorphism of C*°2 onto C*°B.
(b) Any closable x-derivation 6 of 2 extends to a closable x-derivation of C*.

6. EXAMPLES

EXAMPLE 6.1. (i) Let A = CJ[0, 1] be the C*-algebra of all continuous func-
tions on [0, 1] with the supremum norm || - ||. Let 2 = C®[0, 1] be the Fréchet
x-algebra of all infinitely differentiable functions on [0,1]. On 2, we define T =
(Th)§ as Ty (f) = %, f € 2. Then T is a closable differential norm on 2 such
that To(f) = || |- The algebra 2 ;) equals the Banach *-algebra C*10,1] of func-
tions on [0, 1] having k continuous derivatives, and 2, = 1&1 Ay = 1£1 Cko,1] =
C*[0,1]. Hence C*[0,1] is a strongly smooth algebra. In fact C*[0,1] is a C*-
algebra.

(ii) Let A = Cp(R) be the C*-algebra of all continuous functions on R that
vanish at infinity with the supremum norm || - [|. We put A = CP(R) = {f €
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C®(R) : f) € Cy(R),0 < i < co}. The algebra 2 is a Fréchet x-algebra. On I,
we define T = (Ty)g° as Ti(f) = %,V f € 2. Then T is a closable differen-
tial norm on 2. The algebra 2 ;) equals the Banach x-algebra CIO‘(]R) = {f €
COR) : fO € Cy(R) : 0 < i < k}, and the differential Fréchet x-algebra
A = @C’é (R) = C5°(R). Hence C°(R) is a strongly smooth algebra. In fact,
Cy’(R) is a C*-algebra.

(iii) Let A = Cyp(R) and A = S(R) be the Schwartz space of all infin-
itely differentiable rapidly decreasing functions on R. The algebra 2 has the
Schwartz topology which is defined by the family {||f||,;,;} of seminorms: || f ||,y ;

= sup(1 + |x|)"|f)(x)|. Then 2 is a Fréchet *-algebra with pointwise multipli-
xeR
cation (as well as with convolution which we do not consider here). On 2, we

define T = (T,,)§ as Tw(f) = E Hf“”” , for Vf € 2. Then T is a closable differ-

ential norm on 2 such that Ty( f ) = ||f|lco. The algebra A, equals the Schwartz
space S(R). Hence S(R) is a strongly smooth algebra, and the Schwartz topol-
ogy is the topology defined by all derived norms on S(R). Notice that S ( ) is

not a C®-algebra. Indeed, the differential norm T/=(TIL)I‘Z°:0, T,/(( f) = Hf H""
S(R) is flat and closable, and the completion of S(R) in T is CP(R). Thus the
C®-envelope of S(R) is C*°(S(R)) = C°(R).

(iv) Let A= C[0,1] and 2 the Banach x-algebra CBV|0,1] of real valued
continuous functions of bounded variations on [0,1] equipped with the norm
LfFll = Ilflle + V(f), V(f) being the total variation of f on [0,1]. For all f,g
in 2, V(g) < |flV() + gV (). Thus To(f) = [Fles Ta(f) = V(F) de-
fines on 2 a differential norm T = {Ty, T} of order 1 for which Tiyot = || - |.
Thus 2 is a smooth Banach algebra. It follows that if f € CBV|[0,1], and g :
[0,1] — [0,1] is smooth, then g o f is of bounded variation. Analogously the
Banach *-algebra AC,[0,1],1 < p < oo consisting of functions f in [0,1] such
that the derivative f’ exists almost everywhere on [0,1] with f’ € LP[0,1] and
with the norm || f|| = ||f|le + |[f'|| is a differential Banach algebra defined by
the differential norm T(f) = {||f|le, || f'l|p} of order 1. Consider the Sobolev—
Banach algebra W"[0,1] = {f € C"=1[0,1] : f("=1) is absolutely continuous

m—1 i
on [0,1], f") € L?[0,1]} with the norm ||f|| = ¥ % +|[f'llp- The differen-
=0

tial norm T = (Ty) of order m defined as To(f) = || f|leo, T;(f) = Hf lee (1<j<

—1), Tu(f) = ||f"™]|, makes W"?[0,1] to be a differential Banach x-algebra.
It also follows that the algebra Lip[0, 1] of Lipschitz functions on [0, 1] is also a
smooth subalgebra of C[0, 1].

