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ABSTRACT. We give characterizations for finite collections of disjoint hyper-
cyclic weighted shift operators, both in the unilateral and bilateral cases. It
follows that some well-known results about the dynamics of an operator fail
to hold true in the disjoint setting. For example, finite collections of disjoint hy-
percyclic shifts never satisfy the disjoint hypercyclicity criterion, even though
they satisfy the disjoint blow-up/collapse property; thus they are densely
disjoint hypercyclic, but are never hereditarily densely disjoint hypercyclic.
Moreover, they fail to be disjoint weakly mixing. Also, any finite collection
of bilateral shifts containing an invertible shift fails to be disjoint hypercyclic.
Even more, each of these facts is in sharp contrast with what happens to finite
collections of shift operators raised to positive, distinct powers.
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1. INTRODUCTION

Throughout this paper, X denotes a separable, infinite dimensional Banach
space over the real or complex scalar field K, and B(X) denotes the space of
bounded, linear operators on X. By Z and N, we denote the set of integers and
the set of nonnegative integers, respectively. An operator T in B(X) is hypercyclic
if there exists a vector x in X such that the orbit, Orb(T,x) = {T"x : n € N}, is
dense in X. Such a vector x is said to be a hypercyclic vector for the operator T.

The first example of a hypercyclic operator on a Banach space was given in
1969 by Rolewicz [21], who showed that if B is the unweighted unilateral back-
ward shift on /2, then AB is hypercyclic if and only if [A| > 1.

In a fundamental paper in the area, Salas [22] completely characterized the
hypercyclic unilateral weighted backward shifts on ¢7 with 1 < p < oo and the
hypercyclic bilateral weighted shifts on ¢7(Z) with 1 < p < oo in terms of their
weight sequences. His proof actually showed that each hypercyclic shift operator
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T satisfies the so-called blow-up/collapse property; that is, that for any three non-
empty open subsets U, V, W of X with 0 € W, there exists a positive integer n so
that WNT"(U) #@and VN T "(W) # @.

Ledn-Saavedra and Montes-Rodriguez ([19], p. 544) later used Salas’ weight
characterization to show that either type of weighted shift is hypercyclic precisely
when it satisfies the so-called hypercyclicity criterion. This criterion plays a key
role in the theory of hypercyclic operators. It was obtained in slightly different
formulations independently by Kitai [17] and by Gethner and Shapiro [15]. It
provides a sufficient condition for a general operator to be hypercyclic. More
recently, Bernal-Gonzélez and Grosse-Erdmann ([5], Theorem 3.4), and indepen-
dently Leén-Saavedra [18] showed that an operator satisfies the hypercyclicity
criterion if and only if it satisfies the blow-up/collapse property.

Other equivalent dynamical properties to satisfying the hypercyclicity cri-
terion include that of being weakly mixing, or of being hereditarily hypercyclic; see
Chapter 4 of [3] and Chapter 3 of [16]. We should also stress that examples of
hypercyclic operators that do not satisfy the hypercyclicity criterion are highly
non-trivial and have taken decades to find. In a landmark result, De la Rosa
and Read [13] constructed a Banach space that supports a hypercyclic operator
which is not weakly mixing, and thus fails to satisfy the hypercyclicity criterion.
Bayart and Matheron [2] later showed that operators of this kind may even be
constructed on cy and the ¢ spaces with 1 < p < co.

The aim of this paper is to extend Salas’ characterization of hypercyclic
shift operators to the setting of disjointness in hypercyclicity introduced inde-
pendently by Bernal-Gonzalez [4] and by Bes and Peris [§], as well as to consider
the role of the hypercyclicity criterion and its equivalent properties in this new
setting. For any integer N > 2, we say that hypercyclic operators T1, Ty, ..., Ty
acting on the same topological vector space X are disjoint, or d-hypercyclic, pro-
vided there is some vector x in X for which the vector (x,...,x) in X" is a hyper-

cyclic vector for the direct sum operator é\]} Ty acting on the product space XV,
endowed with the product topology. Sucﬁ alvector x is called a d-hyperyclic vector
for the operators Ty, Ty, ..., TN.

Among several examples, Bernal-Gonzalez [4] provided for each integer
N 2> 2 a unilateral weighted backward shift B on X = cpand £F with1 < p < o0
such that the iterates B, B?,..., BN have a dense set of d-hypercyclic vectors. Bes
and Peris [8] introduced a natural extension of the hypercyclicity criterion to this
new setting, called the d-hypercyclicity criterion, again a sufficient condition for
d-hypercyclicity and equivalent to the property of being hereditarily densely d-
hypercyclic; see Subsection They characterized the d-hypercyclic powers of
weighted shifts B!, ..., By with N > 2 for the case when the powers rq,..., 7y
are positive and distinct, showing that in all such cases these N operators must
satisfy the d-hypercyclicity criterion.
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Finally, they constructed for each integer N > 2 an example of N unilateral
weighted backward shifts that are d-hypercyclic, by means of the disjoint blow-
up/collapse property; see Definition

In this paper, we provide a characterization of unilateral weighted back-
ward shifts and bilateral weighted shifts that are d-hypercyclic in terms of their
weight sequences; see Theorem and Theorem In particular, we show
that each collection of N > 2 d-hypercyclic shifts satisfies the disjoint blow-
up/collapse property, and thus that their set of d-hypercyclic vectors form a
dense G; set. Using this characterization, we generate d-hypercyclic weighted
shifts with specific norms; see Proposition [2.4]

As it turns out, some well known results about a single hypercyclic op-
erator T fail to hold true for d-hypercyclic operators Ty, Tp,..., Ty with N >
2. For example, by considering only invertible weighted backward shifts, Feld-
man in [14] simplified Salas’ necessarily complicated characterization for hyper-
cyclic bilateral weighted shifts. There is no such simplification for the case of
d-hypercyclicity. In fact, if we have a finite collection of bilateral weighted shifts
and at least one of them is invertible, then they fail to be d-hypercyclic; see Corol-
lary 3.1}

Another surprising consequence is that in the setting of d-hypercyclicity
the weakly mixing property and the blow-up/collapse property are no longer
equivalent. Indeed, any d-hypercyclic weighted shift operators By, ..., By sat-
isfy the disjoint blow-up/collapse property, but are never d-weakly mixing; see
Definition This implies that the shift operators B, ..., By never satisfy the
d-hypercyclicity criterion; see Proposition In particular, the weighted shifts
By, ..., By are densely d-hypercyclic, but they are never hereditarily densely hy-
percyclic.

The paper is organized in the following manner: In Section 2, we provide
the characterizations of d-hypercyclic shifts, both in the unilateral and bilateral
cases. In Section 3, we derive some consequences of the characterizations, and
in Section 4 we characterize hereditary d-hypercyclicity of powers of shift opera-
tors with respect to a given strictly increasing sequence of positive integers. For
the sake of convenience, all the results in these sections are stated for weighted
shifts on the Hilbert spaces ¢2 or £2(Z). All of the results do in fact generalize to
weighted shifts on ¢ or ¢P(Z) with 1 < p < co.

