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NORM LIMITS OF FINITE DIRECT SUMS
OF 1, FACTORS

BERNDT BRENKEN

Consider unital C*-algebras 2 which are direct limits lm(,, ¢,), where
{2, | ne N} is a sequence of von Neumann algebras, each a finite direct sum of
countably decomposable type 1., factors and where ¢, : 9, — N, ,, is an injective
unital homomorphism. Call such an algebra a type I, sequence algebra. Inciuded
in this class are the type I, funnels of [9). The isomorphism classes of these algebras
are completely described by the isomorphism classes of monoids associated with
the algebras in a manner analogous to the dimension group theory of AF algebras
[2, 4, 5). In fact, the enveloping groups of these monoids are the K, groups of these
algebras; however, these are zero (Ky(.#) = 0 for a type 1, factor.#). For algebras
where the maps ¢, are “finite embeddings’’ we conclude that the isomorphism classes
are described by isomorphism classes of certain dimension groups. The monoid
associated with a type I, sequence algebra has a partial ordering and the ideal struc-
ture of the algebra is reflected in the (order) ideal structure of the partially ordered
monoid. Simple conditions involving the semilattice consisting of all idempotents
in the monoid distinguish various ideal structures.

The countable decomposability of the factors ensures that each embedding
o, is normal ([6, 9]). All representations are on separable Hilbert spaces and all homo-
morphisms of C*-algebras are »-homomorphisms. If 2 is a Hilbert space, Z#(#)
will denote the von Neumann algebra of all bounded operators on #'; Id, will be
the identity operator and Id, (r € N U {oco}) will mean Id, for some Hilbert space #
of dimension r. By subspace of a Hilbert space we mean closed subspace. Ideals of
a C*-algebra will be closed and two sided. An automorphism « of a C*-algebra € is
inner if there is a unitary U in € with a(x) = UxU*=-2adU(x) (xe@). If

@. @y .. .
X, —> X, —> X, ... is a sequence of sets and maps, define @,, = ¢, _,

* (pn
(m > n).

The author would like to thank G. Elliott for some useful suggestions.
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1. THE MONOID ASSOCIATED WITH AN ALGEBRA

Let M be the additive monoid N U {00} == {0, 1, ..., co} where x - 00 :-: 00
{xe M). There is also on M an abelian multiplication which distributes over
addition where x-co0=: co (x &€ M\{0}) and 0-x = 0 (x e M). Given a monoid
homomorphism 4 : M — M there is an m (-=A(1)) in M with A(x) - mx (x € M).

In particular A = 0 or A(co):- .co. Thus a monoid homomorphismt: @& M — (+) M
18 described by a matrix [r;;] with entries 7,;e€ M (define ;- p;r(e;) where

s

Di: @ M — M is the i** coordinate map and ¢; is the element of @ M which is one
at j and zero elsewhere). Write M" for & M.
Let# «: @ #; and .4~ ®N ; be finite direct sums of (countably decompo-
i 1 P2 § B
sable) type I, factors and ¢:4 — 4" a normal homomorphism mapping unit to
unit. As in AF theory [2, 4, 5] we associate with ¢ a monoid homomorphism
(p::: : Mi‘ - Ms’ (p::: == [(P(I,J)] Wlth (p(”]) € M’

Let p;, g; be the units of .4”";, &, respectively and consider the normal z-homo-
morphism y : #; —.4"; given by mapping x € #; to p,p(x). As #4; is a factor this
map is either zero, in which case ¢(i, j) = 0, or as now assumed, injective. A repre-
sentation I" of A7, is unitarily equivalent to an isomorphism of 4"; with B(#) ® Id
where o and & are Hilbert spaces, # infinite dimensional. Thus I'y is unitarily equi-
valent to the representation (x @ 0) ® Id, with 7 a nondegenerate normal represen-

tation of .#; on a subspace ', of # and 0 the zero representation of .#; on Hi.
Now p; = ¥, pip(g) as o(1) = 1, so A5 is either zero or infinite dimensional.
k.1
‘We have
QA NN =y A 0N = TR aN) = ((R) @ B(#) ® 1dy -

The type I, factor n(%;) has type I, commutant (n e M) completely deter-
mined by ¢(%;)’ n.A"; . Define (i, j) = n, the multiplicity of Z; in A", .

