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INFINITE COXETER GROUPS DO NOT HAVE KAZHDAN’S
PROPERTY

M. BOZEJKO, T. JANUSZKIEWICZ and R.J. SPATZIER

1. INTRODUCTION

Recall that a kernel of negative type on a sct Y is a function f: Y X ¥ - R
such that for all n-tuples (34, ..., »,) of elements of Y and any »-tuple (4, ..., 2,)

i3
of complex numbers such that ¥ 7; =0 we have
i-a1

2 /”.‘-ij(')',-,yj) < 0.

iJl

A function of negative type on a group G is a function ¢ : G — R such that f(g, ) =
= @(g~1h) defines a kernel of negative type on G.

It was proved by [3] that any function of negative type on a Kazhdan group
is bounded (cf. [4] for the definition and basic properties of Kazhdan groups).

Let (W, S) be a Coxeter group. Then W acts on two complexes canonically
associated with W, the Cayley complex C(W) defined below in Section 3 and the
Coxeter complex A(W) [6, Chapter II]. We define “embeddings” ¢, and «, of C(W)
and A(W ) respectively into a Hilbert space 2 in such a way that W acts by isometries
with respect to the induced metrics. Actually while for C(W) we get an embedding
of the whole complex, for A(W) we just embed the set of chambers. If W is infinite
both embeddings are unbounded. Then

fig: h) = lle(g-0)) — -0

is an unbounded kernel of negative type (see [1]) where o; are fixed base points in
the complexes. Note that any infinite subgroun of a Coxeter group inherits a kernel
of negative type. Thus we obtain the

THEOREM. No infinite subgroup of a Coxeter group has Kazhdan’s property.

This answers a question of de la Harpe [5].
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It turns out that f,(x, 1) equals the length function I(x) on W for the set of
generators S, 1.e. the minimal length of a word in S representing x. By a result
of Schoenberg [1, Theorem 7.8], e=#™ js a positive definite function for ail />0,

Let us emphasize that our method for embedding the Cayley complex is quite
general. For example, suppose a cubical complex 4 has an enumeration (C,),cx
of the cubes such that for ail i, C, intersects all C;, all i < n, in the star of single
vertex. Then 4 has an embedding into a Hilbert space such that the combinatorial
distance between vertices is the square of the distance in Hilbert space. In particular,
no group acting on such a complex with an infinite orbit can have Kazhdan’s pro-
perty. This includes the case of trecs.

Also note that this technique gives nonembeddability results. For example,
the Euclidean building of SL(3, Q,) with the combinatorial distance does not embed
isometrically into a Hilbert space, since it carries an action of a Kazhdan group.

2. THE COXETER COMPLEX AND ITS EMBEDDING

We refer to [6] for the definitions and basic properties of Coxeter complexes.
Let (W, S) be a Coxeter group, 4 = A(W¥) its Coxeter complex, £ the set of roots
and p the distance function on the chambers of 4. Tits proves in [6, 2.22] that

p{x,y) = #{Re#:xeR and y ¢ R}.
Let o = £%(#). Fix a chamber x,, define

a:{x:x is a chamber of 4} - #
by
a{x)(R) = yr(x} = #al¥e)

for all Re . It follows from Tits" formula that %(x) has finite support and that

2p(x, ) = Y 7al) — xrO)F = |2(x) — 2(3)i*.

Ren

Note that this also defines an embedding of the chambers of the Coxeter complex
into all £/7(2) for 1 < p < oo such that 2p(x, ) = jalx) — «(y)"5.

3. THE CAYLEY COMPLEX AND ITS EMBEDDING

The complex we use is a refinement of the Cayley graph of the group, hence
the name: the Cayley complex C(W). It is defined as follows: the set of k-cells is
indexed by II} W/P, where P runs through all finite k-parabolics, i.e. subgroups
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spanned by k generators from S. Two vertices x, y belong to the same cell 4 e W/P
for some P if and only if xy—1e P.

These conditions completely determine the combinatorial structure of C(W).
Clearly, the l-dimensional skeleton of C(W) is just the Cayley graph of W.