We conclude this introduction with a subsection containing definitions and
basic results on disjoint hypercyclicity. For a thorough account on linear dynam-
ics, we refer the reader to the excellent books by Bayart and Matheron [3] and
by Grosse-Erdmann and Peris [16]. We also note of recent progress in the study
of disjoint hypercyclicity, including on the existence of d-hypercyclic operators
on arbitrary separable, infinite-dimensional topological vector spaces and on d-
hypercyclic composition operators on spaces of holomorphic functions, appear-
ing in the works of Peris, Salas, Shkarin, and the first two authors, see [9], [10],
[11]], [23], and [26].
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1.1. PRELIMINARIES ON DISJOINT HYPERCYCLICITY.

DEFINITION 1.1. We say that N > 2 sequences of operators (T7,)72;, ...,
(T )24 in B(X) are d-topologically transitive provided for any non-empty open

subsets Vp, V1, ..., Vi of X, there exists a positive integer m so that
(1.1) D #VoNT (Vi) NN Tyt (Vn).

If in addition, ( . 1.1) holds for each integer j > m, then the N sequences of operators
are called d-mixing. The operators T, ..., Ty themselves are called d-topologically
transitive if the sequences (T );’° 1renes (T{\I);"_l are d-topologically transitive. Fol-
lowing the same lines, the operators Tj,..., Ty themselves are d-mixing if the

sequences (T])] 1reves (T{\,)]:1 are d-mixing.

DEFINITION 1.2. We say that N > 2 sequences (Tl,]-)}?‘;l, ...,(TN,]-)}";l in
B(X) are d-universal if the set

{(Tl,]-x, Toi%, .-, TN,]-x) :j € N}

is dense in XN for some vector x € X. We call such vector x a d-universal vector
for the sequences (Tl,j);ozlf .. ,(TN,j)]?’il. The sequences (Tl,j)}iy ...,(TNJ)]?"’:l are
hereditarily d-universal provided for each increasing sequence of positive integers
(nr)3>, the sequences of operators (T, )3 ¢, ---,(Tnn, )5y are d-universal. The
operators T, Ty, ..., Ty themselves in B(X) are hereditarily d- hypercyclic with re-
spect to the sequence (11;)$> , if the sequences of operators (T;*)% ;, ..., (T\)%,
are hereditarily d-universal. To all the concepts in the above definition, we add
the word densely if the corresponding set of d-universal vectors is dense in X.

PROPOSITION 1.3 ([8], Proposition 2.3). Let (T1,)5 1, ---,(Tnu)ieq be se-
quences of operators in B(X). Then the following are equivalent:
@) (T1,n)5q, - (Tnn) 5y are d-topologically transitive.

[e9)

(ii) The set of d-universal vectors for (T1u)o1,-- -, (TNu)5eq is dense.
(iii) The set of d-universal vectors for (T1 )51, .-, (Tnn)o—q is a dense Gg.

DEFINITION 1.4. We say that N > 2 sequences (le)] 1 ~--f(TN,j)}?i1 in

B(X) satisfy the disjoint blow-up/collapse property provided for any non-empty
open sets W, Vp, Vp, ..., Vn of X with 0 € W, there exists a positive integer n so
that

WNT (Vi) NN T, (Vn) #©
VoNT i (W)n---NTyh (W) # 2.

We say that the operators Ty, . . ., Ty themselves in B(X) satisfy the disjoint blow-
up/collapse property if their corresponding sequences of iterates (T] )2

(T{\,);?';l do.

j=1707
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PROPOSITION 1.5 ([8], Proposition 2.4). If (T1,,)5 1, ---, (Tnu)oeq are N > 2
sequences of operators acting on a Fréchet space X satisfying the disjoint blow-up/collapse
property, then they are d-topologically transitive.

DEFINITION 1.6. Let ()2 ; be a strictly increasing sequence of positive
integers. We say the operators Ty,..., Ty in B(X) with N > 2 satisfy the d-
hypercyclicity criterion with respect to the sequence (ny )z, provided there exist dense
subsets Xp, X1,..., Xy of X and mappings S, : X;y — Xwith1 <m < N,k €N
satisfying

Tk k—> 0 pointwise on X,
— 00
(1.2) Smx — 0 pointwise on X;,;, and
’ " k—oo

(TptSix — 6;m1dx,,) i 0 pointwise on X;; (1 <i < N).

In general, we say the operators 17, ..., Ty satisfy the d-hypercyclicity criterion
if there exists some sequence (1), for which (1.2) is satisfied.

PROPOSITION 1.7 ([8], Proposition 2.6). If T1, Ty, ..., Ty are N = 2 operators
on X that satisfy the d-hypercyclicity criterion with respect to a sequence (ny)z_,, then
the sequences (T;*)$> ..., (T\F)$>, are d-mixing. In particular, the operators Ty,...,
Ty are d-hypercyclic.

THEOREM 1.8 ([8], Theorem 2.7). Let Ty,..., Ty be operators in B(X) with
N > 2. The following are equivalent:
(i) The operators T, . .., Ty satisfy the d-hypercyclicity criterion.
(ii) The operators Ty, . .., Ty are hereditarily densely d-hypercyclic.
r

r

(iii) For each r € N, the direct sum operators Ty @ --- S Ty,..., INB--- D Ty are
d-topologically transitive on X".

Next, recall that an operator T on X is said to be weakly mixing provided
the direct sum T @ T is topologically transitive on X x X. Motivated by this, we
introduce the following defintion.

DEFINITION 1.9. We say that the operators T7,..., Ty on X with N > 2 are
d-weakly mixing provided the direct sum operators Ty & Ty,..., Ty @ Ty on X x X
are d-topologically transitive.

REMARK 1.10. We note that Proposition [I.3|and Theorem [1.8] ensure that
when the operators T1,..., Ty with N > 2 are d-mixing, then they must also
satisfy the d-hypercyclicity criterion. Also, Theorem [1.8| ensures that the opera-
tors Ty,..., Ty with N > 2 must be d-weakly mixing whenever they satisfy the
d-hypercyclicity criterion. Hence, d-mixing implies d-weakly mixing.

We conclude this section by proving that d-weakly mixing implies the dis-
joint blow-up/collapse property.
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PROPOSITION 1.11. If the operators Ty, Ty, ..., Ty with N > 2 on a topological
vector space X are d-weakly mixing, then they satisfy the disjoint blow-up/collapse prop-
erty. That is, for any non-empty open subsets Vy, ..., Viy and W of X with 0 € W, there
exists a positive integer n so that

WNT,"(Vi)Nn---NTy"(VN) #@, VWNT"(W)N---NTy" (V) #O.

