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SOME APPLICATIONS OF A TECHNIQUE
FOR CONSTRUCTING REFLEXIVE
OPERATOR ALGEBRAS

JON KRAUS and DAVID R. LARSON

In [4] W. Arveson showed that if o/ is a nest algebra, then the distance from
an arbitrary operator T in L(H) to & is given by the formula :

d(T, o) = sup{|PLTP|: P elatos}.

{E. C. Lance obtained this result independently {15].) This distance formula has
proven to be very useful in investigating problems involving compact perturbations
and similarity theory for nests [I, 2,4, 11,12, 15, 17]. Certain other reflexive alge-
bras have been shown to possess the property that there exists a constant K such

that
d(T, ) < Ksup{||PLTP||: P e lat.o/}

for all T in L(H) [7, 8, 9, 10, 13]. Simple examples show that this constant need
not be 1. K. Davidson asked in [10] whether every reflexive algebra has such a dis-
tance estimate for some constant K. (This question was also posed in [13, 15, 16].)
In {5], W. Arveson conjectured that the answer to this question is no. In this paper
we verify this conjecture by producing an explicit example of a reflexive algebra
that does not satisfy a distance estimate for any K. We also give examples of points
of discontinuity of the maps ¥ — alg % and & — lat .o/, where the topology for
both lattices and algebras is that induced by the Hausdorff metric.

~ We would like to thank W. Arveson for several helpful conversations con-
cerning this paper, and in particular for pointing out to us that if % is a reflexive

subspace of L(H), then
(C S
o c)

is a reflexive subalgebra of L(H @ H). We use this observation to construct reflexive
algebras with certain properties by first constructing reflexive subspaces with ana-
logous properties. The research for this paper was done while both authors were
visiting the University of California at Berkeley.
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1. REFLEXIVE AND HYPERREFLEXIVE SUBSPACES OF L(H)

In [18] Loginov and Sulman introduced the following notion of a reflexive
(linear) subspace of L(H).

DEFINITION. A subspace & of L(H) is reflexive if whenever T € L(H) satisfies
the condition that Tx € [¥x] for all x € H, then T is in &. (Here {-] denotes normed.
closed linear span.)

It is easily verified that reflexive subspaces are weakly closed, and that a unital
algebra o is reflexive as a subspace if and only if it is reflexive as an algebra (i.e.
&/ = alg lat o/, where lat o/ denotes the lattice of invariant subspaces (or projec-
tions) for &7, and alg lat &/ is the algebra of bounded linear operators on H leaving
every element of lat o/ invariant).

PRrOPOSITION 1. Let & be a subspace of L(H), and let o/ be the (algebra) of
all operators on H ® H which admit a matrix representation

S
(0 wl )

for 2,pe C, Se&. Then o is reflexive if and only if & is reflexive. Moreover, a
subspace of H ® H is in lat & if and only if it is of the form F @ E, where E and F
are closed subspaces of H such that E < F.

Proof. Let K € lat . Since &/ contains CI @ CI, K has the form F @ E, and
since &/ contains all operators
5 _ (0 S)
0 0

for S € %, we have ¥E < F. Conversely, if E < F it is clear that #/(F@® E) =
< (F @ E). The second assertation is thus verified.

Now suppose «f is reflexive. If S e L(H) satisfies Sx € [¥x], x € H, then
SE < F whenever E < F, so S‘(F@ E) = F® E whenever ¥F < E, hence
Se &, s0 S e. Hence & is reflexive.

