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ON DISTRIBUTION SEMI-GROUPS OF SUBNORMAL
OPERATORS

IOANA CIORANESCU

§ 1. INTRODUCTION

Let X be a Banach space and 4 a closed, densely defined operator in X with
domain D(A4); an £ (X)-valued distribution & with the support contained in [0, -I-c0)
is said to be a regular distribution semi-group (R.D.S.G., in short) of generator A4
if & and A satisfy the equations:

1.1 (4 —d/dt)«€ =6 ® Iy and &x(4 — d/dr) =0 ® Ipy)-
An R.D.S.G. & is said to be an exponeniial distribution semi-group of type

< o (E.D.S.G., in short) if £ satisfies the following condition:

there exists a real @ such that e %€ is an ¥ (X)-valued tempered distribution,
for any & > o.
Distribution semi-groups were defined and studied by J. L. Lions in [7].

Let us denote ¥ = (M} D(4") and endowe Y with the Fréchet topology deter-

n=1

mined by the norms [l = ¥ Jl4/x].
=0

Then the following conditions on the operator 4 are.equivalent:
(i) A is the generator of a R.D.S.G.;
(i) the resolvent R(4; 4) exists in a logarithmic region of the form

A={leC;Rei = alogllmi| + B, Rel > y}
where o, § > 0, y € R are some given constants, and satisfies
IR(A; DIl < p(lA]), Aed

p(2) beeing a polynom with positive coeflicients.
(iii) the resolvent set p(A4) is not empty and the restriction of 4 to ¥, Ay, is the
generator of a locally-equicontinuous semi-group {U,},,, of class (Cp) in Y.

The equivalence (i) <> (ii) was proved by J. Chazarain in [2] and the equivalence
(i) <> (iii) was obtained by T. Ushijima in [11].
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The R.D.S.G. & and the semi-group {U,},, generated by 4, may be expressed
in terms of the resolvent R(1; 4) as follows:

(1.2) E(p) =S PR(G; A)dA for each gD
o4

where 2 is the space of all indefinitely differentiable functions on the real line with

compact support, @(1) =S eM@(r)dt, and 94 is the boundary of A;
R

{1.3) Ux =lim({I — h4)-l"x for each xe Y,
h-0.
where the convergence is uniform with respect to ¢ in every finite interval in [0, -o0)
(see [8] and [9]).
Moreover, we recall that:

(1.4) 8(e) :S @()Uxdt for each x€ Y, ¢ D
R

{see [11]) and that the semi-group property is given by &(p * ) = &(@)&(Y) for
P, Y €% == {p €2, supp ¢ < [0, + o0)}.
Further, the following conditions on the operator A4 are equivalent:
(i) A is the generator of an E.D.S.G. of type < w;
(ii") the resolvent R(Z; A) exists for Re A > w and satisfies

PR(; A < p(Al), Red> o
for & polynom p(2);
(iii") the resolvent set p(4) is not void and Ay — w is the generator of an equi-
continuous semi-group of class (Cp) in Y.

J. L. Lions proved [7] that (i') < (ii’) and D. Fujiwara [4] got that (i") <> (iii’).

Finally we recall that in [3] C. Foias studied distribution semi-groups of normal
operators and obtained the following result:

if & is an E.D.S.G. of normal operators in a Hilbert space, then & is an ordinary

continuous semi-group of normal operators.

After these preliminaries on distribution semi-groups, we shall now give some
elementary facts on subnormal operators.

Let X be a Hilbert space; a linear operator T with domain D(T) is called sub-
normal if there exists a larger Hilbert space H containing X and a normal operator
N in H which extends T (one says also that H reduces 7). This definition is due to
P. R. Halmos [5]. J. Bram [1] showed that a bounded operator on X is subnormal if
and only if for every finite sequence of vectors x,, x, ..., x, in X holds:

Y, <Tx;, T'x;>=0.

i,j=0
He also proved that if N is a minimal normal extension of the bounded subnormal
operator T, then ||T|| = |IN] and o(N) < o(T). (6(N) denotes the spectrum of N.)
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Let {T,}:»0 bea continuous semi-group of bounded subnormal operators in X;
then there exists a Hilbert space H > X and a continuous semi-group of normal
operators in H extending {T',}:»o.

