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TENSOR PRODUCTS OF LINEAR OPERATORS IN BANACH
SPACES AND TAYLOR’S JOINT SPECTRUM. II

VOLKER WROBEL

1. INTRODUCTION

In a previous paper [16] we proved that Taylor’s joint spectrum for an
n-tuple of tensor products of operators acting on Banach spaces is equal to
the Cartesian product of their spectra provided » = 2 or the uniform cross-
-norm under consideration is associative. Though this includes the ¢-and the
n-tensor products there are many important uniform cross-norms which are
non-associative and therefore excluded from our considerations if # > 2. In
the present paper we extend the result mentioned above to mnon-associative
Cross-norms.

In connection with this result we investigate the problem of tensor
product stability of Taylor’s joint spectrum and we introduce a modified joint
spectrum. For n = 2 we characterize this joint spectrum in terms of the in-
vertibily of a single operator similar to Vasilescu’s approach in the case of
Hilbert space operators [16].

Though this is a sequel of our paper [16] we recall some definitions and facts
which have to be used in explicit form in subsequent constructions. First we recall
J. L. Taylor’s concept of joint spectrum for an n-tuple of mutually commuting oper-
ators as given in [13] and {14].

Let s = (s, ..., s, denote an n-tuple of indeterminates and let X denote-a
complex Banach space. Then

Als; X1:= @ AP[s; X]
p=0

denote the exterior forms over the complex numbers C with coefficients in X gene-
rated by the indeterminates s;, ..., s, and A”[s; X], the space of p-forms. Exterior
multiplication is denoted by A . Given an n-tuple (ay, ..., a,) € L(X)" of mutually
commuting operators, we consider the Koszul complex F(X; a):

8" a)

Oa
(1.1) 0 = AYs; XI—2% Al[s; X]... —2 A"[s; X] >0
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where
(‘3”((1) : /\F[S: X] - AF"I[S: ;‘/:
given by

<P N i . n i
0 (a)'\flwfp &s, A /\sjp.= pX ai(x;

L) @SS A A
k=1 p :

1 1"

acts as a coboundary operator on A [s; X] since a = {(ay, - . ..a,) consists of mutually
commuting operators. Note that in accordance with this definition 6”{a) = 0 for
pEeELN{0,1, ..., n--1). Wesay that a = (ay, ..., a,) is non-singular (singular),
if the sequence F(X, a) is exact (non-exact). By definition = € C" belongs to Taylor's
Jjoint spectrum o(a; Xy if ¢ — - 1= (¢, — =y, . .., a, — z,) is singular.

A cross-norm % associates with each pair of normed spaces (X, ¥) a norm
a(-; X ® Y) on the algebraic tensor product X ® Y such that

AR VXRY)=x -1y forallxelX, yel.

Given (X, Y) we denote this normed tensor product by X ®, Y and its completion

by X @1 Y. Moreover, once having fixed X and Y we shall write #{z) instcad of
Mz X ® Y)forz e X ® Y. A cross-norm z is a quasi-uniform cross-norm (Ichinose
[81) if for each 4-tuple (X7, X,, Y7, Y,) of normed spaces there exists a constant
¢ =Xy, Xs, Y7, Y5) such that
aW((a®b); Y, @Y < cla - bia(z: X; ® X3)

for all e e L(X,. ). b € L(X,, Ya).

 is called uniform cross-norm, if = is quasi-uniform with ¢ = 1 (Schatten [12]}.
The most prominent uniform cross-norms are the - (the greatest uniform cross-norm)
and the ¢-cross-norm (the smallest uniform cross-norm). Given ¢« L(X., Y7),
bellX,, ¥,) Iet a QQ)zb denote the unique cxiension of @ ® b upon X) @)1 X

If only two Banach spaces X and Y are considered, there may be 2 norm on
X®@Y which fulfils the assumptions of a quasi-uniform cross-norm on X® Y, but
which need not be defined for all pairs of Banach spaces. Such a norm will be called
individual quasi-uniform cross-norm in distinguishing it from the functorial concept
of 2 quasi-uniform cross-ncorm.

Observe that given an individual! quasi-uniform cross-norm % on X & Y, we

can extend the definition of x upon (II X ) ® Y by setting
1

n \ . .
a(z i@ 3 (1;[1 );c Y> = (Y, 3 @ P

wiere -, , denotes the 7 -norm and x;;, denotes the k-th component of x; ¢ [ix
3
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If X, Y, Z denote three normed spaces and o a quasi-uniform cross-norm,
then (X ®,Y) ®, Zand X ®, (Y ®, Z) are the same sets, but in general they will
represent non-isomorphic normed spaces, since « need not be associative.

In order to convince the reader that even very natural uniform cross-norms
are non-associative, we present an example which is based on a cross-norm cha-
racterization of %,-spaces due to J. Harksen [7, 5.30]. The author is indebted to
A. Defant for a conversation on this point.