EXAMPLE 6.2. (i) Let A be a C*-algebra with C*-norm || - ||. Let {d1,6,...,
d5} be closed x-derivations on A. Then the C"-elements (1 < n < o0) and the
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C*-elements of A are defined [16] as follows:
C"(A)={xe A : x € Dom (;,6;, - - - 9;,) for all
n-tuples{d; ,;,,...,0;, } in {d1,02,...,04}},
C®(A) = ({C"(A):n € N}.
C"(\A) is a Banach x-algebra with the norm
d

n
1
el =Tl + 32 3 1000, 0, (%)l

k=111,ip,...ix=1

Thus C*(A) = lim C"(A) is a Fréchet x-algebra. Assume that C*(.A) is dense in
A.Let A = C®(A). On A, we define T = (Tj)§’ as

d
1
To(x) = llxll, Te(x)= ) FH(Siléiz -8 (x)||, forVx e A VkeN.
i1 ip=1""
n
Then T is a closable differential norm on 2. Since p, = Y Ty and || - ||, are
k=0

equivalent, we have 2,y = Alpy] = C*(A), and A, = Im®A(;,) = A Hence
C*(\A) is a differential Fréchet algebra, hence is a strongly smooth algebra.

(il) We give an example satisfying the assumption that C*(.A) is dense in
A. Let G be a Lie group acting on A by a. Let A denote the set of all infinitesimal
generators of actions of one-parameter subgroups of G on A, viz.

A= { (%)au(t) ‘t:O : £ — u(t) is a continuous homomorphism of R into G}.
Then A consists of derivations, and by a theorem of Malliavin ([16], p. 40), it is
a finite dimensional vector space having basis, say {d1,02,...,6;}, where d =
dimA. By Proposition 2.2.1 of [16], C"(.A) and C*(.A) are dense in A. Now the

C*-elements of A defined by the Lie group action « is
C¥(Aa)={xec A: g€ G — ag(x) € Ais smooth}

which is the set C*(.A) defined above. Thus C* (A4, «) is a smooth subalgebra of
A, in fact it is a differential Fréchet algebra.

(iii) It follows from (ii) above that the non-commutative torus Ty are differ-
ential Fréchet algebras, hence are strongly smooth. We elaborate the case n = 2.
Let 6 be any real number. We identify the functions F € C(T), T unit circle, with
continuous periodic functions f : R — C of period 1 by f(t) = F(e?™). Let
« be the automorphism a(f)(t) = f(t + 6) defined by the rotation of T by the
angle 27t0. The torus algebra A3 is the crossed product of C(T) by Z, and is re-
alized as the C*-algebra of operators on L?(T) defined by the unitaries u and v,
ug(t) = e¥(t),v&(t) = &(t +6). The universal C*-algebra generated by the
two unitaries u, v satisfying vu = €?™%v is isomorphic to A3. Thus any a € A2

. _ s .
is expressed as a = EZ a,su"v° with an appropriate scalar sequence {a,s}. The
r,5€
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C*-algebra A3 is abelian if and only if § is an integer, and then .43 is isomorphic
to C(T?) (which in turn is identified with the 2-torus T?). The non-commutative

torus Tg is the dense subalgebra of Ag defined as Tg = {a = Y asu'v®
r,SEL

{arst € S(Zz)}. The Lie group T2 acts on A3 by ap(z, w)(u'v%) = z'w'u'v*,

and T7 = C®(AZ,ap), the C®-elements of A7 defined by ag. It follows that T;
is a differential Fréchet algebra, hence is strongly smooth, and the well known
smoothness properties of T3 follow. Notice that C®(T3) = T3 is a C*-algebra.
(iv) Here is an example of a different kind of differential structure. This
is a multivariate analogue of an example in [14]. Let H be a separable Hilbert
space. Let 2 be a *-algebra of operators on H. Let D = {Dy,Dy,...,Dy,} be an
n-tuple of strongly commuting self-adjoint operators on #, possibly unbounded.
Let E be the joint spectral measure of D defined on Borel subsets of the joint
spectrum (D). Then for each j = 1,2,...,n, D; = J AdE) = Ik A,dE,. For
(D) R
k= (ki,ko,... k) € N", let

W ={x €A:xE\xH C Ey yH,x"ExH C E),xH forall A € R"}.