Inner automorphisms of .4~ applied to ¢ have no effect on the associated
matrix. If U = @ U, is a unitary in A,

(@d W)oZ)) n Ny = Udp(R) 0 N IUF = o(R) nA

Thus ((ad U)e), = ¢.. .



FINITE DIRECT SUMS OF Iy FACTORS 5

The matrix ¢, contains information for a canonical description (cf. [4])
of the map ¢. Given v, a representation of 4"; as #(#)), let I'; be the normal repre-
sentation of 4" defined by mapping x to y,(p;x). We have Id .. = I'/(p;) = Y, I'i((q:)

' 3

where I";(¢(g,)) is a projection corresponding to a zero or infinite dimensional sub-
space £, of #’,. Thus I',¢ is unitarily equivalent to a representation of the form
@ 7y on @ £, where n;, is a nondegenerate representation of %, on %, . Each
k k

representation 7;, is unitarily equivalent to a representation of #, as #(#,,) ® Id,,',k
where n, € M and 2,,, if not zero, is an infinite dimensional Hilbert space. It fol-
lows that (i, k) = ny .

Using the canonical form of these maps and the fact that two non zero, normal
representations m,, n, of a type I factor # are unitarily equivalent if and only if

n,(#) = n,(#)’, we have the next result.

ProposSITION 1.1. If @, ¥ are two s-homomorphisms mapping R to N (R, N as
above and @, Y mapping unit to unit) with ¢, =, then there is an inner automorphism
& of N with ap = .

The canonical description also enables us to see that if ¢:% — A4 and
YA - & are unital homomorphisms of finite sums of type I, factors then
W) = Vs

The assumption that ¢ : # — 4 is unital implies that for each i there is a j
with (i, j) # 0. If ¢ is also injective (so ¢ ]%j is injective for all j) then there is an
i for each j with ¢(,j) # 0.

r §
PROPOSITION 1.2. I B = @ R, N = @ N, are finite sums of type L, factors
and [Y(i, )] is an s X r matrix (with entries in M) with at least one non zero entry
in each row and column then there is an injective unital x-homomorphismyy : R - N

with .. = [Y(i, j)).

Let 2, B be type I, sequence algebras where N ==1im(2,,, ), B ==1im(B,, ¥,)
r(ny a(m
and ¥, = ® N,., B, = @ B,, are sums of type I, factors. The maps
ko1 k-1
¢., ¥, (and thus the canonical maps i, : 2, - ¥, j, : B, - B) are by assumption
unital injections. To each type I, sequence algebra U, associate the monoid D(A) ==
= im(M™™, (g,)..). Denote by (7). : M'® — D(N) the canonical maps and let
Ry =={1,...,r(m)}, On) = {1,..., q(n)}.

PrRorosiioN 1.3. Let N, B be type 1, sequence algebras. If I’ : D(A) — D(B)

is an isomorphism then there is an isomorphism I' : A — B.
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Proof. The monoids M* (s € N) are finitely generated and so we obtain a
commutative diagram of monoid homomorphisms

M May

Y B,

// L = VA
: r :'
DR — . D(W)

The commutativity of the diagram ensures that the maps «;, f; have at least one non
zero entry in each row and column.

Define unital injections z, : ¥, > B, , By B, — W, with (), 2 and
(731)* + ;. Proposition 1.1 states that there is an inner automorphism ¢ of ‘Jl,,1 with
'g“[?ﬁz © @1, SO renaming ¢B, as B, we have [?ﬁtl = P Continuing in this manner
we arrive at a sequence of compatible unital injections &4y : i’(,‘j - %,,j_
(jeN) defining a =-isomorphism of 21 onto B. 7

-

©

We proceed to show the converse: an isomorphism of two type I, sequence
algebras yields an isomorphism of the associated monoids. For g : (g, .. .. 8nu) €
€ M™™ write g for the clement (i,),g of D). If e, is a projection with
rank(/z-[d:,{”k) = g, (k € R(n)), write rank/h . - g.