Proof. Consider the non-empty open subsets Up := W x Vp, and U; := V; X
Wwithl < j < Nof XxX. Since T) ®Ty,...,Ty ® Ty are d-topologically
transitive on X x X, there exists a positive integer n so that

@ # UyN (Tl D Tl)*”(ul) n---N (TN D TN)’"(UN)
— (WAT" (Vi) -~ N T" (V) x (Ve N T (W) - - - A T (W)),

and the conclusion holds. 1

2. DISJOINT HYPERCYCLIC WEIGHTED SHIFTS

Let {e; : i € Z} (or {e; : i > 0}) be the standard orthonormal basis of the
Hilbert space ¢?(Z) (or £?) over the real or complex scalar field K. An operator B
on (2(Z) (or £?) is a bilateral weighted shift (or a unilateral weighted backward shift)
if there is a bounded weight sequence {w; : j € Z} (or {w; : j > 1}) of nonzero
scalars for which Be; = wje;_1 for all integers i € Z (or Bey = 0 and Be; = wje;_q
for all integers i >> 1). We first give the characterization for d-hypercyclic bilateral
weighted shifts.

THEOREM 2.1. Let N > 2 and for each integer m with 1 < m < N, let By, be a
bilateral weighted backward shifts on (%(Z) with the weight sequence {w](m) 1j €L}
For integers i, n, and m withn > 1 and 2 < m < N, define

w o)

(m) _ i+
g, = H R
=1 Wiy

The following statements are equivalent:
(i) The shifts By, By, . .., By are d-hypercyclic.
(ii) The shifts By, By, . . ., BN satisfy the disjoint blow up/collapse property.
(iii) There exists a strictly increasing sequence (ny)i>_, of positive integers such that
for each integer i and integer m with 1 < m < N, we have

) )
'Hwi+j‘—>oo and ‘Hwiﬂ»’—>0 ask — oo,
=1 j=0

and the set
{t. (2) (N) (2) (N) (2) (N) )ik >0}

e O e B G e B O e B
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is dense in K% with respect to the product topology.

Proof. Clearly, (ii) implies (i), by Proposition and Proposition To
show (iii) implies (ii), suppose the weight sequences of the shifts By, ..., By sat-
isfy the conditions in statement (iii), and let Vy, V3, ..., Vi, W be non-empty, open
subsets of £2(Z) with 0 € W. We want to find a positive integer n for which

WNB (Vi) NBy"(V2) N---NBY" (V) # @, and
VonB"(W)NB"(W)N---NBY (W) # @.

Since the linear span of the orthonormal basis {e; : i € Z} is dense in (*(Z),
there exists an integer r > 1 and vectors hy, hy, ..., hy in span{e; : |i| < r} such
that hy,, € V,, for integers 0 < m < N. We may further assume (hg,e;) # 0
and (hy,e;) # 0 for integers |i| < r. Select an ¢ > 0 such that B(0;e¢) C W, and
B(hm;e) € Vy, for integers 0 < m < N. Define the linear map S : span{e; : i €
Z} — span{e; : i € Z} by Se; = [wgr)l}_leiﬂ and extending linearly. For integers
i,m,nwith2 <m < N,and n > 0, we have

1
n, __ .
@) S"ei = |y i
j=1 Wiy
(2.2) B{‘S"ei = ¢, and
n ™
(2.3) B S"e; = [ il }ei = th'Z)ei.
1w ’
] z+]

Using the conditions given in statement (iii), equation (2.I), and the fact that
(ho,e;) # 0and (hy,e;) # 0 for integers |i| < r, there exists an integer k > 0 such
that ny > 2r+1and

(2.4) [S"hy || < e,
(2.5) IBY*hol| < e,
and so that for integers i, m with |i| <rand 2 <m < N,
(2.6) | Bukho|| < eand

A m) . €
(27) |<h11 el>“i,nk <hm’ el>| < \/m

From inequalities lb and 1l it follows that iy € Vo N B "™ (W) N B, "*(W) N
-+ N By"*(W). From inequality lb we get S"chy; € B(0,e) C W. By equation

1b we have B{*S™h; = by € V}, and finally by inequality li and equation
(2.3), for integers 2 < m < N,

r 2

r
2 _ (m) 2 & _ 2
@8)  1BYS" i —hl = Y (e~ () P < ) 5o =
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and so B,fS"hy € B(hy,e) C V. Hence, S"hy € WN B "™ (V1) N B, ™ (V2) N
-+ N By (Vy), which concludes the proof of (iii) implies (ii).
To establish (i) implies (iii), suppose g € ¢2(Z) is a d-hypercyclic vector for
the shifts By, By, ..., By. Let

(A AN A, AN A AT ) k=0

be a countable, dense set in KZ with respect to the product topology. For each
integer k > 0, select a positive real number ¢, for which

(2.9) max{|)\£7:)| :2<m< Nand |i| <k} <.

Since g is a d-hypercyclic vector for the shifts By, By, ..., By, there exists a se-
quence (7¢)2, of positive integers such that for integers m with 1 < m < N, we
have

mg — Ze,

(2.10) ‘
li| <k

’ 2k+1

This inequality implies (B g,e;) — lask — oo for |i| <k

For each integer k > 0, let My := min{z,(%,ckz%“} and & = min(Ay),

where

Tk 1
Ay = {Mk}U{Mk wa])] il <k1<m <N}.

j=0

Choose a strictly increasing sequence (1 )2, of integers such that for each integer
k > 0, we have ny > rp + 2k + 1 and

nk+7kg Z (H 1)])61 N

jiI<k

2.11) ‘ < O,

and so that for integers m with 2 < m < N,

Bgikﬂkg* Z /\zk (H )el Tk

li|<k =0

(2.12) | < 8.

From inequality (2.11), it follows that for integers i with |i| <k,

nkl

1
H w ’ (BY¥(BY*g), €imny)| < 0k < sk

1 glel

Likewise, for integers i, m with |i| < k and 2 < m < N, inequality (2.12) gives

=0 1 ] 2k+1

|(Brig,ei)l
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Therefore, since (B,tg,e;) — 1ask — oo, it follows that for integers 1 < m

N
Z

Nng—

1ol

j=0

N

— 0 ask — oo.

\

Next, observe that for integers i, m with |i| < kand 1 < m < N, we have

Ny+7rg re—1

My
+
<Bnk rkg/ € Vk g/ ez—',—nk | [ wl rk+] g’ eH’”k)( H wl(in])) le(;n])
. i=0 j=1

~.