Assume that 2 = (J 2. Let §]-(x) = i[Dj,x],l < j < n. Then {61,60,...,0n} isa
k

commuting family of closable derivations on 2. Define, for each x € ,

re(x) = sup {1 = Exqs)xEnll, [|(1 = Exyi)x"Exll},
= n

pm(x) = sup{k k52 - - ke (x) sk ko, .. ky in Ry G

Then T = {Ty, T1}, To(x) = cl|x|, T1(x) = pm(x),x € 2 is a differential
seminorm of order 1. Another differential seminorm T' = (T,i) is defined as
follows. T(;(x) = ||x||, T;{(x) = % ) 671852+« - oy (x) .

|m|=k,me{NU(0)}"

EXAMPLE 6.3. We consider the differential structure defined by a smooth
operator algebra crossed product by the action of a Lie group as developed in
[31]. Let A be a C*-algebra. Let G be a Lie group acting by an action « on A.
Let C*(G, A, «) be the crossed product C*-algebra. The smooth crossed product
S(G, A, ) is envisaged as a smooth version of the crossed product construction
and is primarily constructed to produce examples of subalgebras of C*(G, A, a)
having desired smoothness properties like spectral invariance and K-theory iso-
morphism. Our contention is that there must exists a smooth structure (in the
sense of the present paper) lurking behind this construction responsible for the
smoothness properties exhibited by S(G, A, «). We exhibit this with the par-
ticular case of R. The general case requires a separate treatment. Let a be a
strongly continuous action of R by %-automorphisms of A. Let C.(RR, A) be the
set of all continuous A-valued functions on R having compact supports. It is a
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-algebra with twisted convolution: (f * g)( / f(s)as(g(r—s))ds, f*(r) =

ar(f(=r)*). It is a normed *-algebra with the norm: ||f|l; = [ ||f(s)|/ds. The
R

Banach x-algebra L!(R, A, a) is the completion of C¢(R,.A) in the norm || - ||,
and the crossed product C*-algebra C*(R, A, «) is the enveloping C*-algebra of
LY (R, A, «). Let A = S(R, A, ) be the set of all .A-valued Schwartz functions on
R. 2 is called the smooth Schwartz crossed product of A by R. 2 is a dense
x-subalgebra of C*(R, A, «). It is shown by [28] that the topology Ts of 2 is
also determined by the following sequence of seminorms: [|f||, = Y [(1+
i+j=nR

7)Y (r)||dr,Vf € 2, and A is a Fréchet *-algebra. The seminorms {|| - ||,,}
satisfy the following: |[f gl < Iflulgl Iflo = Il I *glls < 21 ¥

i+j=n
I fllilIgll;- Thus S(R,.A, «) is a differential Fréchet algebra, hence a smooth sub-
algebra of C*(R, A, «). We believe that S(R, A, «) is not a C*-algebra. Now let
C*(A, «) be the Fréchet x-subalgebra of A consisting of all C*-elements of A de-
fined by the action «. Let S(R, C®(A), ) be the smooth Fréchet algebra crossed
product (twisted convolution) which is isomorphic to the completed projective
tensor product S(R) ® C®(.A). It is a Fréchet -algebra in C*(R, 4, «), and its
topology is defined by the seminorms

Iflo = [+ 17D @),

i+j=np

where || fU)(r)]; = Z 1illo* (as((££)7£ () ]s=oll- The algebra S(R,C¥(A), ) is

a smooth subalgebra of C*(R, A, «) in the sense of the present paper, and is an
inverse limit of differential Fréchet algebras.

EXAMPLE 6.4. We consider the smooth version of compact operators intro-
duced in [27]. Let ¢2 be the Hilbert space of all functions a : Z — C such that

Y. |a(i)|? < oo, and let K(¢?) be the C*-algebra of all compact operators on ¢2.
i€Z

Let 2 = S(Z?) denote the Schwartz space of double sequences s = {s(m,n)} on
7? satisfying, foreachv € N,p,(s) = ¥ (1+ |m| + |n|)V|s(m, n)| < co. Then A

mmne”Z

is a locally m-convex Fréchet x-algebra with the product defined by (st)(m, n) =
Y. s(m, j)t(j,n), and with the topology Ts defined by the family {p, : v € N}
JEZ

of seminorms satisfying for each v, p,(st) < py(s)py(t) for all s, t in S(Z?) [27].
Each s € 2l defines a bounded operator T; on 2 by (Tya)(m) = Y. s(m,j)a(j)(a €
JEZ

S(Z)) and extended continuously to ¢2. This gives an isomorphism of 2 onto
{T; : s € A}. By this embedding, 2 is a dense *-subalgebra of (¢?). On 2|, we
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define T = (T)§ as Ty(s) = || Ts||, (operator norm) , Ty(s) = 1 Y (14 |m|+

B F mneZ
|n|)¥|s(m,n)|. Then T is a closable differential norm on 2 and the topology de-
fined by {py} coincides with the differential Fréchet topology defined by T. It
follows that S(Z?) is a strongly smooth algebra.

