J. OPERATOR THEORY © Copyright by THETA, 2024
91:1(2024), 295-318
doi: 10.7900/jot.2022apr22.2371

EMBEDDING FROM BERGMAN SPACES INTO TENT SPACES
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ABSTRACT. Let Af, denote the Bergman space in the unit disc induced by a
1

1
radial weight w with the doubling property [w(s)ds < C [ w(s)ds. The
r (1+r)/2

7 . . q/s
tent space T (v,w) consists of functions such that [ ( I 1f(z) \sdv(z)>
D "r(@)
w(Q)dA(l) < oo, where I'({) is anon-tangential approach region with vertex {
in the punctured unit disc D \ {0}. We characterize the positive Borel measures

v such that AY, is embedded into the tent space Td (v,w) for 0 < g < p < oo,
by considering a generalized area operator.
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1. INTRODUCTION

Let D be the unit disc in the complex plane. For a non-negative function
w € LY0,1), its extension to ), defined by w(z) = w(|z|) for all z € D), is called
a radial weight. As in [28], a radial weight w belongs to the class D if &(r) =

1
| w(s)ds satisfies the doubling condition
r

Ssu 7(1}(1’)
o &((1+1)/2)

The class D appears naturally when studying the boundedness of the Bergman
projection acting on weighted Bergman spaces [26]. Given 0 < p < oo, the
weighted Bergman space A, is the set of all holomorphic functions f on D such

that
1/p

Il = ([ If@Pe@da@) " <o,
D
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where dA is the normalized area measure on D. When w(z) = (1 — |z[*)* with
a > —1, one obtains the standard Bergman spaces A}, whose theory has been
extensively developed, see [9, 12} BT] for example. Recently, Bergman spaces A,
with more general weights w have been studied in [22] 23] 24, 27, [28].

For a € (0, ), the non-tangential approach region with vertexes in the unit
disc is defined to be

L) = {z eD: |0 - arg(z)] <a(1—@)}, 7 =re e D\ {0},

and the related tent is defined by
Ta(z) ={0€eD:zeI(0)}, zeD)\{0}.

Let v be a positive Borel measure on I, finite on compact sets, and let w € D.
For0 < gq,5 < 00,0 < & < 7, the tent space Tg, «(V, w) consists of v-equivalence
classes of v-measurable functions f : D — C such that

11 oy = [ ([ IF@Fa@)" w@)dae) <

D Ia(g)

Tent spaces were introduced in the paper of Coifman, Meyer and Stein [6] in or-
der to study problems in harmonic analysis, and further studied by Cohn and
Verbitsky [5] among others. These spaces turned to be quite useful in developing
further the classical theory of Hardy spaces, closely related to tent spaces due to
the importance of the use of maximal and square area functions and other objects
from harmonic analysis [10]. The recent studies [14, 15] show that tent spaces
have natural analogues for Bergman spaces, and they may play an important
role in the theory of weighted Bergman spaces, similar to that of the original tent
spaces in the Hardy space case. The results in [24] also show that the tent space
T{, (v, w) is independent of the aperture & of the lens appearing in the definition,
and the quasi-norms obtained are equivalent. In view of that, we drop the param-
eter o from the notations, and simply write qu (v, w) to indicate the case &« = 1/2.
Also we use the notation I'({) := I 5({) and T(z) := Ty »(z).

Let 0 < p,q < co. A positive Borel measure y on ID is a g-Carleson measure
for A?,, if there exists a constant C > 0 such that ”f”LZ < C||f||A£) forall f € Al,

where LZ is the family of all y-measurable functions f on D such that
1/q

£y = ([ 1f@1an=) " <o
D

In [27], Peldez, Réttyd and Sierra obtained a characterization of the embedding
from Bergman spaces A, into the tent spaces Ty (v, w), for weights w in the class
D, under the assumption that1+s/p —s/q > 0.

THEOREM A. Let0 < p,q,s < cosuchthatl+s/p—s/q>0,w € D, and let
v be a positive Borel measure on D, finite on compact subsets, such that v({0}) = 0. Let
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V¥ be the measure given by dv¥ (z) = w(T(z))dv(z) for all z € D. Then the following
assertions hold:

()1d : Af, = Td(v,w) is bounded if and only if v isa (p +s — (ps/q))-Carleson
measure for A,. Moreover,

- pts—(ps/q)
||Id|| Lp+< (ps/q)”

14l

=T (v,w)

(i) Id : AF, — Td (v, w) is compact if and only if 1d : A, — Lﬁj s=ps/q) g compact.

Here, w(T(z)) = [ w({)dA(Q) for z # 0. We also set
T(z)

w(T(0)) = lim w(T(r))
r—0+

to deal with the origin. Also, the notation A < B means that the two quantities
are comparable. The requirement v({0}) = 0 in Theorem A, which does not carry
any real restriction, is a technical hypotheses caused by the geometry of the tents
I'(z). Theorem A can be interpreted as a characterization of Carleson measures,
and it follows from a characterization of the boundedness and compactness of
some type of area operators, that we are going to define next.