We shall make use of some standard results (see [4] for example). If x e W is
a projection {(unitary, rcspectively) and & > 0, there is an ne N and there is a
projection (unitary) v in 9, with ' x — i {»)" < ¢. If e, f are projections in a unital
C*-algebra € with "¢ — f < ! then there is a unitary U € € with ad U(e) : = f and
U -1l < 2lle — f . The following is also true [cf. 7, 4].

Lemma 1.4. Let € be a C*-subalgebra of a C*-algebra §. If there is a partial
isometry v e § with u*u - - pe € and vu™ - - g € and there is a € € with "a;’ < |
andla - u' < ¢ (<1/2) then thereis a partial isometry w € € withw*w - p,ww™ - ¢
and \w - ul < 3e.

For each projection p in 9 define as follows [p] in D). There is an n ¢ N
for which we can choose a projection p, in 2, with ||i,(po) — pii < 1/4. Let[p] - - &,
where gq - : rankp, € M@ _If p, in ¥, is another projection with i1{,(p,) —p}, < 1.4
then (f m > n)

Lo umn(Po) — Prit = {1(Po) — in(p)i < 1,2
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and the projections ¢,.(p,) and p, are unitarily equivalent in U, . Thus g ==
== ranK(@ un(Po)) == (@ un)80 > go = &1 and [p] is well defined. The next proposition
makes clear the relationship of the monoid and the map p — [p] to the K, group
and the dimension function ([4], [S]).

PROPOSITION 1.5. If p,, p, are projections in N then [py] = [p,) if and only
if there is a partial isometry v in A with vy = p, , VO* = p,.

Proof. Choose projections ¢, , g5 in 2, with ||i,(g,) — pill < 1/4 (k =1, 2).
We have [i,(q,)] == [p:] and i,(g,) is unitarily equivalent (via a unitary in ) to p,
(k =1, 2). It is therefore enough to prove the result for the projections 7,(g,) and

in(gs). If [i(g)] = [i,(g2)]), i.e. rankg, = rankg,, then there is an m = n with
(@) TaNk gy == (@,4,): rank g, and there is a partial isometry v in 2, with initial
projection (¢,,,)g, and final projection (¢,,)q,. Conversely, suppose there is a par-
tial isometry v in 2 with v¥*v = i (¢,) and vv* = i,(g,). By Lemma 1.4 there is a
partial isometry w in W, (m > n) with w¥w = ¢,.(¢;) and ww* = ¢,.(¢,). Thus
rank @,,,(q,) = rank @,,,(¢,) (in A,), (@) 130K G = (@), rank g, and [i,(g;)] =

It follows that if p, ¢ are projections in 9 with ||p — ¢g{| < 1 then [p] = {g].
1t aiso follows from Proposition 1.5 and the Murray-von Neumann additivity of
equivalence that [p - g] == [p] -+ [¢] for orthogonal projections p, g € .

Given a *-homomorphism & : 2 - B of type I, sequence algebras, define a
map @, : D) - D(B) by ¢,.g = [P(p)] where p is any projection in U with [p] = g.
Such projections abound, for if go € M*™ with g, = g then [i,(p,)] = g where p, is
a projection in 2, with rankp, = g,. Proposition 1.5 implies that @, is a well
defined map.

ProrasiTioN 1.6. If & : U - B is a =-homomorphism of type 1, sequence
algebras then there is a monoid homomorphism @, : D) - D(B). If ¥ : B - C is
another such x-homomorphism, (¥ ®),, = ¥ . & . If ®isan isomorphism, &, is a monoid
isomorphism.

