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ABSTRACT. Let M be an invariant subspace of the multiplication operators
M; and My, on the Hardy or Bergman space on D? = {(z,w) : |z|, |w| < 1},
and Sg = Py MyPyp be the compressions on the quotient module Mt of
the multiplication operators M;. We study the Schatten-von Neumann, in
particular trace and weak trace class, properties of commutators [S;}, S¢], and

we prove the trace formulas for the commutators. Similar trace formulas for
Hankel type operators are also obtained.
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1. INTRODUCTION

Trace formulas for commutators of Toeplitz operators are of much interest
as they are closely related to various subjects such as index theory and complex
analysis. There is a well-known formula for Toeplitz operators on the unit disk.
Consider the Bergman or Hardy space on the unit disk D and the Toeplitz opera-
tor T with symbol f. Then for holomorphic function f, the trace of the commu-
tator [T}‘, T¢] is given by the Dirichlet norm of f,

w(T;, T = [ |f(z) Pdm(z);
D

see e.g. [19]. Actually, it is proved in [4] that the same formula holds with the
Bergman space on the unit disk replaced by the Bergman space on any complex
domain (2 defined by a measure y (under certain mild assumptions). Some fur-
ther generalization of the trace formula for the commutator [S*, S] of a subnor-
mal operator S was given in [2]. There is a similar trace formula for the anti-
commutator of the 2n-tuple (T*,T), where T = (Ty, ..., T,) is an n-tuple of com-
muting operators, see [19], [12], [24] and [26]. In this paper we will prove trace
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and Dixmier trace formulas for certain Hankel and Toeplitz type operators acting
on function modules over the bidisk.

Let H be the Hardy space or a weighted Bergman space of holomorphic
functions on the unit disk. We consider the Hardy or Bergman space H ® H on
the bidisk D?. For an invariant subspace M generated by homogeneous polyno-
mials, we will study the Schatten-von Neumann L” properties of the quotient
module M+, namely the membership in L7 of the operators [SJ’Z, S¢] for any poly-
nomial symbol f (z,w), where S ¥ is the compression of M ¢ on M-=L. The classi-
fication of those quotients M+ with compact properties has been done in [11],
[8], [20], [17]. We will prove that M+t is in £}, ie., in the trace class, precisely
when M = [p] with p being one of the polynomials (z — aw)"*!, (z — Bw),
(w —vz) and (z — pw)(w — yz), for some || = 1, |B], |y| < 1. Moreover, it
is proved that the trace [SJ’Z, S¢] is given by the Dirichlet norm of the restriction
of f on the zero set of the polynomial p. Note that the trace formula in [4] is
applicable to our case only when p = (z —aw) for |a| < 1, since for other
cases the operator S; is not unitarily equivalent to any Toeplitz operator Ty (or
its dual) as in [4] and is even not hyponormal (or co-hyponormal). We will also
study the Hankel type operator H, from M* to M. The square of its modulus is
|H;|? = H:H, = Py;1 [M}, M;]P,,. — [S%,S.] and thus measures the discrepancy
between the compression of the commutator and the commutator of the com-
pressions on M. It turns out that there is a subtle difference between the Hardy
case v = 1 and the weighted Bergman case v > 1. The operator H; H; is in the
weak trace class £ but not the trace class for v = 1. It is in the trace class for
v > 1. We prove then that the Dixmier trace of H; Hy is also given by the Dirichlet
norm. The proof of the LP-properties involves some rather delicate estimates of
eigenvalues of related operators. For the computation of the trace and Dixmier
trace we use certain Mobius invariance which might be somewhat ad hoc. In-
deed some direct computations instead of invariant arguments are also possible,
and they might provide more insights for the study of general non-homogeneous
modules; see Remark 5.12 for a concrete question.

It is worthwhile to mention that there are several related interesting prob-
lems on submodules of the Hardy space on the unit ball B? generated by homo-
geneous polynomials. In [6] (see also [5]) Arveson conjectures that the opera-
tor [S},S;] on the quotient module is always in L7 for p > n. This conjecture
has recently been proved to be true for d = 2,3 by Guo and Wang [18], [16];
roughly speaking the Toeplitz operators on the quotient modules behave as they
are on the unit ball. Thus there would be no trace formula for a single com-
mutator. However we may still consider the question of trace class property of
the anti-commutators of several operators as in [19]. There is also a formula for
the Dixmier trace of the product of commutators of Toeplitz operators on the
unit ball [13] and the same question makes also sense for the quotients. How-
ever the function theory on the bidisk or polydisks is quite different from that
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on the unit ball, in particular the Toeplitz operators on the bidisk are not essen-
tially commuting, and the above conjecture does not hold generally. Our results
rise a natural question of characterizing those quotient modules of the polydisk
which are 1-essentially normal, namely classifying quotient modules with all the
commutators being in the trace class £!.

2. QUOTIENT MODULES [(z — w)N*1]+ AND THEIR REALIZATIONS

Consider the functional Hilbert space H = H, on the unit disk D with the
reproducing kernel Ky (z) = ﬁ for v > 1. It is the Hardy space H?(T)
(v = 1) or the weighted Bergman space L2(D,du, ») (v > 1); here T is the unit
circle and dy, = ¢4 (1 — |z|?)*dm(z) is the normalized measure on D.

The space H ® H is then the Hilbert space H?(T?) or L2(D?,du, 2 X dpy—_2)
on the bidisk D?. Let M £ be the multiplication operator on H® H for f €
H>(D?). For an invariant subspace M of the multiplication operators M, My,
on H ® H, we denote

the compression of My to the quotient module M* and Hankel type operator,
respectively, where Py and P),. are projections from H onto M and M~*. When
M is generated by homogenous polynomials, the essentially normal properties
(see Section 3 for the definition) of (S, Si) have been studied in [17]. It is proved
that the problem can be reduced to the special class of modules M generated
by (z — w)/. We consider this case first. The compression S ¢ on the quotient
[(z — w)/]* can be realized as certain block matrix acting on direct sum of usual
weighted Bergman spaces. Let us recall briefly this realization; see [15], [23].