Therefore, by inequality (2.11), we get

’g’el+”k (le J)leﬂ le ]‘ < My rﬁw

which gives us

1y 1 1
(2.13) ’<g16i+nk> H l+, - 1‘ < My = mln{2k+1'm}‘
=1 ¢

In partlcular note that (g, e;y,,) # 0 for integers |i| < k. Also from inequality
, it follows that for integers i, m with |i| < kand 1 < m < N,

I’kfl ( ) Ny ( 1 ( )
m m m
‘<gr€i+nk> Q wi—j 1 wz+j H w;_ ‘ < 2k+1 wi_ il
and so
()
m
(2.14) ’<grei+nk>qwi+j ‘ < 2k+1
]:

g
To establish ‘ I1 w! ‘ — o0 as k — oo, note that inequality (2.13) implies
j=1

1+]

that for integers i, k with k > 0 and |i| < k, we have
kl 1
(2.15) ’ w! ‘ > o
H i+j g, ez+nk

Since |(g, ej4n, )| — 0as k — oo, we get the desired result.
Finally to establish that the set

{t. (2) (N) (2) (N) (2) (N) )k >0}

e O e O SO e B O e )

is dense in K” with respect to the product topology, it suffices to show that for
integers i,m withi € Z and 2 < m < N, we have |¢xl(:2 — /\%)| — 0as k — oo.
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To this end, note that using inequalities (2.13), (2.14), and (2.15), we have that for
any integers i and k with k > |i,

| znk_ |_‘lj[ T (m> = ! " z(jrn} 1k Hw1+]

+J
1k
1+] ‘ H] 1 wz+]

g,e )|
an ‘H 1+] zk sz+]

2k+1 j=1
2kt (m) 4 (m) )

2k+1 03 (m) (m)
= 2k+1 1 ’<g1 3i+nk> Hwi+j - /\i,k ‘
=1

2k+1 )L(m)

+ ik ( )g’e”rnk sz+]

2k+1 _ 1

2k+1 (m)
2k+1 1’ & Citny szJr] 1k ‘

2k+
+ 2k+] |A1 k |’1 g’ el“r}’lk le+]‘

2k+1 1 2k+1 1 2

(2.16) < 2k+1 _ 1 k+1 + 2k+1 _ 1Ck Ck2k+1 - 2k+1 _1°

Therefore, \zxffz - )\5;{”)\ —0ask —oco. 1

Due to the similar shifting patterns, the unilateral weighted backward shift
case of the characterization is similar to the bilateral weighted shift case found in
Theorem Moreover, the proof of the unilateral characterization is a simpler
version of the proof of Theorem As a result, we include a basic outline of the
proof, and leave some of the details for the reader.

THEOREM 2.2. Let N > 2, and for each integer m with 1 < m < N, let By, be a
unilateral weighted backward shift on (> with the weight sequence {w](m) :j = 1}. For
integers i,n,mwithn > 1,1 > 0,and 2 < m < N, define

(m)
a(m) _ i+j

in 1 1
=1 Wi

n

S

The following statements are equivalent:
(i) The shifts By, B, ..., BN are d-hypercyclic.
(ii) The shifts By, By, .. ., BN satisfy the disjoint blow up/collapse property.
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(iii) There exists a strictly increasing sequence (ny);>_, of positive integers such that
for each integer i > 0, we have

Ny 1
‘le(+)j’ — 00 ask — oo,
j=1

and the set
{( (2 (3 ‘X(N) (2 (3 (N) )ik >0}

0 s X0 s =7 X0 s B gy B0y r e s B -
is dense in KN with respect to the product topology.

Proof. As in the bilateral case, (ii) implies (i) is clear. For (iii) implies (ii),
given non-empty, open subsets Vy, Vi,..., Vy, W of 2 with 0 € W, select an in-
teger r > 1, vectors hg,hy, ..., hy in span{e; : 0 < i < r} and an ¢ > 0 such
that B(0;¢) € W, and B(hm;€) C Vi for integers 1 < m < N. Further assume
(h1,e;) # 0 for integers 0 < i < r. Using the conditions in statement (iii), select
an integer k > 0 for which ny > r+1, ||S"h;]| < ¢, and for integers i, m with
0<i<rand2<m <N,

RGO A €
|<h1/el>[xi,nk <hm,61>| < \/m/
where the linear map S : span{e; : i > 0} — span{e; : i > 0} is given by
Se; = [wl(i)l] ~le;, 1. With computations similar to 1i together with the fact that
Bykho = 0, we get

hg € Vo N B, "™(W)N B, ™ (W)N---NBy"™(W) and
S"hy € WN B " (V1) N B, ™ (Vo) N+~ N By (W),

which concludes the proof of (iii) implies (ii).

The establishment of (i) implies (iii) requires fewer steps than its bilateral
counterpart. For this case, let ¢ in /> be a d-hypercycic vector for the shifts
Bi,By,...,By, and let

2 3 N 2 3 N
(AL AL, A AT AT, A, ) k=0

be a countable, dense set in K with respect to the product topology. For each
integer k > 0, choose a positive real number c; for which

max{]/\%” :0<i<k2<m< N} <.

Next, select a a strictly increasing sequence (1)}, of positive integers such that
for each integer k > 0, we have

(2.17) ’

k
1 1
ny .
Bi"g - l;) elH < mm{ K17 g ok+1 }'
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and for integers m with 2 < m < N,

(2.18) \

n £ (m) 1
Bm"g—lz(;))‘z,k | < ST

From inequalities (2.17) and (2.18), we get that for integers i, k with 0 < i < k, we
have

1 1
’ 8 Citny le+] —1‘ < mm{zkﬂ’ckzik“}'

and for integers m with 2 < m < N,

M
(m) 1
‘<3rei+nk> | 1] Wiy — zk ‘ S Sk
=

The remainder of the proof of (i) implies (iii) follows from computations similar
to those found in (2.15) and in (2.16) within the proof of the bilateral case. &

REMARK 2.3. (i) Due to Proposition [1.3] and Proposition the set of d-
hypercyclic vectors for a finite family of bilateral weighted shifts or of unilateral
weighted backward shifts is either the empty set or a dense G; set.

(ii) It is easy to see that the first assumption in condition (iii) of Theorem [2.2) .

1 i ]‘ — o0 as k — oo, may be replaced by the assumption that for inte-

gersi,mwithi}Oandl<m<N,wehave‘]—[w ‘%ooask%oo Also
i=1

1+]

as expected, because the order in which we list the unilateral weighted backward
shifts By, ..., By does not affect their d-hypercyclic property, the second assump-
tion in condition (iii) should not convey any special role to the first weight se-

quence {w](.1> : j = 1}. A similar observation holds for the bilateral weighted
shifts in Theorem [2.1]

(iii) For unilateral weighted backward shifts By, ..., By to be d-hypercyclic,
their weight sequences cannot be bounded away from zero. Indeed, notice that

(m) _

for any integers m with 2 < m < N and any integers n > 1, we have &,/ =
(m)_ (1)
(m) (m)

Wy Wiin

Mm%, - So the density of {(oc((f;),al ")) : n > 1} in K? that is ensured by

Wy "Wy

Theoremgives that for every 2 < m < N the weight sequence {w](m) 1j=>1}

is not bounded away from zero. Part (ii) of this remark ensures that {w](-l) 1j =1}
is not bounded away from zero, either. With Corollary we point out that the
weight sequences for d-hypercyclic bilateral weighted shifts cannot be bounded
away from zero as well.
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(iv) Part (iii) of this remark is in sharp contrast with what happens with unilat-
eral weighted shifts raised to different powers. Indeed, for the unweighted back-
ward shift B on 2, the operators A1 B, A,B? are d-mixing whenever 1 < |A| <

|A2], see Corollary [4.7]

For any integer N > 2, Bés and Peris ([8], Theorem 4.6) constructed an
example of N d-hypercyclic unilateral weighted backward shifts on ¢2. Using
Theorem [2.2|and Theorem we create other examples of d-hypercyclic unilat-
eral weighted backward shifts, as well as, examples for bilateral weighted shifts.
Moreover, we can maintain control over the norms of the shifts.