This theorem was first proved by T. Ito [6]; recently a short, different proof was
obtained by E. Nussbaum [10].

Adapting coveniently the method from [10], we shall extend in this note the
above theorem to distribution semi-groups of subnormal operators and as a corollary
we shall get a generalization of Foias’ result to E.D.S.G. of subnormal operators
in a Hilbert space.

§2. MAIN RESULT

In all this paragraph X will be a Hilbert space.

PROPOSITION. Let {T,},5o be a continuous semi-group of bounded subnormal
operators in X; then for each ¢ €9, the operator

+oo
E(p) ::S ()T dt

0
is a subnormal operator.

Proof. By a result from [10], Proposition 2, for each a > 0 and each conti-
nuous function 1[0, a] - X, we have:

S S (T f(s), Tof(1))dtds < 0.

0v0

On the other hand, using the semi-group property, it is easy to prove that &(e@y) =
t

== §(@)E (), for each ¢, W € D, where @Y (t) :S @(N(t— s)ds. Then, x,, x1, . ..

0
..., X, beeing arbitrary n - 1 vectors in X, it follows that:

é (E(@)x;, EX @)X}y =

ij=0
=% (@ )x;, éo((/)j.)xi> =
i,j=0

ZS S Y, {@i)Tx;, ()T ex;ydrds =
0 i,j=0

0

=T, Tu)ds = 0
Jo Jo

i=0

where @; = @ ®e ® ... @, f(1)= Y, @i(t)x; and a is such that suppp < [—a, a].

i

q.e.d

4--2692



50 I0OANA CIORANESCU

We shall say that the R.D.S.G. & is a distribution semi-group of subnormal
operators on X if for every ¢ € 9, £(¢) is a subnormal operator on X.

By the above proposition, it is a quite natural generalization of the notion of
continuous semi-group of bounded subnormal operators.

Then we have the following

LEMMA. The generator A of a R.D.S.G. of subnormal operators is a subnormal
operator.

Proof. We start by using some arguments from [2] to get a convenient form of
the resolvent R(4; A).

Let 0 < a < a’ and 0 €2 such that 8(t) = 1 for t€[0,a] and 6(¢) = 0 for
t ¢ [—1, a']. Denote 8,(t) = e~#8(t), A € C. Then, using the first equation from (1.1),
we get.

(A — DEWD,) = I — EE0'(1).

Put ¢,(r) = e #0'(t); then in [2] it is proved that for A belonging to some loga-
rithmic region 4, [|€()] < 1/2, that is

U= 6w = ¥ &W) = ¥, 6'GF) =

n=0

=Y EWt = .. =)= ’l(img((P).,k)’
n=0 -5 00

n-times

k
where @, = Y ¥t = ... =Y €9, and Y = Vi on [0, +c0), Finally we get
) ‘e oo 0 on(—c0,0)
n-times

using in the same way the second equation from (1.1) that R(1;4) exists in a
logarithmic region 4 and it is given by

R(A; 4) = @) — W)™ =
= &(0) kh_“; E(@Pap) = llcl_n; E0;)-E(@r1) =

= lim &(P;0),

k->00

where @, , = 0 = @, ,€9,.

(We used the fact proved in [7], that putting for ¥ € @, & *)E(@)x = W +=¢@)x,
¢ €9y, x € X, we get a closable densely defined operator such that &Y *) = &(Y).)
As for each A€ A4 and k €N, the operator & (®,,) is subnormal, it is clear that
R(A; A) is a subnormal operator on X.
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Let A€ 4 be fixed and let N;, be a minimal normal extension of R(Z,; 4)
acting on a Hilbert space H. Then N; ! exists by an argument given in [10], Propo-
sition 3; we give it for completness. If A7, = A°(¥,) is the null space of N,
then 47, = A(N¥) and 4% = Z(N;,) > R(N;,) = X (# denotes the range). Since
A%, reduces N, and N, is a minimal normal extension of R(l¢; A), /73, = H and
therefore A7, = {0}. Hence Nj,! exists, is closed and densely defined and isa minimal
normal extension of 4, — 4. Hence N = A, — N3! isa minimal normal extension
of A. q.e.d.