For any j > 0, let M; be the invariant subspace of the tuple (M., M) gen-
erated by (z — w)/. We will fix N > 0 in the sequel and consider the submodule

M := My1 = [(z — w)N 1],

Equivalently, it is the subspace of holomorphic functions in H ® H which are
vanishing along the diagonal of D? of degree N + 1. Using the filtration

(2.1) My CMNC---CMyCMy=H®H,
we find
. N
My 1 = D(M; 6 Mj1).
j=0

Under this decomposition the operator S = S, on the quotient is a lower triangu-
lar (N +1) x (N +1)-matrix S = (S;;) with

Sij=PS:P, 0<ji<N,
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where P] is the projection from H ® H onto M]- o M]-H for 0 < j < N. The spaces

M; © M;jy1 as well as the multiplication operators on M+ have certain Mébius
group invariance, which we shall also need.
Let

_ _ | & /3 2 2
sut )= {s=| 5 & |- g2 =1}
be the Mobius group acting on the unit disk D by

~ xz+ B
8:2 =8 2= ¢g(z) = Beid
It induces a unitary action of g € SU(1,1) on H via
22) (8) 1 f(2) = flg'2) (@) (2)/%

(The power (¢Tg’ 1)’(z)¥/2 can be properly defined for non-integral values of 4 so
that ¢ — 7, (g) forms a projective representation.) Its action on H ® H is

23) (@ m)(g): Flz,w) = F(¢g 'z, 87 w) (g5 1) (2)""2(gg 1) ()2
Observing that

(g2 — gw)l = (z— w)/ (@ (2))? (@ (w))"?,
we see that the filtration (2.1) is invariant under the action (2.3). In particular,
the subspaces My © My, are also invariant. As a representation of SU(1,1), it is
equivalent to the space Hy, o with the action 715, ox. We will need a concrete in-
tertwining operator. Let Ty be the following operator from the space holomorphic
functions of two variables into that of one variable,

(k) 2lay E(z,2) B (V)x
@9 (m0E =6 L) TR, 6 e

where (a) = a(a+1)---(a+k—1) = (sz(+)k) is the generalized Pochhammer

symbol. This operator has been well-studied in classical invariant theory and
representation theory (see e.g. [21], [23], [15] and references therein). We recall
two known results; see e.g. Theorem 1.2 of [15] and references therein.

LEMMA 2.1. The operator Ty is a unitary operator from My © My, q onto the
Bergman space Hy,, ok and intertwines the action v, ® v, with 19, 9 00 Hpy 4 ok.

An elementary computation shows that the adjoint T}’ of Tj is given by

25) (Tef)(zw) = C(z — /f V+k1(1 E)deﬂzwzk—z(@-

It follows that T maps the standard orthonormal basis

(2v + 2k) i

(2.6) Ep = -
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of Hy, o onto the orthonormal basis, of My & My, 1:

m! L (v+k) (vk)
(2.7) ekm =Gy m(z _ w)klg(;J ( ‘l"' )l ((n':_)lm)| lzlwmfl‘
LEMMA 2.2. The map
N N
PT: HoH = P Ha ok
k=0 k=0
induces a Mobius invariant unitary operator
N N
Mt = P (M © Myy1) = P Hayox
k=0 k=0

Under this unitary equivalence, the diagonal components Sy are then the Bergman mul-
tiplication on Hp,, 5.

We shall also need the Gauss summation formula for the hypergeometric
series

> (a)i(b);
(2.8) ;} G

and in particular its special case

£ (@)i(Bk—j  (a+ B
];J k=i k7

which can also be easily proved by binomial expansions.

I'(c)l'(c—a—Db)
I'(c—a)l'(c—b)

:=F(a,b;c,1) =

(2.9)

3. TRACE FORMULAS

Recall that the Schatten—von Neumann class £L?, p > 0, consists of compact
operators T such that the eigenvalues {p,(|T|)}, p1(|T|) = p2(|T|) > ---, of
|T| = (T*T)'/? are in IP. In particular, £? is the Hilbert-Schmidt class, £ the
trace class and £ compact operators. We shall also need the Macaev class LF*°,
or the weak L7 class, (see e.g. Example 2.2 of [22]) which consists of all compact
operators T satisfying

n
mn(|T)) =0~ "P) ifp>1; Y w(T|) =O(logn), ifp=1.
i=1

One may also define the Macaev class L7 by using the interpolation between
L= and £1%; see e.g. [22] and Chapter IV of [9].

For a submodule M of H ® H, we say that M is (p, q)-essentially normal or
simply M= is £(P4) | if all the cross commutators of the operators {S%,S,Sz, Sw}
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are in LP4 (see e.g. [5], [6] for the case of unit ball). We abbreviate (oo, c0)-
essentially normal as essentially normal or compact.

We observe that the commutators [S;, S| = 0 and [S},S%] = 0, and the
definition is only about the L£(p4) property of [S},S:], [S%, Sw], [Si, Sw)-
In this section we will show the quotient module M+ = [(z — w)N*1]+ is

£ and we shall compute the trace of the commutators. Let us recall first the
following result in Proposition 6 of [15].

LEMMA 3.1. The operator Sj;, for j > i, realized as the operator T;M,T;" from
Hyy12i — Hyy 1) is a differentiation operator of degree j —i—1,

C. (V+l) i a j—i—l
31 TM T* Z :71—] - 52 z),
3.1) (TiM:T; f)(z) Cj (2V+21)2]‘72i71( 82) )
where () = T and € = \/k(z(i)f#k)k

We shall need to understand the £(P4) property of the above differential
operators.

LEMMA 3.2. The k-th differentiation
Nk
o (52) 1

from H, to H, belongs to the Schatten class L for p > 1ifand only if p(5% — k) > 1.
It belongs to the weak trace class LY if and only if 7% —k > 1.

Proof. The functions e;;, = 4/ @zm form an orthonormal basis of H,. The

m!
differentiation maps the basis {e;;} to a system of orthogonal vectors. In fact,
writing T = (%)k, we have
0 ifm <k,
Tey = ) )
m(m—1)---(m—k+1) o fmk ifm =k,
where f,;, = ((rfn)"” z™ is the orthonormal basis of H,. Therefore, T belongs to L7
and £* if and only if
Y || Tew||? < oo and respectively Y [|Ten|| = O(logn).

m m<n
A direct calculation shows the following, leading to desired results:

||Tem|| ~ mkm(l/z)(l/—(f) — m—((l/Z)(U’—V)—k)‘ 1
As a consequence, we see that

; 1
(3.2) 1Sijeh | <C, 1<j<i<N,m=012,...
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for some C independent of i, j, N. Therefore, the operator S;; is in the weak trace
class £, and in particular in any L? for p > 1.

