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TIME PROJECTIONS IN A VON NEUMANN ALGEBRA

CHRIS BARNETT and BHARAT THAKRAR

INTRODUCTION

The discussion of stopping for L2-processes described in [3] is tied quite
firmly to the context of the Clifford Filtration employing the Ito-Clifford integral
in its definitions and (hence) proofs. However the results of [3] indicate an alter-
native approach to stopping and it is this that we discuss below. While this alter-
native approach is not restricted to the Clifford Filtration and does not employ
a theory of Stochastic Integration the connection between stopping and Stochastic
Integration remains. In the last section we return to the Clifford Filtration and
employ this connection to characterize some stopped processes.

1. NOTATIONS AND PRELIMINARIES

-~ Let (#,), « € R* be an increasing, right continuous family of (finite) von
Neumann algebras acting in the Hilbert space #. Let 7, be the von Neumann
algebra generated by {_) .&,. We assume that &7, is finite and that ¢ is a faithful

[

normal finite trace on o o, with @(I) = 1, where I denotes the identity operator
on #. For each x € R+, let M, : &/, — &, denote the conditional expectation
and for cach fixed p €[], o), L¥(+,) the non-commutative Lebesgue space con-
sisting of (possibly unbounded) operators, X, on #, with dense domain, affiliated
to o/, for which @(jXi")'" = {[X[|, < co (see [9] for details). The expectations,
M., extend to self-adjoint idempotents on the Hilbert space L2(s/,) with range
L2(of ). The family (L*(<7,)).is an increasing (strongly) right continuous filtration
of subspaces of L% &/.,) which is the closure of their union [2]. An L”-process is
a family (X,) with X, € L”(2£)). In fact this last definition is not quite complete
because we shall allow our processes to assume a value at time o = co. Often
this value arises quite naturally, for example an L2-bounded martingale X = (X,)
has an L? limit X, = lim X, such that M (X,) = X,. However some processes

a— 00

(e.g. Y, = al) have no natural candidate for the value at infinity and in this case
we usually assign the value 0. So an LP-process is a family (X,) with X, € L?(s/,)
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and some stipulation about what happens at infinity. We will describe this by phra-
ses like “the process X = (X,) closed by X,

We will need to consider integration of vector valued functions by a real
measure (usually Lebesgue measure).. For this we employ the theory describéd
in Chapter I of [6]. In this connection we will also have to consider “‘Riemann
sums’’ of vector integrals on the interval [a, 5], 0 € a < b € co. So let .Z[a, b]
denote partitions of [a, b]. We note for future reference that families indexed by
the elements of 2[a, b] will be thought of as nets.

2. STOPPING REFORMULATED

Let # = (Q, %, P,(Z,), RT) be a stochastic base [8]. A map 7 : 2 = R+
is a stopping time if {r < «} € X, for each « € R*. In the presence of right conti-
nuity of the filtration (Z,) this is equivalent to requiring {t < a} € X, for x € R*.
In [3] stopping was reformulated using the sets {r < a} and the formalism sc
obtained abstracted to a non-commutative context. While it makes no difference
to the formalism obtained it is better to reformulate in terms of the sets {t < 2}
for our purpose since we allow our times to take the value oo. Bearing this in
mind with the reformulation given in [3] we have

2.1. DEFINITIONS. (i) A (stopping) time adapted to the filtration of von
Neumann algebras («7,) is a map 7 : {0, 0] - &5 with 7(0) = 0, 1(c0) = {,
1(2) € 5 for a € (0,00) and if %, < «y, t(%,) < 7(%,). In other words a time is
an increasing projection valued process starting at 0 and finishing (at infinity)
at I. We will often write P,, Q,, R, to denote t(x) and sometimes T = (P,):’

(it) Let p € {1, 00) be fixed and X = (X,) be an L"process closed by X.
Let 7 = (P,) be a time. Let 8 € P[0, o], say 0 = {a,}, then X, sl pN Xo; AP,

]
where AP,‘, = P“.- - P

(iii) With the notations of (ii); note that X 4 € L°(&,) and 0> X, is
a net, 2{0, co] being ordered by inclusion. If lim X, exists in || !, then we denote
[} .