In the case of finite groups there is an alternative description of the combina-
torial structure of C(W):

Take the canonical representation of W on R” by reflections and take a point
p e R* with trivial stabilizer. Let P(W) be the convex closure of the orbit of p.

PROPOSITION. The polyhedra P(W) and C(W) are combinatorially isomorphic.
Moreover, this isomorphism is equivariant with respect to the obvious actions of W
on these polyhedra.

Proof. The isomorphism is defined by taking a k-face g- P in C(W) to the con-
vex closure of g-P(p). %

It is clear that the cell decomposition of the boundary of P(W) is dual to the
triangulation of the unit sphere in R” given by Weyl chambers. Moreover, since the
barycentric subdivision of a simplex is combinatorially equivalent with the cube
of the same dimension, the quotient of P(W) by W is combinatorially the cube.

Let W be infinite. Then X = C(W)/W embeds into C(W) as a fundamental
domain for W and consists of finitely many cubes with common vertex 1. In fact,
each finite parabolic subgroup F of W determines a cube C(F)/F, and these are all
of them. This determines a cubical subdivision of C(W). We will work with this
cubical Cayley complex in the following. Define a panel structure (cf. [2]) on X by
setting X, = {xe X |a-x = x)forae S. Then C(W) can be identified with the I'-space
associated to (W, X). Recall that this is the space W X X/~ where (3, x) ~ (5, )
ifand only if x=y and 6~y e V,={a e S|x, € X, (cf. [2, §13]). Observe that the gene-
ral results on reflection systems on manifolds in [2] apply to W-spaces associated to
panel structures (see also the proof of [2, 13.5]. Note also that C(W) is the cubical
analogue of Davis’ universal W-complex [2, §14].

Now we embed the cubical Cayley comples into a Hilbert space 5. The idea is
to embed cubes orthogonally.

First consider the case of a finite Coxeter graph W. Recall that P(W) is dual to
the triangulation of the unit sphere in R” by Weyl chambers. Pick an orthonormal
basis {e,} of some R” indexed by the vertices v of the Weyl chamber triangulation.
Each cube ¢ in P(W) is spanned by the edges from 0 to the vertices v,, ..., v, of a
Weyl chamber. Map o to the set {f,es + ... + f:e; [1,€[0,1]} which we call the cube

oney ..., e Now let W be arbitrary. Let C(W) = qv g-X. Embed g-X into
g€

some R} as follows. Let the generating set S enumerate an orthonormal basis {¢£}
of RY. If T = S, fill in the cube on {ef ]se T} whenever T generates a finite pa-
rabolic. All the edges of the cubes are translates of the basis {¢%}es .

5 — 1731
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Enumerate the elements of W:g;,,g,, ... such that /(g;)</(g;s,) where [
is the length function for S. Recall Lemma 8.2 from [2]:

LEMMA. The set g,,+-X intersects ,Hk g.X along a set F,,, of faces which
are contained in the orbit of a finite parabolic.
We define an orthogonal basis {e;} for the Hilbert space # by induction on k:

Step 1: Pick the vectors {e}} from R,.

Step k + 1: Identify the efkﬂ parallel to an edge in F,,, with the previous-

ly embedded e;’s. Add the remaining e”;’fﬂ as new basis vectors.

This also determines a map o: {e} — {e;}. We define an embedding 2 of
C(W) into o by induction on k:

Step 1: Embed X into # by sending ¥, e} to Y] #,2(e}).

Step k + 1: Since we enumerate W by nondecreasing word length there is a

vertex x of g, X in Il g.X. Let x = Y, ¢l in RY . Send 0 in g, X to
i<k ¢ &rt1

Opsy =2(x)— Y] cioz(efk-?l). Now map RQ'.‘“ affinely to the affine space at 0., by

sending efk+1 to a(ef+1). The consistency of this construction follows from thelem-

ma and the consistency for finite Coxeter groups.

Note that if two faces meet they are embedded orthogonally. Therefore o
is injective provided « is injective on vertices. This is clear since at each induction
step we insert new edges orthogonally. Finally note that W acts isometrically with
respect to the induced metric since the embedding and thus the distance are deter-
mined combinatorially.

The third author was partially supported by NSF Grant No. DMS-8502319.
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