THEOREM 3.3. The commutators [S},S:], [S%, Sw| and [S%, Sy| are of trace class.
Thus, the quotient module M~ is in L1,

Proof. We prove first that [S}, S;] is of trace class. Writing S = S as a block
lower triangular (N + 1) x (N + 1)-matrix S = (S;;) with S;; = P;SP;, where P;
is the projection from H ® H onto M; © M;,1, we have S;; = 0 for i < j. The
(ij)-entry of the self-adjoint operator [S*, S] is

N
(3.3) [S*,8lij = 3 (SkiSkj — SSie)-
k=0

If i = j, all terms except possibly the term S}S;; — 5;;S’ in the sum in (3.3) are trace
class since Sy; is in L” for any p > 1; but S;; is unitarily equivalent to the Bergman
multiplication operator on Hj, , »; and consequently the commutator S};S;; — S;;S7;
is also trace class.

Suppose i > j. Again all terms in the sum in (3.3) are trace class for S5;; = 0
and Sy; € LV if k # i, except possibly the terms with k = i, ;. In the latter case
the sum is

W= SZSU — SiiS]’-‘i + S;S]] — 51]5;} = SZSZ] — Sij ]*]

We now compute its action on the orthonormal basis E,, = Hzmz We write

l2v+2;°
(2)i=7712" = p(m)z"~(=/=1), where p(m) is a polynomial in m of degree i — j —
1 with leading term m'~/~!. By direct computations we have
W(z") = c(m)szlf(ifjfl)
with
_m
U42j+m—1

m—(i—j—1)
Ww2itm—(i—j—1

c(m) = p(m) =gy~ Pm 1)

As a rational function of m, it is clear that the leading term m'~/~! cancels each

other, and c(m) is of lower order m=/=2,

le(m)| ~ m=I=2,
Observing that [|2"||, ~ m179)/2 we get

[W(Em)||2ys2i = m™2,

proving that W is of trace class.

Since the operator Sy is also a lower triangular matrix and the (ij) entries
of it differ only by a factor of (—1)'"/, the same proof works also for [S},, S, and
(S, Sw].
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For any polynomials F(z,w) and G(z,w) the commutator [S},S¢] is then
also trace class, as it can be seen by using

[AB,C] = A[B,C] + A, C]B.
We prove below a trace formula for [S, S¢].

THEOREM 3.4. Let F(z,w) be a polynomial in (z,w) and f(z) = F(z,z) be its
restriction to the diagonal. Then

T[St Sp) = (N +1) [ If/(2)Pdm(2).
D

We divide the proof into some elementary lemmas.

LEMMA 3.5. Let G(z,w) = (z — w)g(z, w) for some polynomial g. Then the
operators [S&, Sy are of trace class for any polynomial f(z,w) and T[S, S¢] = 0.

Proof. The multiplication by G(z,w) = (z — w)g(z, w) maps M; into M;1,
thus Sg is a lower triangular matrix with diagonal entries being 0, with the (ij)-
entry T;; being Hilbert-Schmidt, by Proposition 3.3. Denoting Sy = (Sj), the

(ii)-entry of [SE, Sf] is

) TiiSii = 1 SifTij

j>i j<i
where each term is of trace class since both S;; and T;; are Hilbert-Schmidt. Taking
trace and summing over i we see that it is zero due to the anti-symmetry of the
sum. 1

The following lemma is elementary and known as the uniqueness of Mobius
invariant spaces; see [3]. It can also be proved by elementary computations using
the skew-adjointness of the Lie algebra elements on group-invariant pre-Hilbert
spaces. (A much general form is known as Schur’s lemma [10] for irreducible
representations of semisimple Lie algebra).

LEMMA 3.6. Let || - || be a pre-Hilbert norm on a space of analytic functions, which
includes all polynomials. If || - || is invariant under the action of the Lie group of SU(1,1)
via change of variables, that is

IF@I = If(g-2), forginSUL1), f polynomial,
then it is the Dirichlet norm,

I£1I1? = C/ \f'(z)|*dm(z), for f polynomial,
D

for some constant ¢ > 0.
Now we prove Theorem 3.4.
Proof. Writing f(z) = F(z,z), we claim
Tr[SE, SF] = Tr[S}S, S¢l.
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Indeed F(z,w) = f(z) + G(z,w), with G(z,w) = (z — w)g(z, w) for some poly-
nomials ¢(z,w). By Lemma 3.5,

Te[S}, Sf) = e[S}, Sf) + Te[S}, Sl + Tr[SE, S] + Te[S¢, S¢) = Te[S}, Sy)-

It follows from the proof of Theorem 3.3 and the invariance of Tr[S]’E, S¢] under
rotations f(z) — f(el?z) that the trace Tr[SJ’E, S¢] is sum of Tr[S},, S;n| with non-
negative coefficients, and each Tr[S},, S;] is nonnegative. Thus the trace defines
an pre-Hilbert norm on the space of all polynomials f(z). Moreover, for any
Mobius transformation ¢ and g(z) = f(¢(z)), we have that Sy and Sq are unitar-
ily equivalent. Thus the trace Tr[S;?, S¢] is Mobius invariant whenever it exists.
Therefore, according to the previous lemma, [SJ’Z, St is a constant multiple of the
Dirichlet norm for polynomial f, and the constant can be evaluated by taking
F(zyw)=2z. 1

4. THE TRACE AND DIXMIER TRACE OF HANKEL TYPE OPERATORS

We recall very briefly the Dixmier trace on the weak trace class £1®. There
exist ([9], Chapter IV) linear functionals tr,, : £ — C, depending on certain
functionals w on the space of bounded continuous functions over the half line
[1,00), called Dixmier traces, which are similar to the usual trace. In particular
for a positive operator T with eigenvalues y;,

n
4.1) tro(T) = lim Elko—gl L

whenever the limit exists. It satisfies tr,(AB) = tr,,(BA), and try,(T) = 0if T is
of trace class.