Proof. We need only check that @, is a monoid homomorphism. This follows
from the fact that given g, , g, € M"™ we may choose orthogonal projections py, p,
in ¥, with rankp, = g; and rankp, = g, . %

If I': D) — D(W) is an isomorphism then the proof of Proposition 1.3
yields an isomorphism I+ 90 > B. We have (l:)* =z I". The isomorphism Iis “local”,
that is for each n € N there is an m (= m,) € N with I'(i,(2,)) < j,(B,,).

Recall that an automorphism o of a C*-algebra (with unit) is approximately
inner if and only if there is a net of inner automorphisms converging pointwise
in norm to a.
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PrOPOSITION 1.7. If o is an approximately inner automorphism of a type 1.,
sequence algebra W then x,, = Idpgay .

Proof. If ¢ < 1 and p is a projection in A then there is a unitary U in 9 with
llad U(p) — «(p)ll < &. We have a.[p] = [«(p)] - - [ad U(p)] = [p]. 2]

Although the isomorphism constructed in Proposition 1.3 is not necessarily
unique, we can conclude that any two local isomorphisms so constructed are appro-
ximately inner equivalent.

ProposITION 1.8. If o is a local automorphisny of W with a,,—- 1d then % is approx-
imately inner.

Proof. I (i, () < i,(A,), define «27:9q, - A, by i,07(x)- «20,(x)

men

(xe,). If r > m then x, := @, Foraprojectionp € A, ,rankp - : x rankp :=
= ranka(p) : = (o), rank p. Thus, as M"® is finitely generated, thereisani > n

with (¢ ). - (¢),, . Proposition 1.1 yields a unitary U, e 9~ with (ad U~ =

= o Tt follows that there are n; € N and unitaries U; e ‘2(,,j with (adU f)‘/'"jnj. =

=: oc:j:_l (jeN). We have (adi,‘j)(Uj) ~io On i,,p(“)[,,p) (p <j) and thus
(ad i,,j)(Uj) — o pointwise in norm. %

2. IDEAL STRUCTURE

We describe the ideal structure in a manner closely resembling the AF algebra
situation [2]. If J is an ideal of a direct limit C*-algebra § =: lim(%, , ¢,), we have
J == U i,(i;}(J)) where i,: &, - § are the canonical maps ({3]). If J, is the ideal
i71(J) of &, then ¢;Y(J,.,) = J,. Conversely, if ideals I, of §, are specified
with @;1(I,,,) = I, then I == Ui/(l,) is an ideal of & and i;'([):: I, .

Let #: - @ #; be a finite direct sum of (countably decomposable) type I
factors. An ideal J of Z is given by @ J, where J; if not zero is either #, or the
ideal of compact operators K; of #,. Define A(J) = {k |[J, # 0}. If V"= &1
is also a finite direct sum of type I, factors and ¢ : Z — 4" a unital injection, define
S(ky = {q | o(g, k) # 0} and S'(k) = {q | ¢(g, k) == oo}

LEMMA 2.1. With ¢ : # — A as above and J, I ideals of R, A" respectively we
have @ ~XI) = J if and only if the following conditions are satisfied.

D) If k € A(J) and g € S(k) then g € AXD). If in addition J;, — #, or ge S'(k)
then I, =4 .

i) If S(k) = AU and I,= AN, (g€ S'(k)) then ke A(J). If in addition
I -4, (qe Sk)) then J =% .
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Proof. First assume ¢~YI) == J. If ¢, is the identity of .47, and x is a non
zero projection in J, (k€ A(J)) then for qe S(k) we have 0 # ¢,p(x) €], and
g € A(D. If J, = &, then an infinite projection x in &, yields an infinite projection
e,0(x) in I, and so I, = .4",. Condition ii) follows from ¢(K,) € @ {K,,Iq €

q

e SINS'(k)} @ {#,|ge S'(k)} =1 and %, < {#,|qe ST} = I

We show condition 1) implies / < ¢~ *(I). For x a non zero projection in J;
we have ¢(x) = Y e,p(x) € I by showing e p(x)el,. If g S(k) then I, # 0. If
g € S'(k) or if J, = % then &', = I, and ¢,0(x) € I,. Otherwise, x and e, p(x) are
finite projections and e, p(x) €, .

