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ON THE CALDERON PROJECTIONS AND SPECTRAL
PROJECTIONS OF THE ELLIPTIC OPERATORS

KRZYSZTOF P. WOJCIECHOWSKI

0. INTRODUCTION AND STATEMENT OF THE RESULTS

In [13] and [14] the space Pdiff, of pseudodifferential projections with the
same principal symbol was investigated. In particular it has been shown that it has
countably many path-connected components. Pseudodifferential projections often
appear as the boundary conditions, hence one may expect applications of this result
in the theory of the elliptic boundary value problems, especially in the calculation
of the index. This is discussed in [7] where a “‘higher’” dimensional effect also appears.
The results of [7] are based on an explicit calculation of the homotopy groups
of Pdiff, and Pdiff§, which is the subspace containing the projections satisfying a
certain additional condition. One can find the calculation of the homotopy groups
in [14]. In this paper we investigate two projections related to an elliptic operator
on a manifold with boundary. We want to know when they belong to the same
path-connected component of Pdiffp,. Along the way we obtain a formula for the
index of the Atiyah-Patodi-Singer problem in terms of the projections we consider.

Let X be a smooth compact manifold with boundary Y. Let E and F be
smooth complex vector bundles over X. We fix a Riemannian structure on X
and Hermitian structures on E and F. We use the Riemannian structure to construct
a collar neighbourhood N = I x Y of the boundary Y; let ¢ €[0, 1] denote the
normal coordinate. We identify Y with {0} x Y and we use the inward normal.

LetA: CP(X; E) - C™(X; F) be an elliptic differential operator of the first
order. We assume that on the collar N, 4 has the form

A
(1) A(t,3) = G(y) (—7 + B),
(7
where B : C*(Y, E|Y) > C*(Y, E| Y) is a self-adjoint (elliptic) operator and where

G :E|Y — F|Y is a unitary bundle isomorphism. G is the principal symbol of A
eviluated on the normal vector dr.
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Such operators appear in the index theorem of Atiyah, Patodi and Singer
(see 1], [2]). Set

H(A) = {s|Y ;s e C™(X,E) and As =0 on X}.

Let A% denote the formai adjoint of 4 and define FH(4*) similarly. H(4) and H(A%)
are called Cauchy data spaces. Denote by P(4) and P(4%) the orthogonal projections
of L(Y, E[ Y) and of L¥(Y, Fl Y) onto the closure of H(A) and H(A%). Let b(y, {) be
the principal symbol of B. Let E (b)(», {) be the subbundle of =*(E|Y). where
7 : SY — Y is the natural projection of cotangent sphere bundle spanned by the
cigenvectors of b corresnonding to the positive (negative) eigenvalues. These are
called the Cauchy data bundless. We have

E_(5) @ E_(b) = =%E).

Let p (v, ) bz the complementary projections corresponding to this decor-
position. These are orthogonal projections in the case that B is self-adjoint as it
is assumed here. Following Calderon, Secley has shown in [9], [10} that there
exist pseudodifferential projections P(4), P(A%) onto the closure of H(4) and H(A*)
with the principal symbols p, and p_ respectively.

If R is a projection onto the closed subspace ¥, then it is easy to sec that

Ro: = RRE(RR* + (Id — R¥)Id — R))~?

is the orthogonal projection onto V. Thus in our case, we may assume that P{4)
and P(A4*) are orthogonal projections. Now we describe IT,(B). We may consider B
from the decomposition (1) as unbounded, sclf-adjoint operator. IT,{B) is the
spectral projection of B for [0, 4+ o0), i.e. onto the subspace spanned by the eigen-
vectors corresponding to the non-negative eigenvalues. It is well-known (see for
instance 1], [3], [S]) that T .(B) is a pseudodifferential operator of order 0 with
the principal symbol p .. .