In this section we will prove that the operator H; H, is in the weak trace class
L1 in the case of the Hardy space (v = 1), and we shall compute the Dixmier
trace tr, HJ’? Hy and show it is independent of the linear functional w.

THEOREM 4.1. Suppose v > 1. For any polynomial f(z) we have

Tr Hi Hy = c% [17/G)Pan(z)
D

N 0 .
wherec = Y. ciand c; = Y. ||PyMael, ||
i=0 m=0

We consider the case f(z) = z first.

LEMMA 4.2. Suppose v > 1. The operator H} H, is a trace class operator.
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Proof. Since H} H, is a positive operator, we need only to prove that each
P;H} H,P; is a trace class operator, which is equivalent to that the series

(42) =) |PuMeey =Y Y IPM:e;, |
m=0 m=0j>i+1
(21/+21)

is convergent. In terms of the basis E; =
Lemma 3.1

1P Mzey, | = | T;M: T} En|®

z™ of Hp,40i, we have by

B g< (v+i)i )2(2v+2i)m”(_3)f*i*12m 2
a C]z (2v + 21‘)2]'721'71 m! 0z 2v+2j,
with (the norm being computed in H2U+2j)
]11m2 . . 2(m—j+i—|—1)!
— 1) (m— 2 i
H< ) 2v+2j mm =1)--(m=j+i+2)) (2 +2)m—jyi1
(m!)>

S (m = (=i = 1))V A+ 2f) (i)
which is nonzero only for m > j — i — 1. Writing all terms using Gamma function

we find that HP]-Mzef11 || is, apart from the constants independent of the summa-
tion index j and m, equal to

j12v —1+); (v—l—z)] 2V 4 2i)
(V)32 +20)35; oy (m = (j =i = 1)UV +2f)u(jmio1)

To sum the double series Z Y. in (4.2) we change variablesm = j —i —1+p,
m=0j>i+1

withj > i+ 1,p > 0and writeitas ), ) . The factors depending on p are
j2it1p=0
m!(2v + 2i),
(m—j+i+ 1) 2v+2])m—jtit1

(j—1)putj+i—1),
pl(2v +2j)p

o TQ@utjti—1) (—i)pQuj+ic1)

=T(=1) T(2v+2i) pr!}(Zl/-l-Zj)p -

= (j—i—l)!(2V+2i)j_i_1

The sum over p,
2 (j—i)pRUutj+i—1),

p;) p!(2v +2j),

is the hypergeometric series F(j —i,2v + j +i — 1;2v 4 2j; 1), which is convergent
and whose value, again by the Gauss summation formula, is
I'(2v +2j)
FQu+j+irG—i+1)
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The factors are bounded and the summation over j is equivalent to

(v+i)j—i
(v);
y Frv+2)rGj+1n)rG—irv+j+i—1)
]>n+11’2v—|—2]—1) u—14+)rv+j+i)I(j—i+1)
y (u+2j—1) rGj+1)
],2”“(j—i)(2v+j+i—1)F(2v—1+j)'

Each term can be estimated using the Stirling formula,
(v+2j-1) rg+1 1
G—iu+j+i—-1)Tv—-1+4j) -V

and thus the series is convergent if and only if v > 1. &

Now we prove Theorem 4.1. The operator H; Hy is a trace class operator for
any polynomial f(z). To see this we let, for any bounded holomorphic function
F(z,w),

Rp = MF|m, SF = Py M| 1
be the restriction on the submodule M = [(z — w)N*!] and compression on the
quotient M+ of Mp. An easy matrix computation show that

H.» = R,H; + H,S.

z
Since H, € £? from Lemma 4.2 we have H,, € £2. Similarity, H,» € £? for any
n. This implies that H} Hy is also a trace class operator for any polynomial f(z).
Therefore,

(f, §) — Tr HyHy

defines an invariant pre-Hilbert norm on the space of all polynomials f(z). For
any Mobius transformation ¢ and g(z) = f(¢(z)), we have that Hy and Hy are
unitarily equivalent. Thus the trace of H} Hy is Mobius invariant whenever it
exists. Now Theorem 4.1 can be proved by using the same method as that of
Theorem 3.4.

We consider now the case v = 1. We need some simple facts on the com-
putation of the Dixmier trace. We call an operator T on H sub-diagonal if there
exist an orthonormal basis {¢;}°; of H and an integer N such that (Te;,¢;) = 0
for |i — j| > N.

LEMMA 4.3. Suppose T is sub-diagonal with the corresponding orthonormal basis
{e;}2o. If T € LY and (Te;, e;) = 0 forany i > 0, then Tre, T = 0.

Proof. Since a sub-diagonal operator T is a sum of finitely many unilateral
shift operators, it suffices to consider the case that T is a weighted unilateral
shift satisfying T € £* with weight {0,a1,0,43,0,...}. We have then Tr, (T +
T*) = 0. In fact, a direct computation shows that the eigenvalues of T + T* are
{—l|m],|a1|, —|as|, |a3]|, .. .}. This implies that the positive part (T + T*) . and neg-
ative part (T + T*)_of T + T* have the same eigenvalues distribution. Therefore,
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Tro(T+T")4y = Tro(T+ T*) and Trp(T + T*) = 0. A similar argument shows
that Tr, =L = 0. Thus Tr,, T = 0, as desired. &

1

PROPOSITION 4.4. Let v = 1. The operator H} H; is in the weak trace class L1*
but not in L', and Tr, H¥H, = (N + 1)2.
Proof. By the definition of the operator ideal £F*, it suffices to show that
N
the Hankel operator H, = Y, P\yM,P; € L£%®. The operator P,M} Py M,P; =
i=0
(PypiMP;)* (PptM,P;) is diagonal under the orthonormal basis {ei, } given in (2.7),
and we need only to show that
. ; ; 1
| P2 Py M Prely|| = [[PubzPrey | = O ().
As P.M,P; = 0 for k < | we have

PyM.P;=(I—Py—-+-—Py)MP;=(I—P;— Py — - — Py)M.D;
= (I = P)M:P; — Sis1i— -+ — Snjiv
and consequently
(4.3) IPpMey,||* = ||(I = P)Mzel||* = [|Sisai€h I = -+ = |Snieh |1
The first term above is
11— PYMaehy |2 = [|Machy |2 — [ BMaehy | = 1= [[Syie 2 =1 — s F L
1 m m 1 m Li*m 2+21+m

142i 1+ 2i 1
T 242+m m +O(W)’

where we have used Lemma 2.2 that S;; is unitarily equivalent to the multiplica-

tion operator by z on Hj;, and the fact that M, is an isometry when v = 1. The

remaining terms are estimated in (3.2), viz

) 1 ’
ISk ek 1> < Cs 0<i<k<N.

