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ISOMETRIC DILATIONS OF COMMUTING
CONTRACTIONS. 1

ZOIA CEAUSESCU and 1. SUCIU

INTRODUCTION

Let & be a Hilbert space and {T;};c; be a system of commuting contractions
T; € L(5¢), i € I (as usual, for #, s’ Hilbert spaces, L(3#, ') denotes the algebra
of all (linear, bounded) operators from 2 to #' and L(s#) denotes L(#, 5#)).
One calls an isometric dilation of the system {T;};c; any system {V;};c; of

commuting isometries V;, i € I, acting on a Hilbert space /¢ containing ¢ as a
(linear, closed) subspace such that

Th ... Th=PEVh .. . V| #,
Y 'k h %

for n; > 0, 0 < j < k and for any finite subset {i;} of I(P% denoting, for any sub-
space # of a Hilbert space ¢, the orthogonal projection of # on 5#). If the system
{V:}ier consists of unitary operators then it is called a unitary dilation of {T;};c;-
It is known that for any pair of commuting contractions on J# there exists an iso-
metric dilation (see [1]) and that for a system of commuting contractions consisting
of more than two contractions an isometric dilation, in general, does not exist
(see [9]). This paper is concerned with the isometric dilations of a pair of commuting
contractions. The first construction of such a dilation is due to T. Ando (see [1]).
Another known construction is based on the theorem of B. Sz.-Nagy and C. Foias
on the existence of a contractive dilation for any commutant of a given contraction
(see [11]). But, none of these constructions can give all the isometric dilations of a
pair of commuting contractions (as some very simple examples can easily show it).
The aim of this paper is to provide a construction of isometric dilations of a pair
of commuting contractions which produces all the dilations (Section 2). Using
this construction we establish in Section 3 a necessary and sufficient condition for
uniqueness of the Ando dilation “‘containing’ a given dilation of the commutant,
which permits to obtain directly the known result concerning the uniqueness of
the Ando dilation of a pair of commuting contractions (see [3] and [6]). In the par-
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66 ZOJA CEAUSESCU and 1. SUCIVL

ticular case when the pair consists of the null contractions we express the unique-
ness condition in terms of the symbol of the Toeplitz operator which describes the
dilation of the commutant and we make some connections with the structure of
the representing measures for the bidisc algebra (Section 4).

1.

Let T, S be two commuting contractions on a Hilbert space 5 (for an ope-
rator T, respectively for a pair [T, S], acting on 5# we shall use the notation (s, T),
respectively (7, [T, S])). By an Ando dilation of the pair (o, [T, S}) we mean a
pair (¢, [U, V]), where U, V are commuting isometries acting on a Hilbert space A~
containing 3£ (as a subspace) and satisfying

(1.1) PRUV™|# = T"S" (n,m > 0)
and
(1.2) H = NV UVH.

namz0

Notice that, since ¢ satisfies the condition (1.2) of minimality, the condition ([.1})
is equivalent to the following

(1.1 PRU=TPY, PLV=SPL.
We say that two Ando dilations (¢, (U, V]) and (&, [U’, V']) of ([T, ST)

coincide if there exists a unitary operator X € L(4", #”’) such that

(1.3)

XU=UX, XV=VX

We also recall some simple but useful facts concerning the Ando dilations. First,
notice that, for any Ando dilation (¢, [U, V)) of (#, [T, S]), denoting

(1.4) Ho= N U, Uy=U|A,,

nz0

the space /4, reduces U, and U, is an identification of the minimal isometric dila-
tion of T (unique, up to an isomorphism, see [12]); moreover the operator

(1.5) Vo= Py V|#,

is a contractive dilation of the commutant S of T (this means that ¥V, is a contraction
on %'y commuting with U, and satisfying P%oV,=SP%0). We say that an Ando
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dilation (X, [U, V1) crosses through (Ao, [Uy, Vo)) if Ay, Uy, V, are attached to
(X, [U, V]) by (1.4), (1.5). Thus we have:

REMARK 1.1. Any Ando dilation of (5, [T, S]) crosses through a pair consist-
ing of an identification of the minimal isometric dilation of T and a contractive
dilation of the commutant S of T. (Obviously the roles of 7 and S can be inter-
changed.)

Since for any contractive commutant of a given contraction there exists a
contractive dilation (see [11}), from Remark 1.1 it follows that we can produce an
Ando dilation of the pair (%, {T, S]) taking, firstly, (#,, U,) the minimal isometric
dilation of 7 and ¥, a contractive dilation of S and, secondly, putting (.%Df 0> Ii'o) the
minimal isometric dilation of ¥, and lofo the (unique) isometric extension of U,
commuting with I}O. Obviously (%2 o> [lofo, f/(,]) is an Ando dilation crossing through
(A, [Uy, V3D which will be called the distinguished Ando dilation of (42, [T, 'S])
crossing through (X4, [U,, Vi]). Note that an Ando dilation obtained in this way
depends effectively on the order of the contractions in the pair {7, S]. Also, notice
that the distinguished Ando dilation (yffo, [IOJO, f/},]) is not, in general, the only
Ando dilation crossing through (X, [U,, V,]); more precisely, an Ando dilation
(o, [U, V]) crossmg through (2, [U,, V,]) coincides with the distinguished Ando
dilation (%0, [Uo, VO]) if and only if the space ., is semi-invariant to V, i.e.
PY V(A © Hy) = 0 (see [6)).

Our intended construction of arbitrary Ando dilations is based on the Remark
1.1 and on the matricial form of an isometry acting on a direct sum of two Hilbert

spaces (following directly from the matricial form of a contraction, see [10] and
[4]); more specifically it is based on the following.

LemMA 1.1, Let (A7, [U, V1) be an Ando dilation crossing through (A y,[Uy, Vo).
Then (A, [U, V1) coincides with an Ando dilation (A, [U,, V11) (also crossing through
(%0: [UOa VOD) Of theform'.

A=A, ® G, 9=y, ® %

(1.6) . U, 0 . A D,+C,
Ul = V1 = 0

s

0 ¥, Dy, —V¥Cy+ Z,Dg
0

where Y, is an isometry on 9y, Cyis a contraction from 4 to the space Dy © Dy

and Z, is a unitary operator from 900 onto %,. Moreover the isometry f’o satisfies

1.7) YoDy, = Dy, U,
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and it is uniquely determined by éo and Z,. ( Note that, as usual, for a contraction C
on a Hilbert space #, D¢ and D denote the defect operator and the defect space
of C, respectively, i.e. D¢ = (I — C*C)Y?, D= Dci#.)

