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ON THE GROUP OF EXTENSIONS RELATIVE
TO A SEMIFINITE FACTOR

GEORGES SKANDALIS

0. INTRODUCTION

In G. G. Kasparov’s work on extensions ([7], [8]) an important hypothesis
is that the ideal has a countable approximate unit.

However, extensions of the form 4 — N/# ", where N is a 1l factor and
Ay is the ideal of compact operators of N, seem quite interesting (cf. [14], [6],
(2L [11], [4D).

Such extensions give rise to a semi-group Exty(4). If A is separable and nuclear
this semi-group is a group ([3]). If not, consider instead the group Exty(4)-1. A
natural question is then: Does this functor have all the nice properties of the Kas-
parov Ext(4, B) functor? (For instance homotopy invariance, Bott periodicity,
Thom isomorphism cf. [8]; see also [9] and [5].)

Let M be all, factor suchthat ¥ = M ® #(H)(where H is a separable Hilbert
space). We prove that Exty(4)~! = Ext(A4, M)~ and hence has all these properties.

We conclude by some remarks on the KK functor based on the technique
used in the proof of our main result.

I would like to thank George A. Elliott who aroused my interest in this
question,

I'would also like to thank the people of the Department of Mathematics and
Statistics of Queen’s University for their warm hospitality — especially T. Giordano,
M, Khoshkam, E. J. Woods.

1. DEFINITIONS AND NOTATIONS
Let N be a countably decomposable II,, factor, and let £y be the closed ideal
of compact operators of V.

1.1. We are interested in extensions of the form 0 - Xy - E - 4 - 0.
Such an extension of 4 by 2 is exactly equivalent to a homomorphism A R NIA -
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1.2. Such an extension is called trivial if there exists a splitting which is a
homomorphism E « A. This is equivalent to saying that the map ¢: 4 —» N/A"

admits a lifting = which is a *-homomorphism A = N.

1.3. The sum of extensions ¢, ¢': A — N/, is the extension ¢ @ ¢": 4 —
— My(N|A y) = N|Ay (M, stands for 2 by 2 matrices).

1.4. The extensions ¢ and ¢’ are said to be unitarily equivalent (one writes
o~ ¢") if there exists a unitary U € N such that Va € 4

¢'(a) = g(U)p(@)q(U*)

(where q: N - N/X'y is the quotient map).

1.5. Define Exty(A) as the semi-group of extensions divided by the equiva-
lence relations: ¢ ~ ¢’ iff there exist trivial T and 1’ such that ¢ @ 1~¢' @ 7.
u

The (stably) trivial extensions form the zero element of Exty(A4).

1.6. Consider also Exty(A4)~1 as the group of invertible elements of the semi-
group Exty(A). If A4 is separable, the class of the extension (p.is in Exty(4)-1 iff
it admits a completely positive lifting. Hence ([3]) if 4 is nuclear and separable
Exty(A) = Exty(A4)~L

Let us also recall briefly the definition of Ext(4, B) (cf. [8], § 7, Definition 1).

1.7. Extensions are maps A4 5 L(&)]A (&) where & is a countably generated
Hilbert B module ([7], Definitions 1,2,3,4). Addition of extensions is defined through
the map

LENH(E) @ L(ENH(E) > L(6 ® 8K (6 ® &),

1.8. The extension ¢ is said to be trivial if it factors through a *-homomor-
phism n: 4 - £(£).
The extensions ¢ and ¢’ are unitarily equivalent (write ¢ ~ ¢') iff there
u
exists a unitary Ue £(&, &) such that for all a in A4, ¢'(a) = Up(a)U* (with
obvious meaning).

1.9. Ext(A4, B) is the semi-group of extensions up to the equivalence relation:
¢ ~ @' iff there exist trivial T and 7" such that p @ 7 ~ @’ @ 7.
u

1.10. We will in fact mostly consider Ext(4, B)~1, the group of invertible ele-
ments of Ext(4, B). If A is separable, the extension ¢ is in Ext(4, B)-1iff it admits
a completely positive lifting 4 — #(&) ([7], Theorem 3). Hence if A is separable
and nuclear Ext(4, B)~! = Ext(4, B) (cf.[8], § 7, Lemma 1.2). Moreover, if 4 is sepa-
rable Ext(4, B)-! = KKX(4, B) (cf. [8], § 5, Definition 1, and § 7 proof of Lemma 1,
and Lemma 2, see also [13], Theorem 19).
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We will use the rather obvious:

1.11. LEMMA. Let & be a Hilbert B module where B is any (graded) C*-
-algebra. Let J < J (&) be a C*-subalgebra with countable approximate unit. Then
the closure &' of J& in & is countably generated. Moreover J = H(&') (< H(6)).