1.1. ExampLE. Given a finite sequence X, ..., x; of elements of a Banach
space X, let

Aa((x)) := sup{(Y; lo(x))* : 9 € X', il < 1}
Then we define Cohen’s wo-cross-norm (compare [7]) on X ® Y by

W) 1= (X)) 12 = 3 % @y}

Wy is a uniform cross-norm, and by a resuit of J. Harksen [7, 5.30] the following are
equivalent:

(1) Xis an Z,-space;

(2) For all Banach spaces Y the tensor products X ®,, ¥ and X ®, Y are topo-
logically isomorphic. i
Therefore let Y denote an arbitrary Banach space. If w, were associative,
then '

s @u, CR Y = 3@ (L2 B0, ¥) =
=, (;95 (s (Q)n Y) = as £, is an #y-space
= (£ ®,6) ®, Y = as ¢ is associative
= (L ®u,0) ®. Y
and therefore 7, C;)w2 £y =1, (Q)c I, has to be an ¥,-space, which is not true. This

establishes the example.

Thus given n Banach spaces X, ..., X, and a quasi-uniform cross-norm
there are

n-1

k(n) == % k(Dk(n —j)  with k(1) = k(2) = 1

possibilities to build up completed tensor products of X; ®X.®.. ® X,.
Nevertheless each of these completed tensor products has the form
1.2) X=Y @a VA

where Y and Z are completed tensor products of X, ®...®X;, and
Xis1®...® X, (j > 1), respectively.
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Given operators a; € L(X;) (I < i < n) it is easily seen that each operator
L®..0L.:19a;®I,,®...®1, (I; denoting the identity operator on X;) on
the algebraic tensor product X; ® X, ®...® X, has a unique continuous exten-
sion onto each of the k(n) completed tensor products X = Y@, Z.

Once having chosen the completed tensor products X let z; denote the exten-
sionof L ®...®1,_,®a;,®,1; ®...® I, onto X. Our main result will say that
for Taylor’s joint spectrum

(1.3) 0(dy, ..., 3, X) = [1 o(a;; X))
Jjol

is true for all completed tensor products X of X; ®...® X, with respect to «. This
is a generalization of our previous result [16], where « had to be associative.

In order to prove (1.3) we shall consider a more general situation:

Given pairwise commuting operators a,, ...,a,€ L(Y)and b,, ..., b, € L(Z)
(Y and Z denoting arbitrary complex Banach spaces) and an individual cross-norm
«, we shall prove that

o(a,, ...,a,; Y)Xo(by, ..., b,, 2)

in

(1.4
S 0@, ®, 1z, .8, @Iz, Iy ®.51. ..., Iy ®, b, Y ®, Z).

From this (1.3) will be easily deduced.

Of course it would be nice if equality holds in (1.4) as it does for Hilbert spaces
and the Hilbert space tensor norm by the main result of Ceausescu and Vasilescu
[2]. As it seems in all knewn examples there is equaliity

(1.5) oay, ...,a,;Y) =o0(ay @udy,s - .., 8, Ol ¥ ®y Z)

and hence equality in (1.4). We shall prove that (1.5) holds true if ¥ is an & ,-space
{(r = 1,2,00) and thereby we generalize the Ceausescu and Vasilescu result to the
setting of Z,-spaces and arbitrary individual quasi-uniform cross-norms.

In general however (1.5) for x = ¢ or ¥ = 7 means that the Koszul complexes
F(X; a — z) are exact if and only if the dual complexes F(X', a' — z) split.

This observation will be the starting point for a modified joint spectrum which
we shall study in detail in the case n = 2.

2. JOINT SPECTRA AND TENSOR PRODUCTS

The following theorem is a generalization of one half of the main resuit of
Ceausescu and Vasilesca [2, 2.2] from the setting of Hilbert spaces and the Hilbert
space cross-norm to the setting of general Banach spaces and arbitrary quasi-uniform
cross-norms. A generalization of the other easier half of Ceausescu’s and Vasilescu’s
result will be discussed in the next section.
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After submission of this paper, we received a preprint [5] of J. Eschmeier,
where Theorem 2.1 and the corresponding result for essential spectra also has been
obtained.

0

2.1. THEOREM. Let X and Y denote two complex Banach spaces, and let

X &)a Y denote the completion of the algebraic tensor product X ® Y with respect
to some individual quasi-uniform cross-norm «. Given two systems a = (a,, ..., a,) €
e L(X)" and b = (by, ..., b,) € L(Y)" of pairwise commuting operators on X and ¥,

. - ~ ~ ~ ~ ~ ~ A ~ A

respectively, let @ := (a,, ..., a,), b:= (b, ..., b,), a;: = a;Q.Iy, bj:=I3 ®, b;
A

(1< i< n,1<j< m)denote their unique continuous extensions upon X ®, Y. Then

0@y, s 8y X)XOBy, oy b Y)S(@y, vy nybyy oy b XD, Y).

Proof. By doing translations otherwise it is enough to prove that

Q.1 (0,0) ¢ 0(y, ..., dp, by, ..., by X®, Y)
implies
2.2) O0,0¢a@,....,a,; X)Xy, ...,0,; 7).