EXAMPLE 6.5. (i) The Fredholm module of non-commutative geometry
leads to a certain differential norm naturally. Let .4 be a C*-algebra acting on
a Hilbert space H. A Fredholm module is a triple (A, H, D) where A is as above
and D is a bounded selfadjoint operator on # such that [D, x| is a compact oper-
ator for each x € A. It is said to be p-summable if for x € A, [D,x] € CP(H),
where CP(H) is the set of Schatten class operators on H. Given a Fredholm
module, we define a derivation § : A — B(H) by é(x) = i[D,x]. We put
Ap = {x € A:6(x) € CP(H)}. Ap is called the p-summable part of A. We as-
sume that A is dense in A. The algebra A, is a Banach *-algebra with the norm
|x|p = ||x|| 4 [|6(x) ||, where || - ||, is the Schatten p-norm. Now on A, we define
To(x) = [|x[|, Ta(x) = [|6(x)[|p- Then we have Ty (xy) < To(x)T1(y) + To(y) T (x).
Thus T = {To, T; } is a closable differential norm of order 1 on Ay, and A, is a
differential Banach x-algebra. Hence A, is a strongly smooth algebra. Let A;, =

N Ap, a Fréchet locally convex *-algebra with the topology 71 defined by
1<p<oo

{I-]p : 1 < p < oo}. One can consider the Fréchet algebra A, = () A;. One
p<1’§oo

gets a chain of smooth algebras
AlcA,CAHCALC - CACALCA 1 C--CACA

where A4g = U A, which is a complete locally convex *-algebra with the
1<p<oeo

inductive limit t(fpology. In fact, each A, is an ideal in Ap, and by [22], Ay is a lo-

cally m-convex x-algebra. It follows that these algebras have desired smoothness

properties.

(ii) Let (A, H, D) be an unbounded Fredholm module wherein A is a C*-algebra
of operators on ‘H and D is an unbounded self-adjoint operator such that Ay =
{x € A: x(domD) C dom(D),[x, D] is bounded } is dense in A and for all
A not in Sp(D), (A1 — D)~! is compact. Let & be the derivation §(x) = i[x, D]
assumed closable. The algebra A represents Lipschitz regularity, and is a Banach
x-algebra with norm |x| = |x|| + ||[x,D]|. A differential seminorm Tp(x) =
lx||, T1 (x) = ||[x, D]|| is defined making Ay a smooth algebra.