Now. P(4) and IT,(B) are two elements of the space Pdiffy and we want
to know. when they belong to different path-connected components of this space.
To detect such a situation we use the unbounded operator Ay (s

Ap 3y = A with the domain

2)
dom A4y 8y = {u € Hy(X; E) : T .(B)(l} Y) = 0}
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(sce [1]; see [11], Chapter VI for the general theory of the problems of this type).
Ay 8 : Dom Ay, s — L¥X; F) is a Fredholm operator. The main result of this

paper is:

THrOREM 1. Let us assume that the spaces of the interior solutions
kery(4) = {1 € C°(X;E): Au =0 and u|Y = 0}
aﬁd
kery(A4*) = {t € C*(X; F) : A%*v =0 and v|Y =0}

contain only O-sections, then I (B) and P(A) belong to the same path-connected
component of Pdiffp_ if and only if

index Aﬂ+(B) = 0.

ReEMARKS. (0.1) Signature and the Euler characteristic of X are obtained
as the indices of the operators of the form (2) (see [1]). Moreover let D denote
the signature operator (or more generally a Dirac operator with coefficients in an
auxiliary vector bundle). If Du = 0, then also D%« = Q. Thus v is a solution of the
operator with scalar principal symbol. Operators of this type have no non-trivial
solutions which vanish on a non-empty open subset of X. Let us assume that
uIY =0, then ¥ equal u on one copy of X and O on the other copy is a solution
of the corresponding operator on the closed double of X.

This consideration shows us that operators of Dirac type, constructed with
respect 1o the metric which is the product on some collar of Y, satisfy the assump-
tions of Theorem 1.

(0.2) In case of the Dirac operator on a Spin-manifold the index can jump
when we vary the metric on the collar. This leads us to a new interesting effect
which will be discussed elsewhere.

Theorem 1 is a consequence of the following proposition:

PRroOPOSITION 2. For any operator fulfilling assumptions of Theorem 1

index Ay (8) = index IT1,(B)P(4),

where we consider IT (BYP(A) as the operator acting from the range of P(A) into
the range of II .(B).

REMARK. (0.3) It is obvious that IT,(B)P(A) : H(A) » Ran II.(B) is a
Fredholm operator. It follows from the equality of the principal symbols. Detailed
calculation can be found in the proof of Lemma 2.3 in [13] (see (2.8)—(2.11) in {13]).
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We are able to prove Proposition 2 thanks to the following result which
was first stated in [5].

THECREM 3. H(A) and G-Y(H(A*)) are orthogonal complementary subspaccs

of C*(Y; Ei Y). P(4) and P(A®) are O-th order pseudodifferential cperators. Tie
leading symbol of P(A) is P, (y, {) and the leading symbol of P(4*) is Gp. (v, )G~

REMARKS. (0.4) The second part of Theorem 3 is well-known and the.
first is proved in a different way in [5], part IL.

Here we make some restrictions on operator 4 (it has the form (1) iz
the collar and B and G do not depend on #). Due to this simplification we are
able to give a simple geometric proef based on a certain result of Seeley ({Y].
Chapter XVII; see also 710], [11]) and a glueing construction which was given
in {12].

(0.5) The proof along this line can be extended to a larger class of operators.
We may assume that B is a pseudodifferential operator (depending on #) such th.t
b(y, {) has no imaginary eigenvalues. This is discussed in [6].

Theorem 1 is a corollary from Proposition 2 and the following fact.

PrercsimionN 4. Ler P, P, € Pdiffp ; they belong to the same path-connected
component of Pdiffp if and only if the index of the Fredholm operator P,P : Ran P —
— Ran P; is equal 0.

REMARK. (0.6) Proposition 4 is in fact Proposition 4.1 from [13]. To make
the presentation complete we give in Section 2 a simple proof of the fact, which
shows that P(4) and I1.(B) can be in a different connected component of Pdiffp .

FrorcsitioN 4'. If P and Py belong to the same path-connected component
of Pdiffp , then index PP = 0.

Section 1 contains the proof of Theorem 3 which should be of independent
interest. In Section 2 we prove Proposition 2 and Proposition 4’ which completes
the proof of Theorem 1.

1. PROOF OF THEOREM 3
We may assume that X is a submanifold of some closed manifold A. We
may take for instance M = X, the double of X. Moreover, as will be explained below,

we may assume that A is the restriction of the operator A defined on the whole .
Under these assumptions we have the following result.