For 0 < s < oo, the generalized area operator induced by positive Borel
measures y and v on D), is defined as

6N = ([ 1@ HE", cepvo),
r)

()

Area operators acting on Hardy spaces and on standard Bergman spaces have
been studied in [4, 11} 14}, (16, 17, 29]. Write u¢ for the positive measure given by

wiy — W(T(2)
' (2) = L7z W)
for almost every z € D. In [27], a characterization of the boundedness and com-
pactness on Bergman spaces of the generalized area operator G, ; for0 < p,q,s <

oo in the case 1 +s/p —s/q > 0 was obtained. It was proved that, for positive
Borel measures p, v on D, satisfying

(1.1) p{z eD:v(T(2)) = 0}) = 0= p({0}),

and w € 75, one has that GZ/S - AP — LT is bounded if and only if uy is a

(p + s — (ps/q))-Carleson measure for Al,; and moreover, one has the estimate

SAZ%LZ, = ||Id||Z£S_:£5Z/q). Also, G : Al, — L, is compact if and only if
L

1Gys

Id: Al — Lﬁs*(ps/q) is compact.
Itis natural to ask for a characterization in the case 1 +s/p —s/q < 0. The
purpose of this work is to answer this question and obtain the corresponding
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descriptions for all 0 < p,g,s < co. In order to state our main result, for positive
Borel measures y, v on D), finite on compact sets, and ¢ € D\ {0} we define

vy [ du(z) __du(@)
BV(g)/g)V(T(Z)) and dﬂv(g)*m

When 0 < p < g < oand 0 < s < oo, itis clear that 1 +s/p —s/gq > 0. Thus,
we only need to deal with the case 0 < g < p < co. We state our main result as
follows.

THEOREM 1.1. Let0 < g < p < 00,0 < 5 < 00, w € D, and let v be positive
Borel measures on ID, with s finite on compact sets, satisfying (L.1). Then the following
conditions are equivalent:

(1) G AP, — LT is bounded;
(ii) G;/s cAP 5 Ll s compact;
(iii) Id : Af, — Td(py, w) is bounded;
(iv)Id : AL, — T (uy, w) is compact;
(V) B;//l c L((fq)/(S(P—q))'
Moreover, we have

(1.2) 1Gysf = [1d]|

AP Ll ™

S =B o)/ stp-a)) -
A= T (py,w) P P74

Note that when 0 < ¢ < p < cowith1+5s/p —s/q > 0, it follows from
[24, Theorem 8] that & is a (p +s — (ps/q))-Carleson measure for Al,, if and
only if, By € L/ (P~

Throughout the paper, constants are often given without computing their
exact values, and the value of a constant C may change from one occurrence to
the next. We use the notation a < b to indicate that there is a constant C > 0 with
a < Cb. Also, we recall that the notation a < b means that the two quantities are
comparable.

2. SOME BACKGROUND

A sequence of points {a;} in the unit disc D is said to be separated (in the
Bergman metric) if there exists & > 0 such that (a;,a;) > ¢ for all i and j with
i # j, where B(z, w) denotes the Bergman metric on . We use the notation

D(a,r) ={z€ B, :B(z,a) <r}
for the Bergman metric ball of radius r > 0 centered at a point a € D. For r > 0,
a sequence {a;} in D is said to be an r-lattice if D = |J D(ay, r), the sets D(ay, r/4)
k

are pairwise disjoints, and there exists a positive integer N such that every z € D
belongs to at most N of the sets D(ag,4r). By [30, Theorem 2.23], there are r-
lattices on D for every r > 0. It is also clear that any r-lattice is separated.
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A particularly important case of tent spaces is given when v = }_é,,, where
k
Z = {ay} is a separated sequence and ¢, are the usual Dirac point masses at

points a;. We say that A = {A;} € TP(Z w) if

A1y u/ > mw (DA(Z) <o, 0<p,q<co,

ﬂkEF

and A = {\} € T:g(z, w) if
A0 = [ (sup 1)) w(@dA@) < .

D a€l(C)
In case that g = p, by Fubini’s theorem, we have
p
@1) NIy g0y = A (T @)

We will need the following duality result for the tent spaces of sequences.
For the proof, see Theorem 4 and Proposition 1 in [24]. Recall that, if 1 < p < oo,
its conjugate exponent p’ is givenby p’ = p/(p — 1).

THEOREM B. Let1 < p < 0o, w € D, and Z = {a;} be a separated sequence. If
1 < g < oo, then the dual of TP(Z, w) is isomorphic to Tp, (Z, w) under the pairing

</\ﬁ T3(Z,w) ZAkﬁk )

for A = {As} € TP(Z w), and p = {Bx} € Tp (Z, w). If0 < q < 1, then the dual of
T/ (Z, w) is isomorphic to % (Z, w) under the same pairing.

We will use the following result concerning factorization of sequence tent
spaces. The proof is similar to the one in [18, Proposition 6]. A factorization
result for tent spaces of functions over the upper half-space was proven in [5] by
Cohn and Verbitsky.

PROPOSITION 2.1. Let 0 < p,q < 0o, w € D, and Z = {ay} be an r-lattice.
Suppose p < p1,p2 < 00,4 < q1,42 < o0 and satisfy
1 1 11 1 1

popop g m g
Then
TV (Z,w) = THN(Z,w) - T2 (Z,w).
Thatis, ifx € Ty (Z,w) and p € TI2(Z,w), then - B € T} (Z, w) with
o Bllzp 7,y < Ntll g1 2,0y 1Bl 722 (2,00
and conversely, if \ € T (Z,w), then there exist sequences a € T} (Z,w) and B €
T/2(Z,w) such that A = « - B, and ||DcHT511(Z,w) ' ”ﬁanf(Z,w) N HA”T[;’(Z,M)-
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We also need two important inequalities. Consider a sequence of Radema-
cher functions r¢(s). For almost every s € [0,1] the sequence {ry(s)} consists of
signs £1. We state first the classical Khinchine’s inequality (see [8, Appendix A]
for example).