PROPOSITION 2.4. For any integer N > 2 and real scalars B, e with B > 1 and
0 < & < B, there exists d-hypercyclic bilateral weighted (or unilateral weight backward)
shifts By, Ba, ..., By on ¢2(Z) (or ¢?) over the scalar field C such that ||By|| = B, and
for integers m with 2 < m < N, we have ||B; — By || < €.

Proof. For simplicity, we show the case N = 2. First, we establish the bi-

lateral case. Let {(. ..,)t(_ki,/\(()k),)\gk), ...) : k > 0} be a countable dense set in

C” with respect to the product topology. Without loss of generality, assume that
for any integers i,k with k > 0 and |i| < k, we have /\l(k) = 0. To create the d-
hypercyclic bilateral weighted shifts By, By, from Theorem it suffices to con-
struct two bounded weight sequences {wj(l) 1j€ Z},{w](z) : ] € Z} and a strictly

increasing sequence ()5, of positive integers such that for any integers i, k, m
withk >0, |i] < k,and 1 < m < 2, we have

e a) e ) 1 wwl
(2.19) ‘Hwiﬂ‘ > gk, wii]«’ < -, and [] (1)] =A".
j=1 =0 B 1w

Furthermore, we require

(2.20) sup{|w](l)| :j€Z}=p and sup{|w](.1) - w}(z)‘ jEZL} <.

W _ @ _

To define the nonpositive indexed weights, let w j =W % for integers

j < 0. Next, we define the positive indexed weights in blocks. To this end, write

/\(()0) = roel® for some g > 0 and 6y € R. Since 1i£n pl/neif/n — 1 for any r > 0
n—o0

and 0 € R, we may select an integer 1y > 1 such that | — ﬁr(l)/ Meibo/mo| < £ Set

(2.21) wgl) = wgl) == w,%) =4,

(2.22) wgz) = wéz) == w%) = [Bré/noeieo/”o.
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Observe that |w | = Band |w — w | < § for integers 1 < j < np. Also,
no—1 ny @'
(223) V) =pr>1, ‘Hwﬂ”}|f7<1 and ]~ = A
j=0 pro j=1 W,
To select the integer 111 and weights wﬁ)no, e, wﬁ)nl,wﬁzno, s, wﬁ)nl, write
A
(2.24) e
210
0

for some r; > 0 and 6; € R, and select a §; with 0 < §; < B such that

Al(l)w.( )
)\l(l)lw(l)

1

(2.25) 51max{'1 ] 0<i<1} <§.

Choose an integer 117 > ng + 2 such that

. ﬁrl/(m—no—1>e191/(nr”o*1)| < ; and

2.26 M=l min (51“ if<1p>

(2.26) B A
] l+1

From the definition of the nonpositive indexed weights, we may further assume
that for integers i, m with |i| <1and 1 < m < 2, we have

(m] 1
]:[ wif‘j < 5
Set
1 1
(2.27) w), ==l =5
(2.28) w}?ﬂl =07 forintegers 0 <j <
(2.29) wﬁr)no — = w(—21)+n1 — }/(”1 no=1) g1/ (m—no—1)
AW
(2.30) w](i)n = ﬁél forintegers 0 < j <1
=LY

Note |w](1)| < Band \wjl - w](-Z)\ < 5 for integers 1 +ng < j < 1+ ny. For
integers i with |i] <1, we have
i+nq

‘le—&-]‘_’nw Hw ’

j=i+1 j=np+1



WEIGHTED SHIFTS AND DISJOINT HYPERCYCLICITY 29

_‘Hw

pr e, by @), €2

j=i+1
> B, by (2.26).
Moreover,

n w(_ziﬂ. w(()z) 1o w}(z) —14m w]@
[I-m = oll-m 11 5
J=1W g4 0 J=LW; =l W)

1o w(»z) .

j=1W;

(1
(231) =A%, by @), @2,
and for integers i with 0 <i <1
ny w(z) i

2 .
Wy oW
H ZT]_H 21_[ 1+]H ]Tnl
M @i

]1wz+] ]:Ow] j=1w 1+j /=Y Yjmy
i oW i AW,
=TT L AUTT L, by @28), @30), @31)
- W—ll—[(l)(l)’y""'
j=0 w; j=0 Aj_qw;
— A\

Inductively, suppose for k > 2, the positive integers ny,...,1n,_1 and the
(1) (1) (2) (2)

weights Wy pngr Wkt Py s Wk have been chosen such that

|w](-1)| < Band |w](1) - w](-2)| < 5 for1+4+mng < j < k—1+mn_q,and for integers
i,,mwithl <I<k—1,|i|<l,and 1 < m < 2, we have n; > 2] + n;_; together
with

)
1 now.: .
I (m) i+ _ ()
(2:32) 1wl > 8, ‘sz ].‘< oand [[— =al.
j=1 p =1 Wi
. . 1 1 2 2
To select the integer 1, and weights w,((Jr)nkil,. .., wl(<+)nk' wIEJr)nk,l' s, wl({_lznk,
write
k) p_q.,(1)
/\7 k-1 w .
(2.33) (kfkl) ]T) = rpelf
/\k 1 j=1 w]
for some 1, > 0 and 6 € R. Select an J; with 0 < é; < B such that
Ai(k)w(z) €
(2.34) (Skmax{‘l — M"’lw?”‘ kt+1<i< k} <.
1— 1
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Choose an integer 1y > 2k + nj_1 such that

|’B lBrl/ Mg—MNg—1— 2k+1) iQk/(nkfnk,172k+l)| < E

7

) k—1+nk_1
(2.35) Bt =2 min {oik ] I1 w](”‘ il <k} > B,
=it
and for integers i, m with |i| < kand 1 <m < 2,

-1
3 ) 5

Set
n SRR
236)  wl, =--=wl =8
(2.37) wﬁ)nk =&, for—k+1<j<k
(2.38) & ==l = e (e 2k,
“ /\(.")w@)
2) 7] .
(2.39) When, = 09 (1)‘5’“ for —k+1<j<k

11]

Observe that |w]- | < Band |w](l) - w}2)| < § forintegers k +np_q < j <

k + ny. For integers i with |i| < k, we have

k—1+mn;_q i+ny

(1) (1)
‘leﬂ‘_’ H w] H wj ’
j=itl J=ktme
k*l+7’lk71 1 .
— ’ H w]( ) ‘Bnkfnk,172k+l(sll(+kl by " "

j=i+1

> g5, by @35).

Furthermore, we have

n (2) —k+n 2
s B v DR = ) B M _ . @
]11 w(l) = ]11 w(l) since w; " = w; forj <0,
Tk B j
k-1 wj(z) ng—1 W (2) . —k4ny w(2)

]
o [l -

j ZU] ]1wk 1+]]k+nk1w]
)
w

k—1 i
ﬁ;\,ﬁ_l 1, by @32), 2.36), @38),
]

I
—_

k‘
._\

w.

