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HILBERT SPACE OPERATORS THAT ARE SUBNORMAL
IN THE KREIN SPACE SENSE

CARL C. COWEN and SHAOKUAN LI

Motivated by some concrete examples that have been studied in other contexts
(Example 3), we generalize the concept of subnormality for operators on Hilbert
space to include the possibility that the space on which the normal extension is
defined is a Krein space instead of a Hilbert space. In this paper, we develop some
of the basic properties of this new class, the Krein subnormal operators. In recently
published work [12], Wu Jingbo studies a different generalization of subnormality,
called J-subnormality, and proves thc striking theorem that every bounded operator
on Hilbert space is J-subnormal. Qur definition is much more restrictive; Krein
subnormal operators have many properties analogous to subnormal operators.

The most important of these properties, and indeed, the ones that provided
the motivation for the definition, are moment conditions. In the study of subnormal
operators, moment conditions have provided models from which many of the
structural theorems have been proved as well as providing the tools for proofs
that specific operators are subnormal. One of our goals is to find analogues to these
moment conditions. For example, we show (Theorem 9) that a cyclic Krein sub-
normal operator has a model that is multiplication by zin a Hilbert space of func-
tions in which the analytic polynomials are dense. We conclude with some questions
that indicate areas for further exploration of the analogues between subnormality
and Krein subnormality, including questions on possible moment conditions.

A complex vector space 4 is called a Krein space ([1]) if it has an indefinite
inner product { -, - ) given by

Ly, ¥y = [Jx, 0]

where [-,-} is a positive definite inner product that makes % a Hilbert space
and-J is a bounded operator such that J = J=* = JUsl, The operator J will be
called a fundamental symmetry, P, = + J)/12 and P_ = (I — J)/2 will be called



166 CARL C. COWEN and SHAOKUAN L1

SJundumental projectors, and the direct sum decomposition # = A+ @ # "~ where
A5 = P will be called the fundamental decomposition. (Here and throughout,
1“1 denotes the Hilbert space adjoint on 7, whercas * or <*> denotes the adjoint
with respect to the indefinite inner product. Similarly, we write S is [normal] when
SUE = §SU% and normal or J-normal or {normal} when §*§ = $5% and so forth.)

DeriNiTION. We say the operator T, on the Krein space (5, {<,* D) is
an extension of the operator T; on the Krein space (#7y, {,- ) ) if

Q) 7y < H,

(i) v, ydp = {x ), for all x, v in &, and

(iti) 7(x) = To(x) for all x in A,

Deeixrriox ({10). 1If (#, (-, >) is a Hilhert space and A4 is a bounded
operator on ., we say A is J-subnormal if there is an extension T of 4 on the
Krein space (#7, (-, - >,) such that I'is continuous and J-normal.

In particular, # is a positive definite subspace of # and s is T invariant.

The following easy lemma is preparation for the main definition in the paper.
1t shows that commuting with the fundamental symmetry or the fundamental pro-
jectors con be interpreted as a consistency condition on the adjoints of N or as
block diagonalizability.

Lemva 1. IF T is an operator on A, then the following are equivalent:
(1) 7/ = JT.

(1" TP, =P.T.

'y TP.. = P.T.

(2) Tt = T,

(3) £+ and H - are invariant subspaces of T.

DermNiTion. Operators on a Krein space % with fundamenial symmetry J
that satisfy the equivalent conditions of Lemma 1 will be called fundamcntally
reducible (with respact to J).

Proof. (1 < 1" < 1'") Clear.
(L «>2) For all x and y in 7,

T%x, 3> =5, Ty) =[x, Ti] = [TVx, )] = [JTWx, y] = (Ttx, y).

Since J is invertible, the indefinite inner product is non-degenerate and the conclusion
follows.

(1 =>3) We have TH*+* = TP, K =P, TH <« A, and TA = = TP_# =
ve PLTH < A

(3=1) For cvery x, we have P,.Tx 4+ P_Tx = Tx = TP, x + TP_x.
By the invariance hypothesis, TP, xand TP_xare in # + and 4 — respectively. By the
uniqueness of the decomposition, we have P_.Tx = TP, xand P_Tx = TP_x. &
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DEFINITION. We say the bounded operator 4 on J is Krein subnormal if
there is a continuous, J-normal, fundamentally reducible operator N on a Krein
space % that extents A such that s is a closed subspace of #. We call A" a
Krein normal extension of A.

DerFINITION. Let p be a real regular Borel measure with compact support in
the complex plane. By K2(u) we mean the Krein space of functions in L2(\uj) with
the (indefinite) inner product

<ﬁg>=Sﬂ@HZdMﬂ-

If p =p* — p— is the Jordan decomposition of u and support(n) = E+ U E-
is the associated Hahn decomposition, then the canonical fundamental symmetry J
is the operator on K2(xt) of multiplication by A = X The operator M, of multi-

plication by zis a continuous, fundamentally reducible, J-normal operator on K2().
ExampLE 2. Let u = ut — p~ where dut = d0/2r on the circle r =1 and

du~ = d0/8n on the circle » = 1/2 where, as usual, z = rei?. Let 5 be the Hilbert
space of H*(0D) functions with the (positive definite) inner product

<ﬁ9=&ﬁﬁ5@@-

As is easil seen, the set {e :neN!isan orthonormal basis where
“n
2741

ol

TS N

Cn

The operator 4 of multiplication by zon 2# is the weighted shift with the (decreasing)
weight sequence
T 1 l/’4n+z -
"2 ) 4y

It is easy to check that 4 is a Krein subnormal operator whose Krein normal
extension is A, on K*(u). N

The following are motivating examples in that they are interesting operators
in their own right, and one is led to ask about the structural differences between
the examples that are subnormal and the examples that are Krein subnormal but
not subnormal.