2.1. KHINCHINE’S INEQUALITY. Let 0 < p < co. Then for any sequence {c,} of
complex numbers, we have

(Z|Ck| /‘Zrk Ck ds.

The next result is known as Kahane’s inequality, and it will be usually ap-
plied in connection with Khinchine’s inequality. For a reference, see Lemma 5 in
Luecking’s paper [15] or the paper of Kalton [13].

2.2. KAHANE'S INEQUALITY. Let X be a quasi-Banach space, and 0 < p,q < cc.
For any sequence {x;} C X, one has

1
(JIEmen]ie)™ = / | Zrmfa)™
0

Moreover, the implicit constants can be chosen to depend only on p and g, and
not on the quasi-Banach space X.

3. KEY RESULTS

In this section we are going to obtain the key results for the proof of Theo-
rem[L1] We start with some lemmas.

LEMMA 3.1. Let u be a positive Borel measure on D, finite on compact subsets of
D. Fort > 0, let {ay} be a t-lattice on D. Then

2 ﬂk, 2
area (D (ag, Zt))

where A = {z € D: u(D(z,t)) > 0}.

Proof. As y is finite on compact sets, by a standard approximation argu-
ment, it is enough to prove the inequality, assuming that y(ID) < oo. Being {a;} a
t-lattice, for t < r < 4t, we have

ZV (ax, )

ﬂkEA
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By Cauchy-Schwarz inequality, we have
#(D(ag, t))?\1/2
= ) #(Da ) < ( 2 #(D(ay2t) ) ( L u(D uk,Zt)))

a€A ar€A areA

1/2( Z u(D akt))>1/2/

=y} u(D(ag,2t)
and the inequality follows. 1
We need the following estimate from [24, Lemma 4].

LEMMA A. Let w € Dand 0 < p < 0. Let v be a positive Borel measure on D,
finite on compact sets. Then there exists Ay = Ag(p, w) > 1 such that

[ ([ (2 ae) w@ aa@) < [vr@y w@aa) +viop
D D

for each A > Ay.

If spt(u) denotes the support of the measure y, it is then clear that y(D(z, t))
# 0 for z € spt(p). We need the following inequality, that can be interesting by
itself.

LEMMA 32. Let 0 < p < o0, w € D and f € AL, Then, for a positive Borel
measure y on D finite on compact sets, and t > 0, we have

/ 2 o 2\2
[( ] VERAER o) e aae £ 151,
D r(@)nspt(x) '

Proof. By subharmonicity, we have
f'(2)P(1=]z)*)? < (22 du(z)
| e w@s [ (] rePra@)El
L (§)Nspt(p) L(§)Nspt(p) D(zt/2)
For ¢ € D(z,t/2), wehave D({,t/2) C D(z,t), and hence
u(D(z 1)) = p(D(G,t/2)) >0
Also, forz € I'({) and ¢ € D(z,t/2), we have (see [30, estimate (2.20)])
1-25l=<1-Czl S1—|zf < 1-[g].

Thus
f'(2)]2(1 IZI) 12PN () PAG)
/ u(D(z du(z) 3 / ( /(|1_gz|> y(D(g,t/z))>dV(Z)
{)Nspt(p T'(g)Nspt(p) D(z,t/2)

for A > AO, where Ay is the number given by Lemma A. Set

A={eD:u(D(t/2)) > 0}.
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Therefore, by Fubini’s theorem, we have

! 2 1— 2\2 1— 2
/ . (it)(|13((z,t)|§| ) d”(z)s/(|1—|?z|) g t/2 /d”

T'(g)Nspt(p) DNA D(é t/2)

< (Y rpaae)
D

1-Z2]

Hence, applying Lemma A with the measure dv = |f’|>d A, we obtain

, 2 . 2\2
[( ] LOROZER ) g s
DIty '

< [( [ 1r@raa) w@aa@ < 117,
DI

after using the area function description of Al -spaces (see [23, Theorem 4.2] for
example). This finishes the proof. 1

Recall that
B = [ GG _ [ AEE o py),

with
w(T(z))
duy (z) = du(z).
w(2) = L) M)
Next result together with Proposition [3.5 will be the key for our charac-
terization of the boundedness of generalized area operators acting on weighted
Bergman spaces.

PROPOSITION 3.3. Let 1 < 0 < o, w € D, and let y be a positive Borel mea-
sure on D, finite on compact sets of D, with 11({0}) = 0. The following conditions are
equivalent:

(i) BY € Ly
(ii) for any t > 0, there exists some C > 0 such that

"(2)|(1—|z])du(z) \20/(2+0) o/ (240
o0 [( | i) c@mO<emi

{)Nspt(p

forall f € AZ,. Moreover, one has
o/ (2+0) -
1By Il Cu,

where C,, denotes the infimum over all constants C satisfying (3.1).