Thus

i i 142i 1
| PMEPYM: Pl | = [[PuMzPiy | = —= +0(—5),

and the operator PyyM,P; € L£*>®. This completes the proof of the first claim.
Furthermore, by Lemma 4.3 we have the following that complets the proof:

N N
tro HiH = tr, Y P;MEPyM:P; =Y (142i) = (N+1)% &
i=0 i=0

By similar methods as in the proof of Theorem 4.1 we can prove that HJ’E Hy

is in £1®. To compute its Dixmier trace we observe that
and thus tre, Py [MF, M¢] Py =tr, HyHy, since [S}, S¢] € L. We have therefore
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THEOREM 4.5. Let v = 1. For any polynomial f(z) we have

1
tr HiHy = try Py, [M}, M|y, = (N+1)2;/|f’(z)\2dm(z).
D

5. SUBMODULES OF HARDY SPACES GENERATED BY HOMOGENEOUS POLYNOMIALS

In this section we consider a submodule M of H, ® H, generated by ho-
mogeneous polynomials. For computational convenience, we shall only consider
the case v = 1, i.e., the Hardy space on the bidisk. As is shown in [25], [7], up
to a finite dimensional subspace, M is of the form M = [p] for a single homoge-
neous polynomial p with p = p;p,, where the zero sets Z(p1) and Z(p,) have the
properties that

(5.1) Z(p1) NaD* = Z(p1) N T?
and respectively
(5.2) Z(p2) NAD* = Z(p2) N (aD*\ T?),

where 9D? is the topological boundary of D?, so that 9D? \ T? = (T x D) U (D x
T). We recall the following result from [17].

THEOREM 5.1. The quotient module [p]* is compact if and only if p = p1pa,
with py being one of the following polynomials:

1, (z—aw), (w—pBz), (z—aw)(w-—PBz), forl|a|<1,|p]<1.

We will thus only consider quotient modules classified in the above theorem
and study further their £P/7 properties, in particular their trace class properties.

THEOREM 5.2. Suppose M = [p] with p as in Theorem 5.1.
(i) The quotient module is trace class if and only if p is one of the following polyno-
mials:
(z— )", (z—aw), (w—pz), (z—aw)(w—pz),
with |aq| =1, o] < 1,|B] < 1.
(ii) The quotient module is in the weak trace class if and only if p is one of the following
polynomials:

k

[1z- oc]-w)”k“, (z—aw), (w-pz), (z—aw)(w-pz),

=1
with |a| =1, Vj, and |a| < 1,[B| < 1.

We divide the proof into several steps. We note that the results in the
previous sections are clearly valid for the submodule M = [p]| generated by
p = (z— aw)™*! for some a with |a| = 1. We consider first the case when
p =z —aw with |a| < 1.
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LEMMA 5.3. Let p = z — aw for some |a| < 1. On the quotient module M+ =
[p]*, we have that S, = &Sy, and S, is unitarily equivalent to the multiplication operator
My, on the Bergman space L2(D, dy), where y is a probability measure defined by

du(re®) = (Z 03] 8, (1 ) x do,

where 8y is the delta measure supported at x. In particular, the quotient M+ € L.

Proof. By direct computation, the polynomials

[ 1—1a?| (&z)"! — " t]
(5.3) enn(z, W) := en(z,w) == 1— |a2[n+1 Az — w

form an orthonormal basis for the space M= (see [17]). The operator Sy on ey is a
weighted shift

1— \a2|”+1

Swen = menﬂ

On the other hand the functions {w"} form an orthogonal basis and its norm
square in L2(D, dp) is
o0 . . 1
lo"]|? = (1 — [a?]) Z(;) o a2 = (1~ M)W,
=
from which it follows that the mapping e, — % realizes the unitary equiva-

lence of the operators Sy and My,. 1

REMARK 5.4. If M = [z — aw)] as above we have
Te[S} 0y S1(a)] / () Pdm (cw)
by the general result in [4]. For any polynomial F(z, w) we have

e[S, S¢) = / 7/ (w) Pdm(w),  f(w) = Flaw,w)

since S, = aSy. Also the above results are obviously valid in the case of p =
w — Bz for some |B| < 1.

Now we consider the general cases. For the conceptual clarity we introduce
the following; see [17] for the compact case, namely when (p,q) = (0, ).

DEFINITION 5.5. Let N and N, be two closed subspaces of a Hilbert space
N and Py, P, the corresponding orthogonal projections. They are called (p,q)-
orthogonal if PPy € LPA.

The definition is clearly independent of the Hilbert space N.
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PROPOSITION 5.6. Let N, Ny and N; be three quotient modules of H ® H such
that Ny + Ny is dense in N. If Ny and Ny are (p, q)-orthogonal and (p, q)-essentially
normal, then N is also (p, q)-essentially normal.

Proof. Let Py, P,, P denote the projections from H ® H onto Nj, Np, N re-
spectively. Then Py P, € LP#4. This implies [17] in particular that P; P; is compact
and hence N7 + N; is closed and Nj N N is of finite dimension. Without loss of
generality we may assume Ny NN, = 0 and then N = N;+N; is a direct sum
decomposition.