We can now give the

THEOREM. Let & be a R.D.S.G. of bounded subnormal operators in a Hilbert
space X ; then there exists a Hilbert space H containing X and aR.D.S.G. & of normal
operators in H such that &(@)yx = &(@), for each ¢ € D.

Proof. Let N be a minimal normal extension of 4, associated as in the Lemma
to afixed A, € 4, acting in a Hilbert space Ho X. Then o((4y — N)™1) ca((4g — A)7Y)
and by the spectral mapping theorem, it results that o (N) < ¢.(4) (o, is the extended
spectrum). Hence o(N) < a(4), whence p(4) < p(N). So p(N) contains the loga-
rithmic region 4 and for A € A holds:

IR(Z; N)i = IIR(4; A) | < p(IA]).

Therefore, by the equivalence (i) <« (ii), N is the generator of a R.D.S.G. of normal
operators in H, given by (1.2):

8o)=\ FDRG:NMZ, ¢ <2,
v A
where by the Lemma, R(A; N) is normal. It is clear that each &(¢p) extends &(¢),
ped. q.e.d.

COROLLARY. Let & be an E.D.S.G. of subnormal operators in a Hilbert space X ;

then & is given by an usual continuous semi-group of bounded subnormal operators
in X.

Proof. Let N be a minimal normal extension of the generator A of & acting on
the Hilbert space H > X. Then, by a similar argument as in the above theorem,
it results that R(1; N) exists for Rel > w, where w is the type of & and it is majorized
by a polynom. Hence, by the equivalence (i) < (ii"), N is the generator of an E.D.S.G.
of normal operators in H, é. By the result of C. Foias, & is given by an ordinary
continuous semi-group {7}, of normal operators in H.

Let xe€ Y = (M D(4") and {U,},50 the locally-equicontinuous semi-group of

n=0
class (C,) generated by Ay in Y (see (iii)); then by (1.3) we have:
Ux = lim (I — hA)~hlx =
h—04

= lim (I — hN)~Tklx = Tx.

he0,
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As Y is dense in X, it is clear that {U,}:>, is a continuous semi-group of sub-

normal operators on X which by (1.4) coincide, in the distributional sense, with &.

-

10.

11.

q.e.d.

REFERENCES

. BraM, J., Subnormal operators, Duke Math.J., 22(1955), 75—94.
. CuAazARAIN, J., Problémes de Cauchy abstraits et applications & quelques problémes mixtes,

J. Functional Analysis, 7(1972), 386—446.

. Foias, C., Remarques sur les semi-groupes distributions d’opérateurs normaux, Portugal.

Math., 19(1960), 227—242.

. Funtwara, D., A caracterisation of exponential distribution semi-groups, J. Math. Soc. Japan,

18(1966), 267—-274.

. HaLmos, P. R., Normal dilations and extensions of operators, Sununa Brasil. Math., 2 (1950),

125—134.

. Ito, T., On the commutative family of subnormal operators, J. Fac. Sci. Hokkaido Univ.

Ser. I, 14(1958), 1—-1S.

. Lions, J. L., Les semi-groupes distributions, Portugal. Math., 19(1960), 141—164.
. OHARU, S., Semi-groups of linear operators in a Banach space, Publ. Res. Inst. Math. Sci.,

7(1971-72), 205—260.

. OHARU, S., Eine Bemerkung zur Charakterisierung der Distributionenhalbgruppen, Math.

Ann., 204(1973), 189—198.

NussBauMm, E., Semi-groups of subnormal operators, J, London Math. Soc. (2), 14(1976),
340344,

UsHuMA, T., On the generation and smoothness of semi-groups of linear operators, J. Fac.
Sci. Univ. Tokyo, 19(1972), 65—127.

I0ANA CIORANESCU
Department of Mathematics
INCREST
B-dul Pdcii 220, 79622 Bucharest
Romania.

Received January 25, 1980; revised June 15, 1980.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [445.039 677.480]
>> setpagedevice