By definition we have

8(d, b) = 8(a) B, Iy + Iy ®.0(b) := ¥, &5, + ¥, byt
ic1 j=1

acting on

AX S, ¥]i= @ NIXS, Y]
where
(2.3) NX®. Y= @ A[s; X1, AIF; Y],

pta=r

i.e., AP[s; X] A®a A?[t; Y] consists of forms of bidegree (p,q) in s := (51, ..., s,)
and ¢ := (¢, ..., t,) with coefficients in Xé, Y.
If we assume (2.1) then we especially know that

5n+m—1(a, 5) . A"+m_1[X (;)a Y] d /\"+m[X &)a Y]

is a surjection.
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If neither
8 Ha) : A"Hs; X1 - A™[s; X]
nor
0= byt ATt Y] -0 ATt Y]

were surjections, we find functionals

(@r)een < (A"[s: X])' with ol =1 (ke N)

Widkex < (A"[5: YD with (Yl =1 (ke N)
such that
ool Hay -0 and Y, d0""Yb) -0 as k —oc.
Because of (2.3) this implies
(0 {91 Y )ed" MG b) 50 as k - oo
but
EN-RATS

contradicting the fact that 6" +%~1(aq, I;) is a surjection.

Without loss of generality we may therefore assume that 6”~3(a) is a surjection

and that the sequence F(Y' b) (cf. (1.1)) is singular.
Let g€ {0, ..., m} be minimal such that

Ker 89(b) # im7-1(b).

We distinguish two cases:

1° If g =0, take 0 # 5 e Ker 8°b). If & € Ker 8°(a) then & ® yeKerd%a,»)
by (2.3) and thus 0 = ¢ ®# because 8%a, b) is a topological monomorphisr:.
Therefore we have & = 0 and hence

(2.4) Ker 5%a) = {0}.

If {eKerd+¥a), then ¢ ® r/;eKerél’“(?z,i;) is a form of bidegree (p -+ 1,G)
and thus by (2.1) and (2.3) there exists a form ze /\P{X@Sz Y] with bidegree
(=) = (p, 0) such that

D = dP(a) 6:), I(2).

Choosing ¥ € (A°[#y, ..., 1,5 Y]Y such that ¢(n) = 1, we get

& = 07(a)o (I &, ¥)(2)
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thus proving
(2.5) KeroP+i(a) = imdéP(a), for all pe{0,...,n—1} if ¢ =0.

2° If ¢ > 1, choose a sequence ({,):en = (Kerd9(b))' such that
Yoo b) -0 as k »oo and [yl =1 (ke N).

Next choose (g )ien = Kerd?b) such that ¥.(1) = 1/2, iimdl =1. Let
¢ e Kerd%a). Then
& ® n, € Kerd?a, b) are forms of bidegree (0, ¢).

Thus (2.1) and (2.3) guarantee the existence of forms z € A?7[X (;91 Y] of
bidegree (0, ¢ — 1) such that {z, : k € N} is bounded and

E@n =1©,0d)z, (ke N),
In applying the sequence (I(:B ¥ )ken, We obtain

& = lim ()] &u e 8- H0))(z) = O
and thus
(2.6) Kerd%a) = {0}, if ¢ > 1.

In concluding the proof, assume &7(a) were not an open map onto Kerd?+i(a).
Then we find a sequence (¢, ren = (Kerd?+1(a)) such that l|¢,]] =1 and

@ro () -0 as k - o0.

Next choose a sequence (&) en < Kerd?+1(@) such that &} =1, @ (&) = 1)2

(k€ N). We have &, ® i, € Kerd?+1+9q, b), and bidegree(¢, @ n,) = (p + 1, 9)
(k € N). By (2.1) and (2.3) we find forms z,,, z,, such that {z;, : ke N} (i = 1,2)
are bounded sets with bidegree(z;,) = (p, ¢) and bidegree(z,,) =(p + 1,9 — 1)
such that

£ ® = 67(@) @u Kzy) + 1@, 8 Hb)(zz) (ke N).

An application of the functionals ¢, @)a Y, (k € N) yields
1 -

—4— < 0l n) = (910 SP(@) ®, Yi)(z3) +
+ (1 B (Y 0 397 1B))(zws) = 0

as k — oo and hence a contradiction.
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Therefore
2.7 Ker 6P +1(g) = im 6?(a)

forallpe {0, ...,n — 1}if ¢ > 1 and (2.3) — (2.7) prove the exactness of F(X, a)
and thus O € o(ay, ..., a,; X).

REMARK. 1. If 0 ¢ Sp(ay, ..., a,;{a;,...,a,}%), then F(X,a) is split exact
as the construction in Tayior’s proof of [13, Lemma 1.1] shows.

2. We see that the question of having equality in (1.4) and hence a full generali-
zation of the Ceausescu and Vasilescu result [2, 2.2] merely depends on the question
of having

alay, ..., 4,; X) = o(a éaly, cea, @,Jy;Xéa Y)

6(byy .. by; Y) = 0(lx ®ubry - Iy ®ebp: X ®,Y)

because there is always the trivial inclusion
a(alé)aIY: LR ] anéaIY:»IX @Sabl’ . -stéabm > Xéa Y) &

S o(a, @1y, ..., a, @0y ; X®s Y)X06Ug ®abyy ..., [y@bp: X®. T).

This problem of tensor stability will be investigated in the next section. At this stage
we want to draw a censequence of 2.1 which generalizes our main result in [16] to
arbitrary quasi-uniform cross-norms, and consequentiy the resuits of Dash and
Schechter [4] for the joint bicommutant spectrum in Banach spaces and that of
Ceaugescu and Vasilescu {1] for Taylor’s joint spectrum in the Hilbert space setting.

2.2. COROLLARY. Let X4, ..., X, denote complex Banach spaces and let X denste
one of the completed tensor products build up from the algebraic tensor product
X1®X, ®...® X, with respect to a quasi-uniform cross-norm o.