(2.40) —2% by @33),

-
Il
—_
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and for integers i with —k+1 <i <k,
2 ; @) e @ ; 2)
g 0.7, 1 w: , i w:
i+j j fk+] jHng
[I-m= 11 —5 [l ol By
JELWiG jEkA 1 Wy T =1 Wy =kt Wiy,
02
k

i (1) i (

(
k
= 1 5% 11 525 bv@3)e®) )
j=—k+1 Aj 1ZU].

The weight sequences {wj(l) cj € Zy, {w(z) : j € Z} and the strictly
increasing sequence (1);>, of posmve 1ntegers constructed according to this
procedure satisfy the inequalities in , and so the corresponding bilateral
weighted shifts By, By are d-hypercyclic. Moreover, the weight sequences sat-
isfy sup{|w](1) —w](.z)] tj €L <5 <e¢gand sup{|w](.1)| 1 j € Z} = B giv-
ing us the desired shifts. For the unilateral case, use only the positive index
weights {w}l) cj =1}, {w}z) : j = 1} from the weight sequences given above.
Due to the similar shifting patterns, it follows that the corresponding unilat-
eral weighted backward By, B, shifts are d-hypercyclic satisfying ||B;|| = B and
||B1—B2|| <e 1

3. CONSEQUENCES OF THEOREM[2.2] AND THEOREM 2]

As in the unilateral case, whenever bilateral weighted shifts By, B, ..., By
are d-hypercyclic, the weight sequence {w](m) :j € Z} of each B, with1 <m < N
must not be bounded away from zero. We also stress that this is in sharp contrast
to what happens with bilateral weighted shifts raised to distinct powers. Indeed,
any mixing (and hence any invertible and mixing) bilateral weighted shift B sat-
isfies that B, B2, ..., BN are d-mixing on ¢?(Z) for each integer N > 2; see Theo-
rem 3.4 of [11].

COROLLARY 3.1. Let N > 2, and suppose By, By, ..., By are d-hypercyclic bi-
lateral weighted shifts on EZ(Z). Then none of the shifts By, By, . .., By is invertible.

Proof. By way of contradiction, say the shift B; is invertible. For integers
m=1,2,1et {w](m) : j € Z} be the weight sequence for B, and set v = inf{|w](l)| :

je€Z}and B = sup{\w(2)| :j € Z}. Note a > 0. By Theorem there exists a
strictly increasing sequence (1), of positive integers such that

e p\2) w'?
H— wl Ja and H H] —>2w§1)[5 as k — oo.

(1
j=1w i j= 1w1+]
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Thus,
(2)
m Y
oaldy [T o
(3.1) ‘w(l)w(zk) ‘ = - wgi)l 3 |w(1)|[3 as k — oo.
1 W1 ‘Hj=k1 il 1
jt

On the other hand, for any integer k > 0, we have

(), (1)
‘wl wmkH‘ N \w§2)‘(x
wgl)w@) |w§1) B

a contradiction with (3.1). &

mk+1

As mentioned in the Introduction, hypercyclic weighted shift operators sat-
isfy the hypercyclicity criterion, and examples of hypercyclic operators not satis-
fying the hypercyclicity criterion are highly non-trivial. In sharp contrast, in the
setting of d-hypercyclicity we have the following.

PROPOSITION 3.2. If By, By are unilateral weighted backward (or bilateral
weighted) shifts on (> (or €%(Z)), then they are not d-weakly mixing. In particular,
B1, By, fail to satisfy the d-hypercyclicity criterion.

Proof. We prove the unilateral weighted backward shift case. A similar ar-
gument will work for the bilateral weighted shift case. By way of contradiction,
suppose the operators B; @ By, B, ® B have a d-hypercyclic vector g @ f. Select
an integer n > 1 for which

62 IBreB)" (32 )~ (~ar@e)l| < 5
(3.3) I(B2 & Ba)" (s f) — (o @ o)l < .

Now, for integers m = 1,2, let {w](m) 1 j = 1} be the weight sequence for the
unilateral weighted shift B,,. From inequalities and (3.3), we get

(3.4) (g, en) Hw](.l) = —1+¢jand (f,en) Hw}m =1+e,
i=1 =1
s el s )
(3.5) (g,en>]_[w](. =1+¢e3and <f,en>]_[wj =14y
i=1 i=1

where |e| < I for integers 1 < k < 4.
Multiplying the first equality in by the second equality in yields

(3.6) (goen) [T (Fren) [Twl = =1 —e4+e1 +eges.
i=1 i=1
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Likewise, multiplying the second equality in by the first equation in (3.5)
yields

(3.7) (g,en)nw§l)(f,en>l—[w](2) =1+¢ey+¢e3 + e¢3.
j=1 j=1

Subtracting equation from equation gives us
2=¢1 —¢eq4+e184 — €y — €3 — £9E3.
However, since |e;| < 411 for 1 < k < 4, this above equation implies
4 1

(3.8) 2< ) lex| + lereal + [eaes| < 4
k=1

1 9
1Ty

which gives us a contradiction. 1

Bernal-Gonzalez and Grosse-Erdmann in Theorem 3.4 of [5]], and indepen-
dently Leén-Saavedra [18] established that a single operator satisfies the blow-
up/collapse property if and only if it satisfies the hypercyclicity criterion. In
contrast, for the setting of disjoint hypercyclicity Theorem|[I.8} Theorem The-
orem and Proposition 3.2|give the following.

COROLLARY 3.3. Let H be the Hilbert space (? or (*(Z), and let the integer
N > 2. Then there exist operators Ty, T,..., Ty on H which satisfy the disjoint
blow-up/collapse property yet fail to be d-weakly mixing, and thus fail to satisfy the d-
hypercyclicity criterion.

A striking result by Bourdon and Feldman [12] states that an orbit of a con-
tinuous, linear operator T on a topological vector space X must be either dense
or nowhere dense in X. Thus it follows from Theorem that any given op-
erators Ty,..., Ty satisfy the d-hypercyclicity criterion if and only if for each
(respectively, for some) positive integer r their powers T7, ..., T}, satisfy the d-
hypercyclicity criterion. Proposition8.2now gives the following (complementing
Theorem 4.1 and Theorem 4.7 of [8]).

COROLLARY 3.4. Suppose By',..., B\ are N > 2 positive powers of unilateral
weighted shift operators on (? (respectively, of bilateral weighted shift operators on (*(Z))
satisfying the d-hypercyclicity criterion. Then the integers 11, ..., rN are distinct.

We conclude this section with some open problems related to the set of
d-hypercyclic vectors. From Remark 2.3, part (i), any d-hypercyclic family of
weighted shift operators is densely d-hypercyclic (equivalently, d-topologically
transitive). It is then natural to ask whether this holds for d-hypercyclic families
of arbitrary operators.

PROBLEM 3.5. Let T1, Tp,..., Ty with N > 2 be d-hypercyclic operators in
B(X). Must they be densely d-hypercyclic?
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While there are many examples of densely d-hypercyclic operators in the
literature, the answer to Problem [3.5|is not even known for powers of bilateral
weighted shifts B;l, B;z, .., B;\I,\’ where the powers rq, 1y, ...,y are distinct.