1‘0_‘ .

this limit by X, and call it the stopped operator (associated with X and ).
@v) If 6 = (@,), T = (P,) are times then we define

c<t=P, <p, VeeR*
(v) Let @ € R* we will identify this ‘time’ with the process (P) where

0 ff<ua
Pp= . )
[ ff>a
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(vi) A stopping time 7 = (P,) is bounded if 3se R+ :P, =1 Va > s.
2.2. REMARKS. In (ii) above one could argue that ,5X = Z AP,iX o, 18 just

as good a definition as X q. Note however that if X*= (X¥) then (;@X*)= X%, .
Moreover the involution is very well behaved on a finite von Neumann algebra
so it seems likely that we could convert most of our results about X, to results
about ;)X and conversely. But there is yet another perfectly reasonable definition
from the point of view of generalisation, that is

X)) = Y AP, X, AP, .

This has many nice features in that the operation is positivity and adjoint preserv-
ing and, anticipating § 3, the map

x> Y, AP, M, (X)AP,,
i

is a very nice map on L? (an expectation). However this ‘bilateral’ stopping involves
a restriction on both the domain and the range of the operators involved whereas
the form we have chosen restricts just the domain, which is in keeping with the
commutative case.

In (ii) the value of X, depends in principle upon the choice of X, that
closes X but as we remarked above there is often a natural choice for X .

The existence of lim X, in the appropriate p-norm is by no means assured

/]

although we shall see that for various L'- and L%-processes it is guaranteed.
It is not difficult to show that if X = (X,) is an L*-right continuous L”-process

and @ € R* and © = (P)) is the process defined in 2.1(v) then lim X, = X,.
o€ [0, oo]

However this does not follow if there is not ‘enough’ right continuity present.
So our reformulation of stopping should be regarded as a reformulation of stopping
for stochastic processes with right continuous paths applicable only to those non-
-commutative processes which have some kind of right continuity, e.g. in the strong
operator topology or in L! norm.

To our knowledge the first investigation of stopping in 2 non-commutative
context was undertaken by R. L. Hudson (perhaps as early as 1973). This work

led eventually to the publication [7]. More recently D. B. Appelbaum has proved
the ‘fermionic’ version of Hudson’s original result in [1].

2.3. LEMMA. The set T of stopping times is partially ordered by the relation
defined in 2.1 (iv). Under this relation the set of times form a complete lattice.

Proof. The times t(«) = 0 and o(x) = I for o € (0,00) are respectively the
greatest and least times with respect to <. Let S # @ be a subset of 7. Fix
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2 € {0,00] and set P, = inf1(x) then P, is a projection in &/, for the projection
T€ES

lattice of &, is complete. If x < B then as 1(&) < 7(f) for any 7 € S it follows
that P, < Py. The family ¢ = (P,) is a time and clearly o0 > 1, VT € S. If p is
a time, p = (R,) and p is an upper bound for S, then R, < t(x) Y€ S so

R, < inf1(x) = P,. So every subset of 7 has a supremum constructed as above.
T€ES
A dual argument shows that ¢, = supt(2) defines the infimum of S.

€S
2.4. REMARK. We will use the symbols o vt and 6 At to denote the su-
premum and infimum respectively of times o, 1.