EMBEDDING FROM BERGMAN SPACES INTO TENT SPACES 303

Proof. First, we show the statement (i) implies (ii). By Cauchy-Schwarz in-
equality, the left quantity in (3.1) is no more than constant times

/ 2 _ 2 o o
T (Z”y((lp (Z|zt|)>> N (g ()77 2+ 0(g) dA()
D r)spt() '

20/ (2+40) /(2+0)
SIFISY & By 7 &)

7

after the use of Holder’s inequality (as the conjugate exponent of (2+0)/2 is
(24 0)/0) together with Lemma

Conversely, let Z = {a;} be a t-lattice on ), and for s € [0, 1], we take the
test function

(32) Ei(z) = Y ri(s) Ak(li”")ﬁ

7 1—a;z

where 7y (s) are Rademacher functions, y > Ag (with Ag being given by Lemma A)
and A = {As} € T7(Z, w). Then we have F; € A{, with ||[Ellag, < [Ml1g(zw)
which follows from [24, Lemma 6]. For every s € [0, 1], statement (ii) implies

Ap(1— T(1—|z])g, 20/ (240)
/( / ‘Z 1 _;];Slfl(y(D|?§,|2)>(1/2CLZ(|7)~?;))1/2 ‘dy(z)) w(Z)dA(Z)

D I(g)nspt(p)

2 2
< CIR|, 3.

By Kahane’s inequality, we have that

(1 —akz )Y 1u(D(z, 1))/ 2w(T(z))1/2

1
I b DN L) (DB )27,
0

T'(Q)Nspt(p)

is comparable to

§) Me(1 — |ag )7 (1 — |z[) 2 20/ (2+0)
dsd
/ /’; 1—akz )7+ 1u(D(z, )2 (T( )1/2’ sdu(z)) ’
{)Nspt(p)

and, by Khinchine’s inequality, this is comparable to

)\kz 1— ag 2y 1—|z zﬂkz 1/2 20’/(2+0’)
(| (Cptnmorsers) *©)
F(&)nspt(p)
Hence, integrating with respect to s our inequality, using Fubini’s theorem and
the previous obtained estimates, and taking into account that || Fs || g¢ S|[|A|| TS (Z,w)
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we get

AP o) (1l Plag 172, e
O ] (e nara) #©)  @@a0

D I(Q)nspt(p)

20/ (2+
S CIM S

For > A¢, using Lemma A we obtain

2PN [ARR(L = [ag )27 (1 = [2])2 a2\ 12, 20/ (24o)
/( / (‘1 €z|) (2|1_k§kz|2(”y+1k)‘u(D(Z’t)>w(T]EZ))> dﬂ(Z)) w({)dA(L)

D Drspt(u k

20/(2
S CIAgZE.

Set Dy = D(ay, t). Since {ay} is a t-lattice, for any z € D we have
Y xp,(z) <N
k

as any z € DD belongs to at most N of the sets Dy. Then, by Cauchy-Schwarz
inequality, it follows that

— a2 _ _
y / (1 |ax] )’7| Akl (1 — fa )7 (1 — |z[)[ag|

14 du(z
E oyt 11~ 6o/ =@z (D2 )2 (T(2))1/2 K

~ 1—|Z|2 Akl (1 — lax[)"(1 — |z[)]ax]
Z / |1—CZ 1 —ﬁkaWH,M(Dk(Z,t))l/zw(Té{z))l/zdy(Z)

kaSPt 1)

_ 1— [z Akl (X — Jae )7 (1 — |z[)|a|

- /( ) <|1f§z) (le—akzkw (DG, 0] (T (720 2))4(2)
H

| Py AR = )= )l \1/2
N2 () (E R e e netrey) O

Putting this in our previous estimate, and taking into account that |1 — {ay| <
1 — |ag| for ay € I'({), we arrive at the inequality

' Akl (X — Jag )7 (1 — |z])|ak| 20/(240)
/ ukel" |1 Tz |7+ ( (z,t))l/Zw(T(z))l/zd (Z> w(Z)dA(Z)
SCIMT S

where A = {z € D : u(D(z,t)) > 0}. Now, notice that, for z € Dy, we have
|1 —agz| < 1—|ag|, and p(D(z,t)) < u(D(ay,2t)). Also, since w € D, we have
w(T(z)) < w(T(ag)) for z € Dy (see [27] for example). Therefore, we obtain the
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estimate
P‘(Dk) 2(7/(2+(7)
J( B My ) @340
(3.3) < CllAll";?/ o,

It is clear that By} € Ll if and only if u is a finite measure with 1By llr1, =< u(D).
By Lemma 3.7} we have

Dy)?
BY = u(D) < _ D" .
|| H ||L‘10 :u( ) akgA ]l(D(ﬂk,zt))

Thus, bearing in mind (2.1), in order to prove that B/ € Ll with By NIy, S

C(2+0)/7 it suffices to show that

. u(Dy)'"?
{’Yk}k:akGA o {y(D(ak, 2t))11;4w(T(ak))1/4 }k:akeA

€ T(Z, w)

TH(Zw) < C(2+9)/7 By the duality of tent sequence spaces given in

Theorem B we only need to prove that

with 713

D, )1/2
64 ¥ I 1) @(T(a) 5 CH o]y

kaea  H(D(ag, 28))Y4w(T (ar)) /4 (Z,w)

for each « = {ay} € Tff /g (Z, w). By Fubini’s theorem, we have

u(Dy)'"?
k:akXéA . V(D(ak/Zt))lZw(T(ak))lMw(T(ak))

(3.5) x/( Yo el

k: ﬂkEAﬁT(g)

(D)2
p(D(ag, 2t)) 4w (T (ay)) /4

)w(@)dAQ).