Given a; € L(X;) let a,denote the unique continusus extension of L ® ... ® I, ®
Ra; R ®... QL upon X {1 < i < n). Then we have

(2'8) 0'(&13 '-'san;X)=HU(ai;Xi)'

Proof. We proceed by induction. For # =1 nothing has to be shown.
Assume (2.8) is true for all completed tensor products of less than # — 1 fac-
tors X; and operators a; ¢ L{(X;). Let X be a completed tensor product build
up from X; @ X, ®...® X,. Then X splits into

X=Y®,Z
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where Y and Z are completed tensor products of X;®...®X; and X;,;® ...
... ®X, with respect to a. Let b; denote the restriction of a; to ¥ (1 <j <)
and ¢; the restriction of @, to Z (i + 1 < j < n). Then

-~

G,=b,®,I, for 1<j<i
8, =Iy®,c; for i+1<j<n

Consequently we have by Theorem 2.1
6(by, .o, b;3Y)y X 0(Ciygs o o0r 3 Z) S 0(ay, ..., a,;X) S f[a(?zj;X)
j=1
and by induction hypothesis
ﬁ o(a;; X)) s 0(@,...,a,;X) < ﬁa(aj;X).
j=1 j=1

But 1 —a; is invertible in X if and only if 4 —a; is invertible in X; and
thus o(a;; X) == o(a; ; X;) which proves the corollary.

3. TENSOR STABILITY OF JOINT SPECTRA

It is an almost trivial matter of fact that given Banach spaces X and Y, pair-
wise commuting operators a,, ..., 4, € L(X), and an individual gquasi-uniform
cross-norm o there is always the inclusion

3.1 oay, ...,a,; X) € 6@ ®Iy, ..., a,0Iy; X®¢ Y).

We are going to study necessary and sufficient conditions of having equality in (3.1)
at least for the ¢- and the n-topology. Contrary to this situation we always have (see
[16] for a definition of the following spectra)

SP(@y, -+ -» @ ; LX) = Sp(@y, ..., 3,; LX®,Y))

~

(3.2). Spay, .. a,;{ay, ..., a,5% = Sp(@y, ..., a,;{a,, ..., @,}%

Sp(ay, --,a,;<a, .., a,») =Sp(@y, -, 8,;{Ay, ...y @),

where a; denotes the unique continuous extension of a;®Iy onto the completion
X (;baY, and the algebras on the right hand side are considered as subalgebras of
L(X @aY). The proof of (3.2) is routine observing that a;« (I, ®¢) = (Ix®¢)a;®1Iy)
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(peY') and y,0a; = (@;®Iy)oy, for all ye ¥, where y, denotes the mapping
x> x@®y from X into X®Y.
The corresponding result for the bicommutant spectra

Sp{a,, ...,a,:{a., ....a,}*) =Sp(ay, ..., a,;{ad,...a, "
is at least true, if X or ¥ has the approximation property, for then by a result of
Grothendieck [6, p. 15] the intersection of the kernels of @ ®I, » € X' (resp. I%0,
@ € Y’) is trivial.
If there is equality i (3.1) for all ¥ and o = & we shallcall a(qy , ..., q,: X)
terisor stable. In order to study tensor stability we have to look for sufficient and
necessary conditions whe= exactness of the sequence

NYilay— 2z, .o a, —5,):
3.3)
- ol o o=1
0 A= Al AT L e AT S AT S

implics exactness of the tensorized sequence

FXQLY 8y — 2,0 ... 4, - 2,)):
A 62\%}:{’]/ Py
3.4) W= AP®, Y — s ATEL,Y > L

P AN
".;' 1@\1]}’

AT, Y AS,Y - 0.

Here we used 0 1= d7(ag - - £) as convention.

A trivial sufficient condition to guarantee tensor stability is that each exuct
sequence (3.3) splits at each place (split exact). for then the mapping property of
o guarantees exactness of (3.4). On the other hand, if X is refiexive then this sufficient
condition will be shown to be also necessary. Especiaily if X is a Hilbert space then
so is AP and consequently (3.3) splits. Thus taking intc account Theorem 2.1 we
can improve the result of Ceausescu and Vasilescu {2, 2.2] to the setiing of two
Hilbert spaces X and Y and an arbitrary quasi-uniform cross-norm ¢,

3.i. DerinrioN. Call an exact sequence of Banach spaces

N =1

¢ o o o
(3.5) - X— i —X,—s ... — X _ [ —X, >0

u dh-sequence, if the tensorized sequences

~
0@,

. .
0 »0R, VXD, Vo ...

(3.6)

n--12

- A . é & oA
RO R IO

are exact for all Banach spaces Y.
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The following result characterizes ®-sequences.

3.2. THEOREM. Given an exact sequence of Banach spaces (3.5) the following
are equivalent :

(1) (3.5) is @ ®-scquence;

(2) The dual sequence

’

(0" -1 )

67 0 (o) <L) e e Ky <y < 0

is split exact;
(3) The tensorized sequences

A 60él A
0_)X0®Ey-__)Xl®CY_)
(3.8)

6"_1é)l

v ,,_1®£Y———->Xn®£y"”0

are exact for all Banach spaces Y.