Let us now consider what the definition of stopped operator yields when
o is commutative and all of the operators may be considered to be (multipli-
cation by) measurable functions. Indeed let (X,) be an LY@, Z, P) martingale
adapted to the stochastic base # and closed by X, e LYQ, Z,P). Let 7 be a stop-
ping time on the base %. To assist the discussion we will use the following nota-
tion: upper case letters will denote elements of L}(Q, X, P) and lower case letters
elements of ZYQ, X, P), the Z-measurable, P-integrable, C-valued functions on Q.
if ye LYQ, Z,P), then Y denotes its class in LYQ, Z,P). If Ye LYQ, 2, P),
then y denotes a representative of Y. Let p, = yr,<q; and X = (x,) the pathwise
right-continuous modification of (X,). 1t is known that x is unique up to indistin-
guishability of stochastic processes, is a martingale and limx, = x,, almost surely

@—00

and in Lnorm [8]. If 6 € 2[0,00] then 3, X, AP, is the class of X x,3p, . But
0 0 !

Yy x,,iAp,i = X, Where 7(0) is the stopping time Yy % Aa,  <riade So X, as de-
b ]

finzd in 2.1 (i) is indeed the class of x,g) (defined in the usual way)in L', Now xis
right-continuous and so x,g — x, P-almost surely as 0 is refined. In addition
the family {x,g : 0 € 2[0, co]} is uniformly integrable because x.g = E(xoolz’ﬁo,)
.and P is a finite measure so all the conditions of Theorem 6, Chapter III of [6]
arc met bar countability and total order of the net. But, clearly, we can choose an
increasing sequence (0,) « #[0,00)] with z(0,)} T pointwise. We then have
Xt,ign) — X, in L! by the theorem last quoted. But for any 0 e #[0,cc] 7(0) > 7
and hence if 0 2 0, for some n we have (using 5.4 and 5.5 of [8])

X, = Xl = 1EXeo | 2 = E(Xoo | Sl =
= HE(E(‘YOO , &) — E(X, ] Zr(«?n)) ,21(0))”1 <
< HE(X oo | 2 — E(Xeo | Zo)is == iy - = Koyl -

This shows that for a uniformly integrable LY(Q, Z, P) martingale the definition
of stopping in 2.1 (ili) will agree with that obtained via the usual definition.
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2.5. THEOREM. Let X = (X,) be a weakly relatively compact L' martingale
and © = (P,) a stopping time. Suppose further that X, exists. Then for each o € R*,
X, nq exists and the process X° = (X,.,) is a martingale.

Proof. Since X is weakly relatively compact, there is X, € L' such that
LVlimX, = X, and X, = M,(X). Consider 0 € 2[0, c0] and let « € R+ be fixed.

[ Aad-2] .
1t is no loss of generality to assume « € 0 for what follows. Suppose for argument’s
sake 0 = {o;} and « = a,. Now X;nuy = 2 Xo;APo, + X,(I — P,) by definition
i<r
but also,

M (Xe0) = B X, AP, + M (X X, AP,) =

isr i>r

= ZXG‘.APai + Ma(ZMai(XooAPai)) =
i>r

isr

= Y X, AP, + MM (XoAP,) = Xenuo).

isr i>r
Noting that M, is L'-continuous, we have that L-lim X, g = L-lim M,(X,q) =
] . [/}

= M,X,). So X,., exists and is equal to_M,(X,). It is now clear that (X,.,) is a
martingale.

3. STOPPING FOR L*-MARTINGALES

Let X = (X,) be an L2-martingale adapted to the filtration (#7,) and suppose
(X,) is a bounded subset of L% Then there is X, € L%(&/,) such that X, = M_(X_.),
lim M, (X,) = X, and (X,) is LP-right-continuous. If 0 € 2[0,c0] and © = (P))

is a stopping time, then X4 = Y, Xa‘_AP,, = Y, M (X )AP, = 20) (Xoo)
0 1 [} (4 2
say, where M g(-) = 3, Mai(')APazi- This observation is the basis for the al-
0

ternative approach to stopping we alluded to in the introduction. We proceed by
investigating the properties of the functions M.