Using the factorization of tent sequence spaces given in Proposition we can

factorize ay = By - )\1/2 withA € T{(Z, w),and p € T4U/(3U 2)(Z, w). Moreover,
we have

1/2
66) 1B e 5,0 IR0 S Tl
Then
D 1/2
Z |D‘k| ﬂ( k)

u(D(ag, 2t))1/4w(T (ar)) /4

1/2 |Ax |1 (Dy) 1z
<(C X ) X y(D(ak,2t>k>1/2wk<T<ak>>“2> '

k:are ANL(Q) k:areANI(Q)

k:are ANL(Q)
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Putting this estimate into (3.5), and using Holder’s inequality with exponent
40 /(2 + o) (that has conjugate exponent 40/ (30 — 2)), we get

/
T ol #(DY"™ o(T(ar))

k:ape A D(ay, 2t))"4w (T (ay))1/4

Al 1(D) 20/(2+0)
< ||B||T;a/<3”*2)(z,w) (J( T mamaimama)

D kaEANI(g)

w@da@)

S CE Bl aeriso ) 1M 20y
where the last estimate follows from . 3). Finally, by (3.6), we obtain the desired
result (3.4), finishing the proof. 1

As a consequence, we obtain the following result, that we will use in order
to obtain the case pg = s(p — q) in Theorem|[L.1]

COROLLARY 3.4. Let w € D, and let  be a positive Borel measure on D, finite
on compact sets of D, with u({0}) = 0. Then By € LY if and only if, for p € (0,00)
and t > 0, we have

2P (2)|(1 - |z z
n ] | 'g(yzz§<z,f>§13|zg(T<Z')))?Z()w@dA(> <Kl 1

{)Nspt(n
Moreover, one has
1B = Ky,
where K, is the infimum over all constants K satisfying (3.7).
Proof. Consider the measure
dAs(z) = |f'(2)| u(D(z,£)) "2 w(T(2)) "2 (1 = |z) Xeptye) (2) dpe (2)-
Then the inequality is

d)\f(z)
D/ (F | 8@ Sy ) @dAA©) < KIlfl g gl
By Fubini’s theorem,

[ ([ s S5 w@aaw = [ @par @),
D)

D

Hence the inequality is equivalent to

[1s@1P4dasz) S KCs gl
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with Cr =< ||f| 4 - By [27, Theorem 3] (see also [24) Theorem 8]), this is equivalent
to Bj*\’f being in LY/3 with ||Bj\"Jr 145 < KI|fll g+ - Then, applying Proposition

~

with 0 = 4, we obtain the desired result. 1

The non-tangential maximal operator (in the punctured unit disc) is de-
fined by
N(f)(@) = sup |f(z)], ¢eD\{o}.
zel'(Q)
It is known [23, Lemma 4.4] that, for 0 < p < oo, the operator N : Al — Ll is
bounded for each radial weight w and ||N(f)]| = I§dl a» - We have the follow-

ing result.

PROPOSITION 3.5. Let 0 < g < p < o0, w € 73, and let y be a positive Borel
measure on D, finite on compact sets of D with u({0}) = 0. Supposes > 0,r/s < 1
withr = pq/(p — q). For any positive integer m with

(3.8) mq>2 and m(p—q)s>2q,
set

2m(sp —sq — pq)
3.9 o= .
42 ms(p —q) —2q

We have Bj; € LY/* if and only if, there is a constant D > 0 such that

191F/( z)du(z
[ ] e g

.10) < DIIglam - 11

Moreover, one has
1 c/2 _
H B |Lr/s = D}l/

where Dy, is the infimum over all constants D satisfying (3.10).

Proof. Observe that, s(p —q) — pq > 0 as /s < 1. This, together with
tells us that ¢ > 0. As mp > 2, wehave o < 2.

First, suppose By € L1/5. By Holder’s inequality with exponent 2/0 > 1,
we obtain

18(2)[7 1f'(2)|7(1 — |z[)7 dp(z)
/ / o HDG N Eu(TyEn (O
g)Nspt(p)
8(2) 1 (2)[*(1 = |z])*dp(z) \7/2 ., (2-0)/2,,
N/ ﬁ{pt( | D) ) B (DAA(Q).
Since r < s, it follows that 2r/s(2 — o) > 1. Also, notice that
2ro
= mp.

2r—s(2—0)
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Hence, an application of Holder’s inequality with exponent 2r/s(2 — o) gives

S PGP - )7 duCz)
/ / ]’l(D(Z/t))”/zw(T(z))(Z—U)/z w(C)dA(T)

/ / - Hf/ zmzbzd“ (Z))m”/zw«;)dfx(o)”/m”

ﬂspt

(3.11) IIB“’II

Lr/s

Using Cauchy-Schwarz inequality, the boundedness of the operator N and Lem-
ma[3.2) we have

- 2| ¢ 7 201 _ z 2 Z)\ m
[( ] @b <ﬂ <)1|> ((1 = AN ™ 4 )aa )
D I (g)Nspt(p) ,

1(2)12(1 — 1zD2du(2) \ m
< [neerr( [ ELEEREN T aa)
D r(&)Nspt() ’

<ivgll ([ () LELC BN )
D I(Z)Nspt(p)

< ||gH 2mp ||fH 2mp

Thus, putting this inequality into (3.11), we see that (3.10) holds, and moreover

(2—0)/2
Lr/s

Dy S 11BY

Conversely, suppose that (3.10) holds for all functions f, g € Az,mP . Consider
the measure A given by

dAr(z) = |f'(z )|‘7 ( (2,4)) 7" (T (2))72(1 — |2])” Xspt() (2) dpu(2).
Then, the inequality (3.10) is

d/\f Z) - -
/ / 8G)1” Sy )< @BAQ) < D Fany 181
By Fubini’s theorem, this inequality is equivalent to
[ 18(2)1” dAs(@) < s llgl5am
D

with Cr=D ILfI1e
in L2/ @mp=0) (ith

Az Since 2mp > o, it follows from [27, Theorem 3] that B‘/{’f is

IBX N zmpsamp-) S C = DI oy
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That is