For n = 2 the equivalence (2) « (3) is due to Grothendieck [6, p. 27] whereas
(1) = (3) is due to Kaballo and Vogt [10, 1.3].

Proof. Of course (3.6) or (3.8) are exact sequences if and only if the corres-
ponding short sequences

A 60él ~ hlél A
(3.9) 0 - XR,Yy—X:®, Y ——Ker(d?2®,1) - 0
A A APéI A
(3.10) 0 — Ker(6" @, [) > X, ®, ¥ —— Ker(3P+1 @, I) - 0

(I<p<sn—-2)

n-12
o 16911

(3.11y 0— Ker(8" 1@, I) > X, 1@, ¥ — s X, ®, ¥ — 0
arc exact for o = 7 or g, respectively. Assume (3.9) — (3.11) are exact. If o = ¢,
he n (Ker(67)) (>§6 Y is always an isometric subspace of X, éc Y by the properties

of the e-topology.' Morcover (Ker(6?)) (Q)g Ye Ker(é"écl) and consequently
they are equal because of (3.9) and (3.10).

Thus (3.9)—(3.11) are tensorized short exact sequences for & = ¢ and all Banach
spaces Y and by Grothendieck’s result the dual sequences

1,/

169y’
(3.12) 0 (o) < (Xy) e (Ker %' « 0

P,
(3.13) 0« (Kerd"y « (X,) o (Kerd” %)y « 0
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(Ispgsn-2)

("

.14 0« (Ker(0" ) « (X,-1) <—(X,) « 0

split. By the Hahn-Banach theorem this gives (2), and thus (3) implies (2) and vice-
versa.

But by the result [10, 1.3] of Kaballo and Vogt the splitting of (3.12) — (3.14)
implies exactness of all short tensorized sequences:

~ 0,\ A A
(3.15) 0 X8, 725 %@, ¥ - (Kerd)®, ¥ — 0
A " ,’A A
(3.16) 0 - (Kerd)®, Y o> X, @, ¥ ——> (Kerd”* )@, ¥ - 0

(I<p<n—2)

n—12

(3.17) 0> (Kerd® @, Y> X, 1@, V¥ — s ¥ @,V -0
for all Banach spaces Y.
Since 6”: X, — Ker 8”*" is a topological homomorphism onto, so is

@ X, ®, Y > Kerd” '@, ¥
and consequently

Ker(5’® . I) = Ker(s” ®I)X"®“Y

and
Ker®®I) 2°% = (Ker s &, Y

because of (3.16) and (3.17).

Thus (3.9) -~ (3.11) are exact for o = = which in turn gives exactness of (3.6)
and hence we proved (3) => (2) = (1). So let us assume (1). Then (3.9} — (3.11)
arc exact for o = m. Since 6”@),,1()(,, ®. Y)= (Keré”l)é,, Y by the properties
of the n-topology, we again obtain cxactness of (3.15) — (3.17) and conscquently the
dual sequences (3.12) — (3.14) split by Kaballo and Vogt {10, 1.3], i.e. (1) == (2).

REMARK. It is possible to improve 3.2 in the case that # < 3 and that X,
X1, ..., X, possess the bounded approximation property. In this case a combination
of Kaballo’s theorem [9, 2.9] and Harksen’s result [7, 6.9] can be used to prove that
the short sequences (3.9) - (3.11) are exact for all uniform cross-norms and all
Banach spaces Y.
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Consequently, in this case (1) is equivalent to

o8 1 Py

B 0-X@.Y—>X®. Yo .. 2 X 1@, ¥ — 5 X,8.Y >0
is exact for all uniform cross-norms « and Banach spaces Y.

3.3. COROLLARY. Let (a;, ..., a,) € L(X)" denote an n-tuple of pairwise com-
muting operators. Then d(a,, ..., a,; X) is tensor stable if and only if for all
z¢o(ay,...,a,; X) the dual Koszul complexes F(X',(a;— z,, ..., a, — z,)) are
split exact.

Moreover, if X is reflexive, then o(ay, ..., a,; X) is tensor stable if and only
if for all z¢ a(ay, ..., a,;X) the Koszul complexes F(X,(a; — zy, ..., a, — z,))
are split exact. If this is true, then o(ay, ..., a,; X) = o(ay, ..., a,; Xé, Y) for
all quasi-uniform cross-norms o.

In generalizing results of Kaballo [9, p. 22/23] and J. Harksen [7, p. 110/111]
we give sufficient conditions for having a ®-sequence

50 6"-1
0-Xp,— Xj> ... X _,——>X,—0.

Recall (cf. Lindenstrauss—Tzafriri [11, p. 198]) that a Banach space X is an & » a-Space
(1 € p € 00,4 > 1) provided for each finite dimensional subspace N of X there
exist a subspace M o N, operators Ty, : M — £9=M gnd S),:£3mM — M such that

SyuoTy =1y and [|Syll-|Txl < 2.

X is an & -space, provided X is an %, ;-space for some 1. Moreover X is an % -
-space if and only if X’ is an % -space, where 1/p + 1/q = 1 (cf. [11, p. 203]).

‘We shall only consider %,-, %,- and £ -spaces. For these it is easily seen
that a complemented subspace of an £ ,-space is an & -space (cf. [11, p. 203]).

3.4. THEOREM. Let

én-—l

0 1
3.5) 0o Xy X, 25Xy > .. o> X,y X, =0

denote an exact sequence of Banach spaces.