Proof. Denote ¥, = A © A ,. From the matricial form of a contraction
acting on A" = Ao @ %, (see [4]) it follows, in particular, that the isometry ¥ has
the matrix

Vo D,+C; Hy Ky
(1.8) V= N P - @
WoDy, —WV3Co+ ZiDy | 9, 9,

where Cj is a contraction from %, to QV*, W,isan isometry from &, to%,and Z;
i1s an isometry from @w to Ker W§. Denotmg Y, =90 WOQV , @’o = @V DY
and Jifl = A0 ® Y, it 1s clear that the operator

Wyl = Ky ® W2y, @ 9%, - A=A ® Dv,® %,
(1.9)

Wo=1I, & (W:IWoQVo) @ Iy,
is unitary and the operator ffl = WOVWJI is an isometry on X (=X @ %)
of the form given in (1.6) where C,= W,Coly!|%s= CoWs'|9% and Z, =
= WoZiWi|94=ZiW5*|9;. Since PXV = SP%, it results PX1D,4Co=P 11V, i%; =

0
= PﬁVW;‘{% =0, thus C,9} < D, © D, & . Also, since the minimality of the
0 o

space ¢ implies the minimality of the space 2, it results that Z,is a unitary oper-
ator from QZ~ onto %,.

On the other hand any isometry U on )" = X" ,@® %, for which 2, is a reduc-
ing subspace has the form (with respect to the above decomposition of X7): U=
= U, ® ¥;, where U, = U\ Ay and Y, = U %,. Then, denoting U, = W,UW?,
it is clear that U is an isometry on x 1 having (with respect to the decomposition
Ky = A o ® ¥4) the matricial form given in (1.6) where Y, = WOYZWJI%. Obyvi-
ously, (#',,[U,, ¥1]) is an Ando dilation of (5, [T, S}) crossing through (X, [U,, V,])
and from the relation (71171 = 171171 it follows, in particular, the relation (1.7).

Now, in order to show that Y, is uniquely determined by C, and Z,, it is
sufficient to note that the isometry 171 defined in (1.6) can be written in the form:

7 = [DVo ZC,Z ]:g’o* g,o

v, cl 9 9
where C is the contraction in L(%,, X 1 © ) defined by C = DV:éo and Z is
the isometry in L(2¢, 9;) defined by ZD, = — V(,‘éo -+ Z°DEO' Then, from the
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fact that 171 and 171 commute it follows that the isometry )70 satisfies YODyoz
= Dy, U, and Y(ZD¢) = (ZDc) Y,, hence

Yo(ZDc)'Dy ko= (ZDcY'Dy, Uy (ko€ K, 1 2 0),
wherefrom, since the minimality of the space A , implies that
=V (ZDo)'Dy,,

it follows that )70 is uniquely determined by C and Z, thus by 6’0 and Z,. This fin-
ishes the proof.

Considering Lemma 1.1, it is clear that the free parameters in the construc-
tion of (o, [U, V]) are given by the free parameters of 6‘0 and Z,. In the next section
we give a recurrent construction of (%", [U, V]), based on the succesive application
of Lemma 1.1, which also describes the constraints in choosing.

Let T, S be two commuting contractions on 3. In the sequel, using
Remark 1.1 and Lemma 1.1, we shall give a recurrent construction of Ando
dilations of (37, [T, S]). To this aim we introduce the following definition:

A sequence {X,, [U,, V,]}.50, Where X, is a Hilbert space and U,, V, are
contractions on %', (n = 0) is called a [T, Sl-adequate sequence of succesive dila-
tions if (A4, Up) is (an identification of) the minimal isometric dilation of T, ¥V, is
a contractive dilation of the commutant S of T and, forn > 1, ¢, U,, V, are
recurrently defined by

3{'"2 %n—l®gV"_1
Unlx‘n—l = Un—l

e[ Ve Piz ]
DV,._ - V:— lcn-l

2.1,

1

where C,_, acts from Dy,_, 10 D x . @D, x H, such that

n—1

Hppr L
(2.2), PYrU, = UPYr

(23)n (VuUn - UnVn)lxn~l =0.
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REMARK 2.1. The conditions of the definition of a [T, S]-adequate sequence
of succesive dilations, for #> 1, are equivalent to the following: o, is defined as in
2.1),,, V, has the form:

(24)n Vn = Q(Vn—l) (16 Cn—-l)a

where C,_, is a contraction from 2, . to D« ) e D_V—*";}? and Q(V,.,) is the
n- n-— n-—

unitary operator

. D A, A,
Q(V,,_l)=[V" : Vi‘;l]: &L et
V-1 -t gy}f—l 9”;1—1

and U, has (with respect to the decomposition (2.1), of ¢",) the form:

2.5), U, = Ui T ]
0 Y, _Dr,_,

such that I',_, defined by

(2.6),-1 I'eiDy,

= n-—len—l - Un—an—l

is a contraction from Dy, _, to Ker U¥ ,n(A,_, © Hy)and Y,_, defined by

2~7)n—1 Yn—lDI‘"_lDVn_I:DV Un

n—1
is an isometry from Dr,_, 10 @Vn—l' Moreover U, is an isometry on %, , uniquely
determined by {Vi}ock<no1 (for n = 1), thus by {Ciloci<n-2 (for n > 2).

Indeed, for n =1, since U, | %, = U, and ', reduces U, it follows that
(on Ay =H,® @Vo) U, has the form (2.5), where I‘(,DVo = VU, — UV, = 0,
hence I'y, = 0 and, according to (2.3),, Y, is defined by (2.7),. Moreover, since
UyVy == V,Uy, Y, is an isometry (on 9y, ), so that U, is an isometry (uniquely deter-
mined by V;) on X,

Now, assume that, on ", = A", @ 2, _,, V, is defined by (2.4), (or equiva-
lently by (2.1),) and U, is defined by (2.5),, where I',_, is defined by (2.6),_, and
is a contraction satisfying

(2.9)-1 Pyril,_y =0
-0

and Y,_, is defined by (2.7),-, and is an isometry. Then, obviously, U, is also an
isometry, (n > 2). By virtue of {I0], it is known that any contraction U,,, on
Hwir = H o, ® Dy satisfying U,,, | #, = U, and (2.2),4, has the form (2.5),41,
where I',(=:DI,) is a contraction from 9,/" to Ker U:‘(::E‘ZU:) satisfying the
condition (2.9),,” (which is equivalent to (2.2),,,) and Y, is a contraction from 9,
to @y . On the other hand, (2.3),., (where ¥, is defined by (2.1),,, or, equiva-
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iently, by (2.4),+,) implies that I', and Y, satisfy (2.6), and (2.7),, respectively.
Moreover, we obviously have
(2.8), ' urvu, =V,
from which it follows
”DrnDV"kn” = “-DV”Unkn” (kn € t%/.n)’

so that Y, is an isometry and U,., is an isometry, too. Obviously, U,,, depends
(for Uy, V,fixed) only on {C,}ocr<qs—1- Conversely, it is clear that if U, is defined on
Hy=H 0 1@®Dy,_, by (2.5), (2.6)4-1,(2.7)p_1, With I',_, € L(%Dy,_,, Ker U, n
N(AH -y © A)) a contraction, Y, € L(Zr,_,, Dy,_,) an isometry and V, is
defined by (2.4),, with C, a contraction, then the conditions (2.1),, (2.2),, (2.3),
are fulfilled (n = 1).