Proof. Let h be a strictly positive element of J. As for all x € J, x is a norm

limit of elements of the form Ay, (y, € J), & is the closure of 4& in &.
Write then

”111
/2 14
M2 = lim Y, 05"'1‘,,,

n k-1 ok

If ¢ e & write h = limy] 2 &, | (4, 1 &). Hence the family 4Y2¢, | generates &
Moreover, forall y € J, hy=lim},0 .Hence hJ = A (&"). Thus J< A (&').
k

2.

12 .
4 <;u, k> y*”n,

2. THE MAIN RESULT

Let Q be a finite projection in N and let M be the II, factor M = Ny, = QNOQ.

Let &y be the Hilbert M module &y = NQ (for { e 6y, x € M, Ex € &y. For
<, n € &y one writes (&, n) = E¥*p e M.).

One has A(6y) = Ay and L(Ey) = N.

Let Q, be a family of pairwise orthogonal projections of N equivalent to Q

Let then 6 = @ Q,NQ < &y. One has & @#,,.. (Note that even if ¥,0, =1,

=l

& # &y.) We thus get the rather obvious:

2.1. PROPOSITION. a) For any countably generated Hilbert M module &, there
exists a submodule &, of &y which is isomorphic to &.

b) The map A (&) = H(&,) — A (Ey) thus defined extends to a homomophisin
L(E) > P(Ey) = N.

c) If & and &, are submodules of &y and U, € (&, &), Uy € L(6, &) are
unitaries then there exists a unitary Ve L(Ey @ &y) with V(E, ®0) =0 &,
and (V|(6,© 0)) (U, ® 0) =0 @ Uy,

Proof. a) follows from the above discussion and from the stabilization theo-
rem ([7], Theorem 2).

b) The map A(&) - H'(£y) < Nis a representation. Hence it extends to the
multiplier algebra (A (&) = £(&) ({7], Theorem 1; [10], Proposition 3.12.3).
0 UlU::]

c) Let We (6, ® &), W=
) 6, ® &) [UM ,
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Using b) there exists W = (W) e L(6y ® &) whose restriction to &, @ &,
coincides with #. One has"—l'f72 = WW?* = Pis a projection of L(&y @ &y). Put
then V= (1 — P)+ W. %

Let & bea countably generated Hilbert M module and n: ¥(6) — N the
“-homomorphism described by the above proposition. As n{H(&)) = H(Ey) = Hy
we have the *-homomorphism

Tp: L(EVH(E) — NJH y.

Using Proposition 2.1 ¢) we get then a well defined homomorphism
W 42 Ext(4, M) — Exty(4) which to the extension ¢ assigns 7, o ¢.
Our main result is then:

2.2. THEOREM. Assume A is separable.
a) The map W, is surjective.
b) The induced map W ,: Ext(4, M)~1 — Exty(A)~1is a bijection.

The following lemma implies Part a) of Theorem 2.2 and the surjectivity in
Part b).

2.3. LEMMA. Assume A is separable.

Let o: A - L(EN)]H(EY) be an extension. Then there exists a countably gene-
rated submodule & of &y and an extension Y: A — L(E)|H(E) such that ¢ == m. 0.

Moreover if ¢ admits a complete positive lifting or is trivial, \y may be chosen
to have the same property.

Proof. Let A, be a separable subspace of N such that g(d,) = @(4). If ¢
admits the completely positive or *-homomorphism lifting ¢, let 4y = @,(A4).

Let 4 be an injective positive element of #'y. Put D = C%(4,, h). It is the
C*-subalgebra of N generated by A4, and 4.

Put J = D n #(&y), and let & be the closure of J&y. Then J c A#(£) and
& is countably generated (Lemma 1.11). As he A (§) the representation
H'(&) - N is non degenerate.

Hence if n: #(&) —» N is the extension to the multiplier algebra n(1) = 1.

As & =J6 =J ®, &, and as J is an ideal in D, D acts naturally in &. More-
over, the composition D — £(&) 5 Nis the identity. Indeed it is the restriction
to D of the unique extension of the inclusion J<» N to the multiplier algebra
J).

Call ¢ the composition A - D}/J - L(E) A (&) (J = HA(&)). One has
@ =T, oy.

