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ABSTRACT. The paper elaborates the general approach to the differential struc-
ture of C∗-algebras proposed by Blackadar and Cuntz [14]. The smoothness
properties of differential Fréchet algebras defined by (not necessarily `1-sum-
mable) differential norms are investigated. They are used, by taking appropri-
ate projective limits and inductive limits, to construct and investigate classes
of non-commutative smooth algebras describing differential structures defined
by differential norms. A large number of examples are discussed exhibiting
unified nature of general theory.
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1. INTRODCUTION

The present paper contributes to understanding the differential structure in
a C∗-algebra A. A fairly general approach based on differential seminorms has
been proposed and developed by Blackadar and Cuntz in [14], and the present
paper grew out of our efforts to understand [14]. We believe that [14] is an im-
portant paper in view of its generality and richness of its results; and its poten-
tial has not been fully explored yet. The present paper is a step in this direc-
tion. Another general approach related with the one in [14] and based on growth
conditions on defining seminorms has been simultaneously proposed in [21]. A
differential structure in a C∗-algebra A is generally specified by specifying an
appropriate dense ∗-subalgebra B. Ideally one should have a theorem giving
a functional analytic characterization of the subalgebra C∞(M) of smooth func-
tions on a (compact) manifold M in the commutative C∗-algebra C(M) of con-
tinuous functions on M. Then a non-abelianization of the statement of such a
theorem would suggest an appropriate definition of a smooth subalgebra B ofA.
This then would lead to non-abelian analogues of various classes of algebras of



302 SUBHASH J. BHATT, ATSUSHI INOUE AND HIDEKAZU OGI

smooth functions. In the absence of such a theorem, a smooth subalgebra B is ex-
pected to satisfy adhoc smoothness properties like spectral invariance, K-theory
isomorphism, closure under appropriate functional calculi and completeness un-
der a suitable locally convex topology. Let us note that recently Alain Connes
has obtained a spectral characterization of C∞(M) in terms of spectral triple (a
non-commutative geometric data) providing a first major step towards such a
theorem [18]. Following [14], a differential seminorm on a dense subalgebra A of
a C∗-algebra A is a seminorm T from A into the space of all `1-summable non-
negative real sequences which is submultiplicative with respect to convolution
and whose degree zero part is continuous in the C∗-norm. A derived seminorm
on A is the quotient of the total seminorm of a differential seminorm. The comple-
tion of A in the collection of all closable (with respect to C∗-norm) derived norms
defines the smooth envelope SA; and A is smooth if A = SA. The content of [14]
is that a smooth algebra has desired smoothness properties.

In the present paper, we do not require a differential seminorm to be neces-
sarily `1-summable; and do require it to be involutive. This natural added gen-
erality would allow us to develop the Banach ∗-algebras A(k) = Ck(A, T) and the
Fréchet ∗-subalgebra Aτ = C∞(A, T) of A which are no-commutative Ck-algebras
containing A and defined by T. In Section 3, we discuss the smoothness proper-
ties of these algebras. In particular, it is shown that they are hermitian Q-algebras
spectrally invariant in A and closed under the holomorphic functional calculus
of A as well as C∞-functional calculus for selfadjoint elements of A. The spec-
tral invariance of a dense subalgebra B in A has long been recognized as an im-
portant smoothness property [31] which is closely related with locality [29] and
K-theory isomorphism [17]. This has led to the concept of spectral algebras [24],
[26] and C∗-spectral algebras [8]. The basic properties of C∗-spectral algebras and
of topological algebras [22] [19] that we shall need are summarized in Section 2.
Furthermore, we develop the analytic structure and the entire analytic structure
defined by a differential norm T. This leads to complete locally convex ∗-algebras
Aω

τ = Cω(A, T) and Aeω
τ = Ceω

τ (A, T) obtained respectively by the inductive and
projective limits of a sequence of analytic Banach ∗-algebras in C∞(A, T). On the
other hand, analytic elements and entire analytic elements of A give rise, by com-
pletions, to the algebras Ãω(T) and Ãeω(T) contained respectively in Cω(A, T)
and Ceω(A, T). The basic properties of these algebras are discussed in Section 3.
Hereafter we take limits of these locally convex ∗-algebras. There are projective
limits and inductive limits taken over suitable families of differential norms and
derived norms. We introduce strong analogue of smooth envelope by taking pro-
jective limit over all closable differential norms. Section 4 is devoted to smooth
algebras as well as strongly smooth algebras. Furthermore, the analytic struc-
ture defined by A in A is discussed by taking appropriate limits. Though the
resulting algebras exhibit desired smoothness properties, their analyticity is yet
to be explored. Permanence properties, smoothness properties and universality
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of smooth algebras are discussed refining and elaborating the results in [14]. We
also show that the algebra C∞(A, T) is a strongly smooth algebra. In Section 5,
we consider the Ck structures for which there are at least two approaches. One
initiated in [14] is based on flat differential norms (i.e. those defined by deriva-
tions); and this in turn leads us to flat differential norm approach to analyticity
(different from the one discussed above). We develop another approach to the Ck

structures based on the derived norms of total order 6 k which is along the lines
of the approach to smooth algebras. This gives rise to C∞-envelope C∞A. The
resulting classes of smooth algebras are also discussed. Finally in Section 6, we
discuss examples with a view to unify them in the framework of the present the-
ory. The classical function algebras of smooth functions like Ck[0, 1], Ck

0(R) and
S(R) (Schwartz space) as well as CBV[0, 1] (continuous functions of bounded
variations) and Sobolev–Banach algebras Wm,p[0, 1] are smooth algebras. Given
an action α of a Lie group G on a C∗-algebraA, the locally convex algebra C∞(A)
of C∞-elements of A [16] is a smooth topological algebra. In [30], Schweitzer has
developed a smooth crossed product S(G,A, α) which is a Fréchet subalgebra of
C∗-crossed product C∗(G,A, α). We show that when G = R, S(R,A, α) is indeed
a smooth Fréchet subalgebra of C∗(R,A, α). The general case S(G,A, α) remains
to be explored. In particular, the non-commutative torus T2

θ is a smooth Fréchet
algebra. In the developement of K-theory for Fréchet algebras [27], N.C. Phillips
has introduced smooth compact operators K∞ on the Hilbert space l2(Z) for what
we show to be smooth subalgebra of compact operators K. A non-commutative
geometric data specified by either a Fredholm module or a K-cycle on a C∗-
normed algebra gives rise to a smooth subalgebra of its C∗-completion. We also
exhibit that the smooth structure defined by a pair of bounded self-adjoint opera-
tors having a trace class commutator discussed in [20] is indeed a smooth algebra
in the sense of the present paper.

2. PRELIMINARIES

A locally convex ∗-algebra is a ∗-algebra which is also a Hausdorff locally con-
vex space such that the multiplication is separately continuous in both variables
and the involution is continuous. A Fréchet ∗-algebra is a locally convex ∗-algebra
which is a Fréchet space, and the multiplication of a Fréchet ∗-algebra turns out
to be jointly continuous. The investigation of locally convex ∗-algebras has begun
with those of locally m-convex ∗-algebras [2], [23]. For general theory of topologi-
cal algebras, we refer to [22], whereas [19] is a recent reference on topological alge-
bras with involution. A locally convex ∗-algebraA[τ] is said to be m-convex if the
topology τ is determined by a directed family {pλ}λ∈Λ of algebra ∗-seminorms
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(that is, pλ(xy) 6 pλ(x)pλ(y) and pλ(x∗) = pλ(x), ∀λ ∈ Λ, ∀x, y ∈ A). It is well-
known that every complete locally m-convex ∗-algebra is a projective limit of Ba-
nach ∗-algebras [23]. Let A be a locally convex ∗-algebra with identity 1. We de-
fine SpA(x) = {λ ∈ C : @(λ1− x)−1 in A}, rA(x) = sup {|λ| : λ ∈ SpA(x)}. An
algebra ∗-seminorm p on A is said to be spectral ([25], [11]) if {x ∈ A : p(x) < 1}
is contained in the set Aqr of all quasi-regular elements x of A (i.e. elements x
such that 1− x is invertible in A). An algebra ∗-seminorm p on A is spectral if
and only if rA(x) 6 p(x), ∀x ∈ A if and only if rA(x) = lim

n→∞
p(xn)1/n, ∀x ∈ A if

and only if SpA(x) = Sp(A/ ker p)∼(x + ker p), ∀x ∈ A, where (A/ ker p)∼ is the
Banach ∗-algebra obtained by the completion of the quotient ∗-algebra A/ ker p
with the norm ‖x + ker p‖p = p(x), x ∈ A. In particular, if p is a C∗-seminorm
on A, then p is spectral if and only if p equals the Pták function pA defined by
pA(x) ≡ rA(x∗x)1/2, x ∈ A. A locally convex ∗-algebra A is said to be spec-
tral (respectively C∗-spectral) if there exists a non-zero continuous spectral algebra
∗-seminorm (respectively spectral C∗-seminorm) on A. Spectral algebras have
been discovered by Palmer [24] as a class of non-normed algebras with satisfac-
tory spectral theory.

To understand the C∗-spectrality of A, we have investigated ([3], 6–10) the
notion of spectral invariance and locality of A, spectrality of ∗-representations of
A and stability of A. We denote by CBRepA (or Rc(A)) the family of all con-
tinuous bounded operator ∗-representations of A. If CBRepA 6= ∅, then A is
said to be representable. We remark that even a Banach ∗-algebra is not neces-
sarily representable ([15], Example 37.16). Suppose A is representable. We put
|x| = sup{‖π(x)‖ : π ∈ CBRepA}, x ∈ A. Assume that |x| < ∞ for all x ∈ A.
Then | · | is the largest C∗-seminorm onA, and it is called the Gelfand–Naimark C∗-
seminorm onA. The completion (A/ ker | · |)∼ of the quotient ∗-algebraA/ ker | · |
is said to be the enveloping C∗-algebra of A and denoted by E(A). The natu-
ral map j : x → x + ker | · | of A into E(A) is a ∗-homomorphism. We re-
mark that in general | · | is not continuous, and so j is not continuous. Let us
note that in the absence of the finiteness, there is a notion of unbounded Gelfand–
Naimark C∗-seminorm leading to the notion of unbounded C∗-spectral algebras ([9],
[11]). More generally, every representable locally convex ∗-algebra A[τ] admits
a projective limit of C∗-algebras as a solution of the universal problem for con-
tinuous bounded Hilbert space operator representations of A. Let Γ : {pλ}λ∈Λ

be a family of ∗-seminorms defining τ. Let P(A) be the set of all positive linear
functionals on A. For p ∈ Γ, let Pp(A) = { f ∈ P(A) : | f (x)| 6 p(x), ∀x ∈ A}.
Let Pc(A) =

⋃
p∈Γ

Pp(A). Let Rp(A) = {π ∈ CBRepA : ‖π(x)‖ 6 p(x), ∀x ∈ A},

rp(x) = sup{‖π(x)‖ : π ∈ Rp(A)}, x ∈ A. Then rp is a continuous C∗-seminorm
on A and rp(x) 6 p(x), ∀x ∈ A. The enveloping pro-C∗-algebra E(A) of A is the
Hausdorff completion of (A, {rp : p ∈ Γ}) [3]. In fact, [3] contains construction of
an object in a more general class of O∗-algebras that is universal for unbounded
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operator representations. It is shown in [3] that if A is a Fréchet m-convex ∗-
algebra, then E(A) which by construction is universal for bounded operator rep-
resentations turns out to be universal also for representations into unbounded
operators. We next define the notions of the spectral invariance and the stabil-
ity of A, and the spectrality of continuous bounded ∗-representations of A. If
A is representable and SpA(x) = SpE(A)(j(x)) for each x ∈ A, then A is said
to be spectrally invariant. If for any closed ∗-subalgebra B of A, any continuous
bounded ∗-representation π of B on a Hilbert space Hπ admits a dilation to a
continuous bounded ∗-representation π̃ of A on a Hilbert space Hπ̃ in the sense
that there exist a Hilbert spaceHπ̃ containingHπ as a closed subspace and a con-
tinuous bounded ∗-representation π̃ of A on Hπ̃ such that π(x) = π̃(x)dHπ for
each x ∈ B, A is said to be stable. A continuous bounded ∗-representation π of A
is said to be spectral if SpA(x) = SpC∗(π)(π(x)) for each x ∈ A, where C∗(π) is
the C∗-algebra generated by π(A). The spectral invariance of A is characterized
in Theorem 2.11 and Theorem 2.15 of [10] by the C∗-spectrality of A, the spec-
trality of ∗-representations of A and the stability of A as follows: The following
statements are equivalent:

(i) A is spectrally invariant and | · | is continuous.
(ii) | · | is a continuous spectral C∗-seminorm.