Finally, suppose & is reflexive and A e alglat&/. Since Cx@® 0 and
[#x] @ Cx are in lat o for all x in H, A is of the form

();I T)
0

where A, p e C and Tx € [#x] for all x in H. But & is reflexive hence T € &, so
A € /. Hence &/ is reflexive. 2
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We will require generalizations of certain elements of the duality theory for
unital algebras developed in [16] and [5]. Let .#., denote the space of trace class
operators. Then L(H) can be identified with (#.)* via the pairing (f, T) = Tr(Tf),
Jfe &, The o-weak (ultraweak) topology on L(H) is just the weak-* topology under
this identification. If & is a o-weakly closed linear subspace of L(H), the pre-an-
nihilator of & is the set &, = {fe L,:Tr(Sf)=0, S € #}. (The notation annih (%)
was used for this set in [16].) The trace class norm will be denoted by | -||;.
Lemma 2 in [16] states that a unital o-weakly closed algebra o is reflexive if and
only if &/, is the closed span of its rank-1 elements. (This fact, in somewhat modi-
fied form, had been independently observed earlier by E. Azoff [6], and also by
K. Tsuji {19).) The same result is true for subspaces of L(H), an observation that
has also been made by E. Azoff and by J. Erdos. This yields in a sense a ‘‘machine”
for constructing examples of reflexive subspaces, and via Proposition 1, reflexive
algebras of a particularly special but potentially pathological form. We use this
technique in the next section to construct an example of a reflexive algebra without
a distance estimate.

LEMMA 2. Let & be a a-weakly closed subspace of L{H). Then & is reflexive
if and only if & | is the || - ||y-closed linear span of its rank-1 elements.

Proof. For x, y in H, let x ® y denote the rank-1 operator ¥ — (u, x)y. Since
To(T(x ® y)) = (Ty,x), x,ye H, Te L(H), x ® y € & if and only if x € [¥)]L.
Hence Tr(Tf) = 0 for all rank-1 operators fe &, if and only if Ty € [¥y] for all
vy € H. Thus & is the || - |;-closed linear span of its rank-1 elemeunts if and only if
T € & whenever Ty € [¥y] for all y € H if and only if & is reflexive. . %

A routine modification of the proof of Proposition 12 in [16] yields the fol-
lowing result.

PRrOPCSITION 3. Let & be a reflexive subspace. Let €, denote the || -||-closed
convex hull of the operators in the closed unit ball of &, with rank < 1. Then there
exists a constant K such that for all T € L(H)

'6)) AT, &) < Ksup{||QLTP||: QP =FP, P, Q projections in L(H)}

if and only if G, has nonempty relative interior in & ;. In this case the smallest constant
K for which this estimate holds is 1/R, where R is the largest radius such that {fe &
Iflh < R} = %,

DEFINITION. A norm closed subspace & of L(H) is said to be hyperreflexive if
(1) holds for some K. The smallest X for which (1) holds is called the distance cons-
tant for &.

Note that hyperreflexive subspaces are reflexive. For if Tx € [¥x] for all x in
H, then QL TP = 0 whenever Q¥ P = &P, and so by (1) we have T € &.
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In [5], Arveson defines a norm closed unital subalgebra &/ of L(H) to be hyper-
reflexive if it has the following property:

for every sequence B, € L(H) satisfying
2 sup [|PLB,P|| -0 as n — oo,

Pelat &
there is a sequence A4, in &/ such that
Ay — Byl >0 as n— co.
This condition is equivalent [5] to the existence of a constant K such that
3) d(T, ) < Ksup {||PLTP|: P € lat &/}.

Moreover, if # is a unital algebra, then it is easily verified that (3) is equivalent to (1)
(with & = 7). Finally, it is also easily checked that & is hyperreflexive if and only
if the analogue of (2) holds, with sup{||P{B,P|:Pelats/} replaced by
sup{||Q*B,P||: Q¥ P = &P, P, Q projections in L(H)}.

PROPOSITION 4. Let & be a norm closed subspace of L(H) and let o/ ——:(((): 'Z)
If </ is hyperreflexive with distance constant K, then & is hyperreflexive with distance
constant < K.