Now, we establish the foliowing

LeMmma 2.1. Let [T, S] be a pair of commuting contractions on 3. Then any
{7, Sl-adequate sequence of succesive dilations {A,, [U,, V,}}u>o produces an Ando
dilation (KX, [Uw > Vool) of the pair (#, [T, S1), which crosses through (X, (U, , Vo).

Proof. For the ascendent sequence of Hilbert spaces {,},»,, define

(2.10) Heo=\IH,=H, & Dy, @Dy & ...

n>0
and P, = P%>; obviously, {P,},5, converges (strongly) to I . Since U,,,|#,=U,
it is clear that there exists

2.11) U, = s-lim U,P,

s QO

which defines, since U, is an isometry and U, | A, = U, (n = 0), an isometry
on X . On the other hand, it is clear that ¥, | &, is an isometry and V¥, ., |of, =
= V41 |H, (n > 0), so that there exists

{2.12) Vo = s-limV,P,

n— oo

and (2.12) defines, since V|, = V,.q | A, (n > 0), an isometry on X#',,. More-
over, by (2.3), (n = 1), it is obvious that V U, = U,V,. Also, since (X', U,) is
the minimal isometric dilation of T and (according to (2.2),, n = 1) A, reduces
Uy, it results Pj;wa = TP;CW. Finally since ¥V is a contractive dilation of S and C,
(from the definition of ¥, ;) takes its values in @V:_le DV,T- {W (n = 0), it follows
recurrently:

PYoV P,=PyoV, Py = ... = PY2V,Py = SP%>,

whence PZoV,, = SPX>. Thus (A e, [Us, Veol) is an Ando dilation of (#, [T, S])
which, obviously, crosses through (7, [Uy, Vo).
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By Lemma 2.1 we obtain a map

(2]13) P = (P(S,T) = ({%ns [Una Vn]}n>0 L ('-%/‘oo, [Uoo’ Voo]))

from the set of all [T, S]-adequate sequences of succesive dilations to the set of
Ando dilations of (s#, [T, S1), which crosses through the first term of its correspond-
ing adequate sequence.

Now we construct the inverse map of ¢.

PrOPOSITION 2.1. Let T, S € L(3€) be two commuting contractions and (A, [U, V])
be an Ando dilation of (#, [T, S]) crossing through (A 'y, [Uy, Vi)). Then there
exists a [T, Sl-adequate sequence of succesive dilations {A",, [U,, V,l}ns0, such that
the Ando dilation o({A ,,, [U,, V,}}n0) coincides with (A", [U, V]).

Proof. Let Ay, Uy, V, be defined by (1.4), (1.5). Then, according to Lemmal.1,
(o, [U, V]) coincides, by the unitary operator (1.9), with the Ando dilation

(Ji’ 1s [U1 , Vl]) (crossing through (J¢, [U,, Vo])) defined by (1.6). Notice that, since
Yo satisfies (1.7), the subspace X", @ @V of ', is invariant to U1 Denote

(2.14), 3{1:3{0@@%, U1=(71|%1, VlzpziVllfl'
Then, U, has the form (2.5);, where I', = 0 and Y, is the isometry defined by

(2.15), Yo=Y, |9y,

so that (2.6), and (2.7), are fulfilled and V, has the form (2.4),, where
(2.16), Co=C, | Dy,

is a contraction from 2, to @Vg ) D

Now, assume that we constructed a string of unitary operators {Wk U1<ken
and a string of Ando dilations {(Ji’k , [Uk , V,‘])}1 <k <n Crossing through (X, [U,, V,)),
for n > 1, where

(2.17), jsz Wk—l‘i}k—l’ ﬁk = Wk—10k—1u7[—11a l;k = Wk-lﬁk-'lﬁlk-—lla

1 <k <n(for k=1, having £ =4, Uy= U, Vo =V and W, in (1.9)) such
that: '

(2.18); -%;k—.l =K1 D Gi-s> jk =H 41D ng_l@ Y, < Go1s
Wk—l 31;&—1 =44 10 (%-10%) ®% "’3{/& =
(2'19)1(—1 == fk—l @ gyk—le gk

Wk-—l I%k-lzlxk_l’ Wi ng = Iy,‘
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(thus W, _, |(€9’k_1 © %) is unitary from %,_, © 9, onto Dy, ) and U,, I7’k have,
with respect to the decomposition .%7k =K1 ® Y., wWhere 9., = 9":‘-1 DY,
the matricial forms

N Ui-1 fk—l : Vi Pyp O
(2.20), U, = . » V= ’
Yk—IDT‘k_l Dy, | ~Vi1Cioy + Zk-lDé'k_l

where TI',_, is a contraction from ¥;_, to Ker Uy_;, Y, is an isometry from @
k-1

to 9., C~',‘_]L is a contraction from f?k_l to @V* e DV,!< H# and Z,_, 1s an
k-1 k—1
isometry from @5  to %, (1 < k < n). Moreover, in the above construction it
k-1

is assumed that 2 _,, U,_,, V,_, (for 2 € k < n) are defined by

~ x ~
(2.14)1 Ak =%k-2®gvk_2, Uiea=U I‘%f}v—la Vk—1=Px::I Vi1 I%k—l

and satisfy the conditions of Remark 2.1.
Since (A ,,[U,, V,]) is an Ando dilation crossing through (&, [Uy, Vo) it
follows (from Z},, 17,, = f/,,f],,)

~

@20y FoiDy, =

1

Va-sUp-s = UpiVoezs YouiDp Dy, =Dy, U,

and (from the fact that 2", reduces U,)
(2.22),-, Py =0,

Notice also that the second relation of (2.21),_, implies 5,,(.9{ a-1 @ @Vn_l) <
(X ,.1 D @V"_l). Then, by (2.14),, we define (on X4 ,=H,_, & @yn_l) an
isometry U, and a contraction ¥V, having the matricial forms (2.5), and (2.4), respec-
tively, where, obviously,

(2'23)n—1 Iyoy = I:n—ll @Vn-

1

is a contraction in L(@VH, Ker U} ,) satisfying (2.6),-, and (2.9),_,, Y,_, defined
by