(iii) A is C∗-spectral.
(iv) The Pták function pA is a continuous C∗-seminorm.
(v) There exists a spectral continuous bounded ∗-representation of A.

(vi) A is spectral and stable.

If this is true, thenA is a Q-algebra (that is,Aqr is open) and hermitian (that
is, SpA(x) ⊂ R, ∀x∗ = x ∈ A). The spectral invariance of a dense subalgebra
A of a C∗-algebra A has been recognized as an important smoothness property
[31]; and is closely related with closure under holomorphic functional calculus
as well as K-theory isomorphism K∗(A) = K∗(A) [17]. At the above stated level
of generality, they are discussed in [10], [4]. Following [10], A is local (or closed
under holomorphic functional calculus) if for each x in A and for every function
f holomorphic in a neighborhood of SpE(A)(j(x)), there exists an element y in A
such that f (j(x)) = j(y); i.e.A is closed under the holomorphic functional calculus
of E(A) via the canonical map j from A to E(A) defined as j(x) = x + sradA,
where sradA is the ∗-radical of A. The following is proved in [10]: Let A be a
complete locally convex ∗-algebra. The following are equivalent:

(i) A is spectrally invariant.
(ii) A is local and the radical radA = sradA.

(iii) A is spectral and hermitian.
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3. DIFFERENTIAL ALGEBRAS AND ANALYTICITY

In [10] we have investigated the properties of C∗-spectrality and spectral
invariance of the Fréchet ∗-algebra defined by a differential seminorm, and have
left an important open problem. In this section, we shall solve this problem. We
shall also discuss Ck-algebras, 1 6 k 6 ∞, structure defined by a differential norm
on a C∗-normed algebra A, as well as the analytic structure theory. Let A[‖ · ‖] be
a unital C∗-normed algebra and A ≡ Ã[‖ · ‖] be the C∗-algebra constructed by
the completion of A[‖ · ‖].

DEFINITION 3.1. A map T of A into the set ω of all complex sequences is
said to be a differential seminorm on A if T(x) = (Tk(x))∞

0 ∈ ω satisfies the follow-
ing conditions:

(i) T(x) > 0, i.e. Tk(x) > 0, ∀x ∈ A and ∀k ∈ N0 ≡ N∪ {0}.
(ii) T(x + y) 6 T(x) + T(y), ∀x, y ∈ A.

(iii) T(λx) = |λ|T(x), ∀x ∈ A and ∀λ ∈ C.
(iv) T(xy) 6 T(x)T(y) (convolution), ∀x, y ∈ A; i.e., ∀k ∈ N0, we have Tk(xy) 6

∑
i+j=k

Ti(x)Tj(y).

(v) There exists c > 0 such that T0(x) 6 c‖x‖, ∀x ∈ A.
We additionally assume that

(vi) Tk(x∗) = Tk(x) for ∀x ∈ A and ∀k ∈ N0.
Let us note that the following apparently weaker condition is considered in

[21] in place of (iv).
(vi)′ There exist Ki,j > 0, K0,0 = 1 such that Tk(xy) 6 ∑

i+j=k
Ki,jTi(x)Tj(y) for

each k.
The powers of a derivation δ naturally define a differential seminorm by

Tk(x) ≡
∥∥∥ δ(k)(x)

k!

∥∥∥. It is shown in [14] that a differential seminorm is determined
by a linear map with a non-negative norm curvature from A into a graded Banach
∗-algebra. Let T be a differential seminorm on A.

· T is said to be a differential norm if T(x) = 0 implies x = 0.

· T is said to be `1-summable if Ttot(x) ≡
∞
∑

k=0
Tk(x) < ∞ for each x ∈ A.

· T is of finite order if for some n ∈ N Tk(x) = 0, ∀k > n, ∀x ∈ A. Then the
smallest such number n is said to be the order of T.

Blackadar and Cuntz assumed the `1-summability in the definition of differ-
ential seminorms. We do not require T to be `1-summable. This added generality
allows us to construct the Ck-algebras Ck(A, T), 1 6 k 6 ∞ and to consider the
analytic structure defined by T. Throughout this paper, we assume that a differ-
ential seminorm T satisfies always the following condition: the two topologies
defined restrictively by the (semi) norms T0 and ‖ · ‖ are equivalent (denote by
T0 ∼ ‖ · ‖). Then T is automatically a differential norm. For any k ∈ N0, we
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put pk(x) =
k
∑

i=0
Ti(x), ∀x ∈ A. Then {pk} is a sequence of algebra ∗-norms on

A satisfying p0 6 p1 6 p2 6 · · · . We denote by A(k) (or Ck(A, T)) the Banach
∗-algebra constructed by the completion of the normed ∗-algebra A[pk] and de-
note by Aτ(T) (or C∞(A, T)) the Fréchet ∗-algebra constructed by the completion
of the metrizable locally m-convex ∗-algebra A[τ(T)], where τ(T) is the locally
convex topology on A defined by {pk}. We denote τ(T) and Aτ(T) by τ and Aτ

respectively, when we do not need to distinguish them. We call Aτ the differential
Fréchet ∗-algebra defined by T. We may consider Aτ as the inverse limit of the
Banach ∗-algebras {A(k)}:

Aτ = lim←−A(k) = {x = (xk) : xk ∈ A(k) and σk+1(xk+1) = xk, ∀k ∈ N0},

where {σk} is the inverse limit decomposition of Aτ determined by {pk} : A0
σ1←−

A(1)
σ2←− A(2) ←− · · · ←− A(k)

σk+1←− A(k+1) ←− · · · . Since ‖ · ‖ 6 pk (k =

0, 1, 2, . . .), the identity map x ∈ A[pk] −→ x ∈ A extends to continuous ∗-
homomorphisms ϕk : A(k) −→ A and ϕ : Aτ −→ A, and

(3.1) ϕ(x) = ϕk(xk), ∀x = (xk) ∈ Aτ .

Indeed, take an arbitrary x = (xk) ∈ Aτ . Then there exists a sequence {an} in
A which converges to x with respect to τ. Since ϕ is continuous, lim

n→∞
‖ϕ(an)−

ϕ(x)‖ = 0. For any k ∈ N0, {an} is a Cauchy sequence in A[pk] and lim
n→∞

pk(an −
xk) = 0. Since ϕk is continuous, we have lim

n→∞
‖ϕk(an)−ϕk(xk)‖ = 0. Hence

ϕ(x)= ϕk(xk) for all k.
A seminorm α on a C∗-normed algebra (A, ‖ · ‖) is closable if the map x ∈

(A, ‖ · ‖) −→ x ∈ (A, α) is closable. We say that a differential seminorm T =

(Tk) is closable if for each k, pk =
k
∑

i=0
Ti is closable. If T is closable, then A(k) ⊂ A

and Aτ ⊂ A and if Ttot is closable, then AT ⊂ A, where AT is the completion of
{x ∈ A : Ttot(x) < ∞} in the norm Ttot(·).

To investigate the spectrality of the differential Fréchet ∗-algebra Aτ and
to consider the analyticity of differential norms, we introduce analytic algebra
∗-norms defined in [14].

DEFINITION 3.2. An algebra ∗-norm α on A is said to be analytic if for each
finite subset F in A, with ‖x‖ 6 1 for all x ∈ F, and for each sequence {xs}
in F, lim

s→∞

( 1
s log α(x1x2 · · · xs)

)
6 0. A C∗-normed algebra that is a Banach ∗-

algebra with respect to an analytic algebra ∗-norm is said to be an analytic Banach
∗-algebra.

The total norm Ttot of every differential norm T of finite order is analytic.
The following important theorem has been discussed in [10]. There are

some minor errors in the proof therein. We present a simplified proof.
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THEOREM 3.3. The following statements hold:
(i) Aτ is a C∗-spectral algebra with spectral C∗-seminorm ‖ · ‖ϕ ≡ ‖ϕ(·)‖.

(ii) Aτ is a hermitian Q-algebra.
(iii) Aτ is spectrally invariant in A via the map ϕ and E(Aτ) = A.
(iv) Aτ is local, that is, it is closed under holomorphic functional calculus of A in the

sense that given x ∈ Aτ and a holomorphic function f on SpA(ϕ(x)), there exists an
element y of Aτ such that f (ϕ(x)) = ϕ(y).

(v) Aτ and A have the same K-theory, that is, K∗(Aτ) = K∗(A).
Furthermore, the same results hold for A(k).

Proof. Case 1. Assume that T is of finite order, say n, so that Tk(x) = 0 for
each x ∈ A and k > n. Then Ttot = pn and Aτ = A(n) is a Banach ∗-algebra. Since
T ≡ ker ϕ = {x ∈ Aτ : ϕ(x) = 0}, it follows from [14] that Tn = {0}, which im-
plies T ⊂ radAτ . Hence, x+T −→ x+ radAτ is a well-defined ∗-homomorphism
of the Banach ∗-algebra Aτ/T onto the Banach ∗-algebra Aτ/radAτ . By standard
Banach algebra arguments it is shown that

(3.2) SpAτ (x) = SpAτ/radAτ
(x + radAτ) = SpAτ/T(x + T) = Spϕ(Aτ)(ϕ(x))

for each x ∈ Aτ and since the quotient norm of Ttot on Aτ/T is analytic and Aτ/T
is isomorphic to the C∗-normed algebra ϕ(Aτ), it follows from Proposition 3.12
of [14] that SpAτ/T(x + T) = SpA(ϕ(x)), ∀x ∈ Aτ , which implies by (3.2) that

(3.3) SpAτ (x) = SpA(ϕ(x)), ∀x ∈ Aτ .

Take an arbitrary C∗-seminorm q on Aτ . Let πq be the bounded ∗-representation
of Aτ on a Hilbert spaceHq defined by q. Then we have by (3.3),

q(x)2 = q(x∗x) = ‖πq(x)∗πq(x)‖ = rB(Hq)(πq(x)∗πq(x))

6 rπq(Aτ)(πq(x)∗πq(x)) 6 rAτ (x∗x) = rA(ϕ(x)∗ϕ(x)) = ‖ϕ(x)‖2

for each x ∈ Aτ , which implies that the continuous C∗-seminorm ‖ · ‖ϕ ≡ ‖ϕ(·)‖
is the greatest C∗-seminorm on Aτ and hence ‖ · ‖ϕ equals the Gelfand–Naimark
seminorm | · |. Hence, ker | · | = sradAτ = T = ker ϕ, and E(Aτ) is isomor-
phic to the C∗-algebra A, which implies by (3.3) that SpAτ (x) = SpA(ϕ(x)) =
SpE(Aτ)(j(x)), ∀x ∈ Aτ , where j is the ∗-homomorphism of Aτ into E(Aτ) defined
by j(x) = x + ker | · |, x ∈ Aτ . Thus Aτ is spectrally invariant and E(Aτ) = A.

Case 2. Let T = (Tk)
∞
0 be not necessarily of finite order. Consider A(k) for

each k ∈ N0. It is a Banach ∗-algebra with norm pk which is the total norm T(k)
tot

of the differential norm T(k) = (T0, T1, . . . , Tk, 0, 0, . . .) of finite order k. Then we
have by (3.1) and (3.3), for any x = (xk) ∈ Aτ ,

(3.4) SpAτ (x)=
⋃
k

SpA(k)
(xk)=

⋃
k

SpA(ϕk(xk))=
⋃
k

SpA(ϕ(x))=SpA(ϕ(x)),

which implies similar to Case 1 that |x| = ‖ϕ(x)‖ = ‖x‖ϕ for each x ∈ Aτ .
Hence, ker | · | = sradAτ = ker ϕ = T, which implies that Aτ is spectrally
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invariant and E(Aτ) = A. Furthermore, Aτ is hermitian by (3.4), and since
rAτ (x) = rA(ϕ(x)) 6 ‖ϕ(x)‖ = |x|, ∀x ∈ Aτ , | · | is a continuous spectral C∗-
seminorm on Aτ , and further since {x ∈ Aτ : |x| < 1} is an open subset of Aqr

τ ,
Aτ is a Q-algebra. The proofs of remaining assertions are as in Theorem 3.3 of
[14]. This completes the proof.

We have conjectured in [10] that if B denotes either A(k) or Aτ , then B is
closed under the C∞-functional calculus of A. We show that this indeed holds.

THEOREM 3.4. The Fréchet ∗-algebra Aτ is closed under the C∞-functional calcu-
lus ofA via ϕ in the sense that given x = x∗ ∈ Aτ and a C∞-function f on SpA(ϕ(x)),
there exists an element y of Aτ such that f (ϕ(x)) = ϕ(y). The Banach ∗-algebra A(k) is
also closed under the C∞-functional calculus of A via ϕk.