THEOREM 5. ([9], Chapter XVII, Theorem 2; see also [10], [11]). Let A
:CO(M; V) —» C(M; W) be an elliptic first order pseudodifferential operator of the
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form (1) on some collar of Y*®). Write X, =X X_ = MN(X'\Y), and
H.(A) = H(A|X.).

Moreover, let us assume that A : C°(M; V) > C®(M; W) is a bijection. Then
H . (A) and H_(A) are complementary subspaces of C*(Y; V|Y) and P (A) : C™(Y;
V|Y) - CP(Y; V|Y) the projections onto H., (A) along H_(A) are pseudodifferential
operators of order 0, p. — the principal symbol of P(A) — at any (y,() € SY is
the projection onto E_(b)(y, {) along E=(b)(», {).

We shall deduce Theorem 3 from Theorem 5 using the following construction.
Let ¥ denote the double of X, so Y has a double collar N=[—1, +1] x Y

in ¥. We define vector bundles EC¢ and F6~ over X using G and G- as clutching
functions

E6C=FEy; F and FS ' = Fy,. E.

We take E over X, and F over X_ and identify E = F over Y using G. If
J: X - X is the isometry which interchanges the two factors X, and X_, then
the pull-back J*(ES) is equal to FS~, and similarly J*(F®™") = ES.

A smooth section of EY is a pair (s, 5,) where s, is a smooth section of

the bundle F extended to X, u[— 1, 0] x Y, s, is a smocth section of the bundle F
extended to X_ y[0,1] x Y, and

3) 5:(6,5) = GO(1,3) on N.
(3) implies that the operators

A on X,
A% on X_

A% on X,

Ay A*¥ =
A on X_

and A*y4d = {

are well-defined on C®(X; EC) and C®(X; FS).
Furthermore (4 U 4*)* = A* y A and the involution J satisfies

@ (4 U A*)T = J(4* U A).

This glueing construction is crucial to our discussion. It has also deep application

in the analytical realisation of relative cycles in K-homology (see [12]).
Now we make the following observation:

*) This requires A to be a differential operator on the collar.
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LEMMA 6. Denoie by T the operator AU A% : C(X; EC) —» CZ(¥; F& 7).
We have

indexT =0 and H,(T)n H_(T) = {0}.

Proof. The nullity of the index follows from (4), which says that T is iso-
morphic to the adjoint operator. We shall use Green's formula ([9], Chapter XVII,
Theorem 1; see also [10] and [11]) to prove the second statement.

Let r.. € H.(T) and choose w= € C2(X..; E®) so that Tw== =0 on X, and
v.‘ile =r.. wt €eC°(X; E)and Aw* =0; also w~ € C®(X; F) and A%~ = 0.
Now we use Seeley’s extension and we get w+* which is a smooth section of E over
X.u[—1, 01x Y with support in the interior of this manifold and such that
Wt X, =wt.

A pair v+ = (v, vd) given by the formula

and
e =GO (t,y) oa N

is automatically a smooth section of E. In a similar way we get ¢~ = (¢, o)
2 smooth section of F¢™" such that ¢ [ X = w-.
Using Green's formula we have
(v*]Y, 1"‘] Y) =@H{Y, o7 |Y)=(:, G¥) =
= (Aw., wo) — (wt, A% ") = 0.

This completes the proof.
COROLLARY 7. ker T = kery(A) @ kery(4%) = ker T*.
ReMARK. (1.1) It has been already observed (sce Remark (0.1}) that at
least for the generalized Dirac operators
kerx(d) = {u e C*(X; E) : Au =0 and | Y =0} =
={ueC”(X;E): Au =0 and suppu < X\ Y.

‘To apply Theorem S we must change T to get an invertible operator. Lets, ..., ;.
denote the orthogonal base of kery(4) and i, . . ., {,,, the orthogonal base of kery(4%).
The orthogonal projection Q onto ker T is an integral operator with (smooth)
kernel

(5) Q(sl H SZ) = (Z(sl » np)"p: E(SQ ’ lpq)‘/’q)
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(5) implies that there exists N’ a bicollar neighbourhood of ¥ with the following
property

(6) Q(sy,85) =0 iff supps, « N' and supps, = N'.