To show ¢~-*I) = J it is encugh to show x, = x-Idy, €J, for x (and there-
fore x,) a projection in ¢ ~*(I). For g € S(k) and x; # 0 we have 0 # e,p(x,) e,
and g e A(I). If g € S'(k) then ¢,p(xy) is an infinite projection in [, , I, = 4", and
condition ii) implies k € A(J). Thus x, € J, if x, is a finite projection. If x, is an
infinite projection then [, = .4, (g € S(k)) and condition ii) implies J, = #, and
xgeJ, . Z

PROPOSITION 2.2. Let J be an ideal of the type 1, sequence algebra N =
= 1m(,, ,). The ideals i;*(J) and i;'(J) of N,,, W, (m> n) respectively satisfy hoth
conditions of Lemma 2.1 (where ¢ = ¢,,,). Conversely, given ideals I, of U, (neN)
such that the ideals I, and T

m

ideal of N with i;yMI)=1,.

satisfy both conditions of Lemma 2.1, I = UT,, is an

The ideal structure of a type T, sequence algebra U = lim(2,, , ¢,) is reflected
in the order structure of the monoid D) = lim(M'®, (¢,)..). First observe that
there is an order < on DY) arising from the obvious coordinatewise partial order-
ing on M"® and the order preserving monoid homomorphisms (¢,),. . The monoid
D) with this ordering is a partially ordered monoid 1}, with greatest element
e = (i,).(c0,...,00). If I' is a monoid homomorphism of monoids associated
with type I, sequence algebras then I is a partially ordered monoid homomorphism.

Call a submonoid Q of a partially ordered monoid S an order ideal if given

r(n)
g, heS with g</h and e Q then geQ. If J,= @ J, is a two sided ideal
k1

r(m)
of W, , define an order ideal Q, = @ Q,, of M"" by
k-1

0 if and only if J, =0
Qun=4N if and only if J, = K,

M if and only if J, = N, .
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Any order idcal Q, of M'® is of this form and we can define the corresponding
ideal J, of ¥,. Given ideals J, of 91, (n € N) and corresponding order ideals Q, of
M then (9,)5 10,41~ Q, if and only if (¢,)4, ., —= J,. If 0, is an order ideal
of M (neN) with (¢,)3Q,sy = Q, then Q =y (i,).Q, is an order ideal of
D(¥) and (/,):'Q -+ Q,. These remarks imply that there is a one-to-one correspon-
dence between order ideals of D(N) and ideals of . If J,, J, are ideals of 9 with
corresponding order ideals O, , Q. respectively, then J; < J, if and only if O, < Q,.
Thus this one-to-one correspondence of ideals is a lattice isomorphism of (com-
plete) lattices (where the partial ordering is defined by set inclusion).

The partially ordered monoid D(2() has “the’ Riesz decomposition property
(cf. {4]), namely if x, 1y, y» € D(A) with x < y, - v, then there are x,, x, € D(A)
with x =: x; + xy and x; < 3y, X» < . Thus, if Q,, O, are two order ideals of
D) then Q; = Q, is an order ideal of D().

The set of idempotents M - {0, 0o} of the monoid M is a submonoid. If
A Hm{A,, ¢,) is a type I, sequence algebra then D~(‘JI) = 1im(/t/~1’(”), (0,)..) is
(isomorphic to) the submonoid of all idempotents of D() and forms a join-semi-
lattice withgvh g-1-7 (g, h ef)(*)l)) [1]. Multiplication coordinatewise by oo gives
risc to a partially ordered monoid homomorphism of A7 onto M’"® which extends
to a partially ordered monoid homomorphism L of D() onto D~(‘J[) with L l 5(‘)[) s
== ]d/?(-.u)' If A and B are two type 1, sequence algebras and I' : D(A) — D(B) is a
monoid homomorphism, then I'L - LT.

PrepesitioN 2.3, There is an injective join morphism I from D(N)Y to the
lattice of order ideals.