Proof. Step 1. Consider A(k), ∀k ∈ N0. Take an arbitrary x = x∗ in A(k). Since
ϕk(x) = ϕk(x∗) and SpA(k)

(x) = SpA(ϕk(x)) by (3.3), it follows that SpA(k)
(x) is

contained in some bounded closed interval I in R. We show f (ϕk(x)) ∈ ϕk(A(k))

using the Fourier transform. We may consider f ∈ C∞(I) ⊂ C∞(R) and in L1(R).
The functional calculus in the C∗-algebra A gives

(3.5) f (ϕk(x)) = 1√
2π

∞∫
−∞

eisϕk(x) f̂ (s)ds,

where f̂ is the Fourier transform of f . Since A(k) is a Banach ∗-algebra and also
closed in holomorphic functional calculus of A via ϕk (Theorem 3.3), it follows
that eisx ∈ A(k) and ϕk(eisx) = eisϕk(x), ∀s ∈ R and

1√
2π

∞∫
−∞

pk(e
isx)| f̂ (s)|ds 6 1√

2π

∞∫
−∞

K|s|N+ε| f̂ (s)|ds ([14], p. 274)

6 1√
2π

∞∫
−∞

K(1 + |s|)2N | f̂ (s)|ds < ∞,

where K = sup {pk(eisx) : 0 6 s < 1}, which implies y ≡ 1√
2π

∞∫
−∞

eisx f̂ (s)ds ∈

A(k) and by continuity of ϕk

(3.6) ϕk(y) = 1√
2π

∞∫
−∞

ϕk(e
isx) f̂ (s)ds = 1√

2π

∞∫
−∞

eisϕk(x) f̂ (s)ds = f (ϕk(x)).

Step 2. Consider Aτ = lim←−A(k). Let x = x∗ ∈ Aτ be given, say x = (xk)

be the associated coherent sequence satisfying σk+1(xk+1) = xk. Let SpAτ (x) ⊂ I
and f ∈ C∞(SpAτ (x)) say f ∈ C∞(I). Since SpAτ (x) =

⋃
k

SpA(k)
(xk), we have



310 SUBHASH J. BHATT, ATSUSHI INOUE AND HIDEKAZU OGI

f ∈ C∞(SpA(k)
(xk)) for ∀k ∈ N0. By (3.6) we have

(3.7) yk =
1√
2π

∞∫
−∞

eisxk f̂ (s)ds ∈ A(k) and ϕk(yk) = f (ϕk(xk)),

and

σk+1(yk+1) = σk+1

(
1√
2π

∞∫
−∞

eisxk+1 f̂ (s)ds
)
= 1√

2π

∞∫
−∞

eisσk+1(xk+1) f̂ (s)ds

= 1√
2π

∞∫
−∞

eisxk f̂ (s)ds = yk.

Hence, y = (yk) ∈ Aτ . Furthermore, it follows from (3.1) and (3.7) that ϕ(y) =
ϕk(yk) = f (ϕk(xk)) = f (ϕ(x)). This completes the proof.

Let T be a differential norm on A. The completion of `1(A, T) ≡ {x ∈ A :
Ttot(x) < ∞} with respect to the total norm Ttot is called the differential Banach
∗-algebra defined by T and denoted by AT . Then AT is contained in the Banach
∗-algebra b(Aτ) ≡ `1(Aτ , T) which is the bounded part of Aτ and AT = b(Aτ) if
T is `1-summable. Suppose that T is closable and `1-summable but not of finite
order. Then AT = Ã[Ttot] ( Aτ and AT need not necessarily be an analytic Banach
∗-algebra, and so not necessarily C∗-spectral. With this view we consider the
analytic structure defined by a differential norm. Let T be a differential norm on
A. For t > 0, we define a differential norm T(t) by T(t)k ≡ tkTk(x), x ∈ A. Let
`1(A, T(t)) denote the set of all `1-summable elements of A with respect to T(t),
that is,

`1(A, T(t)) =
{

x ∈ A : T(t)tot(x) ≡
∞

∑
k=0

tkTk(x) < ∞
}

.

Then `1(A, T(t)) is a ∗-subalgebra of A and `1(A, T(t))[T(t)tot] is a normed ∗-
algebra and `1(A, T(t1)) ⊃ `1(A, T(t2)) and T(t1)tot 6 T(t2)tot for 0 < t1 < t2.
Let AT(t) be the differential Banach ∗-algebra constructed by the completion of
`1(A, T(t))[T(t)tot]. We introduce the notions of analytic differential norms and
of entire analytic differential norms leading to the notions of analytic structure
defined by T.

DEFINITION 3.5. A differential norm T is called analytic on A if there exists
t0 > 0 such that the total norm T(t0)tot is analytic on the C∗-normed algebra
`1(A, T(t0)), and T is called entire analytic on A if T(t)tot is analytic on `1(A, T(t))
for all t > 0. The pair (A, T) is called analytic (respectively entire analytic) if T(t)
is `1-summable (that is, `1(A, T(t)) = A) and T(t) is analytic on `1(A, T(t)) for
some t > 0 (respectively for all t > 0).

The pair (A, T) is entire analytic for any differential norm T of finite order.
Indeed, this follows since `1(A, T(t)) = A and the total norm T(t)tot is analytic on
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`1(A, T(t)) for all t > 0 ([14], p. 264). We define analytic (entire analytic) locally
convex ∗-algebras defined by a differential norm T. Let T be a differential norm
on A. We put Rω

+ = {t > 0 : T(t)tot is analytic on `1(A, T(t))}. Suppose T is
analytic (if and only if Rω

+ 6= φ). Then we consider

Aω =
⋃

t>lω

`1(A, T(t)), Ãω =
⋃

t>lω

AT(t),

where lω ≡ infRω
+. Let t ∈ Rω

+. Then it is easily shown that T(t)tot extends to
an analytic norm on AT(t), and so the definition of Ãω is meaningful. Suppose
T is analytic on A. Then Aω (respectively Ãω) is the inductive limit algebra of
the normed ∗-algebras {`1(A, T(t)) : t > lω} (respectively the Banach ∗-algebras
{AT(t) : t > lω}). By p. 122, and pp. 317–319 of [8], Ãω is a complete locally
m-convex Q-algebra.

The following is easily shown.

LEMMA 3.6. Suppose (A, T) is analytic, that is, T(t0) is `1-summable and T(t0)tot
is analytic on `1(A, T(t0)) for some t0 > 0. Then the following hold:

(i) A = `1(A, T(t)) and T(t)tot is analytic on `1(A, T(t)) for 0 < t 6 t0.
(ii) lω = 0, Aω = A and Ãω =

⋃
0<t6t0

Ã[T(t)tot].

Suppose T is entire analytic. We put

Ãeω =
⋂
t>0

AT(t) =
⋂

n∈N
AT(1/n).

Then, Ãeω is a projective limit of the sequence of Banach ∗-algebras AT(1/n), n ∈
N, hence it is a Fréchet ∗-algebras.

THEOREM 3.7. Let T be a differential norm on A. Then the following statements
hold:

(i) Suppose that T is analytic on A. Then Ãω is C∗-spectral with spectral C∗-
seminorm ‖ · ‖ϕ, is an hermitian Q-algebra and is local.

(ii) Suppose T is entire analytic on A. Then Ãeω is C∗-spectral with spectral C∗-
seminorm ‖ · ‖ϕ, and is an hermitian Q-algebra. Furthermore, if T is closable, then Ãeω

is local.

Proof. Let t > 0 and At the C∗-subalgebra of A obtained by the Hausdorff
completion of AT(t)[‖ · ‖ϕ]. SinceAt is a closed ∗-subalgebra of the C∗-algebraA,
we have

(3.8) SpAt(ϕ(x)) = SpA(ϕ(x)), x ∈ `1(A, T(t)).

(i) Suppose T is analytic on A. Take an arbitrary x ∈ Ãω. Then x ∈ AT(t0)

for some t0 > lω. By the definition of lω there exists a real number t such that
lω 6 t 6 t0 and AT(t) is an analytic Banach ∗-algebra, which by Proposition 3.12
of [14] implies that SpAT(t)

(x) = SpAt(ϕ(x)), and that AT(t) is local, therefore by
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(3.8) that
Sp

Ãω (x) ⊂ SpAT(t)
(x) = SpAt(ϕ(x)) = SpA(ϕ(x)).

The converse inclusion Sp
Ãω (x) ⊃ SpA(ϕ(x)) is clear. Hence we have

(3.9) Sp
Ãω (x)=SpAT(t)

(x)=SpA(ϕ(x)), r
Ãω (x)= rA(ϕ(x))6‖ϕ(x)‖=‖x‖ϕ.

Therefore ‖ · ‖ϕ is a spectral C∗-seminorm on Ãω. By the locality of AT(t), for
any holomorphic function f on Sp

Ãω (x) = SpAT(t)
(x) (by (3.9)) there exists an

element y of AT(t) ⊂ Ãω such that f (ϕ(x)) = ϕ(y). Therefore, Ãω is local.
(ii) Suppose T is entire analytic on A. Let x ∈ Ãeω. We can show similarly

to (i) that

Sp
Ãeω (x) =

⋃
t>0

SpAT(t)
(x) =

⋃
t>0

SpAt(ϕ(x)) = SpA(ϕ(x)),(3.10)

r
Ãeω (x) = rA(ϕ(x)) 6 ‖ϕ(x)‖ = ‖x‖ϕ.

Hence, ‖ · ‖ϕ is a continuous spectral C∗-seminorm on Ãeω. Furthermore, since
AT(t) is local for all t > 0, it follows that for any holomorphic function f on
Sp

Ãeω (x) there exists an element yt of AT(t) such that f (ϕ(x)) = ϕ(yt). Suppose
T is closable. Then ϕ is an isomorphism, and so we have yt = yt′ for each t, t′ > 0.
Hence, y ≡ yt ∈

⋂
t>0

AT(t) = Ãeω, and so Ãeω is local. This completes the proof.

A differential norm T on A extends uniquely to a differential norm on the
Fréchet ∗-algebra Aτ . For t > 0, let (Aτ)T(t) ≡ `1(Aτ , T(t)).

LEMMA 3.8. (i) (Aτ)T(t) is a Banach ∗-algebra with norm Ttot(t)(·) and AT(t) is
a ∗-subalgebra of (Aτ)T(t).

(ii) For 0 < t1 < t2, (Aτ)T(t1)
⊃ (Aτ)T(t2)

and T(t1)tot 6 T(t2)tot.

Proof. (i) It is easily shown that (Aτ)T(t)[T(t)tot] is a normed ∗-algebra. We

claim that (Aτ)T(t)[T(t)tot] is complete. Indeed, since ck pk(x) 6 pt
k(x)=

k
∑

i=0
Ti(x)ti

6Mk pk(x), ∀x∈A, ∀k, where ck≡min {ti : 06 i6k} and Mk≡max {ti : 06 i6k},
the two topologies on A defined by pt

k and pk are equivalent, and so the comple-
tion At

(k) of A[pt
k] = A(k) and Ã[{pt

k}] = Aτ . Hence, (Aτ)T(t) = the bounded part

of Aτ with respect to {pt
k} and it is a Banach ∗-algebra with norm T(t)tot.

(ii) This is trivial.

DEFINITION 3.9. Let T be a differential norm on A. Then T is called analytic
on Aτ if there exists t0 > 0 such that the total norm T(t0)tot is analytic on the C∗-
normed algebra (Aτ)T(t0)

, and T is called entire analytic on Aτ if T(t)tot is analytic
on (Aτ)T(t) for all t > 0.

Suppose T is analytic on Aτ . We put lω
τ = inf{t > 0 : T(t)tot is analytic on

(Aτ)T(t)}. Then T is analytic on A and lω 6 lω
τ . We define a ∗-subalgebra Aω

τ of
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Aτ as follows: Aω
τ =

⋃
t>lω

τ

(Aτ)T(t) and endow it with the inductive limit topology

defined by the inclusions. By Lemma 3.6 Aω
τ is the inductive limit algebra of the

Banach ∗-algebras {(Aτ)T(t) : t > lω
τ }, and so it is a complete locally m-convex

Q-algebra ([22], Corollary 10.2, p. 319). Suppose T is entire analytic on Aτ . We
put Aeω

τ =
⋂

t>0
(Aτ)T(t) =

⋂
n∈N

(Aτ)T(1/n). Then Aeω
τ is a projective limit of the

sequence of Banach ∗-algebras (Aτ)T(1/n), n ∈ N, hence it is a Fréchet ∗-algebra.
Furthermore, T is entire analytic on A and Ãeω is a closed ∗-subalgebra of the
Fréchet ∗-algebra Aeω

τ . The following is proved the same way as the proof of
Theorem 3.7.

THEOREM 3.10. Let T be a differential norm on A. Then the following statements
hold:

(i) Suppose T is analytic on Aτ . Then Aω
τ is C∗-spectral with spectral C∗-seminorm

‖ · ‖ϕ, is an hermitian Q-algebra and is local.
(ii) Suppose T is entire analytic on Aτ . Then Aeω

τ is C∗-spectral with spectral C∗-
seminorm ‖ · ‖ϕ and it is an hermitian Q-algebra. Furthermore, if T is closable, then
Aeω

τ is local.