(2'15)n—1 Yn—IDF
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1S an isometry in L(@pﬂ_l, L satisfying (2.7),-, and
(2.16),-, Cpos = Coa| Dy,

iis & contraction in L(@V"_l, D% e D 1%’)
On the other hand (according to [4] and [10]), the isometries 17", V., have,
‘with respect to the decomposition A o =H,® %,, the matricial forms
V D :»’:&’

n N n
V"I

A
i

(2.24),
W.Dv, —wyiC,+ Z,Dz

{where W,,eL(@Vn, %, is an isometry, Cz,’,eL(g,,‘ 2,0 D,=# ) Is a

contraction and Z, € L(2/, Ker W) is an isometry) and
n

_ o, T,
(2.25), U,= .
0 Y,Dz

(where f,’, e L(%4,, Ker U¥) is a contraction and f’,; e L(Z¢:, 4,) is an isometry).
‘Then, denoting 4,,, = 4, © W,2v_and considering the spaces defined in (2.19),+1,
it is clear that

‘(226),l Wn == IJ("" @ (Wn* l Wn @V”) @ Ig”+1

is a unitary operator satisfying (2.19),,. Moreover, defining ,}f,,ﬂ, (7,,“ and I;,,+1

by (2.17),41, it is obvious that (9{,,“, [0, 1 ~,,+1]) is an Ando dilation crossing
through (¢, [Uy, Vol)-

Consequently, we constructed, by induction, a [T, S] adequate sequence of
succesive dilations {of",, [U,, V,]}s>0 and, also, a sequence (A, [O,, Vi]}uso (Where
(%0,[U0,V0]) is (A ,[U, V])) of Ando dilations of (H#, [T ShH crossmg through
o o.[Us, V) and a sequence of unitary operators from A a—1 ONtO Az ws 1 20,
{W },,>0, such that (according to (2.17),) (.%’,,, [U,,, V,,]) coincides with (%’,, 1s
IU,, 15 Vu-1]) (n=1). Then, it follows recurrently that (.%’,,, [U,,, V,,]) coincides (by
the unltary operator ( W,, .- Wo)) with (o, [U, V]). On the other hand, denoting

(227) fmz‘%O@@Vo@ng@""
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it is easy to see, by definitions (2.17), and (2.26),_,, # > 1, that there exists

(2.28) ' Wy = s-im(W,_, ... W)

n—oo

and that (2.28) defines a unitary operator from X to X4 . Also, denoting
(H s [Ueos Vool) = @({H 1, [U,, V,)}nso) the Ando dilation corresponding (by
Lemma 2.1) to {of,, [U,, V,}}nse, from (2.14),, n>1, it follows immediately that

(2.29) Up = W UWSY, V= W VW3,

therefore (', [Us, Vool) coincides (by the unitary operator W, which satisfies
We |y = Iy ) with (A, [U, V). The proof of the proposition is complete.

Now we introduce an equivalence relation on the set of all [7, S]-adequate
sequences of succesive dilations, namely, we say that two adequate sequences of
succesive dilations {A',, [U,, V,l}ns0 and {2, [U,, V.1 u»o coincide if there exists a
sequence {X,}.,»o Of unitary operators X, from o, onto #,, n > 0, such that

(2.30) Bl =L XA, =X,
xXU,=UX,, XV,=V.X,, n>0.

We are able now to establish the following

THEOREM 2.1. Let [T, S] be a pair of commuting contractions on . There
exists a one-to-one correspondence (induced by (2.13)) between the set of all coincid-
ing [T, S)-adequate sequences of succesive dilations and the set of all coinciding Ando
dilations of (#, [T, S]).

Proof. First notice that if {4, [U,, V,1}us0and {&,,, [U,, V,]} a0 are two coin-
ciding sequences of succesive dilations and {X,}.>0 is the sequence of unitary opera-
tors establishing this coincidence then, defining ¢, #°% by (2.10), there exists

X = s-limX, P,

{where P, = Px°°, n > 0) and X, is a unitary operator from X4, onto £,
(satisfying X, | # = I,) which establishes a coincidence between the Ando dila-
tions (H'eo, (U, Vo)) = 0({H , LU, Vlin>0) and (X%, [Us, Vaol) = o({A,,
[U,, Vil}n»0) (defined in Lemma 2.1).

Now, taking into account Lemma 2.1, Proposition 2.1 and the above remark,
it remains to show that for two coinciding (by a unitary operator X) Ando dila-
tions (&, [U, V]) (crossing through (¢, [U,, Vo)) and (”’, [U’, V']) (crossing
through (¢, [Uy, Vi) their corresponding [T, S]-adequate sequences of succesive
dilations {A",, [U,, V,l}ns0 and {,[U,, V,l}aso respectively (see Proposition 2.1)



76 ZOIA CEAUSESCU and L SUCIU

also coincide. Denoting W the unitary operator (satisfying W |A4 ¢ == Ix,) which
establishes the coincidence between (,{U, ¥]) and (K, [Uw, Vwl) =
= @({A 4, [U,, V,]}n>0) and W’ the unitary operator (satisfying W’ |H § = Ix(,)
which establishes the coincidence between (', [U’, V']) and (X%, (UL, V) ==
= (p({'}{r’n [Ur’n V,:]}n?()) and pUtting

X=Wwxw-1,

it is clear that X is a unitary operator (satisfying X | # = I,) which establishes
the coincidence between (A, , [Uy, , Veol) and (X7, [Ug, V5]). From the definitions
(1.4), (1.5) of (A, [Uy, Vo)), respectively of (#g, [Ug, Vgl) it follows that X, =
= X |A, is a unitary operator from %, onto X' satisfying X,U, = UjX,,
XoV, = VX, and, therefore, D, = X9y . Since, for n > 1, we have (sec

Lemma 2.1) &, =H,_, ® @Vn_l
logously, for £, U,, V,, it follows recurrently that X, = X| 2, is a unitary operator
from A, onto ¢, satisfying X,U, = U,X,, X,V, = V,X, and, also, 2, = X9y, .