Define Q := P; +P, : N — N. Q is then an invertible operator on N.
Moreover,

QP-Q) =Q*-Q=PP+PP
isin £P1,and soisalso P — Q = P — (P; + P,).
Let S}Vl = PNle’Nl,SJI,\IZ = PNsz|N2,S}\I = PNMf|N be the compres-
sions of the multiplication operator My with symbol f on Ny, N, N, respectively.
For any polynomial f the commutators

Nix N Nox <Ny (p4)
[Sf rSf ]/ [Sf rSf ] €L

since N1, N; is (p, q)-essentially normal. Moreover, since Nj, N; are co-invariant
subspacesand Q — P, PP € L9, we have

sy - sjﬂl - s?’z = (PMfP — QM;Q) + (QM;Q — PyMP; — P,MP,)

= (PMfP — QMfQ) + P1prz + Pszpl
= (PMfP — QM;Q) + P{M;P\P, + P,M;P,Py € L.
This implies that [S}\I 5, Sj}l ] € £P4) for any polynomial f. In particular, [SY*, SN],
[SN*,SNT e £(P4), Furthermore,
]' * * . * .
(52 Su1= {1580 2ol = 182 SR oo | +i[S2 o SR o] —i1S2 Y STy ) YEL P,

zHiw’ Cz+iw z—iw’ “z—iw
Therefore, the quotient module N is L£P1), as desired. 1

LEMMA 5.7. (i) The subspaces [(z — aw)™ 1]+ and [(z — Bw)N*1]+ are (1, 00)-
orthogonal if & # B, || = |B| = 1.
(ii) The subspaces [z — aw)* and [(z — Bw)"]* are (2, o0)-orthogonal if |a| < |B| =1.
(iil) The subspaces [z — aw]t and [(w — Bz)]* are p-orthogonal for all p > 0 if
|, [B] < 1.

Proof. (i) By the rotational invariance we may assume f = 1. Let P, P’ be
the orthogonal projection onto [(z — w)N*1]4, [(z — aw)" 1]+, respectively. Then

N n

P:ZPZ'/ PIZZP],/
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where P; and Pj’ are the orthogonal projections onto [(z — w)* 1]+ & [(z — w)i]-

and [(z — ocw)jH}J- o[(z— zxw)ﬂj-, respectively. Denote {’é,%,m =0,1,.. .}fio the
N , ,

orthonormal basis [(z — w)N]+ = Ylz- w) 1+ 6 [(z — w)i]t given in (2.7).

i=0
Replacing z by @z we get an orthonormal basis {e},,m = 0,1, .. .}720 of [(z —
aw)" 1]+, Then
(5.4) P=@e, e, Pl=@ed e
m=0 m=0

Here u ® v denotes as usual the rank one operator x — (x,v)u.
We claim that

(5.5) [Pem| < C—

for some C independent of m. This implies then the required result that P'P €
L%, In fact, by the rotational invariance and (5.4),

‘P]'/Pi‘z PPP—@PE ®P6]_®| m+] ir€ >Zrln+]l®em+]l

m=0 m=0

Therefore, \P.’ P = . The estimate (5.5) concludes

|< m+] i’ >‘ m+] 1®em+] i

that | (¢’ Corsj l,em>| = ( ). Hence |P](P1-| € LV®and P'P € LV,

The proof of (5.5) involves some rather delicate computations. To ease the
notation, we will suppress the index k in ef, since only m is relevant. We write
em as

m
em = Cm Z Ay (02 — w)k(ﬁz)lwm*l, m=0,1,....
1=0

Here
_ (2+2k—1)/2
ﬁk'uk \ T 2+2k =Cm- (HO( )
for some C independent of m, and a,,; = 1Jlr,k)’ % We rewrite a,, | as

Ay = k12(1+1) (I+k)y(m—14+1)---(m—1+k)

= (lk+c L o) (m—DF 4 ey(m =D ).

Thus a(m,1) is a linear combination of I¥1(m — 1)%2, ki, k, < k with coefficients

independent of (m,1). Similarly (@z — w)* is such a linear combination of z*3w*
with k3 + k4 = k. Thus the function e, above is a linear combination of the
functions

m
el = el (k1,ko, k3, kg) := cm Z M (m — Dleg! s tlgphatm=l 4y —0,1,. ..
1=0
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with coefficients dominated by constants independent of m and [. To obtain (5.5),

it suffices to show

1
[[Pep, || < C%-

Here as well as below C denote any constant independent of (m,1).
By Lemma 2.1 we have

N
*
P=) T/T.
j=0

We shall estimate || Tje;, || and prove that

1
I Tjen|l < C

which then implies the estimates for || Pe}, || and || Pey,||.
By the rotational invariance of Tjej,, we see that Tje;, is a scalar multiple

of 2%~/ in the Bergman space Hj ;. Now Tj is a linear combination of the

differential operators f(z,w) (aga{;’ f)(z,z), and each operator maps ¢}, to
Cndmz™ =T with

here
b(1) =1 (14 k3) - (I+ks —i4+1)
X (m—12(m—1+4ky)---(m—1+ky—(j—i)+1)
is a polynomial of I. (To ease notation we have suppressed indexes ki, ky, k3, ks <
k within d,,, and by, (1)).
The series dy, is a trigonometric series in « with coefficients by, (I). We will
use now the Abel partial summation formula 2k + j times to reduce d, to the

m
geometric series } @ multiplied by m? with g < k + j. To bound the boundary

terms in the Abel partial summation we need to keep track of the evaluations
of discrete differentiation by, (I) as a function of I at the end points I = 0 and
I = m. We write db(I) := b(l) — b(I + 1) for the discrete differentiation. The key
observation is that the differentiations 97b,,(!) of all degrees g at the point I = 0
and m are all dominated by m**/, namely

(5.6) 090, ()| < Cr*t, 1=0,m, q<2k+j

with C independent of m. We prove this for the end point I = 0 and the other
end point is exactly the same by changing the variable I to m — . If § = 0 then
97y, (1) = by (1), and its values at the end point I = 0 are zero unless k; = 0 in
which case

b (0)=ks - - - (ks—i+1)m 2 (m + ky) - - - (m + ky—j+i+1) <CmF2H 7 < CmFH,
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and (5.6) is indeed true. For general q < 2k + j we observe that by,(!) is a poly-
nomial in [ of maximum degree 2k + j with coefficients being polynomials of m
of maximum degree k 4 j. Each discrete differentiation in / reduces the degree of
by (1) by one whose evaluation at / = 0 is still a polynomial of m of maximum
degree k + j. Repeating the argument we see that (5.6) is true as 2k + j is fixed
and independent of m.