4. SMOOTH SUBALGEBRAS OF C∗-ALGEBRAS

In this section we study smooth structure in C∗-algebras. We begin with the
definition of derived norms defined in [14]. A differential norm T on A is of total
order 6 k if for each T-bounded sequence {xs}in A,

lim
s→∞

log Ttot(x1x2 · · · xs)

log s
6 qk.

If T is of total order 6 k for some k, then T is said to be a differential norm of total
order finite. By Proposition 3.10 of [14] we have the following.

LEMMA 4.1. Let T be a differential norm on A. Consider the following:
(i) T is of finite order.

(ii) T is of total order finite.
(iii) T is analytic, that is, Ttot is analytic.

Then (i)⇒ (ii)⇒ (iii).

DEFINITION 4.2. An algebra ∗-norm α on A is said to be a derived norm if α
is the quotient norm of the total norm of a differential norm of total order finite
in the sense that there are a C∗-norm decreasing ∗-homomorphism φ from a C∗-
normed algebra B with C∗-norm ‖ · ‖B onto A and a differential norm T on B of
total order finite such that α is the quotient norm for Ttot, that is,

α(x) = inf{Ttot(y) : y ∈ B, x = φ(y)}, x ∈ A.
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Further, a derived norm α is of total order 6 k (respectively order 6 k) if α is the
quotient norm of the total norm of a differential norm of total order 6 k (respec-
tively order 6 k).

Here a differential norm T of order 6 k means that there exists m 6 k such
that Ti = 0 for all i > m.

Since T0 ∼ ‖ · ‖B and φ is C∗-norm decreasing, we have ‖ · ‖ 6 α. A derived
norm α is called closable if id : x ∈ A[‖ · ‖]→ x ∈ A[α] is closable.

LEMMA 4.3. Let α be a (closable) derived norm on A. Then:
(i) α is analytic.

(ii) α̃ is a (closable) derived norm on Ã[α], where α̃ is the natural extension of α to
Ã[α]. Hence α̃ is analytic.

(iii) The restriction αdA1 of α to each ∗-subalgebra A1 of A is a (closable) derived norm
on A1.
Furthermore, the following holds:

(iv) The sum of a finite family of (closable) derived norms is a (closable) derived norm.

Proof. The statements (i)–(iii) follow immediately from the definition of de-
rived norms (see Section 5 in [14]). The statement (iv) follows from Proposi-
tion 5.3 of [14].

We define the smooth envelope SA of A and smooth algebras as in [14]. We
define by Λcd(A) (Λcd, simply) the set of all closable derived norms on A and it is
directed by Lemma 4.3(iv). We denote by τ(Λcd(A)) (τ(Λcd), simply) the locally
convex topology defined by Λcd(A).

DEFINITION 4.4. The completion Ã[τ(Λcd)] of A is said to be smooth envelope
of A denoted by SA. The algebra A is said to be smooth if SA = A, that is, A is
complete in the topology defined by all closable derived norms on A.

PROPOSITION 4.5. The completion of A in an arbitrary directed family of closable
derived norms is smooth algebra.

Proof. Let Λ be any directed family of closable derived norms on A. Take
an arbitrary α in Λ. By Lemma 4.3, α̃ is a closable derived norm on Ã[α], and by
restriction, α̃dÃ[Λ] is a closable derived norm on Ã[Λ], where Ã[Λ] is the com-
pletion in the topology defined by Λ. This implies that the completion SÃ[Λ] of
all closable derived norms on Ã[Λ] is contained in Ã[Λ]. The converse inclusion
Ã[Λ] ⊂ SÃ[Λ] is trivial. This completes the proof.

We define a Ck-envelope SkA of A. We denote by Λ6k
cd the set of all closable

derived norms on A of total order 6 k. The completion Ã[τ(Λ6k
cd )] of A is said to

be the Ck-envelope of A denoted by SkA. All these SkA are smooth algebras by
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Proposition 4.5 and they have, by Lemma 4.3(iv),

A ⊂ SA = lim←−
k→∞
SkA = lim←−

k→∞
lim←−

α∈Λ6k
cd

Ã[α] ⊂ · · · ⊂ Sk+1A ⊂ SkA ⊂ · · · ⊂ A.

Let Λ be an arbitrary directed family of closable derived norms on A. By
Proposition 4.5 Ã[τ(Λ)] is a smooth algebra and by Lemma 4.3(ii) the topol-
ogy τ(Λ) on Ã[τ(Λ)] is a smooth topology which is weaker than the topology
τ(Λcd(Ã[τ(Λ)])) defined by all closable derived norms on Ã[τ(Λ)], but they do
not necessarily coincide. So, we need to define the notion of topologically smooth
algebras.

DEFINITION 4.6. A topological ∗-algebra B[τ] contained in a C∗-algebra is
said to be a smooth topological algebra if B = SB and τ coincides with the topology
τ(Λcd) defined by all closable derived norms on B.

A smooth Banach algebra (respectively a smooth Fréchet algebra) is a smooth al-
gebra A = SA whose smooth topology τ(Λcd) is defined by a norm (respectively
is metrizable).

COROLLARY 4.7. (i) Ã[α] is a smooth Banach ∗-algebra for a closable derived
norm α on A.

(ii) A smooth algebra is an inverse limit of a directed family of smooth Banach ∗-
algebras.

(iii) The completion of A in a countable family of closable derived norms is a smooth
Fréchet algebra.

Proof. By open mapping theorem, Ã[α] = SA, and the topology τ(Λcd) is
defined by α. The assertion (iii) follows by an analogous argument, whereas (ii)
follows from (i) and the definition of smooth envelope.

THEOREM 4.8. Let A be a smooth algebra in a C∗-algebra A. Then the following
statements hold:

(i) A is a dense ∗-subalgebra of A continuously embedded in A.
(ii) A is a complete locally m-convex ∗-algebra.

(iii) A is an hermitian Q-algebra.
(iv) A is spectrally invariant and E(A) = A.
(v) A is closed under holomorphic functional calculus of A, and A and A have the

same K-theory.
(vi) A is closed under the C∞-functional calculus of self-adjoint elements.

Proof. The statements (i) and (ii) are trivial. By Lemma 4.3(ii), for any α ∈
Λcd, Ã[α] is an analytic Banach ∗-algebra, and so it follows from Proposition 3.12,
Proposition 6.4 of [14] that the statements (iii)–(vi) hold for Ã[α]. Since A =
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lim←−
α∈Λcd

Ã[α], it is shown similarly to Theorem 3.3 and Theorem 3.4 that the state-

ments (iii)–(vi) hold for A.

For the further properties of smooth algebras, we have the following. For
the sake of completeness, we incorporate relevant results from [14].

PROPOSITION 4.9. Let A be a smooth algebra in the C∗-algebra A. Then the
following statements hold:

(i) Any closed ∗-subalgebra of A is a smooth algebra in the relative topology.
(ii) Let J be a closed ∗-ideal of the C∗-algebra A. Then the following hold:

(a) J ∩A is dense in J.
(b) Suppose that A/J ∩A is complete in the quotient topology τq. Then A/J ∩

A is a smooth algebra and τq equals to the topology defined by all closable derived norms
on A/J ∩A. In particular, if A is a smooth Fréchet algebra in A, then (A/J ∩A)[τq] is
a smooth Fréchet algebra.

(c) J ∩A with the relative topology is a smooth algebra.
(iii) Let A1 and A2 be smooth algebras, and φ a ∗-homomorphism from A1 to A2. Then

the following hold:
(a) φ is norm decreasing for C∗-norms.
(b) φ is continuous for the smooth structures.
(c) If φ is injective, then it is an isometry for C∗-algebras.
(d) φ(A1) is a smooth algebra.

(iv) Let δ : A → A be a closable ∗-derivation. Then δ extends to a ∗-derivation
δ : SA→ SA. If A is smooth, then δ is continuous. Every closable differential norm on
a smooth algebra is continuous in the smooth structure.

Proof. For (b) and (c) in (ii) we remark that Blackadar and Cuntz have shown
in Proposition 6.7 of [14] that A/J ∩A is always a smooth algebra, and J ∩A is a
smooth algebra if A is metrizable. But we think that we need the assumption of
the completeness of (A/J ∩ A)[τq] in order that the former holds, and the latter
holds without the assumption of metrizability. So, we here prove only the state-
ments (ii)(b) and (ii)(c). The other statements are shown in Proposition 6.7, 6.8 of
[14] .

(ii)(b) Let α be a derived norm on A. It is easily shown that αq is a de-
rived norm on A/J ∩ A. Suppose α is closable. Then we show that αq is clos-
able. Indeed, take an arbitrary sequence {xn} in A such that ‖xn + J ∩ A‖ ≡
inf {‖xn + y‖ : y ∈ J ∩A} −−−→

n→∞
0 and {xn + J ∩ A} is αq-Cauchy. We may as-

sume that αq((xn+1 − xn) + J ∩ A) < 1 for each n ∈ N. Then there exists a
sequence {zn} in J ∩A such that:

α(x1 + z1) 6 αq(x1 + J ∩A) +
1
2

,

α((xn − xn−1) + (zn − zn−1)) 6 αq((xn − xn−1) + J ∩A) +
1
2n , n = 2, 3, . . . .
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Here we put yn = xn + zn ∈ A, n ∈ N. Then

‖yn + J ∩A‖ = ‖xn + J ∩A‖ −−−→
n→∞

0, α(ym − yn) 6 1
2n+1 + · · ·+ 1

2m , m > n.

Since α is closable, we have lim
n→∞

α(yn) = 0, which implies

lim
n→∞

αq(xn + J ∩A) 6 lim
n→∞

α(xn + zn) = lim
n→∞

α(yn) = 0.

Thus, αq is closable, therefore τq is the topology defined by the family {αq : α ∈
Λcd} of closable derived norms on A/J ∩ A. Since (A/J ∩ A)[τq] is complete, it
follows from Proposition 4.5 that (A/J ∩A)[τq] is a smooth algebra. To prove that
the quotient topology τq is the smooth topology defined by the family Λ(A/J∩A)
of all closable derived norms on A/J ∩ A, it is sufficient to prove that each ρ ∈
Λcd(A/J ∩ A) is τq continuous. Take any such ρ, and define σ : A → R, σ(x) ≡
ρ(π(x))(x ∈ A), where π : A → A/J ∩A, π(x) ≡ x + J ∩A is the quotient map.
First we show that σ is a closable derived seminorm on A. Indeed if (xn) is a
sequence in A such that σ(xn − xm) → 0 and ‖xn‖ → 0, then for the quotient
C∗-norm ‖ · ‖q on A/J ∩A, ‖π(xn)‖q 6 ‖xn‖ → 0 and also ρ(π(xn)− π(xm)) =
σ(xn − xm) → 0. Since ρ is closable, π(xn) → 0 in ρ. Hence xn → 0 in σ. Thus
σ is closable. Notice that σ need not be a norm. By p. 273 of [14], σ is a derived
seminorm on A. Now there exists a C∗-normed algebra (B, | · |), a surjective norm
decreasing ∗-homomorphism φ : B → A and a differential seminorm T = (Tk)
on B such that σ(x) = inf{Ttot(y) : φ(y) = x}. Define T′ = (T′k) on B as T′0(y) =
|y|+ |y|′, where |y|′ = ‖x‖ for φ(y) = x, and T′k(y) ≡ Tk(y) for all k. Then T′ is a
differential seminorm on B. For any x ∈ A,

θ(x) = inf{T′tot(y) : φ(y) = x} = inf{|y|+ |y|′ : φ(y) = x} > ‖x‖+ σ(x) > σ(x).

Thus θ(x) = 0 implies that x = 0 showing that θ is a derived norm on A. We
show that θ ∈ Λcd(A), which in turn would imply that σ ∈ Λcd(A). For this we
need to prove that θ is closable. Let (xn) be a sequence in A such that θ(xn −
xm) → 0, ‖xn‖ → 0. Then σ(xn − xm) → 0 by above, and by the closability
of σ, inf{Ttot(yn) : φ(yn) = xn} = σ(xn) → 0. Hence for each n ∈ N, there
exists yn ∈ B such that φ(yn) = xn and Ttot(yn) < 1

n . Thus Ttot(yn) → 0. Also
|yn|′ = ‖xn‖ → 0. Thus inf{T′tot(z) : φ(z) = xn} 6 T′tot(yn) → 0. Hence θ is
closable. It follows that σq is τq-continuous and

σq(π(x)) = inf{σ(x + z) : z ∈ J ∩A} = inf{ρ(π(x) + π(z)) : z ∈ J ∩A}
= inf{ρ(π(x)) : z ∈ J ∩A} = ρ(π(x)),

for all x ∈ A, which implies ρ is τq-continuous. Suppose that A is Fréchet. Then
(A/J ∩A)[τq] is complete, and so (A/J ∩A)[τq] is a smooth Fréchet algebra.