Proof. Let T e L(H), and let
Fe (0 T).
0 0
Then d(T, %) = d(f, ) € Ksup{][Rl_'f'RH : Relat &/}. By Proposition 1, R € lat.o/
if and only if there are projections P and Q in L(H) with R=Q0® P

and Q%P = &P. Then ||RLTR| = |Q'TP|, so sup{||R*TR|:R e lat#} =
=sup {||QLTP||: QP = &P}, and the result follows. b

We remark that in [5] W. Arveson has determined a stronger characteriza-
tion of hyperreflexivity than used in this paper. While computations in this study do
not require this, the result is quite intuitive and will be used in further work.

We will term a subspace lattice hyperreflexive if it is the invariant subspace
(or projection) lattice of a unital hyperreflexive algebra.

Prior to [16], a duality approach to problems concerning distance estimates
was used by E. C. Lance [15] for the class of nest algebras, and by E. Christensen
[9] in the study of derivations on C*-algebras. In particular, parts (5) and (6) of [9,
Theorem 3.1] really contain the duality characterization of hyperreflexivity for the
class of von Neumann algebras.
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2. AN EXAMPLE

Let H, be a 2-dimensional Hilbert space with orthonormal basis {e,, e,}. Fix
Yt @u, i=12 Let & be the li-
]/I -+ &%
near span of {g,, g}, and let &¥ = &L = {4 € L(H,) : Tr(4Af) =0, fe &}. Then
& is a reflexive subspace of L(H,) with &, = &. Since & is acting on a finite dimen-
sional space, it is hyperreflexive. We will show that its distance constant is larger
than 1/3¢. The operators g, and (1 + ¢?)g,, and the space &, have respective matrix
representations

1 0), (1 8), (zl—l—u ”8):,1,,4ec.
00 g & ue ue?
S0 A = (a;;) € & if and only if for every A, u € C we have 0 = (A + p)ay, + peay, +

<+ peay, + peass , hence if and only if a;; = 0 and @y, + a5 + a5 = 0. Thus &
has the form in the next lemma.

D<e<1/3 Letu =e, u, =

LEMMA 5. Let 0 < ¢ < 1/3, and let

0 A

S = AhpeCL

—(A+p)
£

Then & . is hyperreflexive with distance constant larger than 1/3e¢.

Proof. Fix ¢ > 0, and let & = .%,. Let %, be the ||- [|;-closed convex hull of
the operators in the unit ball of &, with rank < 1, and let R be the largest radius
with {fe & :|flL < R} = %,. By Proposition 3 it suffices to show that R < 3e.
From the discussion above, we know that &, = span{g,, g}, &1 =€, ® €, g, =

= - ! e, 1 ee;) ® (e, + ee;). Now let f = a8, + a,g, be an arbitrary operator:
1+ ¢

in &, of rank < 1. Then fe, = oyu; 4+ 2 Uy, while fe, = L

Y1+ e V1 +¢
u, and u, are linearly independent, and rank f < 1, so either «; or «, is zero. So the-
only rank-1 operators in & are scalar multiples of g, or g,. Let fe C,. Since & is-
finite dimensional, C, is just the convex hull of the operators in the unit ball of &
with rank <1, and so f = 4,¢, + 4,8, Where ,, A, € C with |4, 4+ [4,] < 1. Hence.

Yotz But

up, and ||fe| <-

g
€y = Aogols = As(e,, Uty = Ay ———— — < g Now let.
Jes 28262 o(ea, Uty 2V1+ 5

£
g2 ]/1 +¢
2 —
he U+ 78 pen hco, and |RA|l, = R By the definition of R,
“(1 + &%gy — gilh




]
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Rh € 6, so ||Rhe,|| < &. On the other hand,

(L + e3)ge — gullihes = (1 + €2)gpey = (1 + &2 -V___ uy = (1 — eeus

I+ e?)gy — gl = llele; ® €;) + ele, ® ey) + e, ® el < 3e

and

Hence ||heyl|>

e
—([—L3i8‘f-)i > 1/3. So ¢ > || Rhey|| = R|hey|| > R/3. This shows

R < 3¢, as desired. %

THEOREM 6. There is a reflexive unital algebra acting on infinite dimensional
separable Hilbert space which is not hyperreflexive.