Note that i admits the lifting ¢, which is completely positive or a *-homo-
morphism when desired. %
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End of proof of Theorem 2.2. What remains to be proved is that if
¢ & Ext(4,M)~1 satisfies m, o @ = 0 in Exty(4), then ¢ = 0 in Ext(4, M).
If 7y o @ = 0 in Exty(A4), there exists a trivial 7 such that 7, 0 ¢ @ 7 is trivial.
But the trivial extension t may be written as m, o o, where ¢ is a trivial extension
(Lemma 2.3).
So that all which now remains to be proved, is that if ¢ € Ext(4, M)~ satis-
fies m,, o ¢ is trivial, then ¢ is 0 in Ext(4, M)~
We may consider ¢ as a completely positive map ¢: A - L(§) where
& « &y is a countably generated Hilbert C*module over M, and ¢ is a *-homo-
morphism modulo X4 (&).
As m, o @ is trivial, there exists 7: 4 — N which is a *-homomorphism such
that t(a) — p(@) e Ay Va € A.
Let he A (6) = Ay be a strictly positive element of X#(8). Put D=
= C*(p(A), 1(A), h) and J = Dn A y. Let & be the Hilbert M submodule of &y
generated by J&y . It contains & (& € J) and is countably generated. Also J < #(")
(Lemma 1.11).
Let & be the Hilbert M ® C([0, 1]) module & == {¢ : [0, 1] = &' |&(0) € &}.
" Let Y A > £(8) be the completely positive map given by (W(a)é)(t) =
= @(@)l(r). As H'(6) ® C(0,1]) = A(&") one has Y(aa,) — Yla(az) € A (&").
So that ¥ defines a *-homomorphism A — £(&")/#(&') and hence an element
of Bxt(4, M ® C([0, 1))~ .
By homotopy invariance of the bifunctor Ext(4, B)~! = KKY4, B) we
deduce that the extension A — ZL(&)] A (&) is equal in this group to the extension

4> L(ENA(6"). But this last extension is trivial. NS

2.4. COROLLARY. a) For separable A the functor Exty(A)~1is equal to KK*(4, M)
In particular, it is homotopy invariant, periodic, invariant under tensor products with.
H(H).

b) When moreover A is nuclear, Exty(A) is equal to the group of absorbing
extensions (those ¢ for which ¢ ® t ~ Jor all wrivial t), up to unitary equivalence.

Proof: a) is a direct consequence of Theorem 2.2 and of [8].
b) is a direct consequence of Lemma 2.3 and of [8], §7, Lemma 1. %)

2.5. REMARKS. a) If A4 is abelian, or continuous trace or inductive limit of
continuous trace, all non unital injective extensions are absorbing as proved in [6]
and in [4]. One may wish to extend this result to more general cases.

However, our technique should fail, the corresponding result being wrong

even in the case 4 = C for Ext(4, M). (One very easily constructs a finite projec-
tion in Z(s#,,) = N, which is not in H#(3#£),).)



260 . GEORGES SKANDALLS

b) If A is in the category of C*-algebras containing type 1 algebras and closed
under direct limits, extensions, crossed products by R on Z, the equality Exty(A4) -—=
=: Ext(4, M) reads Exty(4) == Hom(K;(4), R) using the ‘universal coeflicient
formula™ of [12].

In the case where A4 is abelian the universal coefficient formula was proved in
[2] by Cho who remarked that the techniques of [1] work in the 1l case.

¢) In general, if the fundamental group of N is R%, then Exty(4)-* has a
natural real vector space structure. The dependence of the functor Exty(4) on N
is not clear.

One would suspect that in the nuclear case there is no dependence at all.

2.6. REMARK. It is not difficult to give the list of all countably generated
Hilbert M modules up to isomorphism.

If & is a submodule of &y and n: #(§) — N the corresponding homomor-
phism put P, = n(1). (Then P&y is the weak closure of & in &y.) Put D(6) = Tr(Py)
where Tr is the semifinite trace of N.

According to Proposition 2.1 ¢) this number D(&) e [0, + oo] only depends
upon the isomorphism class of &. One has:

a) If D(&) =0 then & ==0.

b) If & is countably generated and D(§) = 4+ oo then D(&) = 5#),.

c) There are exactly two isomorphism classes of countably generated & with
D(E)=-d, 0 <d<oo:

&, = P,& where P, e N is a projection of trace 4

&5 caracterized by the fact 1 ¢ (&)).

3. CONCLUDING REMARKS

Let us conclude these notes by making some remarks on the KK(A, B) bifunc-
tor for A, B graded algebras, with 4 separable.