(c) Since J ∩ A is a closed ∗-subalgebra of A, it follows from (i) that J ∩ A is
a smooth algebra.

We consider the other smooth structures that are useful in constructing ex-
amples. We denote by Λ

f
cd the set of all closable derived norms on A of finite
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order, and by Λ
f
c the set of all closable differential norms of finite order. By

Lemma 4.1, Λ
f
c ⊂ Λ

f
cd ⊂ Λcd.

DEFINITION 4.10. The completion Ã[τ(Λ
f
cd)] of A is said to be the derived

strongly smooth envelope of A denoted by SdsA. The algebra A is called derived
strongly smooth if A = SdsA. The completion Ã[τ(Λ

f
c )] of A is said to be the

strongly smooth envelope of A denoted by SsA. The algebra A is called strongly
smooth if A = SsA.

We can show similarly to the proof of Proposition 4.5 that the completion
Ã[τ(Λ)] of A is a derived strongly smooth algebra (respectively a strongly smooth
algebra) for each directed family Λ of closable derived norms (respectively clos-
able differential norms) of finite order. The Ck-envelopes Sk

dsA and Sk
sA of A are

defined as in case of SkA. We denote by Λ
6k
d

cd the set of all closable derived norms

of order 6 k, and by Λ
6k
d

c the set of all closable differential norms of order 6 k.

The completion Ã[τ(Λ
6k
d

cd )] (respectively Ã[τ(Λ
6k
d

c )] ) of A is said to be the derived
strong Ck-envelope (respectively the strong Ck-envelope) of A denoted by Sk

dsA (re-
spectively Sk

sA). All Sk
dsA are derived strongly smooth algebras and all Sk

sA are
strongly smooth algebras, and

A ⊂ SA ⊂ · · · ⊂ Sk+1A ⊂ SkA ⊂ · · ·
∩
SdsA = lim←−k→∞

Sk
dsA ⊂ · · · ⊂ S

k+1
ds A ⊂ Sk

dsA ⊂ · · ·
∩ ∩
SsA = lim←−k→∞

Sk
sA ⊂ · · · ⊂ Sk+1

s A ⊂ Sk
sA ⊂ · · ·


⊂ A.

We do not know the relation between SkA and S l
dsA, S l

sA. For strongly smooth
algebras we have the following

PROPOSITION 4.11. The differential Fréchet ∗-algebra Aτ(T) defined by a closable
differential norm T is a strongly smooth algebra, and SsA = lim←−T∈Λc

Aτ(T), where Λc

is the set of all closable differential norms on A.

Proof. The topology τ(T) is defined by the sequence T(n) = (T0, T1, . . . , Tn,

0, . . .) of closable differential norms of finite order such that pn =
n
∑

i=0
Ti = T(n)

tot .

Thus Aτ(t) = lim←−n
Ã[T(n)

tot ] and is a strongly smooth algebra. Furthermore, we
have

SsA = lim←−
T∈Λ

f
c

Ã[Ttot] = lim←−
T∈Λc

Aτ(T).

We develop the analytic structure defined on a C∗-normed algebra using the
totality of differential norms, and this is obtained by taking appropriate limit al-
gebras of the algebras Ãω and Ãeω considered in the previous Section 3. Though
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our approach to analyticity is experimental and tentative requiring further refine-
ment, it does lead to several algebras with smoothness properties. Here we con-
sider a family of (entire) analytic differential norms. Hence, for an analytic differ-
ential norm T on A we denote Aω considered in the previous Section 3 by Aω(T),
that is, Aω(T) =

⋃
t>`ω

`1(A, T(t)) = lim−→t>`ω `1(A, T(t)) and for an entire ana-

lytic differential norm denote Aeω by Aeω(T), that is, Aeω(T) =
⋂

t>0
`1(A, T(t)) =

lim←−t→∞
`1(A, T(t)). Thus Aω(T) is a locally convex ∗-algebra, whereas Aeω(T) is

a locally m-convex ∗-algebra.
Here we define the analytic envelope and the entire analytic envelope of A.

We denote by Λω (respectively Λeω) the set of all closable differential norms T
on A such that (A, T) is analytic (respectively entire analytic) in the sense of Def-
inition 3.5. Let τ(Λeω) be the locally convex topology on A defined by {Ttot :
T ∈ Λeω} and τ(Λω) the locally convex topology on A defined by a family
{τω(T) : T ∈ Λω} of the inductive limit topologies τω(T).

DEFINITION 4.12. The completion Ã[τ(Λω)] (respectively Ã[τ(Λeω)]) of A
is said to be the analytic envelope (respectively entire analytic envelope) of A and
denoted by SωA (respectively SeωA). The algebra A is said to be analytic (respec-
tively entire analytic) if A = SωA (respectively A = SeωA).

We remark that Blackadar and Cuntz in [14] have called an analytic algebra a
C∗-normed algebra that is a Banach ∗-algebra with respect to an analytic algebra
∗-norm. Here we call such a C∗-normed algebra an analytic Banach ∗-algebra.

Then SωA and SeωA are locally convex ∗-algebras and

SωA = lim←−
T∈Λω

Ãω(T) = lim←−
T∈Λω

lim−→
t↓0

AT(t)[T(t)tot],

SeωA = lim←−
T∈Λeω

Ãeω(T) = lim←−
T∈Λeω

lim←−
t→∞

AT(t)[T(t)tot].

Concerning SA,SdsA,SsA,SωA and SeωA, it is easily shown that the topologies
τ(Λcd), τ(Λ

f
cd), τ(Λeω) and τ(Λω) are finer than the topology τ(Λ

f
c ), and that

SA,SdsA,SeωA and SωA are contained in SsA. Here if A is smooth, then it is
derived strongly smooth, smooth, entire analytic and analytic. For completion of
A with respect to a family of (entire) analytic closable differential norms we have
the following.

PROPOSITION 4.13. (i) Let Λ be a family of closable differential norms T on A

such that (A, T) is entire analytic, and τeω(Λ) the locally convex topology on A defined
by {T(t)tot : T ∈ Λ, t > 0}. Then Ã[τeω(Λ)] is entire analytic.

(ii) Let Λ be a family of closable differential norms T on A such that (A, T) is ana-
lytic, and τω(Λ) the locally convex topology on A defined by {τω(T) : T ∈ Λ}. Then
Ã[τω(Λ)] is analytic.

Proof. These are proved in the same way as the result of Proposition 4.5.
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The same results as Theorem 4.8 and Proposition 4.9 obtained for the smooth
algebra SA hold for SdsA, SsA, Seω and Sω.

5. Ck-STRUCTURES

In this section we quickly review the Ck-structures introduced by Blackadar
and Cuntz. This leads us to the study of abstract C∞-algebras. A C∞-algebra is
smooth, but not every smooth algebra is a C∞-algebra. We investigate this class
of smooth subalgebras of C∗-algebras. An (N0-)graded ∗-algebra is a ∗-algebra B
equipped with projections Pk, k ∈ N0, PiPj = 0, i 6= j, onto involutive subspaces
Bk ≡ PkB of B such that BiBj ⊂ Bi+j and such that ∑

k
Pk = id. This implies the

important relation Pk(xy) = ∑
i+j=k

(Pix)(Pjy), x, y ∈ B. For a graded algebra A,

let ∂A denote the set of elements of A of degree > 1. An N0-graded ∗-algebra
B is said to be a Banach (N0)-graded ∗-algebra if B is a Banach ∗-algebra, the al-
gebraic direct sum

⊕
k
Bk of the Bk is dense in B, and ‖Pk‖ 6 1, ∀k ∈ N0. A

graded Banach ∗-algebra B is a Banach ∗-algebra (B, ‖ · ‖) together with projec-
tions Pk, k ∈ N0, onto involutive subspaces Bk = Pk(B) of B such that PiPj = 0
for i 6= j, BiBj ⊂ Bi+j, the algebraic direct sum ∑Bk is dense in B, ‖Pk‖ 6 1,
x = ∑

k
Pkx in the norm for all x ∈ A, and ∑

k
‖Pkx‖ < ∞ for all x ∈ B. A ∗-

homomorphism φ of an N0-graded ∗-algebra B1 into an N0-graded ∗-algebra B2

is said to be graded if φ(PB1
k x) = PB2

k φ(x), ∀x ∈ B1, ∀k ∈ N0. Let A[‖ · ‖] be
a C∗-normed algebra. Let DA be the universal graded ∗-algebra over A con-
taining A and closed under a ∗-derivation. This is the universal ∗-algebra gen-
erated by the symbols dk(x), x in A, k in N, that are linear in x and satisfy the
relations: dk(xy) = ∑

i+j=k
di(x)dj(y), dk(x)∗ = −dk(x∗). A canonical derivation

δ : DA→ DA is defined as

δ(di1(x1)di2(x2) · · · din(xn)) =
n

∑
j=1

(ij + 1)di1(x1) · · · dij+1(xj) · · · din(xn).

Thus, dj(x) = δj(x)
j! . The ∗-algebra DA is generated by A ' d0(A) and δj(A), j ∈

N, and d0 : x → d0(x) is a ∗-homomorphism of A into DA. The ∗-algebra DA has
the following universal properties:

(5.1) If φ : A → B is a ∗-homomorphism into a ∗-algebra B with a ∗-
derivation δ′ : B → B, then there exists a unique ∗-homomorphism ψ : DA→ B
such that ψ(x) = φ(x), ∀x ∈ A and δ′ ◦ ψ = ψ ◦ δ.

(5.2) There exists a formal ∗-homomorphism ed : A → DA, ed(x) =
∞
∑

i=0
di(x) such that if φ : A → B is a ∗-homomorphism into an N0-graded ∗-algebra
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B, then there exists a unique graded ∗-homomorphism ψ : DA → B such that
φ = ψ ◦ ed.

The homomorphism ed is well-defined if DA is divided by the ideal Jk of
elements of degree greater than k, or if DA is completed in an appropriate topol-
ogy. We consider the notion of C∗-graded seminorms [14] on DA to define the
Ck-structure. An algebra ∗-seminorm α on DA is called a C∗-graded algebra semi-
norm if ∃C > 0 : α(d0(x)) 6 C‖x‖, ∀x ∈ A, and α(Pky) 6 α(y), ∀y ∈ DA where
Pk ≡ PDA

k is the projection of DA onto the kth degree part of DA. Let α be a
C∗-graded algebra seminorm on DA. We say that:

• α is of finite order k if α(dl(x)) = 0, ∀x ∈ A, ∀l > k, and for some y ∈
A, α(dk(y)) 6= 0.

• α is of `1-type on A if
∞
∑

k=0
α(dk(x)) < ∞, ∀x ∈ A.

• α is of `1-type on DA if
∞
∑

k=0
α(Pkz) < ∞, ∀z ∈ DA.

• α is of strongly `1-type on DA if α(z) =
∞
∑

k=0
α(Pkz), ∀z ∈ DA.

LEMMA 5.1. Let α be a C∗-graded algebra seminorm on DA. Define Tα = (Tα
k )

by Tα
k (x) = α(Pked(x)) = α(dk(x)), x ∈ A. Then Tα is a differential seminorm on A

such that the following hold:
(i) Tα is of finite order k if and only if α is of finite order k.

(ii) Tα is `1-summable if and only if α is of `1-type on A.
Tα is called the differential seminorm on A induced by α.

We discuss some technical results describing a relationship between C∗-
graded algebra seminorms on DA and differential seminorms on A.

LEMMA 5.2. α is a C∗-graded algebra seminorm on DA if and only if α is induced
by a graded ∗-homomorphism of DA into a graded ∗-algebra with algebra norm whose
restriction to degree zero part is continuous with respect to the C∗-norm on A.

Proof. Let α be a C∗-graded algebra seminorm on DA. We put N(α) = {z ∈
DA : α(z) = 0}. Then N(α) is a graded ∗-ideal of DA, that is, Pk N(α) ⊂ N(α), ∀k,
and Bα ≡ DA/N(α) is a graded ∗-algebra, the gradation being defined by the
maps PBα

k : Bα → Bα, PBα
k (z + N(α)) ≡ Pkz + N(α), z ∈ DA. This is well-defined.

Now Bα is a normed ∗-algebra with the norm defined by ‖z + N(α)‖α = α(z).
Thus Bα is a graded ∗-algebra with the algebra norm ‖ · ‖α. Let πα : DA→ Bα be
πα(z) ≡ z+ N(α). Then clearly πα is a graded ∗-homomorphism and ‖πα(z)‖α =

α(z), πα(Pkz) = PBα
k πα(z), ∀z ∈ DA. Also, the restriction of πα to the degree zero

part d0(A) ' A is continuous with respect to the C∗-norm ‖ · ‖. The converse is
easily shown.