3.1. DermimioN. Let 0 € P[a,b], 0 < a £ b < co and 7 =(P,) a stopping
time. Then we write M, for the (bounded) linear map

Ll ) 3 X = Y, M (X)AP,, € L¥ ().
0

3.2. PROPOSITION. Let © be a stopping time.

(1) V9 € Pla, b), My is a self-adjoint projection on L¥(sf ).
(it) If 0,, 0, € Pla, b] and 0, = 8, then M,(gl) 2 M.,
(iii) If ¢ < 1 and 8 € P[0, co) then Myg < M ).
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Proof. (i)
E Mu.(‘: Mcz’;(X)Aij)APtz- = Z Mu-( E Maj(X)APGJ-APu-) =
5 it g i 7 it 5 i

= X M, (Mo (X)AP,) = ¥ M (X)AP,,
i i
using adaptedness, orthogonality of the AP,‘_‘S and properties of the conditional

expectation.

oY "Moo = B oYM (XOAPy) = 3 (AP M. (V)*X)=

- (p((; AP, M, (Y)*)X) = ¢(X(02 M (Y)AP,)%) = (XM (Y ))

so My is self-adjoint.
(if) It is enough to consider the case 0, = 6, U {#} where [/ € R\ 6,. We will
suppose ,_, < fi < a, for some r. Let X € L¥(s/).

n

r—1
M0y Muop(X) = Y, Mo, (2 Ma‘.(X)L\P,'_)AP,j +
j= i

i=1

+ M, ( 5"_‘, M (X)AP,, )(Pp — P, )+ M,,( X, ,Ma:(X)APai)(p,r — P+

i— 1 i=1

+ Y M,j( )3 M,i(X)AP,i)AP,j.
J=r1 i1
Now use adaptedness and orthogonality of AP,i’s in each of these four terms (as
in the first part of (i)). Noting] that My-M, =M, one obtains the sum for
M 0,)(X).
(iif) Let 6 = (9,) and © = (P,) and 0 € #[0, co), 0 = {o;}},. Write E,:A(p,i
and F, = AP,‘, and (for consistency) M; = M,i. The condition ¢ < t means that

13

k K
Yk, YFE <Y Eiand V E =Y F, =1 Now
=1 i o ]

Mooy - Myoy(X) = X M.-()} M(X)F))E,

so consider M;(¥, M;(X)F;)E; for a fixed i If j < i, then Z F; < Y E; 1L E;and
i J<i j<i
E; is adapted, so
MY MX)F)E; = MY, M(X)F,)E;.
7

izi
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Now

MY, M{X)F)E; = MY, M(XF))E; =
: i2i =i
= z M;(XF,-)EE = MI(Z XFj)Ei = Mi(X(["“ Z Fj))Ei
izi izi i<i
and as we have already noted Z F; | E; so the Jast term is just M (X)L, (using
j<i
adaptedness of F;). Now sum on i

REMARK. 3.2(iii) can be extended to an interval [a, b] for o, T such that
o(a@) = 1(a) = 0 and o(b) = t(b) = [. We will use this later.

The second result shows that for fixed a,b the family M4, 0 € #(a, b],
form a decreasing net of projections on L*(&/ ). 1t follows that their infimum exists.
We recognise this in

3.3. DerFmNITION. Let 0 < a <h < oo and T = (P,) be a stopping time. For
b

Y € LY ) We write S M (Y)dP, to denote ( inf M _y)(¥). Ifa=0andb =0
o€ Pla, b]

we will sometimes write M (-) for S M ()P,
0

3.4. THEOREM. Let X = (X,) be an L*-bounded martingale closed by X, with

M(X) = X,. Let T be a stopping time. Then X, = 1lim X, exists and is
6€ 2[0, oo}

equal to M(X).

Proof. As we noted at the start of this section, X,9) = Myg(X) for
0 € [0, o). And we know that the right-hand side converges.

3.5. THEOREM (Optional stopping). Let o, © be times o < 1. If X = (X,)
is an L2*-bounded martingale closed by X, with X, = M (X)) then M (X)) = X,.