Assume that either all spaces Xy, ..., X,., are XL -spaces, or that
Xy, ..o Xy_y are Ly-spaces, or that all spaces X,, ..., X, are L1-spaces.

Then (3.5) is a ®-sequence.

Moreover for all uniform cross-norms o and Banach spaces Y

-1 A
bo@ I 1

A « A A ®, I
B6) 0> X,®, Y — X, 8. Y > ... > X, 1. ¥

-4

X,®, Y >0

are exact sequences.
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Before going into the proof, we note the following result which generalize
[2,2.2] to the case of & ,-spaces(p = 1, 2,00) and arbitrary uniform cross-norms.

3.5. COROLLARY. let X and Y denote & ,and & spaces (p,qe i1, 2,00}
respectively and let (ay. ...,a,)e L(X)" and (b, ..., b,) € L(Y)" denote systems
of pairwise commuting operators. Let « denote a wuniform cross-norm, and
a; = a,-é),,ly (1 <i<any, I;j 1= IX®A,bJ- (1 <j<m) their unigue extensions
upon X (;Dz Y. Then

O(@yy ey by byy b X®, Y)Y =0(ay. ...,a,: X)Xo(by, ..., b, : Y).
Proof. Observe that if X is an & ,-space, so are the finite direct sums

A sy, ..., 8,; X], and the same for Y. The result now follows from 3.4.

Proof of 3.4. Since every #,-space is isomorphic to a Hilbert space, each
closed subspace of an .#,-space is complemented. Thus the exactness of (3.6") is
clear in this case. Let

(0 vl -
(3.18) 0 = X, > X, > Kerd® — 0
o of “pel
(3.19) 0 - Kerd =¥, —>Kerd” -0 Q2<p<n—1).

We consider the cases ¢, and &, separately.
If Xg, ..., X,-e are ¥ -spaces, then (3.18) is a ®-sequence by a result
of Kaballo [9, p. 22]; indeed (3.18) gives rise to an exact sequence

N NS, T . PO N
(3.20) 0 X, &, ¥V 2o X8, ¥ — 20 (Kerd) @, ¥ — 0

for all uniform cross-ncrms » and Banach spaces ¥ by a result of Harksen
7, p. 115].

But if (3.18) is & &-szquence, the duai sequence splits by Grothendieck [6]
and thus the dual space (Kerd®)' is isomorphic to a complemented subspace of
the .#;-space X, and hence itself an % -space. Consequently Kerd®is an & ,-space.
In the same way we conclude that Kerd” is an % -space for 2 < p g n— 1.
Thus we have exactness of all short sequences (3.20) and

6”6;)3 7

(3.21) 0 - Kerd"1®, ¥ = X, 8, ¥ ——(Kerd" )@, Y - 0
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We have

v

(3.22) (Ker§")®, ¥ = Ker(3°®,Iy) (2<p<n—1).
Thus (3.20), (3.21) and (3.22) prove the theorem for % ,-spaces.
If X,, ..., X, are #,-spaces, then

()n -1

(3.23) 0 - Kerd" "> X, , —— X, -0

is a ®-sequence by Kaballo [9, p. 23] or more gencrally

n A an_léal A
(3.24) 0> Kerd" N, Y > X,1®,Y X, ®, Y >0

is an exact sequence for all uniform cross-norms o and Banach spaces Y by Harksen
[7,p. 116]. :
Again by Grothendieck [6] the dual sequence of (3.23) splits and consequently

(Ker 6”7y’ is isomorphic to a complemented subspace of the #-space (X,_,).
Thus Ker 6" * is an Z1-space. Consequently, by the same argument

n—2

0 - Kerd" ?es X, _, L Kerd™ 50

and thus
2 éﬁ 1
0 > Kerd’ > X,—>Keré*™ -0 Q2<p<n—1)

are ®@-sequences and Kerd” are &;-spaces (2 < p < n — 1). More generally Hark-
sen [7, p. 116] gives that the corresponding sequences (3.21) are exact. Then (3.22)
proves the theorem.

3.6. COROLLARY. Let n<3, (ay, ...,a,)€ L(X)" asin 3.3. Then a(ay, ..., a,; X)
is tensor stable if and only if

(3.25) Sp(ay, ...,a,; LX) < o(a,, ...,a,; X).

Proof. If (3.25) is true, then given z ¢ o(ay, ..., ,;X), we find by, ..., b,,
dy, ...,d, e L(X') such that ‘

n 123
() Iy = Z (z; — aDb; = Z diz; — aj).
i=1 i=1
Consequently (So(z1 — a3, ..., 2, — a;) has a complemented range and is injective,

-1 . . .
and 6" (z, — ay, ..., z, — a;) has a complemented kernel and is surjective.

2 -1731
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Hence the sequences

a° &t
0 = A%[s1.505 X' —> AMsy, 85 X' T —> A¥[s1,55; X ] >0

60 61 , 62
0= A5y, 85,535 X'T—> As1, 80,8 : X'1—> AR5y, 85,5 X']—

8 ,
—> A3[51, 52,555 X'] >0

are split exact, and thus o(a,, ..., a,; X) is tensor stable for n = 2, 3.