For a characterization of C∗-graded algebra seminorms on DA which are of
`1-type on A, we introduce the notion of flat differential seminorms defined by
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Blackadar and Cuntz [14]: A differential seminorm T on A is said to be flat if T
can realized as Tk(x) = ‖PBk φ(x)‖B , k > 0, for a ∗-homomorphism φ : A → B
from A into a graded ∗-algebra B equipped with an algebra seminorm ‖ · ‖B . Sup-
pose that a differential seminorm T is `1-summable. Then it follows from Theo-
rem 4.4 of [14] that T is flat if and only if there exists a C∗-seminormed algebra
A1[‖ · ‖1] containing A as a ∗-subalgebra and a derivation δ1 on A1 such that
T0(x) = ‖x‖1, ∀x ∈ A and Tk(x) = 1

k!‖δ
k
1(x)‖1, ∀x ∈ A. It follows that there

exists a non-zero C∗-graded algebra seminorm on DA if and only if there ex-
ists a non-zero flat differential seminorm on A; and there exists a separating
family of C∗-graded algebra seminorms on DA if and only if A is embeded in
a pro(jective limit of-) C∗-algebra(s) that admits a separating family of densely
defined ∗-derivations.

LEMMA 5.3. The map α → Tα is surjective from the set of all C∗-graded algebra
seminorms α on DA which are of `1-type on A (respectively of order k) onto the set of all
flat `1-summable differential seminorms on A (respectively of order k). If Tα is closable,
then α ◦ dj is closable for each j.

Proof. Let α be a C∗-graded algebra seminorm on DA of `1-type on A. Then
ed is defined on Bα and φ ≡ πα ◦ ed is a ∗-homomorphism of A into Bα, where
(Bα, πα) is defined in Lemma 5.2 . Let Tα = (Tα

k ) be the differential seminorm on
A induced by α. Then we have

‖PBα
k (φ(x))‖α = ‖Pk(e

d(x)) + N(α)‖α = ‖dk(x) + N(α)‖α = α(dk(x)) = Tα
k (x),

for each k ∈ N and x ∈ A. Hence Tα is a flat `1-summable differential seminorm
on A such that α(dk(x)) = Tα

k (x), ∀k ∈ N, ∀x ∈ A. Conversely suppose T is
a flat `1-summable differential seminorm on A. Then T is realized as Tk(x) =
‖PBk φ(x)‖B , k > 0, for a ∗-homomorphism φ : A → B from A into a graded
∗-algebra B equipped with an algebra seminorm ‖ · ‖B . By (5.1) there exists a
unique graded ∗-homomorphism ψ : DA→ B such that φ = ψ ◦ ed. Here we put
α(z) = ‖ψ(z)‖B , z ∈ DA. Then α is a C∗-graded algebra seminorm on DA and
α(dk(x)) = ‖ψ(dk(x))‖B = ‖ψ(Pked(x))‖B = ‖PBk ψ(ed(x))‖B = ‖PBk φ(x)‖B =
Tk(x) for each x ∈ A. Hence α is a C∗-graded algebra seminorm on DA which is
of `1-type such that Tα = T. Thus the map α → Tα is surjective. This completes
the proof.

For C∗-graded algebra seminorms of `1-type on DA, we have the following.

LEMMA 5.4. α is a C∗-graded algebra seminorm on DA which is of `1-type on DA

if and only if α is induced by a graded ∗-homomorphism from DA into a graded Banach
∗-algebra such that its restriction to the degree zero part is continuous with respect to
the C∗-norm on A. If this is true, then there exists a C∗-graded algebra seminorm α′ of
strongly `1-type on DA such that α is equivalent to the quotient of α′ and the seminorm
α′ ◦ ed on A is the total seminorm of the differential seminorm defined by α′.
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Proof. Suppose α is a C∗-graded algebra seminorm on DA which is of `1-
type on DA. Let Bα[‖ · ‖α] and πα be defined in Lemma 5.2. Since α is of `1-
type on DA, Bα[‖ · ‖α] is a graded normed ∗-algebra whose completion B̃α[‖ · ‖α]
is a graded Banach ∗-algebra, and πα is a graded ∗-homomorphism of DA into
B̃α[‖ · ‖α]. Conversely suppose α is induced by a graded ∗-homomorphism ψ of
DA into a graded Banach ∗-algebra B[‖ · ‖B ]. Then since ∑

k
α(Pkz) = ∑

k
‖ψ(Pkz)‖B

= ∑
k
‖PBk ψ(z)‖B < ∞ for each z ∈ DA, it follows that α is a C∗-graded algebra

seminorm on DA which is of `1-type on DA.
Let α be a C∗-graded algebra seminorm on DA which is of `1-type on DA.

Since α is of `1-type on DA, we may define an algebra ∗-seminorm α′ on DA by

α′(z) =
∞
∑

k=0
α(Pkz), z ∈ DA. Furthermore, we have

α(z) = α
(

∑
k

Pkz
)
6 ∑

k
α(Pkz) = α′(z), ∀z ∈ DA;

α′(Pkz) = α(Pkz) 6 α(z) 6 α′(z), ∀z ∈ DA;(5.1)

α′(z) = ∑
k

α(Pkz) = ∑
k

α′(Pkz), ∀z ∈ DA;

α′(x) = α(x) 6 C‖x‖, ∀x ∈ A.

Hence α′ is a C∗-graded algebra seminorm on DA which is strongly `1-type on
DA. By (5.3), N(α′) ⊂ N(α). Conversely take an arbitrary z ∈ N(α). Then
α(Pkz) = 0, ∀k ∈ N, and so α′(z) = 0. Thus, N(α) ⊂ N(α′). Hence, N(α) =
N(α′). Therefore, on Bα = DA

N(α)
both α and α′ define norms ‖ · ‖α and ‖ · ‖α′

and ‖ · ‖α 6 ‖ · ‖α′ . Thus we may assume that both α and α′ are norms on DA.
Then there exists a continuous ∗-homomorphism π : D̃A[α′] → D̃A[α] such that
πdDA = id and (ker π) ∩ DA = {0}. Let α0(z) ≡ α(π(z)), z ∈ D̃A[α′]. Then α0
is an algebra ∗-seminorm on D̃A[α′] and α0(z) = α(z), ∀z ∈ DA. Now ker π is α′-

closed, and so D̃A[α′ ]
ker π is complete in quotient norm α′q from α′. Furthermore, via π,

α′q and α0 are equivalent. Hence, on D̃A[α′ ]
ker π , α0 and α′q are equivalent. Thus on DA,

α and α′q are equivalent. Since α is a norm on DA and α ∼ α′q(z) = inf{α′(z + u) :

z ∈ D̃A[α′], π(u) = 0}, α′q is also a norm on DA. Now, on A define a differential
seminorm T′j (x) ≡ α′(dj(x)). Then T′tot(x) = ∑

j
α′(dj(x)) = α′(ed(x)), ∀x ∈ A.

This completes the proof.

We first define and investigate the Ck-completion of A as defined by Black-
dar and Cuntz. Let Γ(DA) be the set of all non-zero C∗-graded algebra norms α

on DA such that αdA ∼ ‖ · ‖, α ◦ dj is closable for each j, and is τ(Γ(DA)) the
topology on DA defined by Γ(DA). We simply denote Γ(DA) by Γ. Suppose
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Γ 6= φ. Let k ∈ N0. Denote by Jk the ∗-ideal of DA consisting of all elements of
degree > k + 1 in DA.

LEMMA 5.5. The quotient DA/Jk is a graded ∗-algebra with the projections {P̂j},
where P̂j(z + Jk) ≡ Pjz + Jk, z ∈ DA. For α ∈ Γ, let αq denote the quotient norm of
α on DA/Jk. Then {αq : α ∈ Γ} = Γ(DA/Jk), and so the quotient topology τk

Γ,q on
DA/Jk equals the topology τ(Γ(DA/Jk)) defined by Γ(DA/Jk).

Proof. It is easily shown that DA/Jk is a graded ∗-algebra with the projec-
tions {P̂j}. Take an arbitrary α ∈ Γ. Let z ∈ DA. For 0 6 j 6 k we have
αq(P̂j(z + Jk)) = αq(Pjz + Jk) 6 α(Pjz) = α(Pj(z + y)) 6 α(z + y) for each
y ∈ Jk, which implies αq(P̂j(z + Jk)) 6 αq(z + Jk). For j > k + 1 we have
αq(P̂j(z+ Jk)) = αq(Jk) = 0 6 αq(z+ Jk). Thus αq is a C∗-graded norm on DA/Jk.
Furthermore, it is easily shown that αqdd0(A) + Jk ∼ ‖ · ‖ and αq(dj(·) + Jk) is
closable by the closability of α. Hence, αq ∈ Γ(DA/Jk). Conversely take an ar-
bitrary β ∈ Γ(DA/Jk). Then we put α(z) = β(z + Jk), z ∈ DA. Then it is easily
shown that α ∈ Γ and αq = β. Thus we have {αq : α ∈ Γ} = Γ(DA/Jk).

Since the projections Pj of DA onto Bj ≡ Pj(DA) are τ(Γ)-continuous, they
extend as the projections P̃j of the completion D̃A[τ(Γ)] onto the completions B̃j.
By Lemma 5.5 we have the following

LEMMA 5.6. (i) The algebra D̃A[τ(Γ)] is the inverse limit of Banach graded ∗-
algebras D̃A[α], α ∈ Γ, and it is a graded ∗-algebra which is a complete locally m-convex
∗-algebra with continuous projections {P̃j} such that ∂D̃A[τ(Γ)] = (∂DA)∼[τ(Γ)].

(ii) The quotient algebra D̃A[τ(Γ)]/ J̃k = (DA/Jk)
∼[τk

Γ,q] (completion)
= (DA/Jk)

∼[τ(Γ(DA/Jk))].

This locally m-convex ∗-algebra is simply denoted by D̃A
6k

.

(iii) The algebra D̃A
6k

is the completion of DA6k in the quotient topology.

We remark that for any α ∈ Γ, D̃A[α] is a Banach graded ∗-algebra, but it

need not be a graded Banach ∗-algebra, that is,
∞
∑

k=0
α(Pkz) < ∞, ∀z ∈ DA does

not necessarily hold unless α is of `1-type on DA.

DEFINITION 5.7. The closure of φk(A) in D̃A
6k

is called the Ck-completion of
A and is denoted by CkA, where φk : x ∈ A→ d0(x) + · · ·+ dk(x) + Jk ∈ DA/Jk.

Following [14], an equivalent approach to the Ck-structure is as follows: Let
τ be the topology on DA defined by the family of all C∗-graded algebra semi-

norms on DA. Let D̃A be the Hausdorff completion of (DA, τ). Let D̃A
6k ≡

D̃A/ J̃k, J̃k being the ideal of elements of degree > k + 1 in D̃A. Notice that J̃k is
the Hausdorff completion of the ideal Jk of elements of degree > k + 1 in DA.
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Let φ : A → D̃A
6k

be the map φ = j ◦ ed viz. φ(x) = d0(x) + d1(x) + d2(x) +

· · · + dk(x) + J̃k, x ∈ A. Let Ak be the closure of φ(A) in D̃A
6k

. Then Ak is the
Hausdorff completion of A in the family of all flat, not necessarily closable, dif-

ferential seminorms of order 6 k. Now CkA is defined to be Ak/Ak ∩ ∂D̃A
6k

with
the quotient topology τk, and it is the completion (A, {Ttot : T ∈ Λ6k

cf })
∼ of A

in the family Λ6k
cf of all closable flat differential seminorms of order 6 k. (Notice

that here and throughout T is of order 6 k means that there exists m 6 k such
that Ti = 0 for all i > m.) The following is shown by the closability of each Tα,
α ∈ Γ (see Lemma 5.3).

LEMMA 5.8. CkA∩ ∂D̃A
6k

= {0}.

THEOREM 5.9. The algebra CkA is the completion of A in the family of all flat
closable differential norms of order 6 k.

Proof. We show that the ∗-isomorphism φk : x ∈ A[τ(∆6k
cf )] → φk(x) ≡

d0(x) + · · ·+ dk(x) + Jk ∈ D̃A
6k

is bicontinuous. Indeed, take an arbitrary β ∈
Γ(DA/Jk), we put α(z) = β(z + Jk), z ∈ DA. By Lemma 5.5 α is a C∗-graded
algebra norm on DA of order 6 k. Hence it follows from Lemma 5.3 that Tα ∈ Λ6k

cf

and β(φk(x)) = α(d0(x) + · · ·+ dk(x)) 6
k
∑

j=0
Tα

j (x) = (Tα)tot(x) for each x ∈ A.