Note that for the case of d-hypercyclic unilateral weighted shift operators
B!, B2, ..., By raised to distinct, positive powers, they always support a dense
d-hypercyclic manifold; that is, a dense, linear manifold for which every non zero
vector is a d-hypercyclic vector. In fact, this holds for any finite family of opera-
tors satisfying the d-hypercyclicity criterion, see Proposition 2.10 of [7]. An arbi-
trary family of d-hypercyclic operators always supports a d-hypercyclic manifold
because a nonzero scalar multiple of a d-hypercyclic vector is still a d-hypercyclic
vector. This together with the above observation leads us to the following prob-
lem.

PROBLEM 3.6. Let Ty, Ty, ..., Iy with N > 2 be densely d-hypercyclic oper-
ators in B(X). Must they support a dense d-hypercyclic manifold?

The answer to Problem 3.6l does not seem to be known even for the case of
d-hypercyclic weighted shifts By, By, ..., By.

Next, we point out that the important notion of hypercyclic subspaces, ini-
tiated by Bernal-Gonzdlez and Montes-Rodriguez [6] motivates the following
one in the setting of disjointness. A d-hypercyclic subspace for given operators
T1, Ty, ..., Ty in B(X) is a closed, infinitely dimensional subspace of X for which
ever non-zero vector is d-hypercyclic.

We note in Corollary [3.§/below that every Banach space whose dual is also
separable supports d-hypercyclic subspaces. We first observe the following.

PROPOSITION 3.7. Suppose X has separable dual. Let T1, Ty, ..., Ty with N > 2
be operators in B(X) which satisfy the d-hypercyclicity criterion with respect to some
sequence (ny)g_q, and so that for some closed, infinite dimensional subspace Y of X, we
have

T* — 0
pointwise on Y for integers 1 < j < N. Then the operators Ty, Ty, ..., Ty support a
d-hypercyclic subspace.

Proof. For each T in B(X), let Lt : A(X) — A(X), V +— TV, where A(X)
denotes the norm closure of the finite rank operators on X. A slight modifica-
tion of Lemma 3.3 in [1] gives that L, Lt,, ..., L1, satisfy the d-hypercyclicity
criterion with respect to (71;)> ;. Let V be an operator in A(X) with norm strictly
less than one and which is a d-hypercyclic vector for Ly, Lt,, ..., Lt,. It follows
that the operator I 4+ V is bounded below, and it is simple to see that Vx is d-
hypercyclic vector for the operators T, To, ..., Ty for any 0 # x € X. It follows

that (I + V)(Y) is a d-hypercyclic subspace for the operators Ty, To, ..., Tn. |

COROLLARY 3.8. Suppose X has separable dual. Then for each integer N > 2,
there exist d-mixing operators T1, Ty, . . ., Ty supporting a d-hypercyclic subspace.
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Proof. The space X supports operators of the form T; = I + K; with K; com-
pact for integers 1 < j < N where the operators Ty, Ty, ..., Ty are d-mixing,
and hence satisfying the d-hypercyclicity criterion with respect to some sequence
(nx)p>q; see Theorem 3.1 of [11]. As in the proof of Theorem 4.1 in [1], we may
obtain a subsequence (1 )> ; of (1;)7> ; and a closed, infinite dimensional linear
subspace Y of X so that T]-m"y — 0 as k — oo for each integer j = 1,..., N and for
each y € Y. The conclusion now follows from Proposition[3.7] &

Finally, motivated by Example 2.1 of [1] and by our results in Section 2 and
Section 4 we pose the following problems.

PROBLEM 3.9. Let Ty, T, in B(X) be d-hypercyclic and having a common
hypercyclic subspace. Must they have a d-hypercyclic subspace?

PROBLEM 3.10. Let By, By, ..., By with N > 2 be densely d-hypercyclic uni-
lateral weighted backward shifts on ¢; (respectively, bilateral weighted backward
shifts on ¢, (Z)) which support a common hypercyclic subspace.

(a) When do the shifts By, By, . . ., By support a d-hypercyclic subspace?
(b) Given integers 1<rq <ry < - - - <ry, when do the operators B, B, ..., B\Y
support a d-hypercyclic subspace?

4. HEREDITARY d-HYPERCYCLICITY FOR POWERS OF SHIFT OPERATORS

We have shown that N > 2 backward shifts By, By, ..., By may be densely
d-hypercyclic but can never be hereditarily densely d-hypercyclic, as they cannot
even be d-weakly mixing. This is in sharp contrast with the case of powers of
shift operators. We provide in this section a characterization of when a family
of powers of shift operators is hereditarily d-hypercyclic with respect to a given
strictly increasing sequence (1), of positive integers.

THEOREM 4.1. Let N > 2, and for each integer m with 1 < m < N, let By, be
a bilateral weighted backward shift on €%(7) with the weight sequence {w](m) 1j €LY,
and let (ny)}> be a strictly increasing sequence of positive integers. For any integers
1< <ry <--- <ry, the following are equivalent:
(i) The shifts Bj',..., B\ are hereditarily densely d-hypercyclic with respect to
(n)32o- That is, the sequences (B]'"*)%,, ..., (B )2, are d-mixing.
(ii) For each e > 0 and q € N, there exists a positive integer kg so that for any integers
li| < gand k > ko, we satisfy the following:
TmMg
(m)
Ll Wiy
4.1) if 1 <m < N, we have /

rmh—1
m
w- )‘ <éE
=0

1
’ > E,
and

i—

)
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Tmhg rsnp—1 (s)
H w”r] ’ > e ]1:10 7/Ui*]’JFrm”k ’
1 < < -
(4.2) if1 <s <m < N, we have rmnk 1 - o

<E&

I1 wi*]#rsnk

j=0 Il wlﬂ

=

(iii) The shifts By', B}, ..., ByY satisfy the d-hypercyclicity criterion with respect to
() io-
In particular, the shifts B, ..., By are d-mixing if and only if they satisfy the
d-hypercyclicity criterion with respect to the full sequence (k)3 of positive integers.

To establish Theorem we need Proposition |4.2 below, which is similar
to Theorem 4.7 of [8]. Theorem 4.7 in [§] provides necessary and sufficient con-
ditions for powers of bilateral weighted shifts with distinct powers to satisfy the
d-hypercyclicity criterion. Our Proposition .2 provides necessary and sufficient
conditions for such operators to satisfy the d-hypercyclicity criterion with respect
to a specific increasing sequence (1);> , of integers, and so the proof of Proposi-
tion mimics the proof of Theorem 4.7 in [§]. The details are left to the reader.

PROPOSITION 4.2. Let N > 2, and for each integer m with 1 < m < N, let By,
be a bilateral weighted backward shift on (*(Z) with weight sequence {w](m) 1j € Z},

and let (ny)}y> ) be a strictly increasing sequence of positive integers. For any integers
1<r <ry <--- <ry, the following are equivalent:

(i) The sequences (By""™)% o, ..., (BYY")%2, are densely d-universal.