We perform now the Abel summation. Notice the partial sums of the series

1- a+1 1

Z(x] are “{o— = 1= — %El , which is again a geometric series apart from the
j

constant term. Thus for m > 2k + j,

dp = Zab +bm(m)_7,

-
= 7=+ 7—=bm(0

with the leading term
m—1
=Y obu(h)a’
=0
which is again a trigonometric series of @ and its coefficients 0;by,(I) are polyno-

mials of I of maximum degree 2k + j — 1. Using (5.6) we see that the error term

b (0) + b () T

+1 .
’ < Cmf,
— o
Thus
|| < |d) | + Crk .
Applying the partial summation 2k + j times we see that |d,,| < Cm**/. Conse-
quently
|Cmdm’ < CCmkarj < Cm*(2+2k71)/2mk+]' — Cm*(l/Z)Jr]'

The norm Tiem is then
1Tyl | = 25| < Cm= (/24 GH/2 — C

completing the proof.
(ii) Using the similar argument as in (i), we see the inner product of e,;, with
em+ja(z,w) in (5.3) satisfies
1
Vm'

Let P be the orthogonal projection onto |(z — aw)]*. Then

[(em, em+ja)| < C

1
[ Pem|| < Cﬁ,

which implies the desired result by the similar argument as in (i).
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(iii) We may assume 1 > |a| > |B|. The polynomials e, in (5.3) and

1— 182 (Bw)"tl — zn+1
Pzl == /%|f|"|+1 (ﬁw)ﬁw —

form an normalized basis of the subspaces [z — aw]* and [(w — Bz)]*, respec-
tively. It is easy to see that

[(en, fu)| < Crlaf”

for some constant C independent of n. Thus P,P; € LP for any p > 0, where
Py, P, are the projections of [z — aw]* and [(w — Bz)]* respectively. 1

k
REMARK 5.8. Let p = [](z —ajw)" with |a;| < 1and P the orthogonal
j=1
projection onto [p]*. Note that our proof depends only on the estimates of a
trigonometric series. The same proof and its iteration then yield the following
estimate: For the given basis of ey, of [(z — aw)"], with || = 1 and & not being

one of aj,

. 1
(57) IP(MZ)* Mzen|| < C—,
ifall |aj| = 1;

. 1
(5.8) IP(MZ)* Miew|| < C—=

7
vm
if one of |a;| < 1. Here a, b are non-negative integers.

LEMMA 5.9. Suppose S is a (p, q)-essentially normal operator on N, and N =

N1 @ N, with Ny being an invariant subspace of S. Write S = (55211 SOZ) with S =
P, S|Ny, S2 = S|n,- If one of the operators Sy and Sy is (p, q)-essentially normal then

so is the other.

Proof. Indeed, [S*,S] has diagonal entries [S], S1] + 53,521 and (S}, S2] —
$2155,, which are all in £P/7 since [S*, S] is. Thus if one of the commutators, say
[S7,51] is in the class, then so is S5, S>1, and consequently S»;53; and [S3, S| are
in the same class. 1

We consider now the module generated by a polynomial with two simple
factors (z — w) and (z — aw).

LEMMA 5.10. Let M = [p], p = (z — w)(z — aw).
(i) Ifa # 1, |a| = 1 then the quotient module M+ = [p]* is L1, but not L!-
essentially normal.
(i) If |«| < 1 then the quotient module M+ = [p]* is L>%, but not L>-essentially
normal.
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Proof. The positive part of the two claims are consequences of Lemmas 5.3
and 5.7, Proposition 5.6, and the results of Section 3. To prove the negative claim

in (i) we choose the orthonormal basis f,(z, w) = —~ 2wt of [(z —w)]*+,

) ) Vitl  (z—w)

T \n+1__ . n+

and e, = % of [(z — aw)]* as before. Let S, = Py ;1 M;|,,.. We compute
the inner product (([S%, Sz|fu, en,«) and find that

a—1

<[S;/SZ]f1’l/€n,tX> = " +O(%)}

we omit the elementary routine computation. Thus, by Theorem 1.4.8 of [27], the
operator [S},S.] isnotin L .

The similar argument works also for the negative claim in (ii). Let ¢}, be the
orthonormal basis of [(z — aw)]* given by (5.3) for |a| < 1. A direct computation
shows that

' oy @DV Ty
(18282 for ) = +0(3);

Thus [S%, S;] isnotin £2. 1

We prove now Theorem 5.2.

Proof. The sulfficiency is a consequence of Theorem 3.3, Lemmas 5.3, Propo-
sition 5.6 and Lemmas 5.7. We prove now the necessity in part (i), and part (ii) is
the same.

Let p = p1p2 be as in Theorem 5.1. We consider two cases.

Case 1. pp = 1, thatis, p = p1 = (z —qqw)™ - - - (z — qyw)™ with different
a1, ...0y and |aq| = -+ = |a;] = 1. We will prove thatif S := S is 1-essentially
normal then [ = 1, ie., p = (z — ayw)™ with only one factor of multiplicity
ny. Suppose the contrary, that I > 1. We prove that sub-quotient module [(z —
ayw)(z — ayw)]* is 1-essentially normal, a contradiction to Lemma 5.10(i).

Denote the last factor (z — a;w)™ by (z — aw)**1, k > 0, and write

p=(z—mw)" - (z — aw)1 = gz — aw),
g=(z—aqw)" - (z—n_w)" (z — qw)F,
We decompose N as

N=[p' =Nj@&N,, N =[g)', N=N&N.