Conversely, take an arbitrary T ∈ Λ6k
cf . By Lemma 5.3 T = Tα for α ∈ Γ of order

6 k. Then, for 0 6 j 6 k, ∀x ∈ A and ∀y ∈ Jk we have

Tj(x) = α(dj(x)) = α(Pj(d0(x) + · · ·+ dk(x) + y)) 6 α(d0(x) + · · ·+ dk(x) + y),

which implies that 1
k+1 Ttot(x)6αq(φk(x)). Thus φk is bicontinuous by Lemma 5.5,

and Ã[Λ6k
cf ] 'φk

CkA. This completes the proof.

DEFINITION 5.10. The algebra C∞A ≡ ⋂
k∈N0

CkA with the projective topol-

ogy τ∞ from {CkA[τ
Λ6k

cf
] : k ∈ N0} is called the C∞-completion of A, and it is the

completion of A in the family Λ
f
cf of all flat closable differential seminorms of fi-

nite order. If A = C∞A, that is, A is complete in the family Λ
f
cf of all flat closable

differential norms of finite order, then A is called a C∞-algebra.

By Theorem 4.4 of [14], the projective topology τ∞ on C∞A is defined by

the norms
{ k

∑
j=0

‖δj(x)‖Dδ
j! : k ∈ N0, δ is a closable ∗-derivation of C∞A

}
, where Dδ

is a normed ∗-algebra containing A with norm ‖ · ‖Dδ
whose restriction to A is

equivalent to the C∗-norm ‖ · ‖. The next two results describe some properties of
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Ck-completions. We leave open the important problem: When is the embeding
id : Ck+1A→ CkA compact?

PROPOSITION 5.11. (i) A ⊂ SA ⊂ SsA ⊂ C∞A = lim←−k→∞
CkA[τ

Λ6k
cf
] =

lim←−T∈Λ<∞
cf

Ã[Ttot] ⊂ Ck+1A ⊂ CkA ⊂ A.

If A is a C∞-algebra, then it is a strongly smooth algebra.
(ii) The algebras CkA and C∞A are strongly smooth algebras.

(iii) The completion of a C∗-normed algebra A with respect to a countable family of
closable flat differential seminorms of finite order is a Fréchet C∞-algebra.

(iv) If A has finitely many generators, then C∞A is a Fréchet C∞-algebra.

Proof. (i) The statement (i) follows from Theorem 5.9 and the definitions of
SA,SsA and C∞A, which implies (ii). The statements (iii) and (iv) are shown
similarly to Corollary 4.7.

The following is essentially in [14].

THEOREM 5.12. Let k ∈ N. The following statements hold:
(i) C∞A and CkA are complete locally m-convex ∗-algebras continuously embedded

as dense ∗-subalgebras of A.
(ii) C∞A and CkA are hermitian Q-algebras.

(iii) C∞A and CkA are spectrally invariant in A and E(C∞A) = E(CkA) = A.
(iv) C∞A and CkA are C∗-spectral algebras.
(v) C∞A and CkA are closed under holomorphic functional calculus and under C∞-

functional calculus for self-adjoint elements.
(vi) K∗(C∞A) = K∗(CkA) = K∗(A).

(vii) (a) Any ∗-homomorphism ϕ of A onto a C∗-normed algebra B extends to a
continuous ∗-homomorphism of C∞A onto C∞B.

(b) Any closable ∗-derivation δ of A extends to a closable ∗-derivation of C∞A.

6. EXAMPLES

EXAMPLE 6.1. (i) Let A ≡ C[0, 1] be the C∗-algebra of all continuous func-
tions on [0, 1] with the supremum norm ‖ · ‖∞. Let A ≡ C∞[0, 1] be the Fréchet
∗-algebra of all infinitely differentiable functions on [0, 1]. On A, we define T =

(Tk)
∞
0 as Tk( f ) = ‖ f (k)‖∞

k! , f ∈ A. Then T is a closable differential norm on A such
that T0( f ) = ‖ f ‖∞. The algebra A(k) equals the Banach ∗-algebra Ck[0, 1] of func-
tions on [0, 1] having k continuous derivatives, and Aτ = lim←−A(k) = lim←−Ck[0, 1] =
C∞[0, 1]. Hence C∞[0, 1] is a strongly smooth algebra. In fact C∞[0, 1] is a C∞-
algebra.

(ii) Let A ≡ C0(R) be the C∗-algebra of all continuous functions on R that
vanish at infinity with the supremum norm ‖ · ‖∞. We put A ≡ C∞

0 (R) ≡ { f ∈
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C∞(R) : f (i) ∈ C0(R), 0 6 i < ∞}. The algebra A is a Fréchet ∗-algebra. On A,

we define T = (Tk)
∞
0 as Tk( f ) = ‖ f (k)‖∞

k! , ∀ f ∈ A. Then T is a closable differen-
tial norm on A. The algebra A(k) equals the Banach ∗-algebra Ck

0(R) ≡ { f ∈
C(k)(R) : f (i) ∈ C0(R) : 0 6 i 6 k}, and the differential Fréchet ∗-algebra
Aτ = lim←−Ck

0(R) = C∞
0 (R). Hence C∞

0 (R) is a strongly smooth algebra. In fact,
C∞

0 (R) is a C∞-algebra.
(iii) Let A ≡ C0(R) and A = S(R) be the Schwartz space of all infin-

itely differentiable rapidly decreasing functions on R. The algebra A has the
Schwartz topology which is defined by the family {‖ f ‖m,i} of seminorms: ‖ f ‖m,i
= sup

x∈R
(1 + |x|)m| f (i)(x)|. Then A is a Fréchet ∗-algebra with pointwise multipli-

cation (as well as with convolution which we do not consider here). On A, we

define T = (Tm)∞
0 as Tm( f ) =

m
∑

i=0

‖ f ‖m,i
i! , for ∀ f ∈ A. Then T is a closable differ-

ential norm on A such that T0( f ) = ‖ f ‖∞. The algebra Aτ equals the Schwartz
space S(R). Hence S(R) is a strongly smooth algebra, and the Schwartz topol-
ogy is the topology defined by all derived norms on S(R). Notice that S(R) is

not a C∞-algebra. Indeed, the differential norm T
′
=(T

′
k)

∞
k=0, T

′
k( f ) = ‖ f (k)‖∞

k! on
S(R) is flat and closable, and the completion of S(R) in T

′
is C∞

0 (R). Thus the
C∞-envelope of S(R) is C∞(S(R)) = C∞

0 (R).
(iv) Let A= C[0, 1] and A the Banach ∗-algebra CBV[0, 1] of real valued

continuous functions of bounded variations on [0,1] equipped with the norm
‖ f ‖ = ‖ f ‖∞ + V( f ), V( f ) being the total variation of f on [0,1]. For all f , g
in A, V( f g) 6 ‖ f ‖∞V(g) + ‖g‖∞V( f ). Thus T0( f ) = ‖ f ‖∞, T1( f ) = V( f ) de-
fines on A a differential norm T = {T0, T1} of order 1 for which Ttot = ‖ · ‖.
Thus A is a smooth Banach algebra. It follows that if f ∈ CBV[0, 1], and g :
[0, 1] → [0, 1] is smooth, then g ◦ f is of bounded variation. Analogously the
Banach ∗-algebra ACp[0, 1], 1 6 p < ∞ consisting of functions f in [0,1] such
that the derivative f ′ exists almost everywhere on [0,1] with f ′ ∈ Lp[0, 1] and
with the norm ‖ f ‖ = ‖ f ‖∞ + ‖ f ′‖p is a differential Banach algebra defined by
the differential norm T( f ) = {‖ f ‖∞, ‖ f ′‖p} of order 1. Consider the Sobolev–
Banach algebra Wm,p[0, 1] = { f ∈ C(m−1)[0, 1] : f (m−1) is absolutely continuous

on [0, 1], f (m) ∈ Lp[0, 1]} with the norm ‖ f ‖ ≡
m−1
∑

j=0

‖ f (j)‖∞
j! + ‖ f ′‖p. The differen-

tial norm T = (Tk) of order m defined as T0( f ) = ‖ f ‖∞, Tj( f ) = ‖ f (j)‖∞
j! (1 6 j 6

m− 1), Tm( f ) = ‖ f (m)‖p makes Wm,p[0, 1] to be a differential Banach ∗-algebra.
It also follows that the algebra Lip[0, 1] of Lipschitz functions on [0, 1] is also a
smooth subalgebra of C[0, 1].

EXAMPLE 6.2. (i) Let A be a C∗-algebra with C∗-norm ‖ · ‖. Let {δ1, δ2, . . .,
δd} be closed ∗-derivations on A. Then the Cn-elements (1 6 n < ∞) and the
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C∞-elements of A are defined [16] as follows:

Cn(A) ≡ {x ∈ A : x ∈ Dom (δi1 δi2 · · · δin) for all

n-tuples{δi1 , δi2 , . . . , δin} in {δ1, δ2, . . . , δd}},

C∞(A) ≡
⋂
{Cn(A) : n ∈ N}.

Cn(A) is a Banach ∗-algebra with the norm

‖x‖n = ‖x‖+
n

∑
k=1

d

∑
i1,i2,...,ik=1

1
k!
‖δi1 δi2 · · · δik (x)‖.

Thus C∞(A) = lim←−Cn(A) is a Fréchet ∗-algebra. Assume that C∞(A) is dense in
A. Let A ≡ C∞(A). On A, we define T = (Tk)

∞
0 as

T0(x) = ‖x‖, Tk(x) =
d

∑
i1,i2,...,ik=1

1
k!
‖δi1 δi2 · · · δik (x)‖, for ∀x ∈ A, ∀k ∈ N.

Then T is a closable differential norm on A. Since pn ≡
n
∑

k=0
Tk and ‖ · ‖n are

equivalent, we have A(n) = Ã[pn] = Cn(A), and Aτ = lim←−A(n) = A. Hence
C∞(A) is a differential Fréchet algebra, hence is a strongly smooth algebra.

(ii) We give an example satisfying the assumption that C∞(A) is dense in
A. Let G be a Lie group acting on A by α. Let ∆ denote the set of all infinitesimal
generators of actions of one-parameter subgroups of G on A, viz.

∆ =
{( d

dt

)
αu(t)

∣∣
t=0 : t 7→ u(t) is a continuous homomorphism of R into G

}
.

Then ∆ consists of derivations, and by a theorem of Malliavin ([16], p. 40), it is
a finite dimensional vector space having basis, say {δ1, δ2, . . . , δd}, where d =
dim∆. By Proposition 2.2.1 of [16], Cn(A) and C∞(A) are dense in A. Now the
C∞-elements of A defined by the Lie group action α is

C∞(A, α) = {x ∈ A : g ∈ G → αg(x) ∈ A is smooth}
which is the set C∞(A) defined above. Thus C∞(A, α) is a smooth subalgebra of
A, in fact it is a differential Fréchet algebra.

(iii) It follows from (ii) above that the non-commutative torus Tn
θ are differ-

ential Fréchet algebras, hence are strongly smooth. We elaborate the case n = 2.
Let θ be any real number. We identify the functions F ∈ C(T), T unit circle, with
continuous periodic functions f : R → C of period 1 by f (t) = F(e2πit). Let
α be the automorphism α( f )(t) = f (t + θ) defined by the rotation of T by the
angle 2πθ. The torus algebra A2

θ is the crossed product of C(T) by Z, and is re-
alized as the C∗-algebra of operators on L2(T) defined by the unitaries u and v,
uξ(t) = e2πitξ(t), vξ(t) = ξ(t + θ). The universal C∗-algebra generated by the
two unitaries u, v satisfying vu = e2πiθuv is isomorphic to A2

θ . Thus any a ∈ A2
θ

is expressed as a = ∑
r,s∈Z

arsurvs with an appropriate scalar sequence {ars}. The
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C∗-algebra A2
θ is abelian if and only if θ is an integer, and then A2

θ is isomorphic
to C(T2) (which in turn is identified with the 2-torus T2). The non-commutative
torus T2

θ is the dense subalgebra of A2
θ defined as T2

θ =
{

a = ∑
r,s∈Z

arsurvs :

{ars} ∈ S(Z2)
}

. The Lie group T2 acts on A2
θ by αθ(z, w)(urvs) ≡ zrwsurvs,

and T2
θ = C∞(A2

θ , αθ), the C∞-elements of A2
θ defined by αθ . It follows that T2

θ
is a differential Fréchet algebra, hence is strongly smooth, and the well known
smoothness properties of T2

θ follow. Notice that C∞(T2
θ ) = T2

θ is a C∞-algebra.
(iv) Here is an example of a different kind of differential structure. This

is a multivariate analogue of an example in [14]. Let H be a separable Hilbert
space. Let A be a ∗-algebra of operators on H. Let D = {D1, D2, . . . , Dn} be an
n-tuple of strongly commuting self-adjoint operators onH, possibly unbounded.
Let E be the joint spectral measure of D defined on Borel subsets of the joint
spectrum σ(D). Then for each j = 1, 2, . . . , n, Dj =

∫
σ(D)

λjdEλ =
∫
Rn

λjdEλ. For

k = (k1, k2, . . . , kn) ∈ Nn, let

Ak = {x ∈ A : xEλH ⊂ Eλ+kH, x∗EλH ⊂ Eλ+kH for all λ ∈ Rn}.