The formula ESs5r - r e F,G(;; defines the bundle isomorphism which covers the
isometry J. We denote this bundle map by J. It is obvious that the operator
JQ : C*(X; ES) - C(X; F‘f—l) has a smooth kernel and that (6) holds for JQ.

This implies that perturbed operator T + JQ is a pseudodifferential bijection
and is a differential operator when restricted to N'. Now Theorem 3 follows from
Theorem 5 because we have the following equalities

() P(T+JQ) =P (T)=PA) and P_(T + JQ) = P_(T) = P(4).

Thus H(A) and G-*(H(A*)) are complementary subspaces and P(4) is the pseudo-
differential projection onto H(4) along G-1(H(4*)). From Green’s formula we know
that G-1(H(A*)) « H(A)! .Hence P(4) must be equal to the orthogonal projection
onto H(A).

2. PROOF OF PROPOSITION 2 AND PROPOSITION 4’

Proposition 2 is an elementary corollary of Theorem 3. We start with the
calculation of ker Ay 5. Thanks to the results of {1jand[11] we know that

ker Ay py) = {ueC®X;E): Au =0 and ,(B)u|Y) =0}

and it is obvious that u € ket Ay (5, implies P(A)(u| Y) = u| Y. This shows us that
in case kery(A) is trivial the condition u € ker A,,+(B) is equivalent to u|Y-e
& ker(IT, (B)P(A)). It is shown in [1] that the cokernel of A ,8) is equal to the kernel
of the adjoint operator and that

(A = (%) e

Gr_(B)G

where we put IT_(B) = 1d — [T {B) (see also [11], Chapter VI, Theorem 7). Thus
(under assumption that kery(4%) = 0) the kernel of (A, (5,)* may be identified
with the kernel of the operator GIT_(B)G-'P{4¥). Now we apply Theorem 3

GIT.(BYG~'P{A*) = G(Id — M, (B))G'G(Id — P(4))G~* =

= G(Id — [T1,.(B)) (Id — P(A)C?
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which gives us the following lemma:
Lemya 8. coker 4y ) = coker 11, (B)P(A).

Proof. It follows from the standard calculations that ker(id -~ iI..(B))I¢ =
== P(A)) is equal to the kernel of the operator P(A)T,(B): Ran il .(By — I, 4)
which is adjoint to T, (B)P(4).

Now we sketch the argument which gives the proof of the Proposition 4.
It is based on the notion of the speciral flow (see [2]. [5]. [13]).

Let Py, P, e Pdiffp; for simplicity (aithough it is not necessary) we assume tat
P,. P, are orthogonal,

{B, = 2P, — 1d) + (1 — )Py — 1d)} 11

is a family of elliptic scif-adjoint operators of order 0. sf{B,} - - the spcetral flow
of the family {B,} — is the difference between the number of the cigenvalues wiich
change sign from — to -+, when ¢ comes from 0 to 1, and the number of the
eigenvalues which change sign from + to — (see [2], [5], [13]). An easy comp.ic-
tion shows that

{8) sf{B,} = index P,P,,

where it is assumed as before that P P, : Ran P, - Ran P;. Now let us assume
that Py, P, arein the same path-connected component of Pdiff,. We have a continous
family {P,};zs < Pdiffp which joins P, with P,. This gives us the family of cll’ rtic
self-adjoint operators {C, = 2P, — Id},cs. As a result we may define the family 1§}
over the circle St

z

i B, for0<itg1)2
Cop—py for 12 <t < 1.

This family is homotopv equivalent {through families over St of self-adjoint elliptic
operators with the same principal symbol) to the constant family. Now the spectral
flow is a homotopy invariant of such families (see {2], [5)). We know also that
sf{C,} =0. It is immediate from (8) that

©) 0 = sf{B,)} = sf{B,) = index P.P,.
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