Proof. Let ¢, = 1/n, n > 4, let ¥, be the subspace defined above for ¢ =¢,,,
and let &, be the algebra described in the statement of Proposition 1 for & = %,
Then 7, is reflexive with distance constant K, > n/3 by Propositions 1 and 4

and Lemma 5. Let H, denote the Hilbert space on which &, acts, and let &/ = @dn

n=4

[e el
acting on H= @ H,. Then & is reflexive because each 7, is reflexive.
n=4

If T, e L(H,) with A(T,,, «,)>(n/3) sup{||PLT,P| : P € lat &7}, write f",, for the

oo
infinite direct sum @ S; where S, =T, and S; =0, i # n. Every projection in
i=4

[o.2] A
lateZ has the form P = @ P;, P,eclats/;. It follows that d(T,, &) > n/3-
i=4

-sup{HPlf,,PH : Pelat &}. So & has no finite distance constant. 7

The above construction can be modified in several ways:
(D) Ifin place of the algebras <7, a direct sum of the subspaces 5"3" is taken

one obtains a reflexive selfadjoint nonhyperreflexive subspace of L(H). (This is of
course not an algebra.)

(i) If in the beginning of this section we replaced g,, g, with any pair of suffi-
ciently close rank-1, norm-1 operators for which no nontrivial linear combination
is Tank-1 the balance of the proof will carry through nearly intact yielding a sub-
space & with large distance constant. The pair we choose seemed to best illustrate our
techniques.

(iii) The subspace &, of Lemma 5 can be modified to yield an algebra acting
on H, with distance constant greater than 1/3e. We thank K. Davidson for pointing
this out to us. This can be obtained by replacing g,, g, Wwith g, = e, ® ¢,

_ ez—sel)®(el—}-ee2)
& ( ITxe) “\Vize )
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The resultant subspace &, becomes

, B4
L, = & A peCl,

0 u

and this is indeed an aigebra. A direct verification that K > 1/3¢ via lat(&#,) is now
also possible. Thus if H is a Hilbert space of dimension greater than 1 there is no
universal distance constant valid for all reflexive subalgebras of L(H).

3. THE MAPS £ »alg& and & — lat f

The Hausdorff metric on the space of all bounded closed subsets of a given
metric space is defined by

d(E, F) = max {sup inf d(x, y), sup inf d(x, y)}.
x€E yeF YEFx€E

The distance between two norm closed subspaces of L(H) is taken to be the Haus-
dorff distance between their unit balls, and the distance between two closed sets
of projections is taken to be simply the Hausdorft distance.

In [14] R. V. Kadison and D. Kastler initiated perturbation theory for von
Neumann algebras, and in particular proved that the type of a factor is invariant
under small perturbations. Since then much work has been done concerning proper-
ties of algebras preserved under such small perturbations in the Hausdorff metric.
Somewhat recently, as part of a perturbation theory for nests and nest algebras,
Lance [15] showed that within these classes both maps % — alg ¥ and & — lat &
are uniformly continuous. The purpose of this section is to give some examples of
the type of pathology one may encounter (even in finite dimensions) in such a theory
for more general reflexive algebras.

We first wish to note a connection with hyperreflexivity. The idea in the next
proposition has been used in the class of nest algebras [1, 11, 15] and in the class
of von Neumann algebras [7, 8, 9].

PROPOSITION 7. Let of and & be hyperreflexive algebras with distance constants
< K acting on a Hilbert space H. Then

d(, B) < 4K d(lat o, lat B).

Proof. Let « =d(late/, lat#). Let Ae s, ||A]| <1, and let Pelat@.
If Q € lat o/ then Q+AQ = 0 so we have PLAP = QL A(P — Q)+ (Q — P)AP. Hence

32650
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|1 PLAP|<2||P — Q|l. Taking the infimum over Q € lat&/ shows that ||PLAP)<
< 20, so d(A4, B) < 2K by hyperreflexivity. It follows that the distance from A
to the unit ball of & is < 4Ka. Now reverse the argument, obtaining d(«/, &) <
< 4Ka.