Proof. For pe 5(‘21) let I(p) be the order ideal {x e D) | x £ p}. The Riesz
decomposition property implies that I(p) = I{g): I(p = q) for p,qc 13(‘)[) and
thus 7 is a join morphism. If I(p) == I(¢) then p < ¢, g < p and p - - ¢. Note also
that /(0) -0 and I(¢) -~ D). )

The join-semilattice ﬁ(ﬂ[) has a universal lower bound (namely 0) so if every
ascending chain in D(1) is finite then D() is actually a lattice [1]. In general, 15(‘1()
is not a lattice. For example, choose 8B with D~(‘B) linl(/\/?’(”), (¢n).) where r(n) - -
~on -1 and (@), ) = Lif (i,j) = (1,1), 2.1 = 1) or the form (j-- 1, /), other-
wise 0. If (/,),.(00,0) - = g and (7). (0, c0) == /i then {g, i} has no greatest lower bound
in Z)(!B). The join-semilattice b(‘.’() is distributive however, and thus is classified
by its Stone space [8].

COROLLARY 2.4. Let U be a type 1, sequence algebra. Iff D(N) - DN(‘H) and
D(N) has finitely many elements then the map I of Proposition 2.3 is an isomorphism
of lattices.



FINITE DIRECT SUMS OF I, FACTORS 11

Proof. It is sufficient to show I is onto. If Q is an order ideal of D(?), then
Q-vi{llg)|geQ} - I(vig|gcO). %

In general, the map I need not be onto, even if D) = ﬁ(“l[). For example,
let M, =@ {N, |k +-:1,2,...,2" and ¢, be such that (¢,)(,j) = co if i =2
k

or 2j — 1,0 otherwise. Then D) = D~(‘2() and the order ideal generated by
{Gy+5)4(0, ...,0,00,0,0,0) | ne N} is not of the form I(g) for some g in D).

If Q is an order ideal of D(), denote by O the order ideal {x e D) I x<h
(h e L{Q))} containing Q.

PROPOSITION 2.5. There is an order ideal Q of D) with Q # Q if and only
if D) # D).

Proof. lfﬁ(f)[) == D(U) then Q = Q for any order ideal Q of D(2). Conversely,
ifge D(QI)\5(Q[) then ng # L(g) for n e N. Thus L(g) is a member of Q but not
of Q where Q is the order ideal {# € D() | h < ngfor some n € N}. %

Consider the compact topological space S = X R(n) where R(n) has the
neN

discrete topology and S the product topology. An element ¢ in S is called a path
(in W) if and only if @, (c(n -+ 1), ¢(n)) % 0 (n € N). The set of paths P is closed and
thus compact in S. We may define a path inductively as ¢, (n € N) is an injection,
thus P is not the empty set.

LemMA 2.6. Let T, be a non empty subset of R(n) (n € N) such that given be T,
there is de T,y with @,_1(b,d) # 0 (n>0). Then there is a path ¢ with
cmyeT, (neN).

Proof. For ne N define P,={peP|p(i)eT; for i =0,...,n}. We may
define a path ¢ e P, by defining ¢(m) (m < n) using the hypothesis and defining
c(m) (m > n) inductively. Thus P, (n € N) is not the empty set. We have P, 2 P, ,,,
P, is closed and there is an element cen P, . %

Given g € DO)N\D(I), choose g, € M"™ with (/)80 = g. For each m = n
let 7, be the non empty set {j € R(m) | the j** coordinate of (,,,)..g0 ¢ ii/?} By Lemma
2.6 there is a path ¢ withe¢(m)e T, (m = n). In other words, there is a ““finite
path™ in 9 if DAY # D(A).

The non zero idempotents of D) correspond to (properly) infinite projec-
tions of ¥, and so may be called infinite elements of D(). Define g in D() to
befinite if 4 < g and & e DQA) implies /1 = 0. Note that g € D(N) is finite if and only
if g, € N'O for g, in M™™ with (7,),.go = g. Thus the set of finite elements F()
is an order ideal of .D(2().