EXAMPLE 6.6. Given almost commuting bounded operators on a Hilbert
space, Helton and Howe [20] constucted a certain operator algebra exhibiting
certain smoothness properties. We show that this algebra is indeed a smooth
algebra in the sense of the present paper. Let X and Y be bounded selfadjoint
operators on a Hilbert space . Assume that X and Y are almost commutative
in the sense that the commutator [X, Y] € C!(H), where C!(H) is the set of trace
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class operators on H. Let 2 be the C*-algebra generated by X and Y, and let P2 be
the x-algebra of all complex polynomials in X and Y. Let 2(; denote the maximal
subset of 2 with respect to the property that for any pair R,S in 23, [R,S] €
C!(#). Then by [20] 2; is a *-subalgebra of A, PA C 2y C A, hence 2; is dense
in A, and 2 is closed under Wick order power series functional calculus and
Wick order C*-functional calculus for self-adjoint elements. First we consider
the topology suggested in [20]. Let 71 be the locally m-convex *-algebra topology
on 2l defined by the family of norms {|| - || 4 : A = A* € 21}, where ||B||;,4 =
I|B|l + [I[A, B]|l1. Notice that for each A = A* in 2y, To(B) = ||B||, T1(B) =
IITA, B]||1 defines a differential norm of order 1 on 2. Further Ty and T are
closable. The topology 171 can be regarded as describing the differential structure
of order 1 defined by X and Y. We show that (2, 77) is complete. Let 2~l1, A be
the completion of 2; in the norm | - ||;, 4. Then lim , ;4 = 2y which is the
completion (24, 77)~. First we show that for any A € 23, 511,14 Cc{T € A :
[T, A] € C'(H)}. Let (By) C A bea || - [|1,4 - Cauchy sequence. Then there exists
B € 2 such that ||B, — B|| — 0, ||[Bn, A] — [B,A]||i — 0, and [B, A] € C}(H). It
follows that 2l is contained in {T € 2 : [A, T] € C}(H)}. Now let Ty, T, be in
2. Then for all A € 2y, [A, Ty] and [A, T»] are in C'(#). By the maximality of
21,2 = A U{T1} = 23 U{T»} showing that both Tj and T, are in 23, and by
above, [T}, To] € C'(H). Thus 2; C 2 has the property that for all T;, T, in 25,
[Ty, T2] € C*(H). The maximality of 2; implies that 2; = 2; showing that 2
is complete in 77. To show that 2 is a smooth subalgebra of I, it is sufficient
to show that 2; is complete in the smooth topology T defined by the family of
all closable derived norms. Since each || - ||1,4, A € 2 is closable and a derived
norm (being the total norm of a differential norm of order 1), we have that 71 < 7.
Let (T,) be a Cauchy net in 2 in the topology 7. Then there exists T € 25 such
that Ty - Tin7y. Then Sy = T, — T — 0in || - ||, and for each closable derived
norm 3 on A, S, is B-Cauchy, hence S, — S in B by the closability of B, for
some S = S(B) in ;. Since (S,) is T-Cauchy (as so is (Ty)), there exists S in the
completion (21, 7)~ C 2 such that S, — S in 7, and so in each 8. Thus S(B) = S
for each closable derived norm S on 2;. Now as S, — Sin 7, Sy — Sin 77, and
s0Sy = Sin |- ||. Thus S = 0and T, — T in 7. Since T € 2, it follows that
(21, T) is complete. Thus 2 is a smooth subalgebra of 2. The desired smoothness
properties of 2 follow.

Acknowledgements. Part of the work was done when Subhash J. Bhatt visited the De-
partment of Applied Mathematics, Fukuoka Univ., Japan during May-June 2006. Subhash
J. Bhatt also aknowledges UGC, India support to Department of Mathematics, Sardar Patel
Univ. under UGC-SAP-DRS Project F. 510/5/DRS/2004 (SAP-I).



DIFFERENTIAL STRUCTURES IN C*-ALGEBRAS 333
REFERENCES

[1] G.R. ALLAN, A spectral theory for locally convex algebras, Proc. London Math. Soc.
15(1965), 399-421.

[2] R. ARENS, A generalization of normed rings, Pacific ]. Math. 2(1952), 455-471.

[3] S.J. BHATT, Topological %-algebras with C*-enveloping algebras. II, Proc. Indian Acad.
Sci. (Math. Sci.) 111(2001), 65-94.

[4] S.J. BHATT, Enveloping cC*-algebra of a smooth Fréchet algebra crossed product by
R, K-theory and differential structures in C*-algebras, Proc. Indian Acad. Sci. (Math.
Sci.) 116(2006), 161-173.

[5] S.J. BHATT, Topological algebras and differential structures in C*-algebras, in Topolog-
ical Algebras and Applications, Contem. Math., vol. 427, Amer. Math. Soc., Providence,
RI 2007, pp. 67-87.

[6] S.J. BHATT, M. FRAGOULOPOULOU, A. INOUE, Spectral well-behaved *-repre-
sentations, Banach Center Publ. 67(2005), 123-131.

[7] S.J. BHATT, A. INOUE, K.-D. KURSTEN, Well-behaved unbounded operator *-
representations and unbounded C*-seminorms, J. Math. Soc. Japan 56(2004), 417-445.

[8] S.J. BHATT, A. INOUE, H. OGI, On C*-spectral algebras, Rend. Circ. Mat. Palermo Ser.
2 Suppl. 56(1998), 207-213.

[9] S.J. BHATT, A. INOUE, H. OGI, Unbounded C*-seminorms and unbounded C*-
spectral algebras, ]. Operator Theory 45(2001), 53-80.