Moreover, it is obvious that X, | # = I, and X, |4, =X, (n > 0), so that
we obtain a sequence of unitary operators {X,}.»o which establishes the coin-
cidence between {A',, [U,, V,]}ns0 and {,, (U, V;1}x>0 and thus the proof of
Theorem 2.1 is complete.

s Uy = Ug | K, Ve =Py Voo |

n

and, ana-

We conclude this section with the construction of a special [T, S]-adequate
sequence of succesive dilations {¢,, [U,, V,1}n»0, Damely the one which corresponds

(by virtue of Theorem 2.1) to the distinguished Ando dilation (Jio’ 0> [(ojo, Ijo]) crossing
through (o, [Uy, V,]). More precisely, denoting by {#,(0), [U,(0), ¥,(0)]}s>0 the
sequence starting with a given pair (X, [Uy, Vo])= (#44(0), [Ug(0), V4(0)]) consisting
of a minimal isometric dilation (¢, U,) of T and a contractive dilation ¥, of S,
where (0) is defined by (2.1),, V,(0) is defined by (2.4), with C,., = 0and U,(0)
is defined by (2.5), with I',_, = 0 and ¥,_, given by (2.7),_,, we have the following

COROLLARY 2.1. The sequence {X,(0),[U,(0), V,(O)I} is a [T, Sl-adequate
sequence of succesive dilations uniquely determined for n > 1, (by Remark 2.1)
by the sequence of contractions {C, = 0},54, moreover, its corresponding Ando dilation
(A o> [Ueos Veol) (given by (2.13)) coincides with the distinguished Ando dilation

(Ji’o' 0> [l}o, Vo(,]) crossing through (A, Uy, Vol).

Proof. 1t is obvious that, for C, = 0, V,,,(0) (defined by (2.4),,,) is a partial
isometry. Moreover, defining U,.,(0) by (2.5),+, (with I', =0 and Y, given by
(2.7),), we obtain recurrently that Y, is an isometry and U,.,(0)V,,,(0) =
= V,+1(0)U,+,(0), n > 0. Thus (see Remark 2.1), {£,(0), [U,(0), V,(0))}n50 is 2
[T, S)}-adequate sequence of succesive dilations. In fact, identifying recurrently
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2y =@Vn=..‘=‘—‘9yo and Y,,, =Y, = ... =1Y,, we have

n

%”+1:%0®9V0® . EB@VO’

n-times
v, © 0 U, ]
DV0 .
(2'3])n Vasr = O I s Upir = 0 YO_ 0 s
| 0 I 0 ] | Y, |

n = 0. Therefore, defining (# ', [Us, Vl) by (2.10), (2.11), (2.12), it is clear that
(KX > Vo) 18 (an identification of) the minimal isometric dilation of V,, and U,
is the unique isometric extension of U, commuting with V,, i.e. (X', [Us Vo))
is the distinguished Ando dilation crossing through (%, [U,, V,])-

3.

Let [7, S] be a pair of commuting contractions on a Hilbert space 5#. In
this section we shall give a necessary and sufficient condition for the uniqueness
(modulo a coincidence) of Ando dilations of (3#, [T, S]). For the pair (#, [T, S))
we fix a pair (X, [U,, V,l) consisting of an identification (o, U,) of the minimal
isometric dilation of T and a contractive dilation ¥V, of the commutant S of T.

For (A, U,) there exists a unique (up to a unitary equivalence) minimal
unitary extension (9? 0 ffo), which is an identification of the minimal unitary dilation
of T (see [12]), i.e. a unitary operator U, on a Hilbert space ', containing ¢,
(as a subspace) such that 27, is invariant for 170 and

Ho= V UH = V Uk,

(31) neZ n»0
Uy | Hp=U,.

Also, for V,, there exists a unique operator ¥, on Ao satisfying

3.2) ol < 1, PolUp= Uy, Vol Ho=V,,
which is defined by
(3.3) Py = slim UFVoP%olg

n—-»oo [

(see [8]) and it is called the Douglas extension of V.
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On the other hand, it is known that for any Ando dilation (¢, [U, V}) of
(s#,[T, S]) there exists a unique (up to a unitary equivalence) minimal unitary

extension (A, [(7, V1), which is a minimal unitary dilation of (s, [T, S]) (see [9]),
i.e. a pair [U, P] of commuting unitary operators U, ¥ on a Hilbert space A4
containing % (as a subspace) such that ¢ is invariant for U and ¥ and
T= N TP = N Temn
(3.4) n,meZ n,mz0
Ul =U Via="V.
Now, let (J£,[U, ¥]) be an Ando dilation of (#, [T, S]) crossing through

(o, Uy, V) and let (#,[U, 7]) be the minimal unitary extension of (£, [U, V]).
Denoting

zi'(): V fjﬂ%: v (7:5:”:%‘0
(35) neZ n>0

U~0 - i} I jo >

it is clear that % o is a subspace of A which reduces U and (X, U,) coincides
(up to an isomorphism) with the minimal unitary extension of (/7,, U,) (thus, with
the minimal unitary dilation of (s#, T)). Moreover, we have

LeEMMA 3.1. 1) The compression of Von A, 0
(3.6) 7, = P;: V1A,

Yo

is the Douglas extension of V,.

ii) If (A,[U, V]) coincides with the distinguished Ando dilation (A, [Uy, Vo)
crossing through (A, [Uy, V,l) then (17 V) is the minimal unitary dilation of (%7 o ,'170).

Proof. 1) Obvnously, (3.6) defines a contraction on X, o which, 'since {UV—— VU
and P; U= UOPJ? , commutes with U,. Moreover, since %, reduces U and U

[

is an extension of U, we have U*”J{O_L.Jif ©H, (n20), thus HelA © Ko -
from which it follows

Vol o= PL WAy = PL VI o= Pr V| o=V,

0 0
ii) If, in addition, (o, [U, V]) coincides with (A5, [Uy, V,]) we have
P;KOIV = VOPZ, therefore (using again .%;O_L H O Ay it follows
P’" VUK, = P” UsmVrk, = Uo*mp” Viky =
0 0 0

= UgmPy V'ky = Ud"Vike = U3"Viko = V3 Uik,

(ko€ Ao, m > 0), thus P§ Vil o= Vi (n > 0).
1]
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Now, recall that if (&, U,) is the minimal isometric dilation of (s, T)

and (5{0, U,) is the minimal unitary extension of (A, U,) (and also the minimal
unitary dilation of (s, T)), then

(3.7) Hpo=N UFH, Usy= UF|H o

nzo
the space ¢, being invariant for U:',*) is the minimal isometric dilation of (s, T*)
see [12]). Moreover, there exists a one-to-one correspondence between the set of”

all contractive dilations ¥, of the commutant S of 7 and the set of all contractive-
dilations V., of the commutant S* of T* given by

(38) V:::() = 17(; l%:}:o s

where V, is the Douglas extension of V,, for which the space J ., is invariant.
(see [2]). Using these facts, we obtain at once the following.

LEMMA 3.2. There exists a one-to-one correspondence between the set of all’
coinciding Ando dilations (A, [U, V) of (#,(T, SI) crossing through (X, Uy, Vil)-
and the set of all coinciding Ando dilations (A, (U, Vi) of (o, [T*, S*])
crossing through (A we, [Usa, Vo), which is given by
(3.9) Hy= N UrP*, U, =UHAy, Vie=V*oAy

n, mz0

(where ('J{’ , [17, V1) is the minimal unitary extension of the Ando dilation (A, [U, V]))..