Then N, is an invariant subspace of S and S is a lower triangular matrix under
the above decomposition,
S5 0
S - ( 1 ) ’
51 52

where S; = S|y, and S; = Py, S|n,- We will prove by using Lemma 5.9 that S,
and thus S; is 1-essentially normal.
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Let ¢, be the orthonormal basis of [(z — aw)* 1|+ © [(z — aw)¥]* given in
(2.7). We claim that P := Py, satisfies

1 1 . 1
(5.9) ||PemH <C—, ||PsemH <C—, HPS em” <C—.
m m m
We factorize g further as
g=q(z—aw), gq1:=(z—-aw)" - (z—a_w)"1.
Thus M; := [(z — aw)¥]*, and M, := [q1]" are two subspaces of Ny and N; =

M + My; M; and M, are £1® orthogonal, by Lemma 5.7, and the sum P; 4 P, of
the corresponding projections P; := Py, and P, := Py, is then invertible on Nj.
Thus there exists an operator T such that

(5.10) T(P,+ P,) = P.
Moreover, by (3.2), we have that
1

(5.11) Pieyy =0, PiSey =0, ||[P1S"en| < C%.
Recall the formula (5.7) that,

1 1 y 1
(5.12) |Prewll < C=, [ PaSen]| < C—, || PsS"en]| < C—.

m m m

The claim (5.9) follows immediately from the formulas (5.10), (5.11), and (5.12).
Let ¢}, = cm(em — Pey) be the normalized projection of e, on the subspace

Ny, where ¢, = Hem—lw It is easy to show that {e}, }%°_ is an orthonormal basis

of Np; the orthogonality followed by the different homogeneous degrees of e,
and the invariance of P under the circle action. The operator S is then a weighted
shift on N», i.e,

Saem = (S2€h € 1)1 = (S €ui1)eia
with
<53:n/5;n+1> =CmCmy1(S(em — Pem), emy1 — Pepi1)
=CmCm11((Sem, emi1)—(Sem, Pey 1) —(SPewy, epi1)+{SPey, Peyi1)).

The first term (Sey,, ey,41) above, by Lemma 2.2, is

[ m+1 1 1
<Sem,€m+l> = <Mzem,€m+l> = m =1+ % +O(ﬁ)

since the compression of S acting on {e;,} is the Bergman shift M, in the space
Hj,p;. The remaining terms are all of order O(#) in view of (5.9) and the

Schwartz inequality. The normalization constant c,; = (1 — ||Pey||*)"1/2 = 1+
O( #) by the estimate (5.5). Putting those computations together we have proved

Syel, = <l+ % +O<%)) Chiils
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and that [S3, S,] is of trace class. From Lemma 5.9, S; = Py, SPy, = Pl MzPpgy
is also 1-essentially normal.

By continuing this procedure of restricting the action of S on sub-quotient
modules, we prove that [(z — aqw)(z — apw)] is 1-essentially normal, contradict-
ing to Lemma 5.10(i).

Case 2. pp = z—aw or (z— aw)(w — Bz). This can be treated by the same
method and we omit the details here. (Actually one can prove that the corre-
sponding quotient [p]*, p = p1pa, is in £>%, but not in £?, in particular not
L)

In what follows, we will consider trace formulas in quotient modules. In
the case of p = (z — aw)" ! with || = 1, the trace formula of [S}, Sf] is treated in
Theorem 3.4. For more general cases, we have the following result. The formula
in (ii) is shown in Remark 5.4. The other cases are much the same and we omit it.

THEOREM 5.11. Let F(z, w) be a polynomial.
Q) If p = (z — aw)N*! for some |a| = 1, then

Te[Sp, 5] = (N +1) [ |f/(w) Pdm(w),  f(w) = Flaw, o)
D
(i) If p = z — aw for some |a| < 1, then
Tr[SF, S¢] = / |f' () Pdm(w),  f(w) = F(aw, w).
D

(i) If p = (z — aw) (w — Bz) for some |a| < 1,|B| < 1, then

TeiS;, Sl = [ Ifi (@) Pdm(w) + [ |f3(2)2dm (),
D D

where f1(w) = F(aw,w), f2(z) = F(z, Bz).

We may also consider the Dixmier trace of the related operators. In the case

k
of p = [1(z —ajw)", |aj| = 1 (equivalently, when p has the property (5.1)), then
j=1
[S%,S;] is of weak trace class from Theorem 5.2(ii). However, using the compu-
tations in the proof of Theorem 5.2, we find that Tr,[S}, S;] = 0, giving a trivial

quantity.

REMARK 5.12. We note that an algebraic variety Z with the property (5.1) is
called a distinguished variety and it has been studied by Agler—-McCarthy [1]. We
may thus ask the following question: Is a (non-homogeneous) module M = [p]
with property (5.1) always in the weak trace class? We consider an example of
quasi-homogeneous module where the answer is indeed positive.

EXAMPLE 5.13. Letk,I > 1 be two co-prime positive integers. We consider
the quotient module [zX — w!]* of the Hardy space H?(D?). The rotation group
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acts unitarily on H? and on the quotient by f(z,w) — f(el’z,e®w). Denote
K(z,w; &) = (1 —z&)~1(1 — wyj) ! the reproducing kernel of H2. We observe
first that the restrictions K(z, w; AL AK ) of K on the zero set of (:k - 171 are in the
quotient [zF — w!]- and generate a dense subset. Indeed suppose f in the quo-
tient is orthogonal to all K(z, w; AL Ak). Write f as an orthogonal sum ) f,;, where

n

fn is the quasi-homogeneous component of f defined by the circle group action.
Clearly f,, are polynomials in the quotient and orthogonal to all K(z,w; A}, A¥).
Thus fn(/\l, AK ) = 0, namely f, is vanishing on the zero set of zF — w!. But the
ideal (zF — w') is prime so that f, (z, w) is in the ideal, thus is zero. The reproduc-
ing kernel K(, -; AL )\k) on the zero set has an expansion

K(Z, 25 Ak = ) ZA°N;
s=0

where Ny = #{(m,n);m,n > 0,s = ml + nk}. We thus define a Hilbert space
Hy. (D) of holomorphic functions, a posterior, on D, such that

1

S(12
=+

[E

for those s with N5 # 0. The restriction operator f(z,w) + f(z',zF) on H? in-
duces then a unitary operator R from the quotient to Hy (D), so that S, and Sy,
on the quotient are unitarily equivalent to M_; and M« on Hy (D). Thus T = M
is a shift operator

s Zs+k

() = ()

and [T*, T] is a diagonal operator with diagonal entries

N; Ns_

Ns+k Ns .

As N; is approximately linear in s we have [T*, T] is of weak trace class. Choosing

s = klj, we have N; = j + 1 and the above is 1 — % = j%' and [T*, T] is not of

trace class.
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