On the other hand assume that these sequences are split exact. Them
%z —al,...,z, —a,) has a left inverse and " Mzy —al,....z, - a)) has
a right inverse. These define operators d;, ..., d, and by, ..., b, € L(X") such that
(#) holds true, and consequently we have (3.25).

More generally, the proof of 3.6 shows that for an & -space (p = 1, 2.0c)
we always have (for arbitrary n € N)

Sp(ay. ...,a,; L(X) < a(ay, - .., a4, ; X).

For n = 2 we may combine 3.6 with our previous result [17, 2.1] obtaining that
under the assumptions of 3.6 we have

‘Sp(ay, as; L(X")) = ¢o(a,, ay; X)

(¢- denoting the topological boundary of ).

Thus o(a,,a,:X) is obtained from Sp(a;,a;; L(X’)) by filling in holes.
There are examples where Sp(ay, as ; L(X")) = ¢Sp(a;, a5 ; L(X")), but g(a;. ay; X)
contain interior points (see below).

On the other hand it may be interesting that Sp(aj,a;; L(X')) in general
will contain more spectral subsets (i.e. relatively closed and open subsets) and
hence may give rise to more spectral projection than a(e, , @, ; X) does.

3.7. ExampLE (cf. {17, 2.5]). Let-X; denote the complete Hilbert space tensor
product of two copies of £,(N). Moreover, let S;, S; € L(£5(IN)) denote the left
shift S;(x)neN 1= (Xu+1)zen and the right shift Sp(xp)sen = (0, Xy, X5, ...). Then it
is well-known that

o(S;; (o(N)) =D ={zeC:iz{ <1} (=1,2).
Letting a, := 51(:91, a, = I(?g S, , we have

o(ar, ap; X) = 0(S;1 5 £5(N)) X 0(S; ; £5(N)) = DXD.
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On the other hand, if A = (4,,4;) is such that max {4}, |A,|} < 1, then
it is well-known that

(xm)neN > (ApXn — Xn-2)nen = (A3 — Sp)(Xn)nen (X0 = 0)
is a topological monomorphism and
(Xn)neN F> (AXn — XnineN = ()~1 — $)(Xn)neN

is a surjection, and so are the tensorized operators i; — a; (i = 1, 2). Consequently
50(/1 — a) is a topological monomorphism and (31(/1 — a) is a surjection. Since X;
and A1[X;] are Hilbert spaces,

Sp(a;; ay; LX) = dDxD) = 60'(‘11 » @5 3 X1).

Finally, let X = X; @ X, (Hilbert space direct sum),
b= a, @ -é—a,. XX (=12

&
Then it is an easy matter of fact, that

1

a(by, by ; X) =a(a1,a2;X1)Ua(%-al,-i angl) =DxD

and

1 1
Sp(bil, by 3 L(X)) = Sp(ay.» a5 ; L(Xy)) U Sp (7 a1 as; L(Xl)) -
1 1
=JDxD)u 6(———D>< —D}.
2 2

Letting = denote the germ which is 1 in a neighbourhood of d(DxD) and 0
in a neighbourhood of 4((1/2)Dx(1/2)D), we see that n ¢ @(DxD), whereas
e O(0(DxD) U d((1/2)D x (1/2)D)) and = gives rise to the spectral projection

(b, , by) 1= le @ 0.

Let us now return to the case n < 3 and restate that for reflexive spaces X tensor
stability of o(a;, ..., a,; X) is equivalent with having inclusion

(3.26) Sp(ay, ...,a,; LX) c o(ay, ..., a,; X)
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in which case we have

0@y, ...y 3y X®Y) = olars ..., a,; X)

for all quasi-uniform cross-norms o and Banach spaces Y. It seems that there is
not known any example in the literature where (3.26) is not true.

But since we were not able to decide whether (3.25) or (3.26) is always true,
let

05, ....a,;X) = o(a, ...,a,; X)USp(a;, ..., a,; LX) (2 <3)

denote the tensor stable Taylor spectrum. By 3.6 and 3.5 we have 6y =0 for
& p-spaces (p = 1, 2, 00).
In general the tensor stable Taylor spectrum og(a) of a commuting #-tuple

(» < 3) is nothing clse than the set of points, where the dual Koszul complex is not
split exact.

Obviously o, is an ordinary joint spectrum with projection property and

analytic functional calculus. For » = 2 we are going to characterize Oy In terms
of classical operator theory quite analogously as Vasilescu [15] has done in the
Hilbert space setting where 0 = o.

4. A CHARACTERIZATION OF o(a;, 2 ; X)

In the case n = 2, the Koszui complex F(X. a) is simply

“4.1) 0—>X¢—O>X® X'—»)‘s’i;O
with

8% = ax @ a,x, 51()( @ ») 1= ay — a.x.
Recall that o(ay, ..., q,; X) = alay, o an X

4.1. Tueorem. Let a = (a,, a,) € L{X)* denote a pair of commuting operators
on a complex Banach space X. Then the following are equivalent:

(1) (0,0) ¢ 0'®(al a3 X))