(ii) For each ¢ > 0 and q € N, there exists an arbitrarily large integer n € {ny }ren

so that for integers i with |i| < g the following holds:

T'mn
H wz+] ‘ >
(4.3) if 1 <m < N, we have ]rmn 1 and
T w ‘ €;
j=0
rmh rin—1 )
H1w1+1‘ = H Cicjtrun |
(4.4) if1 <1< m< N, we have ]rmn 1 ) o
H w;_ jtrn <& H ler]’

j=

(iii) The shifts By', By, ..., B\ satisfy the d-hypercyclicity criterion with respect to
some subsequence of (nk) o

Proof of Theorem The implication (iii) implies (i) holds by Proposition[1.7}

The proof of (ii) implies (iii) is identical to the corresponding implication in Propo-

sition by considering (nkq)gio = (”q)éo:o- Lastly, to establish (i) implies (ii)

by means of contradiction, suppose that (ii) fails to hold. Then there exist ¢ > 0,

g € N, and a subsequence (”kq);O:o of (nx)42, so that one of or fails for
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each g € N and for some integer j with |j| < g. Thus by Proposition [4.2] the se-
Migg™N

quences (szq 71)20211 ..., (By );°:1 fail to be densely d-universal, contradicting

condition (i). 1

We note that for N > 2 and X = (?(Z), a direct sum of powers of bilateral
backward shifts Bi' & - - - @ B}) is hereditarily hypercyclic on XV with respect to
a given sequence (1 )3~ if and only if it satisfies the hypercyclicity criterion with
respect to (1y);2,. Using this fact and Theorem we have for the special case
for when By = - - - = By.

COROLLARY 4.3. Let B be a bilateral weighted backward shift on X = (*(Z), let
(nx )4 be a strictly increasing sequence of positive integers, and let ro = 0 < 11 <
<o < ryand N = 2 be integers. Then the powers B'1,. .., B'N are hereditarily densely
d-hypercyclic on X if and only if they satisfy the d-hypercyclicity criterion with respect
to (ny)%, and if and only if the direct sum operator ~ @ BUe="s) on XNIN+1D/2 5

0<s<l<N

hereditarily hypercyclic with respect to (ny)2 .

We conclude the paper by stating a unilateral version of Theorem 4.1} which
follows similarly, and some of its consequences.

THEOREM 4.4. Let N > 2, and for each integer m with 1 < m < N, let By,
be a unilateral weighted backward shift on (> with weight sequence {w}m) cj =1},
and let (ny)}>, be a strictly increasing sequence of positive integers. For any integers
1< <ry <--- <ry, the following are equivalent:

(i) The shifts Bi', ..., B\ are hereditarily densely d-hypercyclic with respect to the
sequence (1g) -

(ii) For each ¢ > 0 and q € N there exists a positive integer kg so that for integers
with 0 < i < qand k > ko, we satisfy the following:

TmNg

1
11 wlf])‘ > =, and
j=1 ¢

TNy

(m)| 1
I wi-&-j‘ > g
j=1

if 1 <m < N, we have

Vli’lkfl

: 0]
if1 <1 <m< N, we have 1—(1) Wi
]:

(iii) The shifts By',..., B\ satisfy the d-hypercyclicity criterion with respect to
() io-
In particular, the shifts By',..., By are d-mixing on (* if and only if they satisfy the
d-hypercyclicity criterion with respect to the full sequence (k)3

When all the shifts coincide, Theorem 4.4 gives the following.

COROLLARY 4.5. Let B be a unilateral weighted backward shift with weight se-
quence {w; : j = 1} on (2, and let (ny)y>. be a strictly increasing sequence of positive
integers. For any integers ro = 0 < r1 < rp < --- < ry, the following are equivalent:
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(i) The shifts B'1,B"2,. .., B'N are hereditarily d-hypercyclic with respect to the se-
quence (1)

(ii) The shifts B, B"2, ..., B'N satisfy the d-hypercyclicity criterion with respect to
(nk)ioz(y

g (1 =s)
(ﬁi)hmmin{ 11 wi:0<s<l<N}:oo.
k—o0 i=1

(iv) The operator @  B("1=75) on XNIN1)/2 s hereditarily hypercyclic with re-
0<s<IKN
spect to (1)

REMARK 4.6. An operator T in B(X) for which there exists a dense subset
Xp of Xand amap S : Xg — Xp so that TSy =y, T"y — 0 and 5"y — 0 for each
y € X satisfies that for each N > 2 the powers T, T?,..., TN are d-mixing on X
for each N > 2 ([11], Theorem 3.4).

Every mixing unilateral weighted backward shift B on ¢2 has the former
property, by taking Xp = span{e; : i € N} and the linear mapping S on X
determined by Se; = wi__:leiﬂ for every i € N, as its weight sequence {w; : j > 1}
satisfies

n
wj’ — o00; see p. 97 of [16]. It follows that a unilateral weighted
=1

]
backward shift B is mixing on ¢? if and only if the operators B, B?,..., BN are
d-mixing on X for each N > 2.

The bilateral case of this fact is also true and was observed in Remark 3.5
of [11].

We also note that for N > 2 scalar multiples of powers of the unilateral
unweighted backward shift, being d-hypercyclic coincides with being d-mixing,.

COROLLARY 4.7. Let B be the unweighted unilateral backward shift on (2. Let
r1,...,¥*N be integers with 1 < r1 < --- < vy, and let Aq,..., AN be scalars. The
following are equivalent:

(i) The shifts A1B", ..., ANB™N are d-hypercyclic on X.
(ii) The shifts AB"1,..., ANB'N are d-mixing on X.
(iii)) Wehave 1 <1y <1p < -+- <ryand1 < |[A| < -+ < |ApN].

Proof. The fact that (i) and (iii) are equivalent was established in Corol-
lary 4.2 of [8]], and statement (i) follows immediately from (ii).

Now, if (iii) holds, then A1B1,..., ANB'N satisfy the d-hypercyclicity crite-
rion with respect to the full sequence (k)3 ,, by considering Xp = X = --- =
Xy = span{e; : i € N} and Sy, : X, — X givenby Sy, = A,""'§"1, where S
denotes the unilateral unweighted forward shift. Statement (ii) then follows by
Proposition[T.7] &

We conclude the paper with the following observation. While for a single
operator the properties of being weakly mixing, satisfying the hypercyclicity cri-
terion, satisfying the blow-up/collapse condition, and being hereditarily densely
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hypercyclic are all equivalent, this is no longer true within the setting of dis-
jointness. Indeed, we have within this setting the following implications/non-
implications:
hereditary dense d-hypercyclicity <  d-hypercyclicity criterion
¢ o

&
d-weakly mixing N disjoint blow-up/collapse

This raises the question whether the missing implication in the diagram is true.

PROBLEM 4.8. Let T1,..., Ty be d-weakly mixing operators with N > 2.
Must they satisfy the d-hypercyclicity criterion?

REMARK 4.9. Recently, Sanders and Shkarin [25] have answered Problem 3.5
and Problem 4.8 in the negative. Salas [24] has also recently provided a partial
answer to Problem 3.6 by means of a stronger disjoint blow-up/collapse property.
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