Proof. Since ¢ < 7 then by 3.2(iii) Moy < My for 9 € 2[0,00] it follows.
that M, < M,. By 3.4 then M X)) = M, M(Xy) = M (Xx) = X,.

3.6. COROLLARY. (i) Lct X = (X,) be an L*martingale and © a bounded stop-

s

ping time. Then X, = lim X, exists and is equal toSMu(Xa)dP,+Xs([~—Ps)
8€ 2{0, co}
0

where s = inf{o : P, = I}.
(i) If X = (X,) is an L*-martingale, © = (P,) is bounded, and ¢ = (¢,).,
g < 1, then M(X,) = X,.
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Proof. (i) One can consider 0 € 2[0,c0] with s €0, s = a,, say. For such 0

KXo = 3 X AP + Y, Xy APy, = Y, X AP, + X“,.m( = Pa,).

isr r<i isr

So Xy = Mo (X)) + X, (I — P,) where 0, = {a; — 0 :i < r}. Clearly 0, is a

partition of [0, s]and in the limit as we refine 0 we get

r+1

X = SMd(Xs)dPﬁ + lim X“r+1([ — Py =
¢

- SMa(Xs)dPa L X — P
0

because L”-martingales are L7-right-continuous [2]. This shows also that for

R
~

YeL¥Ay), M(Y)= SMG(Y)dPu + Y(I - P,) where Y, = M/(Y).

®
5

(ii) We use the first part. Since ¢ < tthen M, < M,. So X, = S M (X)dP, +

0
+ X (I — Py = M(X,) and hence M (X)) = M,- M (X,) = M (X,). But note that
inf{a :Q, =1} =t<s, so 6 <t and hence M, = M,-M, and so M X, =
= M(X) =M, M(X,) = M[(X,) = X,.

Next we prove a few results about the ‘‘time projections”™ M, where < is
a stopping time.

3.7. THEOREM. Let ¢ = (Q,), © =(P,) be times with P,0, = Q,P,, V2.
Then M, and M, commute and M, AM, =M, .and M,y M, =M, ..

Proof. Let 0 € [0, oc] and note that
‘Pfl + Qﬁ = Pﬂin + PﬁAQﬂ'
Then
-M,A,,-U)) = 5;‘- 'Mazi(')A(Pai v Qai) = Zo Mai(')A(P§i + st,- o Pai A Qai) =
= ; Mo (AP + 21 Maf)AQu — 3, Mo()APs A Qo) =
@

22 Moy + Mooy = Mougq0)-
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Refining 0 gives
M, ,+ M, =M+ M,
Use 3.5 after composing by M, or M on the left to get
Mo, =M, M, =M,-M,=M_AM,,

and from this the other relation we require follows easily.

3.8. CorcLLARY. Let X = (X,) be an L2-martingale and © a time. Then
{ X ny) is an L2:-martingale.

Proof. For any we R+ the time a is bounded and since its proejctions
are just 0 and 7 they certainly commute with those of 7. Using the relation esta-
blished in the proof of 3.6(ii)

Xr,\‘x = MrAu(Xa) = Mt'Mu(Xa)'

And, if 8 < «,
M/I(Xr,\u) = Mﬁ'Mr 'Ma(Xm) =

= -Mr'Mﬂ'Mm(Xa) = Mr'Mﬁ(Xﬂ) = Xt/\ﬁ"

Of course one could just apply 2.5.

3.9. ExampLE. The time projections do not always commute as the following
cxample will show. Let 0 < oy < oo and let R, S be non-commuting projections
in ﬂ“o‘ Let

0 ifa<a
R,=¢(R ifa>uw,,
I ifa=c0
let p = (R)) and ¢ = (S,) where S, is defined exactly as R, except that we replace
R with S. It is not dificult to show that for Y € L3(# ),

A/II,(Y) = MaO(Y)R + Y([ o R)

with a similar equation for M (Y). It follows that

M, -M(Y) =M, (Y)R + S -~ RS) + Y(I — R)(I — )

and
M, -M, -~ M, -M)Y) = (M, (Y)-- Y)(SR — RS).
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Now the left side of the last equation cannot always be zero for this will imply
that RS = SR; for example take (oZ,) to be the Clifford filtration and Y = ()
for v e L*R*), u real valued and non zero.