(2) There exist by, by, th, d, © L(X") such thut

4.2) Jy 1= dyay + deats  and  Jy i= apby + aib,
a; O
are topological isomorphisins on X' and ( ! ") is a topological isomorphism on
—ay &
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X' @ X'. Moreover, (

only if (bl —af) is
a2 al

2

a’
; _2) is a topological isomorphism on X' @ X' if and
2 1

Proof. Suppose (4.2). Then

*3) ( % ) (bl "”%)=( & 0)=:A
ke dZ dl bz al —(dzbl _ dlhz) Jl

and Aisa topological isomorphism on X' @ X’ with

P ( Jit 0 )
JTNdoby — dib)Ist Ut
and consequently ( % a2) is invertible if and only if ( by — aé) is.
—dy; 4 by a
Let us assume this is true. Comparing

8’ = ajx ® ajx with (b‘ _az) (0) = (—a3x) ® aix
by a1/ \x

and

S(x @) = aly —aix with ( a “é) ("'y) _ (aiy ~ a;x)
' —dy, d, X dyy + dix

we find that 69‘is a topological monomorphism and 8isa surjection. Thus assume

a;x — azy = 0.

( 2 I)( \) ( 2 1 )
aIld thLIS

( x) ='( a, aé)*l( 0 )= (bl —aé)A_l( 0 )=
—y —dy dy —dyx — dyy b, @ —dyx — dyy

_ (+ar2° Jl_l(dzx + dly))
—a, o 7N dpx + dyy)]

Then

But this means Kers' = imd°. Hence (2) implies (1).
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Next assume (1). Suppose

()-(ca 2)0)
0) —dy dJ\y)
Then by the exactness of F(X’,a’) we find ¢ € X’ such that

x=a¥, y=-—al
and consequently

0 = —dyx + dyy = —dyasé — dyaié = —J¢.

Thus ¢ = 0 and hence 0 = x = y. Thus ( a G

)is injective. Because of equa-
—dy 4

a, a;

tion (4.3) ( ) is always a surjection and thus (1) implies (2).

—dy d,

REMARKS. (1) The spectrum ¢ _(a;, a5; X) and its characterization 4.1 is of
course not as nice as Taylor’s joint spectrum, for one has to solve two operator
equations, whereas the elegance and usefulness of Taylor’s joint spectrum just
lies in the fact that no operator equation has to be solved. In the case of & -spaces
(» =1, 2,c0) it turns out that we automatically obtain the solvability of operator
equations outside the Taylor spectrum. On the other hand by 4.1 one gets an inde-
pendent proof of the closedness of o (ay, a5:X) using that the invertible operators
on a Banach space Y form an open group in L(Y).

(2) In order to decide whether (0, 0) € 03(q; , a,: X} we make the following
considerations:

Iy
(dohy — dibo)Jt
see that d;, d, may be chosen in such a way that d,b, = d,b,.

(i) Letting d, := J{%, and b, := bJ;* (i =1,2) we obtain (4.3) with
Jy = Js = Iy.. On the other hand we have

(1) If we multiply equation (4.3) by ( O)from the left, we
-

@.4) ([E1 ——ag). ( ay ag) _ (I;lai + agd; b~lag — aéd:).

btz ai _‘d2 d1 bzdﬁ _ aidz bgaé + ai 1

Consequently (0, 0) ¢ 6 _(a,, a;; X) if and only if (4.3) and
@.5) 52a{ =ald, and by, = agdjl

(4.6) bia} + aid, = I = bya} + aid,
are fulfilled.
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Assume (4.3) and (4.5). Then (b,a; + aldy)x = 0implies 0 = aj(bya; + aldy)x =
=gx and 0 = aéd;x = d;aéd;x = d;x — cila{d;x = d;x — dbyaix = d;x. In the

same way (52a2’ + a{aﬁ)x = 0 implies a;x =0 = d~1x. Thus we have the following
Banach space version of a recent result of Curto {3, 3.10] to which the referee has

drawn the author’s attention.
4.2. THEOREM. Under the assumptions of 4.1 the following are equivalent:

(1) 0,0) ¢og4(ay, az; X).
(2) There exist dy,dy, by, by € L(X") such that dib, = dyb, and
() Jy := dia] + dya; as well as J, := aib, + asb, are topological isomor-

phisms ;
(il) boJsla; = arJ7d, and b5 ay = ajJy7d, ;

(iiiy Kera;nKerd; = {0} for i #j.
If X is a Hilbert space, then there are canonical choices of dy, dy, by, b,.
Namely, if (0, 0) ¢ 0glar, az; X) = o(a,, ay; X), then the positive operators

J, = afa, + afa, and J, = a,af + a.af

are topological monomorphisms (= topological isomorphisms), because

Jx, =0 (i=1,2)

implies

) {
and thus x,, — 0 as n - oo, because %) and §°(a*) are topological monomorphisms.

Consequently, we may choose d; = b, = af (i =1, 2) and Theorem 4.1 is

(Jlxn ’ xn) = (alxn H alxn) + (azxn > azxn) - O
(J2x113 X,,) = (aikxn ’ afxn) + (aékxn 3 a‘;.kxn) - 0

just Vasilescu’s result [15, Theorem 1.1].
Since in this case a}J; 'a, = a,Jy%a¥ implies afJ; *a, = a,J7'a¥ and viceversa,
272 1 1Yv'1 2 Y2 2 2 1

Theorem 4.2 is just Curto [3, Theorem 3.10].
Acknowledgement. The author is grateful to the referee for pointing out a

serious error in a first example concerning non-associative cross-norms. Moreover

due to his hints several inaccuracies have been corrected.
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