[10] S.J. BHATT, A. INOUE, H. OGI, Spectral invariance, K-theory isomorphism and an
application to the differential structure of C*-algebras, J. Operator Theory 49(2003),
389-405.

[11] S.J. BHATT, M. FRAGOULOPOULOU, A. INOUE, Existence of spectral well behaved
x-representations, J. Math. Anal. Appl. 317(2006), 475-495.

[12] S.J. BHATT, M. FRAGOULOPOULOU, A. INOUE, On the exdistence of well behaved
x-representations of locally convex x-algebras, Math. Nachr. 279(2006), 86-100.

[13] S.J. BHATT, M. FRAGOULOPOULOU, A. INOUE, D.J. KARIA, Hermitian spectral the-
ory, automatic continuity and algebras with a C*-enveloping algebra, ]. Math. Anal.
Appl. 331(2007), 69-90.

[14] B. BLACKADAR, J. CUNTZ, Differential Banach algebra norms and smooth subalge-
bras of C*-algebras, J. Operator Theory 26(1991), 255-282.

[15] EF. BONSALL, J. DUNCAN, Complete Normed Algebras, Springer-Verlag, Berlin-
Heidelberg-New York 1973.

[16] O. BRATTELI, Derivations, Dissipations and Group Actions on C*-Algebras, Springer-
Verlag Lecture Notes in Math., vol. 1229, Springer Verlag, Berlin-Heidelberg-New
York 1986.

[17] A. CONNES, Non-ommutative Geometry, Academic Press, San Diego 1990.
[18] A. CONNES, On a spectral characterization of manifolds, preprint.

[19] M. FRAGOULOPOULOU, Topological Algebras with Involution, North Holland, Armstar-
dam 2005.



334 SUBHASH J. BHATT, ATSUSHI INOUE AND HIDEKAZU OGI

[20] J.W. HELTON, R. HOWE, Integral Operators, Commutators, Traces, Index and Homoloty,
Lecture Notes in Math., vol. 345, Springer-Verlag, Berlin 1973.

[21] E. KissIN, V. SHULMAN, Differential properties of some dense subalgebras of C*-
algebras, Proc. Edinburgh Math. Soc. 37(1994), 399-422.

[22] A.MALLIOS, Topological Algebras: Selected Topics, North-Holland Math. Stud., vol. 124,
North-Holland Publ., Amsterdam 1986.

[23] E. MICHAEL, Locally multiplicatively convex topological algebras, Mem. Amer. Math.
Soc. 11(1952).

[24] T.W. PALMER, Spectral algebras, Rockey Mountain |. Math. 22(1992), 293-328.

[25] T.W. PALMER, Banach Algebras and General Theory of *-Algebras. Vol. 1, Encyclopedia
Math. Appl., vol. 79, Cambridge Univ. Press, Cambridge 1993.

[26] T.W. PALMER, Banach Algebras and General Theory of x-Algebras. Vol. 2, Encyclopedia
Math. Appl., vol. 49, Cambridge Univ. Press, Cambridge 1994.

[27] N.C. PHILLIPS, K-theory for Fréchet algebras, Internat. |. Math. 2(1991), 77-129.

[28] N.C. PHILLIPS, L.B. SCHWEITZER, Representation K-theory of smooth crossed prod-
ucts by R and Z, Trans. Amer. Math. Soc. 344(1994), 173-201.

[29] L.B. SCHWEITZER, A short proof that M, (A) is local if A is local, Internat. . Math.
3(1992), 581-589.

[30] L.B. SCHWEITZER, Dense m-convex Fréchet algebras of operator algebra crossed
product by Lie groups, Internat. |. Math. 4(1993), 601-673.

[31] L.B. SCHWEITZER, Spectral invariance of dense subalgebras of operator algebras, In-
ternat. |. Math. 4(1993), 289-317.

SUBHASH J. BHATT, SARDAR PATEL UNIV., VALLABH VIDYANAGAR 388120,
INDIA
E-mail address: subhashbhaib@yahoo.co.in

ATSUSHI INOUE, FUKUOKA UNIVERSITY, FUKUOKA, 814-0180, JAPAN
E-mail address: a-inoue@fukuoka-u.ac.jp

HIDEKAZU OGI, FUKUOKA INSTITUTE OF TECHNOLOGY, FUKUOKA, 811-0295,
JAPAN
E-mail address: ogi@fit.ac.jp

Received December 19, 2008.