( / F'(2)]°(1 = |z])7du(z) )2'””/ B0 o(©)dA(D)
z 17/ w z (2_‘7)/2
u{ Fora FPED) 2w (T(2)

< p2mp/(2mp—c ||f||2"21£;7/ 2mp— ‘7)

From here, we follow the same argument as in the proof of Proposition Let
Z = {ay} be a t-lattice on D, and set Dy = D(ay, t). For s € [0,1], we take the

test function F; as in (3.2), where A = {A;} € Tzzmp(Z, w). By [24, Lemma 6], we
2 .

know that F; € AL"" with ||Fs ||Azjmp S ||)\||T22mp(zlw).

Kahane and Khintchine’s inequalities, arguing in a similar way as in the proof of

Proposition 3.3} we obtain

Using the argument with

|Ak|71(Dx) 2mp/ (2mp—0)
dA
H{ L Bl m) P ) @A)
(3.12) S DA/ e AR,

where A = {z € D: u(D(z,t)) > 0}. Now, we have

i< [ 8 IR e .
D

kg€l (Q)NA w(T (a

As y is finite on compact sets of D and 2/(2 — ¢) > 1, arguing as in the proof of
Lemma 3.1} we get

w(Z) dA().

H(Dk)Z/(Z—U) r/s
1B, <
wlley /(k:akd%m y(D(ak,Zt))f’/(Z*")w(T(ak))>

Thus, in order to prove that By € LI/ with 1B s S D?/(2=9) it suffices to
show that

1/2
= { Dy)

} Ar/s(2—0)
u(D(ay,2t))7/4 w(T(ay)) 2= /4 S kaea

€Ty 0 (Z w)

with
< nl/2
Hr)/HTf;gg;f)(Z,w) ~ D .

By the duality of tent sequence spaces, we need to prove that

p(Dy)1/?
T
kzukzeA |“k|ﬂ<D(uk12t>)‘7/4w(T(a ))(2—0)/4“’( (ax))
< 1/2
(3.13) D Htx” :;fziru)zsm Zw)
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4r/ (4r—2s+05)

foreacha = {ax} €T 4/(2+0)

(Z, w). By Fubini’s theorem, we have

u(Dy)'?
k:ﬂkZGA e u(D(ag, 2t)) 4w (T (ar))@—0)/4 w(T(ax))

(3.14) x/( Yl

B ka€ANI(Q)

p(Dy)'/?
u(D(ag, 2t))7/4w (T (a))2=0)/4

)w(@)dA(?).

By Proposition[2.T, we have

4r/ (4r—2s+0s) _ dmp/(2mp+0) Amp/o
T4/(2+0) (Z, w) =T, (Z,w) T,,," (2, w).

Notice that (2mp + o) /4mp + 0 /4mp = (4r — 25 + 0s) /4r because of (3.9). Hence,
we can factorize

— B A2, AeTE(Z,w), BeT" (7, w),

with
o/ <
(3.15) ||ﬁ||T§mp/(2mP+‘7)(Z,w) H ” 2mp(Z w) HIXH ;1;(21:725+<75 (Z,w)
This gives
Z | | .u(Dk)l/Z

X
kaeanr) (D, 24))7 4w (T (ag))2-0)/4

1/2 [ Akl p(Dy) 1/2
S ( )y ‘ﬁk|2) ( L (D(ak,2t))0/2w(T(ak))(27‘7)/2) '

k:are ANC(Q) k:ape ANT(Q) H

Putting this into (3.14), using Holder’s inequality with exponent dmp/ (Zm p +0)
(that has Con]ugate exponent 4mp/ (2mp — o)) together with (3.12) and (B.15), we
obtain

u(Dy)'/?
kgeA| #(D(ax, 2t))7 /4w (T (ax))

Axl” p(Dy)
3 M7 pu(Dy)
S ||[5||T;mp/<2ml’+”>(z,w) (H{ <k:ak€;f(§) #(D(ay,2t))/?

(2=0)/4 UJ(T(CIk))

2mp/ (2mp—0o) >(2mp7¢7)/4mp

- w(T(a))=2)/2) w(§)dA(Z)

5 ||,B||T;1mp/(2mp+z7)(z D1/2 |‘A||02nzp D1/2 ||DC|| 4r/ 4r—2s+0s)

) 4/(2+z7) (Z,UJ)‘

This proves (3.13) , finishing the proof of the proposition.
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4. AREA OPERATORS ON BERGMAN SPACES

Recall that the generalized area operator induced by positive measures y
and v on DD is defined by

G0 = ([ 1F@F k)", cepio),
)

First, we have the following lemma.