Assume that A =
⋃
k
Ak. Let δj(x) ≡ i[Dj, x], 1 6 j 6 n. Then {δ1, δ2, . . . , δn} is a

commuting family of closable derivations on A. Define, for each x ∈ A,

rk(x) ≡ sup
λ∈Rn
{‖(1− Eλ+k)xEλ‖, ‖(1− Eλ+k)x∗Eλ‖},

ρm(x) ≡ sup{km1
1 km2

2 · · · k
mn
n rk(x) : k1, k2, . . . , kn in R+}.

Then T = {T0, T1}, T0(x) ≡ c‖x‖, T1(x) ≡ ρm(x), x ∈ A is a differential
seminorm of order 1. Another differential seminorm T

′
= (T

′
k) is defined as

follows. T
′
0(x) = ‖x‖, T

′
k(x) = 1

k! ∑
|m|=k,m∈{N∪(0)}n

‖δm1
1 δm2

2 · · · δ
mn
n (x)‖.

EXAMPLE 6.3. We consider the differential structure defined by a smooth
operator algebra crossed product by the action of a Lie group as developed in
[31]. Let A be a C∗-algebra. Let G be a Lie group acting by an action α on A.
Let C∗(G,A, α) be the crossed product C∗-algebra. The smooth crossed product
S(G,A, α) is envisaged as a smooth version of the crossed product construction
and is primarily constructed to produce examples of subalgebras of C∗(G,A, α)
having desired smoothness properties like spectral invariance and K-theory iso-
morphism. Our contention is that there must exists a smooth structure (in the
sense of the present paper) lurking behind this construction responsible for the
smoothness properties exhibited by S(G,A, α). We exhibit this with the par-
ticular case of R. The general case requires a separate treatment. Let α be a
strongly continuous action of R by ∗-automorphisms of A. Let Cc(R,A) be the
set of all continuous A-valued functions on R having compact supports. It is a
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∗-algebra with twisted convolution: ( f ∗ g)(r) =
∫
R

f (s)αs(g(r − s))ds, f ∗(r) =

αr( f (−r)∗). It is a normed ∗-algebra with the norm: ‖ f ‖1 =
∫
R
‖ f (s)‖ds. The

Banach ∗-algebra L1(R,A, α) is the completion of Cc(R,A) in the norm ‖ · ‖1,
and the crossed product C∗-algebra C∗(R,A, α) is the enveloping C∗-algebra of
L1(R,A, α). Let A ≡ S(R,A, α) be the set of all A-valued Schwartz functions on
R. A is called the smooth Schwartz crossed product of A by R. A is a dense
∗-subalgebra of C∗(R,A, α). It is shown by [28] that the topology τS of A is
also determined by the following sequence of seminorms: ‖ f ‖n = ∑

i+j=n

∫
R
(1 +

|r|)i‖ f (j)(r)‖dr, ∀ f ∈ A, and A is a Fréchet ∗-algebra. The seminorms {‖ · ‖n}
satisfy the following: ‖ f ∗ g‖n 6 ‖ f ‖n‖g‖n, ‖ f ‖0 = ‖ f ‖, ‖ f ∗ g‖n 6 2n+1 ∑

i+j=n

‖ f ‖i‖g‖j. Thus S(R,A, α) is a differential Fréchet algebra, hence a smooth sub-
algebra of C∗(R,A, α). We believe that S(R,A, α) is not a C∞-algebra. Now let
C∞(A, α) be the Fréchet ∗-subalgebra ofA consisting of all C∞-elements ofA de-
fined by the action α. Let S(R, C∞(A), α) be the smooth Fréchet algebra crossed
product (twisted convolution) which is isomorphic to the completed projective
tensor product S(R) ⊗ C∞(A). It is a Fréchet ∗-algebra in C∗(R,A, α), and its
topology is defined by the seminorms

‖ f ‖n,l = ∑
i+j=n

∫
R

(1 + |r|)i‖ f (j)(r)‖ldr,

where ‖ f (j)(r)‖l =
l

∑
k=0

1
k!‖δ

k(αs((
d

dx )
j f (r))|s=0‖. The algebra S(R, C∞(A), α) is

a smooth subalgebra of C∗(R,A, α) in the sense of the present paper, and is an
inverse limit of differential Fréchet algebras.

EXAMPLE 6.4. We consider the smooth version of compact operators intro-
duced in [27]. Let `2 be the Hilbert space of all functions a : Z → C such that
∑

i∈Z
|a(i)|2 < ∞, and let K(`2) be the C∗-algebra of all compact operators on `2.

Let A ≡ S(Z2) denote the Schwartz space of double sequences s = {s(m, n)} on
Z2 satisfying, for each ν ∈ N, pν(s) ≡ ∑

m,n∈Z
(1 + |m|+ |n|)ν|s(m, n)| < ∞. Then A

is a locally m-convex Fréchet ∗-algebra with the product defined by (st)(m, n) =
∑

j∈Z
s(m, j)t(j, n), and with the topology τS defined by the family {pν : ν ∈ N}

of seminorms satisfying for each ν, pν(st) 6 pν(s)pν(t) for all s, t in S(Z2) [27].
Each s ∈ A defines a bounded operator Ts on `2 by (Tsa)(m) = ∑

j∈Z
s(m, j)a(j)(a ∈

S(Z)) and extended continuously to `2. This gives an isomorphism of A onto
{Ts : s ∈ A}. By this embedding, A is a dense ∗-subalgebra of K(`2). On A, we
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define T = (Tk)
∞
0 as T0(s) = ‖Ts‖, (operator norm) , Tk(s) =

1
k! ∑

m,n∈Z
(1 + |m|+

|n|)k|s(m, n)|. Then T is a closable differential norm on A and the topology de-
fined by {pν} coincides with the differential Fréchet topology defined by T. It
follows that S(Z2) is a strongly smooth algebra.

EXAMPLE 6.5. (i) The Fredholm module of non-commutative geometry
leads to a certain differential norm naturally. Let A be a C∗-algebra acting on
a Hilbert space H. A Fredholm module is a triple (A,H, D) where A is as above
and D is a bounded selfadjoint operator on H such that [D, x] is a compact oper-
ator for each x ∈ A. It is said to be p-summable if for x ∈ A, [D, x] ∈ Cp(H),
where Cp(H) is the set of Schatten class operators on H. Given a Fredholm
module, we define a derivation δ : A → B(H) by δ(x) = i[D, x]. We put
Ap = {x ∈ A : δ(x) ∈ Cp(H)}. Ap is called the p-summable part of A. We as-
sume that Ap is dense in A. The algebra Ap is a Banach ∗-algebra with the norm
|x|p = ‖x‖+ ‖δ(x)‖p, where ‖ · ‖p is the Schatten p-norm. Now on Ap we define
T0(x) = ‖x‖, T1(x) = ‖δ(x)‖p. Then we have T1(xy) 6 T0(x)T1(y) + T0(y)T1(x).
Thus T = {T0, T1} is a closable differential norm of order 1 on Ap, and Ap is a
differential Banach ∗-algebra. Hence Ap is a strongly smooth algebra. Let A1+ =⋂
1<p6∞

Ap, a Fréchet locally convex ∗-algebra with the topology τ1+ defined by

{| · |p : 1 < p 6 ∞}. One can consider the Fréchet algebra Ap+ ≡
⋂

p<r6∞
Ar. One

gets a chain of smooth algebras

A1 ⊂ A1+ ⊂ A2 ⊂ A2+ ⊂ · · · ⊂ Ap ⊂ Ap+ ⊂ Ap+1 ⊂ · · · ⊂ A0 ⊂ A

where A0 ≡
⋃

16p<∞
Ap which is a complete locally convex ∗-algebra with the

inductive limit topology. In fact, eachAp is an ideal inA0, and by [22], A0 is a lo-
cally m-convex ∗-algebra. It follows that these algebras have desired smoothness
properties.

(ii) Let (A,H, D) be an unbounded Fredholm module whereinA is a C∗-algebra
of operators on H and D is an unbounded self-adjoint operator such that A0 ≡
{x ∈ A : x(domD) ⊂ dom(D), [x, D] is bounded } is dense in A and for all
λ not in Sp(D), (λ1− D)−1 is compact. Let δ be the derivation δ(x) = i[x, D]
assumed closable. The algebraA0 represents Lipschitz regularity, and is a Banach
∗-algebra with norm |x| = ‖x‖ + ‖[x, D]‖. A differential seminorm T0(x) ≡
‖x‖, T1(x) ≡ ‖[x, D]‖ is defined making A0 a smooth algebra.

EXAMPLE 6.6. Given almost commuting bounded operators on a Hilbert
space, Helton and Howe [20] constucted a certain operator algebra exhibiting
certain smoothness properties. We show that this algebra is indeed a smooth
algebra in the sense of the present paper. Let X and Y be bounded selfadjoint
operators on a Hilbert space H. Assume that X and Y are almost commutative
in the sense that the commutator [X, Y] ∈ C1(H), where C1(H) is the set of trace
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class operators onH. Let A be the C∗-algebra generated by X and Y, and let PA be
the ∗-algebra of all complex polynomials in X and Y. Let A1 denote the maximal
subset of A with respect to the property that for any pair R, S in A1, [R, S] ∈
C1(H). Then by [20] A1 is a ∗-subalgebra of A, PA ⊂ A1 ⊂ A, hence A1 is dense
in A, and A1 is closed under Wick order power series functional calculus and
Wick order C∞-functional calculus for self-adjoint elements. First we consider
the topology suggested in [20]. Let τ1 be the locally m-convex ∗-algebra topology
on A1 defined by the family of norms {‖ · ‖1,A : A = A∗ ∈ A1}, where ‖B‖1,A =
‖B‖ + ‖[A, B]‖1. Notice that for each A = A∗ in A1, T0(B) ≡ ‖B‖, T1(B) ≡
‖[A, B]‖1 defines a differential norm of order 1 on A1. Further Ttot and T1 are
closable. The topology τ1 can be regarded as describing the differential structure
of order 1 defined by X and Y. We show that (A1, τ1) is complete. Let Ã1,A be
the completion of A1 in the norm ‖ · ‖1,A. Then lim←−A

Ã1,A = Ã1 which is the
completion (A1, τ1)

∼. First we show that for any A ∈ A1, Ã1,A ⊂ {T ∈ A :
[T, A] ∈ C1(H)}. Let (Bn) ⊂ A1 be a ‖ · ‖1,A - Cauchy sequence. Then there exists
B ∈ A such that ‖Bn − B‖ → 0, ‖[Bn, A]− [B, A]‖1 → 0, and [B, A] ∈ C1(H). It
follows that Ã1 is contained in {T ∈ A : [A, T] ∈ C1(H)}. Now let T1, T2 be in
Ã1. Then for all A ∈ A1, [A, T1] and [A, T2] are in C1(H). By the maximality of
A1, A1 = A1 ∪ {T1} = A1 ∪ {T2} showing that both T1 and T2 are in A1, and by
above, [T1, T2] ∈ C1(H). Thus Ã1 ⊂ A has the property that for all T1, T2 in Ã1,
[T1, T2] ∈ C1(H). The maximality of A1 implies that A1 = Ã1 showing that A1
is complete in τ1. To show that A1 is a smooth subalgebra of A, it is sufficient
to show that A1 is complete in the smooth topology τ defined by the family of
all closable derived norms. Since each ‖ · ‖1,A, A ∈ A1 is closable and a derived
norm (being the total norm of a differential norm of order 1), we have that τ1 6 τ.
Let (Tα) be a Cauchy net in A1 in the topology τ. Then there exists T ∈ A1 such
that Tα → T in τ1. Then Sα ≡ Tα − T → 0 in ‖ · ‖, and for each closable derived
norm β on A1, Sα is β-Cauchy, hence Sα → S in β by the closability of β, for
some S = S(β) in A1. Since (Sα) is τ-Cauchy (as so is (Tα)), there exists S in the
completion (A1, τ)∼ ⊂ A such that Sα → S in τ, and so in each β. Thus S(β) = S
for each closable derived norm β on A1. Now as Sα → S in τ, Sα → S in τ1, and
so Sα → S in ‖ · ‖. Thus S = 0 and Tα → T in τ. Since T ∈ A1, it follows that
(A1, τ) is complete. Thus A1 is a smooth subalgebra of A. The desired smoothness
properties of A1 follow.
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