If Jis an ideal of ¥ with corresponding order ideal Q of D(), then J is separ-
able if and only if Q € F(). In this case, J is a direct limit of finite sums of
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compact algebras and so is an AF algebra. Let K() denote the ideal of 2 cor-
responding to the order ideal F(N). It is the unique maximal AF ideal in .

A type I, sequence algebra U = im(2,, ¢,) is said to be finitely embeucied
if there is an m (without loss of generality, m - 1) such that (¢,).. is a matrix with

entriesin N (i.e., all entries are finite) for » > m. In this case (¢,),, N'® < N - und
Hm(Nr®), (¢,)..) is (isomorphic to) the order ideal F(2) of D().

PROPOSITION 2.7. The type I, sequence algebra N is finitely embedded it and’
only if DY - = FQ).

Proof. If W is finitely embedded then F(A) = DA). Conversely, e = #{N)
and there is a g € F() with L(g) = e. If g, € N"® with (i,)..g, - : g then there is an
nzp with 00-(9,,).(g) = (c0,..., ) and thus (g,,).(g) g has no zro
coordinates. We have (¢,,).g; € N for all m > n and (¢,,,), has entries iz N
for all m > a. i

COROLLARY 2.8, If @ : W — B is an isomorphism of type 1, sequence alg lras
with N finitely embedded then B is finitely embedded.

Proof. The partially ordered monoid isomorphism @, : D) - D(B) nre-
serves finite elements and L&, - & L. ‘A

If 2 is finitely embedded then the order ideal F() of finite elements is given
by lim (N"*, (¢,),.) and the corresponding AF ideal K(¥) of W satisties 7, '(K (A2
@ (K, ] k & R(n)}. The dimension group K (K(2)) = lim (Ky@i, (KM, (0,3,
= lim (Z™, (,)..) (4, 5 which is the group completion of the partially o-der-
ed monoid F(N). "

PRroPOSITION 2.9. Two finitely embedded type l,, sequence algebras N, B are
s-isomorphic if and only if their maximal AF ideals K(N), K(B) are =-isomorniic.

Proof. Any isomorphism of 2 onto ¥ restricts to an isomorphism of ATV
onto K(B). Conversely, if ¢ : K(AN) —» K(B)is an isomorphism then there is an ordered
group isomorphism Kg(@): Ko(K(2)) — K (K(B)). As in Proposition 1.3 this vicids
a local isomorphism of 91 onto B. "3

k]

Note that if ¥ is a finitely embedded type I, algebra then it follows that ilicre
is a unital AF algebra 4 with % = 4 ® M (M a type 1, factor). The maximai AF
ideal is A ® K.

PROPOSITION 2.10. If 9 is not finitely embeddcd then DY) - {0, ¢} if witd iy
if 9 iy simple.

Proof. If p e D(30)™ {0, ¢} then /(p) is a non trivial order ideal of D(N). Con-
versely, suppose D) - ‘0, e}. The result follows from Corollary 2.4 if D)
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. . D(). Proposition 2.7 implies F(N) = 0 and so F(A) = 0. Thus, if g € DAY\
\1’3(*1[) then g is not finite and there is a nonzero 4 in b(‘l() with i < g. It follows
that g = e and D(A) = D). %

PROPOSITION 2.11. If U is finitely embedded then D(U) = {0, ¢} if and only
i W has exactly one nontrivial ideal. In this case the ideal is K(21).

Proof. Let D(A) = {0, e} and choose g a non zero element of an order ideal Q
of DMN). If g is not finite, then, as in Proposition 2.10, g = e and Q = D(N). As-
sume Q < F(A). The equality L(g) = e implies that there is an n with (/,,).(N"®) < O
and thus F(N) < Q. Conversely, let p e ﬁ(ﬁ[)\{o, e} and form the non zero order
ideal K(p) = {g € D(N) | g finite, g < p} contained in F(A). It follows that L(K(p))<=

< {xe DA | x < p} & DAY = L(F(N) and K(p) & F(2A). %
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