LEMMA 4.1. Let 0 < p,q,s < 00, w € D, and let u be a positive Borel measure
on D. If G]‘j’,s - A, — L1 is bounded, then Gy‘",ms s Agl — Lyt is bounded for each
positive integer m. Moreover, one has

1
4.1) HG ms”A"’VaLmq = ”GPQ‘{S”A/ﬁ,m—%qw'

Proof. If f € Ay’ then f™ € AL, with || f™|| ,» = £11"p and

G,‘Z],ms(f)(g) = [Gﬁs(fm)(g)]l/m

Therefore,

G ms (Ot = G (™M g < UGy o 1" Wy = 1Gi N 11 hws
which proves the estimate (4.1I). &

PROPOSITION 4.2. Let w € D,0 < g < p < coand 0 < s < co. Let  bea

positive Borel measure on . IfBP‘;’ S Lﬁfq)/(s(”*q)), then the operator G;’/s : AZ, — LZ,
is compact. Moreover,

1/
1Gsllap, 12, S ||B“’|| g

Proof. Assuming that B)j € L1/*, we first proceed to show that G/; : Al —
LY, is bounded. For every f € Al,, we have

ezl = |/ ( /|f o) e©daw

</IN(f)(é)l"B;‘f(é)q/SW(C)dA(C)‘
D

By Holder’s inequality with exponent p/q and the boundedness of the operator
N, we obtain

/
IGEs ATy < INFIY, IIB“’IIq -y S ||B§’IIZ§L,>/<S<M>)I
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which shows that Gy : Al, — Ll, isbounded with || Gisllar 1 S(r—0)"

Arguing in the same way as in [28| Theorem 8], it follows that G/, is compact
from Al to L],

1/
SIBIG,

PROPOSITION 4.3. Let0 < g < p < 00,5 > 0,7/s < 1withr = pg/(p —q),

and let w € D. Let y be a positive Borel measure on D, finite on compact sets of D with
u({0}) = 0. If Gy, : Al — L, is bounded, then By € LI/*. Moreover,

(42) IBE I S 1IG:,

1 Lr/s ~ _>L'7

Proof Take a positive integer m big enough so that holds. By Lem-

ma 1} it follows that the operator Gy oms - Azwmp — Li,mq is bounded with

1/(2m)

(43) ||GP stH 2mp_>L2mq \ ||G Ap *)Lq

Set o as in (3.9). We have

mp2—o) r_ pq

2(mP—U) s osp-a)
Since r/s <1, mp > 2 and (3.8), we have 0 < ¢ < 2. Observe that

(2 —o)mps
2mp+ms(2—0) — 20"

(4.4) q=

For f,g € Ai,mp, let

o | g 71— 7d
Ty R G T T S
D I'(g)Nspt(p)

By Holder’s inequality with exponent 2/0 > 1, we have

Dyu(f.8)
"(2)]?(1 = |z|)?du(z) \7
<[( ] N G 0 60 w0,

D I(¢)nspt(u)

Applying Holder’s inequality again, now with exponent 2mp /o, and then using
Lemma 3.2 we get

(45) (f g) S |’f||02mp HG‘u,Za/ 2— g ( )HZZmpa/(Zmp—a)'
If o = (2 — 0)ms, then ([@4.4) yields that 2mpo/ (2mp — o) = 2mgq, and we obtain
D}l(f/g) S Hf”aZmn ||G;12ms( )HUZM ~ ||f”02mp ” ZmSHUZV”P LZan HgHAi}mp

/o
S 116G, SII‘T " 19, 1A 1S g 18112 -
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The last inequality is due to (4.3). By Proposition(3.5, we conclude that Bjj’ € L/,
with
1 m(2—o)/
1B 17 = IIB“’IIL,/S EASY (e A JFANTY

finishing the proof of this case.
If o > (2 —0)ms, then

Gl 2020 (&)(Q) S N(g) ()= Gy (8)(2)™ 77, g e D\ {0},
Since mp > 2 and 0 < o < 2, it is easy to check that
2mp — o
c—(2—0)ms > 1
that has conjugate exponent

( 2mp — o )’ 2mp — o _ (2mp—o)q
—(2—0)ms 2mp+ (2—0)ms —20  (2—0)mps’

Thus, we can use Holder’s inequality with those exponents in order to obtain

(2— 2
||G;],20'/(2—0-) (g>‘|z'2mpt7/(2mp o) HNgHUZmn;S 7 HGy,st( )HmZ(mq o) .
w

Putting this in our previous estimate ([.5), using the boundedness of the operator
N, we have

2—
Dy(£,8) S If15m - IN(g >|”2m",:5( %) ||cyzms< >||
2
S 1A - ||g||”2;7;s L e Mn ||g||

From and Proposition it follows that B}“[ isin LZ,/S , and the estimate (4.2)
follows again.

Finally, it remains to deal with the case o < (2 — ¢)ms. In this case, we will
start by proving the inequality

150 S Gl 1o

Lr/s

assuming that B} is already in Ly)°. An application of Holder’s inequality with

exponent ms(2 — o) /o shows
G s 2 (8)(€) < Gs(8)(§) B (§) 5201/ (2ms)
Also, as ¢ < 2 and mg > 2, we can see that

q(2mp — o)
p(T

>1,

and its conjugate exponent is

(q(ZmP - U))’ __9@2mp—o0)
po q(2mp — o) — po
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It is possible to check that
pqlms(2 — o) — o]
q(2mp — o) — po
Hence, using Holder’s inequality with the previous exponents, we have

=r.