COROLLARY 8. If R isa class of hyperreflexive lattices acting on a Hilbert space H
Jor which countable direct sums of lattices in & are also hyperreflexive, then the map
&L - alg &L is uniformly continuous on .

Proof. An adaptation of the proof of Theorem 6 shows that the set of distance
constants for the class must be bounded. Proposition 7 then implies uniform con-
tinuity.

The above suggests that the examples of Section 2 may be used to reveal the
discontinuity of the % -» alg. ¥ map.

0
U
subspace of Lemma 5. The preannihilator of & is {(g g) ‘ae C} 50 & is reflex-

EXAMPLE 9. (¥ — alg &#). Let ¥ = {( ;) U, A, b€ C} and let &, be the

ive. Let A= (g :)) € <. Then d(4, &¥,) > 1/4, for otherwise by inspection there

Jtn
3
then |4 +p! = |2 — ull 2 3/4 — 1/4 =1/2, so 1/4 = 1/2¢ > 1/2, a contradic-

tion. Hence d(&,%,) > 1/4, 0 <& < 1.

Now let o == (C y), o = (C 5?8), and let ¥ = lato/, &£, = lats/,.
0o C 0 C

Then also d(«7, &/;) > 1/4. An elementary computation via Proposition 1 shows

that

would exist scalars 4, g with 12 — 1| < 1/4, {u]l < 1/4, and < 1/4. But

& = {F @ E:either E= 0 or F= H,} i {Ce, ® Ce,}
and
L, =L U {C(e; — ee;) ® Cley + eey)}.

If P is the projection onto Ce, @ Ce, and P, the projection onto C(e, — ¢¢;,) &
@ Cle, + eey) it is clear that ||P — P,|| - 0as & —» 0. Hence d(&, &,) - 0 ase¢ - 0.
This demonstrates the discontinuity of the & — alg .Z map. 2

LeMMA 10. Let T € L(H). Then the subspace & = {)T:]). € C} is reflexive.

Proof. We must show that if S € L(H) and if for each x € H there isa A(x) e C
with $x = A(x)7Tx, then A(x) can be taken constant. We may assume S # 0. Choose
x € Hsothat Sx # 0. Let ye H, and let 2 = i(x), « = A(y), f = Ax 4+ y). If Tx
and Ty are linearly independent, then ATx + a7y = Sx + Sy = S(x 4+ ) =
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= fTx + BTy, so a = f = A Next, if Ty =0, then Sy =0, so Sy= 0= ATy.
Finally, suppose Ty = u Tx, u # 0. Then T(ux — y) = 0, so S(ux — y) = 0 and
so aTy = udTx = AMuTx) = ATy, so again o = A. %
ExampLE 11. (& — lat o). Let H, be the two dimensional Hilbert space with
orthonormal basis {e,, e,}, and let E; denote the projection onto Ce;, i = 1,2. Let
e>0,andlet T=FE,,T,=FE, + ¢E,. Let¥ = CT,¥,= CT,, and let

o — (C y), d,,.=(c 9’8)‘
0 C 0 C
Then 7, o/, are reflexive since &, &, are reflexive, and d(<, /) -0 as ¢ >0
since d(&,%,) — 0.
Let & = lat &, %, = lat of,. We will show that d(%, #,) = 1 for all ¢ > 0,
thus demonstrating discontinuity of the & — lat &/ map.
It is clear that 0 @ E, € &. Let R, = 0 @ K,, and let R, be any projection in
Z,. Then by Proposition 1, R; has the form Q@ @ P where & ,PH = QH. Now
0@ E, — Q@ P|| = max {||Qll, [|E; — P}, so if Q # 0, then |[[R, — Ryl > 1.
Butif @ =0, then T.,P =0 so P=0, and so also ||R, — R,}j = 1. Hence
A&, Z)=1.

This work was partially supported by grants from the National Science Foundation.
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