QuesTion. Is it still true that M A M, = M, ., and M_ v M, = M___ evcn
when o(x) and 7(z) do not commute? Put another way, is the map > M, a
lattice morphism?

In this section we restrict our attention to the Clifford filtration and, using
results from 5], we characterize the process (X, .,). Hercafter 7, denotes the
weakly closed Clifford algebra generated by the Fermion fields y(u), u € L3R )
acting in the Fermion Fock space A(L¥R7*))[5]. For 2 € R*, &, will denote the
(von Neumann) subalgebra of .7, generated by y(v) for u € L*([0, 2]). The family
(), o« € [0, 0], is called the Clifford filtration.

To characterize (X,.,), for an L*-martingale X we shall need to consider
stopping for some Lo/ ) processes.

Some notation : let P, denote the set of L}(.o/,) valued processes, f, which
are Lebesgue measurable and for which ||/, is in LY(R +). We will consider stopping
processes A = (A,), where

A, = S fis)ds fe Py,

Fix ye R* and let ¢ > 0. If xe #[0,y] and © =(P,) is a time, then using
summation by parts

A = 5 A, AP, = AP, - Y AP, =
X x |

Sf(s)P.l,dS — S,f(S)gx(S)d&

i

Here g,(s) = Yy P,ile[,i._l,ai)(s) and we have used the fact that multiplication
=1

by an element of &7, is a continuous linear operation on LY&7,,) ((6], Chapter III,

ar
L4

2.19). So A, = Sf(s)(Py — g())ds.

]
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v
Our next aim is to show that lim 4, ,, cxists and is equal to S_/'(.s')(l’l, -~ Pds.
0

Given a time 1, Lemma 2.3 of [3] shows how to construct a sequence of
(discrete) times which converge pointwise to 7, in fact as times they decrease
to t. It is not difficult to see that this construction provides us with an increasing
sequence (0,) of partitions of [0,00] such that g.(s) — 1(s) Vs € [0, 7] where
ga(s) = go (s). We can use this to show that f(P, — 7)o, ,) € P,. Suppose first that
Jis elementary, e f =y, o, h € LNA). Writing h =hy + hy, I €Ay, and
ol < €. we have [[/(s)(gn() (DI < s eollgats) —(s)lls + &. So /Py —grro =
— (P, —T)X,,1 Pointwise. Since fand g, are simple, it is clear that f(P, —g,)1. 11 €
€ P, and that ||[/(P, — g.)x10,y1ll < ||flli. 1t follows from the dominated conver-
gence theorem ({6],; Chapter I}, § 6) that f(P, — )X, ,; € P,. A similar argument
works when f is not elementary. So we can integrate with respect to Lebesgue
measure, let

= S JEP, — t(s))ds.

(]

Let 0 € 2{0, y] and suppose @ 2 0, for some n € N. Since § 2 @, g,5) >
2 g,(s) and so

ley — Avtorl —US i) — oD =

b
L <

7
< S HU/G)E(S) — guN)NE(s) — gDl ds.

v . . .
|
= {g J(s) — gols)(a(s) - gu(s)ds

0

A recapitulation of one of our previous arguments shows that the last integral

tends to zero as 0 refines. In other words lim 4, exists and is equal to
) . , x€E [0, ¥}

b4
Sf(s)(l’.l. — PJ)ds. Now consider A4, ,. Using the discussion above, ifa; =y€ x €
0 ' ' o '

":’
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& #[0,00) then A ., (sy = % A AP, + Ag (I — P,) which in the limit gives

s
!lj =Y

Y
Ainy = Sf(s)([ - P)ds. When P is a projection we will write P* for I - - P,
0

Let ¥ = (X,) be a centred L2-martingale and (%,) the unique Li(R*, 1.