”2mp¢7/ 2mp— a)

Gy,
w20/ (2—0) 2mp0/ 2mp—0)

/ Gy st 2mp(7/ (2mp—0) B;} (g)p[ms(2fa)7¢7]/ [s(2mp—0)] w(@)dA(é)

2opo/ (2 (2— /[s(2mp—
<G 2ms (@ 20y S ) \Zy;gs 0)=al/[s(2mp—0)]

Putting this estimate into {.5)), we get

Du(£28) S £z Gt (&) o - HB‘“IILTZ@ )=o)/ @ne)

(2— )/ (2
< HfHUann ‘|G;12ms||ggnp Hg||‘72mp ||B ||LT/SS 0)=0)/( ms).
Hence, applying Proposmon 5land (4 , we obtain
1-0/2 _ /(2 (2 2
B2 = sue Dulfg) SIGEIG L, - IBE I

HfHAZWrnp:HgHAZWWp*l

As we are assuming that B/ is already in L1/%, this gives

*.6) 1Bl S NG5

For a general y, since it is finite on compact sets of D, if we consider the measure
Hn o= with 7, = 1— (1/n), then B} is in L'/, Hence, yields

185 s < G sl pn < IG5 1o

Finally, this together with Fatou’s lemma gives

1B e < liminf B I < 11Gise

AF’ LI

This completes the proof of the proposition. 1

PROPOSITION 4.4. Let w € 13, and 0 < g < p <oo,5>0,suchthatr/s =1
withr = pq/(p — q). Let p be a positive Borel measure on D, finite on compact sets of
D with u({0}) = 0. If Gy : Al — L1, is bounded, then By € LL,. Moreover, we have
the estimate

1By llLs, S IGslyp ypa-
Proof. Forany g € Af, and f € A%, set
8(2)["41f' ()| (1 — |z])dp(2)
Ky(f,g) = dA(Q).
u(£.8) e AT w(D)dA(Q)

I'(¢)Nspt(p)
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Applying first the Cauchy-Schwarz inequality, then Holder’s inequality and Lem-
ma 3.2 we have

du(z) \1/2 1/ (2)2(1 — |2])2dp(z)\ 172
)= ]D/F/ s <(z)>> ( / u(D(z,1)) )
@) T(&)Nspt(p)
w(Z)dA(Z)

Sial{ [ ([ 1s@r?55s) w@aan}™
D r(g)

Now we need to estimate

Kylg) = D/ (T (/@ s ) w@aa).

If p = 25, as ¥ = s, we see that ¢ = 25/3, so that, in this case, we have

Kilg) = 1G3:(3) 7

Thus,

39/4 /4 /4
Ki(f,8) S IfLag G (T < N lLag G, 0 lglly

From Corollary 3.4} the desired result follows.
If p > 2s,as pq/(p —q) = s, we see that ps/(p +s) = g. Then, by Holder’s
inequality with exponent 3p/(p — 2s), we have

K8 / IN@@)IP2)73 Giry(9)(§)>7 w(§)dA(Q)

25)/3 2s/3 2s/3 /3
<IN 168 ()15 S 1G85, Nl

Hence, we have

/4
Ku(£,8) S 1flLas 1G5 0 18175

which gives the desired result from Corollary
Finally, consider the case p < 2s. Arguing as in the last case of Proposi-

tion it is enough to prove the estimate [|By/||1 < HG%SHZEL Y assuming

that By is already in Ll. By Holder’s inequality with exponent 2s/p > 1, we
have

K w(8) < /' Gix (9)()P B (@) P Pw(()dA()

2.
HB“’II(S P 6w (g >||*’,m o
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As ps/(p +s) = q, this together with the boundedness of G/, gives

(2 )/4 /4 /4
Ku(f,8) < HB“’H ke e Al 1£1Lag, 11175

Al =L

Now, applying Corollary 3.4)and the previous estimate, we obtain

1/2 /4 (25—p) /4
BRI = sup Ku(£,8) S NGRIN o HB‘”II s
Ll Al L],
1 2 =81l 42 =1 “
and, as we are assuming that B}’ is already in Ll this shows that

1By, < Gy, g <09,

AF’ =L,
finishing the proof of the proposition. 1

Proof of Theorem By the definition of the area operator and tent spaces,
one has the equivalences (i) < (iii) and (ii) < (iv). It is also clear that (ii) implies
(i). As G, = G o g and B, = B s then it follows from Proposition 4.2 that
(v) 1mp11es (ii). Also, that (1) implies (v) follows from Propositions [4.3] and [4.4] -
when pq/(p —q) < s, and by [27, Theorem 6] when pq/(p —¢q) > s. Finally, the
estimate (1.2) is a consequence of the corresponding estimates in the mentioned

propositions. This finishes the proof. &

5. APPLICATIONS TO INTEGRATION OPERATORS

For an analytic function g in D, define the integration operator

Jef ) /f zeD,

After the pioneering works of Aleman, Siskakis and Cima [1 2} 3] describing the
boundedness and compactness of the operator J, in Hardy and Bergman spaces,
the mentioned operator became extremely popular (see [7, 19, 20] and the refer-
ences therein, for example). As (Jof)" = fg’, from the area function description of
weighted Bergman spaces A, with w in the class D, it follows that Jg Al — A]
is bounded, if and only if

[( [ 1P @rdAm) w@daw < I,

D I

That is, J, : AF, — Al is bounded, if and only if the operator G2 Al — LY
is bounded, where the measure 14 is defined as dyg(z) = [¢'(z)|> w(T(z)) dA(z).
Hence, applying our main result together with the area function description of
A}, the following description follows directly.
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THEOREM 5.1. Let g be analyticon D, w € D, and 0 < g < p < oco. Then
Jo : Al — Al is bounded, if and only if g € Al, withr = pq/(p — q). Moreover,

Vgl ap s, = g1l az.

This result was previously known for a more restricted class of weights [23}
Theorem 4.9], but for the class D was only known [27] when r > 2.
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