Moreover, by the above correspondence, to the distinguished Ando dilation (J;’ 0 [IOJO, (I’/O])w
crossing through (Ao, [Uy, Vol) corresponds the distinguished Ando dilation

(A sos [Usos Vo) crossing through (A yo, (Uges Viol)-

Proof. It is obvious that (Jf, [~U-”‘, P#]) is the minimal unijtary dilation of"

(3%, [T*, S*]) and that the space £, (defined in (3.9)) is invariant for U* and 7+,

so that (3.9) defines an Ando dilation (A, [Uy, V,]) of (o7, [T*, S*]). Also the:

subspace A o (= V0 Uis) of Ky (= V VEH wo) reduces Uy and Uy yy = Usos
nz

nz0
moreover, Py’ Vil gy = Po V¥1H 4o = Vil yo = Voo Thus, (A, [Uy, Vil
crosses through (A 4o, [Uso, Viol)- Since (3.8) defines a bijective correspondence it is-
obvious that (3.9) defines also a bijective correspondence. In particular, if (&, [U, V]
coincides with (90{0, [IOJO, I;O]), then, by Lemma 3.1 ii), (17, ¥) is the minimal unitary
dilation of (4, ¥,), thus (A, 7*) is the minimal unitary dilation of (£, V&
and, consequently (¢, V,,) is the minimal isometric dilation of (e, Vo), SO that.

(H s> [Uy, Vy]) coincides with (.9;”*0, [lof*o, Ic’/*ol ), and the lemma is proved.
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Now, for the pair (o, [T, S]) of commuting contraction on 32, let (4, [Usy, Vol)
be a fixed pair asin the beginning of this section and let () 4o, [Usy, Viol) be defined
by (3.7), (3.8) (where X, U,.V, are defined by (3.1), (3.3), respectively). The
[T, S}-adequate sequence of succesive dilations {J¢,(0), [U,(0), V,(0)]}n>0 (starting
with (o, [Uy, V,]) and corresponding, according to Remark 2.1, to the sequence
of contractions {C, = 0}.»0), defined in Corollary 2.1, will be called the distinguished
[T, S]-adequate sequence of succesive dilations starting with (A, [Uy, V,]). Analo-
gously, we shall define the distinguished [T*, S*)-adequate sequence of succesive
dilations {#,,(0), [U4,(0), Vn{O)}nso starting with (HF 'y, [Usq, Vial)-

Let us also consider the operators

YO : QVO — 9;/0, YODVD == DVOUO
(3.10)
Y*otgym - Qyto ’ Y*DDV*O = Dyto U*O

(which, by commutativity relations of Uy, ¥y and Uy, Ve, respectively, are
isometries) and their Wold decompositions

l@V0=9?0®(®0Y3$0)
n>

3.11)
@V*o = 92*0 @ ( ®0Y§o$*o)a

n»
where %, (resp. A 4a) is the residual subspace and &, (resp. £ 4y) is the wandering
subspace of Y, (resp. Y4,), namely:

Ry = qu@Vo’ &Ly = @Vo@ Yo@Vo = QVOGDVOUO%O

(3.12)
@*o = m Y*o@l/‘o, g*o = QV‘O e Y*ogy‘o = @V‘o @ DV*aU*ox*o.

n>»0

With these notations we state the following

LemMa 3.3. 1) If £, = {0}, then there exists a unique (up to a coincidence)
[T, Sl-adequate sequence of succesive dilations starting with (K4, [Uy, Vo)) (namely,
the distinguished [T, S]-adequate sequence {# ,(0),[U(0), V(0)}n>0)-

it) If &y, = {0}, then there exists a unique (up to a coincidence) [T*, S*]-
-adequate sequence of succesive dilations starting with (A yo, [Uso, Viol) (namely,
the distinguished [T*, S*)-adequate sequence {H ;,(0), [Usn(0), ¥V4a(0)}nno).

Proof. i) Assume that &, = {0} and let {,, [U,, V,]}»0 be a [T, S]-adequate
sequence of succesive dilations (starting with (7, [U,, ¥;])), which is determined
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(according to Remark 2.1) by a sequence of contraction {C,},5,. Since ), reduces

U,, from (2.3), it follows: Pj;;U1 Vi =P;; V, U, wherefrom we obtain

(3.13), D ,Co¥y=UpD ,C,.
Yo Yo

From (3.13),, since the range of C, lies in QV* e DV*%’, it follows that
0 0

D CoRy < no +CoYo(Dy ) = N UsDy Co(2v ) = M Ug(AH o © H) = {0}’
Vo n=0 Vo 0 n=0 0 0 n>0

thus (since DV* is injective on @V* and #, = Dv, by assumption) C, = 0. Then
¢ )]
V, is the partial isometry defined by (2.28), and we have U,V; = V,U,.

Now, assume that C, = 0and I';, = 0,for0 < k < n, n 2 1. Then identifying
@yn = @V"~1= ...=9V0, we have Y, =Y, ;= ... = Y,. Consequently U,,,

and V,,, have the matricial form (2.31),.,, and @ynﬂ is identified with @VO, Y,

is identified with Y, and DV* is the projection onto Ker ¥V§. Obviously U, 4,1V, 41 =
n+1

=V¥,,1U,+1, hence I',,, = 0. Moreover, since Y, is a unitary operator (by
£y = {0}), it follows that )¢, , reduces U,, ., from which we obtain

F, oA
n+2 —_ n42
P.an+1Un+2Vn+2“ PJ(’"_H n+2Un+2’

so that it results
(3.13)p41 Cot1Yy = Upt1Cpiy-

From (3.13),.,,, since the range of C,,, lies in [Ker ¥V} n o, ©#)]® {Ox, ox,}
it follows

L3
P.f:Cn-G-l‘@o < QOPxGCnHY(f@VD = poU‘;cP’“oC"“@Vo < po U(’)‘(fo e 3’?) = {0},
= >

so that, since an element k,i;€92 , (= Ker Vi@ {0,
n+l1

ox,}) is O iff

n+l
x .
Pg,r:"‘k,,H = 0 and, by assumption, @, = %, , we have C,,, = 0.
One proves the assertion ii) analogously.

We state now the main result of this section.

THEOREM 3.1. Let (#,[T, S]) be a pair of commuting contractions on

and let (X, [Uy, Vyl) be a pair consisting of an identification (A, U,) of the minimal
isometric dilation of T and a contractive dilation V,, of the commutant S of T.