L1294 ) process such that for x e R*, X, = g.ﬂdxp,. Here ¥, = Y(x10,4;): see 4]

¢
for details. Using the isometry property ([4], 3.5 (c)) it is not difficult to show that
forae R*

; a
/\,rhm = )im "Xd‘X:{Ps = SdX.s(l o Ps) =
(1]

0

*B(P)dY,

S R

where 8 is the parity operator [5], and the “left’” stochastic integral on the right-
-hand side is defined as in [3].

In [4] the sesquilincar process’ valued form, (X, ¥D, X, Y € L/ ,)-martin-
gales, was defined and a characterization of the left stochastic integral of a (sui-
table) process given as follows.

4.1. THEOREM ([S], 7.4). Let (X)) be an 12(sf.) martingale and supposc

fe?[0,1] for each t = Q. Then (ng j') is the unique centred LA(sf o )-martingale.

0

{N,), say, such that

S d(’Ya Y>f= <N<x$ Ya>
]

for any LA(<Z ) martingale (Y,).

Here .#[0. 1] ([5], 6.4) denotes processes which are.the ! ll~4 a.e. limit of
aniformly bounded simple processes. In fact, the slight extension of the It8-Clifford
integral given in {3] and the discussion of stopping for L(sf.)-processes given
above show that the theorem above holds with a time 7 = (P,) replacing j.
Bearing in mind the definition of (X, Y we have: '

4.2. THEOREM. Ler X = (X,) be an L*-martingale, © = (P,) a time. Ther
(X ng) is the unique centred 1.%-martingale, (N,), say, such that. )

X, Yo a0 = (N, Yoy fJor any Li:-martingale (Y,).
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Proof. Let (Y,) = Y be an L2-martingale. Then

Konas V> = <des(1 _P), Ya> -

= S dX, YOI —P)=(X,Y)

1]

A

by the first part of this section.

to

6.

(%)

4.3. COROLLARY. Let Z, = (X, XD n, and Z =(Z,). Then (X, ny, Xingp =

TAR"

REFERENCES

. ArprLsaum, D. B., The strong Markov property for Fermion Brownian motion, J. Funct. Anal.,

65(1986), 273 -291.

. Barnerr, C., Supermartingales on von Necumann algebras, J. London Math. Soc.(2), 24(1981),

175--181.

. Barngrr, C.; Lvons, T. )., Stopping non-commutative processes, Math. Proc. Cambridge Philos.

Soc., 99(1986), 151--16¢.

. Barxnerr, C.; STREATER, R.F.; WiLDE, 1. F., The 1t6-Clifford integral, J. Funct. Anal.,48(1982),

172---212.

. BarnkTr, C.5 STREATER, R, F.3 WILDE, 1. F., The 1t6-Clifford integral. IV, J. Operator Theory,

H1(1984), 255 271.
Dunrorp, N.; SCHWARTZ, )., Linear operators, Part 1, Interscicnce Publishers, New York - London,
1958.

. Hupson, R. L., The strong Markov property for canonical Wiener process, J. Funct. Anal.,,

34(1979), 266 281.

. KussMmauL, A., Srochastic integration and generalised martingales, Pitman, 1977.
. Yeanon, F. )., Non-commutative L? spaces, Math. Proc. Camr Sridge Philos. Soc., 77(1975),.

91--102.

CHRIS BARNETT and BHARAT THAKRAR
Department of Muthematics,
Imperial College of Science and Technology,.
Huxley Building,

108 Queen’s Gate, London SW?7 2BZ,

England.

Received November 27, 1985; revised January 13, 1987.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [445.039 677.480]
>> setpagedevice