Our first remark will be that if 4 is separable the definition of KK(A4, B)
given in [13] (Definition 2.7) coincides with the original one given by G. G. Kaspa-
rov in [8] (§ 4, Definition 3). (These two definitions are a priori different if B has no
countable approximate unit.)

Let us recall these definitions and add a third one:

8(4, B) (resp. 8'(4, B), 8"(4, B)) is the set of pairs (&, F) where & is a graded
Hilbert B module isomorphic to 3£, (resp. countable generated, any graded
Hilbert B module). A acts on & through a grading preserving homomorphism
A - L(&). Fe L(&) satisfies a(F* — 1) € A (8),[a, Fle A(&), a(F — F*) e A'(8)
for all a in 4.
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A homotopy is an element of 8(4, B ® C([0, 1])) (resp. &, &).

The degenerate elements D(4, B) (resp. D'(4, B), D''(4, B)) are those for
which a(F? —1)=0, [a, F]=0, a(F — F*)=0. KK(4,B) (resp. KK'(4, B),
KK''(A4, B)) is the quotient of 8(4, B) (resp. 8(4, B), &'(4, B)) by the equivalence
relation: (&, Fy)~(&,, F,) iff (&1, Fi), (65, F3) degenerate such that (&; @ &3,
F,® F)) and (6, ® &, F, ® F;) are homotopic.

Thanks to the stabilization theorem ([7], Theorem 2) there is a well defined map
KK'(A4, B) - KK(4, B), which to (&, F) assigns (& @ # 5, F ® 0) where A acts
through the zero map in #5.

There is also a well defined map KK(4, B) — KK''(4, B) (&, F) = (&, F)!).

3.1 PROPOSITION. These two maps are isomorphisms.

Proof. Surjectivity. It is enough to show that the two maps KK'(4, B) —»
— KK(4, B) and KK’'(4, B) - KK''(4, B) are onto.

Take then (&, F) € 8'(4, B). Set D = C*(4, F) =« £(&) and J = Dn A(&).
Let &, be the closure of J& in &. It is countably generated (Lemma 1.11).

Let (&, F) € 8"(4, B® C([0, 1])), where & = {£ € & ® C([0, 1]) | £(0) € &,}.
The action of A is given by (aé)(t) = aé(t), (fﬁ) (t) = F¢&@), te [0, 1].

One thus gets a homotopy between (&, F) and (&,, F).

To get the surjectivity for the map KK’ KK, one just has to check thatif & ¢ 5,
& ® #peco, 1) = #secq,1y- This is true ([7], Theorem 2) if B has a unit. If
not, one considers # 5 as a submodule of #° 5 - ,

Injectivity. It is now enough to show that the map KK’ — KK'’ is injective.
This is done by applying the above argument to B ® C([0, 1]) instead of B. %

Finally let us make the following:

3.2. REMARK. Let A be separable and x € KK (4, B).

Then there exists a separable (graded) subalgebra B, — B and an element
x, € KK(4, By) such that x = i,(x,) where i: B; — B is the inclusion.

Proof. Take an element (5, F) in KK(A4, B). Write D = C*(4, F) and
J=DnAH(#z) =Dn A ® B).

Each element of J is an infinite matrix with coefficients in B. Let then B, be
the (graded-separable) subalgebra of B generated by all these coefficients. N

This remark allows results to be extended from the separable case in B to
the general case. For instance, the result of [5] (Theorem 1), as well as the more
general Theorem 2 of § 6 of [9], extend to the case of nonseparable B.

Let us give the argument for extending {5], Theorem 1.

3.3. CONSEQUENCE. Let (B, R, «) be a C*-dynamical system, A a separable
C#-algebra. Then KK(A4, B X , R) is isomorphic to KK(A4, B).

5 ~ 2650
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Proof. Lett, e KKY(B, B X, R)andt, e KK}(BX,R, B) be the corresponding
Thom elements ([S], Proposition ). Let x € KK(4, B). In view of [5], all we have
to prove is (x ®p £,) @px, Ry = X .

Then let B, be a separable subalgebra of B and x, € KK(4, B;) such that
X = i,(x,). We may replace B, by the subalgebra of B generated by B, and its trans-
forms by «, t € R and x, by its image in this algebra. Thus we may furthermore
assume that B, is invariant by the action of R. Call o? the restriction of & in B;.

We have

X ®pt, = (ixX;) Pp l‘a:x1®31 Tl 3 = 14X ®s, t )
Finally

(x ®3zt,) ®sz RI» = Ta[(xy ®31t¢]) ®le R ta1)=x
3

by [5], Theorem 2.
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