There exists a unique (up to a coincidence) Ando dilation of (#,[T, S|) crossing

8 — 2086
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t/zroug/z (9{ 0 [Uo» V4l) (which coincides with the distinguished Ando dilation
(fo, [Uo, Vo])) if and only if

(3.14) Dv, © Dy, Upl o = {0} or @Vg =) DV-'.OU*"'%“"’ = {0}

(where A 4q, Usq, Vo are defined by (3.7), (3.8), respectively).

Proof. From Lemma 3.3, Corollary2.1, and Lemma 3.2 it follows that (3.14)
is a sufficient condition for the uniqueness of Ando dilations crossing through
(Ao, [y, Vil)- :

In order to prove that it is also a necessary condition we assume that &, =
== Dy, © Dy Up'o # {0} and Lo = Dy © Dy_ U oH 1o # {0}. First, we define
the isometries b, and b,,, on @Vo and @V*n, respectively by

boDVoko = D ko s b*oDV*Ok:z:o = D;:k#o (ko €Ay, k:r.a € J{.ﬂ;o)-

Yo

It is easy to see that by#, = 5?0 and b0 %y = Py, Where

Lo =Dy Ao © UDy A,
Q 0
(3.15)
Lo —D~ A 0 © UODin’

It results that &, , £ ? v (# {0}) are wandering subspaces for U, and

G16) Dy = MuZ) @ Gy DppHsn= M(L10) ® Fra;
317 9; = M(Ly) ® %y, Dy = M(Z40) ® Ruo »

where %,, %7*0 are the residual spaces of the Wold decompositions of the isometries
f/ofD;.}ifo and &o*lﬁé(‘;*%;xzol respectively, and as usual, for a wandering sub-
0
space % of a unitary operator U, we denote ’
M (L)=U'¥, ML= U"Z.
nz0 nel
Now, let {520, ,@*D, 6()1)} be a contractive analytic function such that 8(0) == ¢
and let @ be the contraction from L2(Qo) into L2(§’0), given by the pointwise multi-
plication with 6(e*). Define %, = o7 0. @0 as an operator from Dy =
0 13
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= M(,io) @ QZ, into 9;,: == M(S?’*o)-@ @*o, where for a wandering subspace
& of U, &4 denotes the Fourier representation of the bilateral shift U | M((P),ie.
%Z Ukl = 2 ey, e 2, Z IZl? < 0. Clearly,

(3.18), . UsRy = RyUy | D .

1]

Moreover, since ROD; Hoc @ 033*0, using (3.15) we obtain D;:koD,; Kol Hso
0 nzl 0

and consequently,

(3.19) Dys ROD,;OXO cCH,OH.

Now, let 0 < ¢ < 1 such that

(3.20) e < JIQ — ).

jiz2
Clearly, we can choose the function 6(1) such that
(3.21) ' 0 < ||Ry|| < e2.
Define R, on & K= '@‘70 by

(3.22), R, = D;;gliofg*ﬁougol

and for n > 2, define ]3,, on Z5 by the recurrent formula
1

~ ~ Y T e | ~1
(3.22), R,=Dii R,..Di...Dy'ViR,DR'...D;

n 1

Using (3.20) and (3.21) it is easy to see that, for any n > 0, we have “i{ Il <
< &"*2 (so, the recurrent relation (3.22), has sense). On the other hand, using
(3.18),, we obtain :

(3.18), UR, = R,Us | 25, n > 1.
Q
Now, denote

j:yfo@@%@@,i@gﬂ@... .

and define on ¢ a unitary operator U, given by
U=U,@ Y, @V, ® ...,
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where 170 == (70 9~ and an isometry V, given by the matrix
v, g

[V, D;‘;;:Ro DT/:‘D)}:RL D;:DE;’DTifRZ con ]
D —V{R, —V:D§3=R1 — V.‘,“Dk:DEflfg ..

A
li
o
o
1]

—R{R,

o 0 D;

1

(3.23) PeV'U™ = S"T™h  (he#, n,m > 0),

which is a direct consequence of the relation
Pxf"l {0} ® D;,Qi’_o =0 (n 2 0).
[}

(3.24)
But, applying ¥ succesively, and using the recurrent definition (3.22), of R,,
we obtain
key
Y . =
v — | ~V&RD;y ke
D; k,
0
) D Dy ky
with &k, = D;,:ROD; koedy©# (by (3.19),
(1}
] ke
0 DVokl
Ve = -1
D;ok,, "'D;o Vs RoD;oko
| D30z Dy ko
with ky = Vyk, € 4y © 5 and, by induction, for n > 3,
k.,
D;okn_l —_ [;::R?'OD;okn__g
~15,4
D, Diky-g — Dy Vi RoD; Ky
0 -1 -1, % o -
o Dy, Dy, Dy kp-s— D5 Dy, V(fRoDVok,,_,,
D,~,Ok0 .
Dy Dy .- DiDjk
- -1 1758 5
—D3! D' ... Dy ViRD; ko

.. .DR~0D,70/C0

t D“' Dl’"2

RIJ— 1 n-2
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with k, = Vok,_, @ D;gﬁ‘,p; Ky—p € X0 ©# (by(3.19). This proves (3.24) and
o
consequently (3.23).
Now it is clear that, taking ¥’ = V U"V"#, U=U|A, V=V |A, the

a,m»0
obtained (o, [U, V]) is an Ando dilation of (s, [T, S]), crossing through
(X o, [Uy, Vo)), which does not coincide with the distinguished one. Thus, Theorem 3.1
is completely proved.

Finally, recall that a factorization A-I' (where 4, I' are contractions on a
Hilbert space 3#) is regular iff #(A, ') = 2, ® 2, (where F(A4, ') is the space
defined by (1.10)). Also, with the notations used in this section, it is easy to see
that the regularity of the factorization S-T implies 2y © Dy Upt'y = {0} and
the regularity of the factorization T- S, being equivalent to the regularity of $*-. T,
implies 2,,, © Dy, U, * , = {0}. Then, from these facts and from Remark 1.1,
Theorem 1.1 of [2] and Theorem 3.1 it follows directly the known result concerning
the uniqueness of Ando dilations formulated in terms of regular factorizations
(see [3]), namely:

CoRroLLARY 3.1. For a pair [T, S) of commuting contractions on 3 there
exists a unique (up to a coincidence) Ando dilation if and only if any of the factori-
zations S-T or T-S (of ST = TS) is regular.

4.

In this section we apply the uniqueness result concerning the Ando dilations,
stated in Theorem 3.1, to obtain a uniqueness condition for the probability measures
whose Fourier-Stieltjes coefficients are supported in two quadrands. To this aim
we specify some notations.

Let D? be the unit bidisc in C? and T? be the bidimensional torus. For a Borel
measure u on T? one denotes by c,, (1) the Fourier-Stieltjes coefficients of u, i.e.

4.1 o, m(B) = Se—i”’e“i"“’du(e“, eif), (n,m)e 22
TZ
Denote by .#, the set of all probability measures u on T2 satisfying ¢, ,(u) =0
for n,m >0, n+4 m > 0. Thus, .#, is the set of all representing ineasures,
supported in T?%, of the point (0, 0), considered as an element of the maximal ideal
space of the bidisc algebra A(D?). For a measure ue.#, let A =4, = H*(du)
be the closure in L*du) of A(D?) and let U=U,, V =V, be the operators
on ) given by the multiplication with the coordinate functions ei and e,
respectively, i.e.
“42) {(Uh)(e.it, e'io) — c.it h(e.it’ e.“’)
(Vh)(en’ 610) — ex0h(elt, e10)
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(h € H*(dp)). It is easy to see that (" = A", [U = U,, V = V,]) is an Ando dilation
of the pair (W, [T, S]), where o# = C and T = § = 0. Moreover, the map

(4.3) ¥={u—>(A,,[U,VD}

from .#, to the set of all Ando dilations of (C, {0, 0]) is invertible, the inverse map
attaches to any Ando dilation (", [U, V]) of (C, [0, 0]) the measure u having the
following Fourier-Stieltjes coefficients

(4.4) Covm = Co () = (TP 1, 1), (n,m) e Z,

where (JZ’ R [(j, 17]) is the (unique) unitary extension of (", [U, V]) defined by (3.4)
Consequently, (4.3) defines a one-to-one correspondence between the set .4, and
the set of all coinciding Ando dilations of (C, [0, 0]). Notice also that, if for
(S =AH,,[U=U,, V="V,]) we consider the pair (&, [U,, V,]) (defined by (1.4)
and (1.5)), then, denoting by H?* the usual (one dimensional) Hardy space and S,
the (unilateral) shift on H?2, there exists a unitary operator X, from %, onto H?
such that

(4.5) Xl =1, X,Up= S.X,.

Morcover, the operator X,V X is a contraction on A% commuting with S,, so
there exists a function fe H®, ||f]l < 1, such that

(4.6) XVo =T X,,

where 7 is the Toeplitz operator of symbol f on H* (see [12]). In addition, since
Pé”‘"V0 | C == 0, we have f(0) = 0. We say that the measure pt €.#, crosses through
fe H® (|Ifil € 1, f(0) = 0) if f is attached to u as above. On the other hand, since
the minimal isometric dilation of T = 0 is the shift operator on H?, any contractive
dilation V, of the commutant S == 0 of T is given by a Toeplitz operator 7} with
fe H®, If | < 1, f(0) = 0 (see {12]). Consequently, an Ando dilation (57, U, ¥])
of (C,[0,0]) crosses through (A, [U,, ¥,]) if and only if its corresponding
measure p €.4, crosses through the function 7, given by (4.6).
Now assume that (o, [U, V]) coincides with the distinguished Ando dilation
(,;%‘0, [(3'(,, I}O]) of (C, [0, 0]) crossing through (3, [U,, V,]) and let f be the function
in H*, {if| < < I, f\O) = 0, whose Toeplitz operator 7, defines ¥,. Then to the unitary
extension ( A, [U V]) of (£, (U, V1) uniquely corresponds a positive definite function
p = p; on Z2 (sec (12]), defined by:
{0 n>0 m>0
pln, m) =
c(f~™ n>0 m<0

4.7 I, n=0, m=0

p(n,m)={
0, n=0,m#0

p(n,m)=p(—n,—m), n<0, melZ
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(where ¢,(f~™) denotes the n-th Fourier coefficient of f~"). Then, by virtue of (4.4),

the measure 1y = ;o €.4#,, crossing through f, which corresponds to (fo 0> [l;o , Iofo])
is the one which has the Fourier-Stieltjes coefficients ¢, ,(n) = p(n, m), (n, m) e Z?
(thus y,, depends only on f) and we shall call it the distinguished measure in M,
crossing through f.

Summing up, we have

LEMMA 4.1. There exists a one-to-one correspondence (given by the formulas
(4.2) and (4.4) ) between the set of all coinciding Ando dilations (A ,[U, V]) of (# = C,
[T =0, S =0)) crossing through (X o, Uy, Vo)) and the set 4, of all representing
measures yu of (0, 0), supported in T2, which cross through feH=, jifl £ 1,/(0)=0
{the connection between (A o, [Uy, Vi) and f is given by (4.5) and (4 6) ) Moreover,
by this correspondence to the distinguished Ando dilation ( Jif 03 [UO , Vo}) crossing
through (Ao, [Uy, Vo)) corresponds the distinguished measure u, o crossing through f.

From Lemma 4.1 and Theorem 3.1 it follows

COROLLARY 4.1. Let fe H®, ||fl] < 1, f(0) = 0. There exists a unique measure
in My crossing through f (namely the distinguished one) if and only if

27

(4.8) S log(l — If[?) dt = — co.

0

Proof. By virtue of Lemma 4.1, for a given function fe H*, ||f]| < 1, f(0) =0,
the dlstmguxshed measure g, = yf o is the umque measure in .4/, crossing through f
if and only if (Jifo— o [U0 = V0 = Vo]) is the unique Ando dilation of
(C, [0, 0]) crossing through (A, [Uo, Vo) (where (', [U,, V;]) coincides, up to
a unitary equivalence defined by (4.5) and (4.6), with (H? [S., T;])), therefore,
by virtue of Theorem 3.1, if and only if the condition (3.14) is fulfilled. But, in our
case (using the notations of the previous section), the unitary extension (A, 170)
of (4, Uy) is the multiplication by e on L? and the Douglas extension 1;0 of V,
is the multiplication by f on L%, consequently J ., is the subspace of L? generated
by {€ "}, 50, and Usq, Vo are the multiplicationson # ,, by e~ and f, respectively
(as usual, L? denotes the Hilbert space of the scalar valued measurable functions
v(t) on [0, 2] with |v(¢)|? integrable). Therefore, it easily follows that the condition
Dy, © Dy Uy o= {0} is equivalent to Dy,  © Dy, Uy 4o = {0} and, further-
more, any of these equivalent conditions are equivalent to

(4.9) Dy e'H? = Dr,-

On the other hand the equivalence of (4.9) to (4.8) is a simple consequence
of Szegd theorem (see [12]). Indeed, the condition (4.8) is equivalent to the fact
that there exists a sequence {p,}s»o of analytic polynomials vanishing at the origin
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which converges to 1 in L3*(dv), where dv = (1 — [f]?)ds, i.e.

5~ 00 n- oo

(4.10) 0 = lim S It — p,|*dv = lim D7 (1 — p,)*

and this last condition is obviously equivalent to (4.9). The proof is com plete.
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