ExampLE. 3. Cowen and Kreite [5] investigated the composition operators
C, definedon H*by C,f = f°¢p where
(r+ 9z + (1 —s)c
r(l —s)cz + (1 + sr)

o(2) =
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for some r, s with ~1 <r < 1and 0 < s < 1. It is shown that C3 is unitarily
equivalent to multiplication by

- 2)

(

teofy

on the Hilbert space P2(u,), the closure of the analytic polynomials in the Krein
space K*(y,), where u, is a real measure supported in the closed unit disk. For 0 <
< r £ 1, the measures g, are positive and the corresponding operators C3 are
subnormal in the usual sense. However for — 1 < » < 0, the measures y, are non-
-positive, so the extension is defined on a Krein space that is not a Hilbert space,
and the operators €7} are Krein subnormal, not subnormal in the usual sense. 3

Krein subnormal operators are special cases of J-subnormal operators that
retain some of the special properties associated with subnormal operators on
Hilbert space.

DermiTION. If 4 is Krein subnormal on #” and N is a Krein normal exten-
sion on the Krein space %, we say N is a minimal Krein normal extension of 4
if span {(N*)"#’} is dense in % .

It is not immediately clear that a Krein subnormal operator /ias a2 minimal
Krein normal extension. This will be investigated further below (Theorem 8).

Let A be Krein subnormal on 2 with Krein normal extension N on % =
=4+ @A . Then by Lemma I, N =N, + N_ where N, and V. are the
restrictions of N to "+ and . ~. Let #*=P_#. By Lemma IV.7.1 of [1], P is
an isomorphism of . onto 57+ ; we will abuse the notation and write P;?* for the
inverse of P, considered as a map of .# onto #*. Now if x = x* + x~ is
in .#, then Ax = Nx == N,x* + N_x-, so N,x* = P,(Ax) which is in &%,
Thus, '+ is invariant for the normal operator N..; denoting the restriction of N,
to #°+ by A, this says that A4 is subnormal.

Analogously, letting # ~ = closure(P_#), we see that %~ is invariant for
N_ and that A_, the restriction of N_ to J#—, is subnormal. By Theorem V.5.7
of [1] the angular operator « : #'+ —#~ < N~ given by a(P,x) =P.x is a
strict contraction. It is easily seen from these definitions that 24, = 4_a.

We will distinguish the linear transformation N on # regarded as a Krein
space from the same linear transformation on # regarded as a Hilbert space by
using N and & for the latter. The subspace f/f’, that is, o < 4 , is closed and
we denote by f§ the identification of 57 with H#. Now J is invariant for N and,

by Lemma 1, Nis {normal] so A (A on J?’) is subnormal.

DEeFINITION. If A4 is Krein subnormal on 2 and N is a Krein normal exten-
sion on the Krein space &, we say N is a basic Krein normal extension of 4 if
span{(N3)s# .} is dense in '+, and span{(N*)"# -} is dense in J# ~.
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Clearly a minimal Krein normal extension is a basic Krein normal extension.
From the general theory of subnormal operators, basic Krein normal extensions
always exist, but basic Krein normal extensions are not as nice as one might expect.

ExampLE 4. Basic Krein normal extensions of a Krein subnormal operator
are not necessarily unique.

Let S on ¢£%(N) be the usual unilateral shift. Then U on £%(Z), the usual bilateral
shift, is a minimal normal extension, so S is in a trivial way a Krein subnormal
operator with basic Krein normal extension U. Let s and ¢ be positive numbers
such that 1 + ¢* =%, and let # be the Krein space with orthogonal basis
{.. ., ecq,e_y,¢0, €, €,05, ...}, where[e,,e,] =1 for all n, and [ej, e)] = — 1.

Let W be the weighted unilateral shift on span{e, :n > 0} « A+ defined
by We, = s, and We, = e, for n > 0. The operator W is subnormal; let W
be its minimal normal extension on .+ and let N be the J-normal operator

N =W®O0 on A. Define 7 by

o0
T(x) = sxy€0 + 13005 + Y e
k-1

for x = (x4, x;, ...) in £3N). Letting 5 be the range of 7, we see that # is a
closed Hilbert subspace of ", that 7 is a unitary operator from /%(N) onto #,
that 2 is invariant for N, and that

TS = Nt.
From the definition of W and %, we see that #'+ = spanf{e,,e,,e,, ...} and

N+ is W, and that #° - = span{eg} and N- is 0. Thus, N and U are basic Krein
normal extensions of .S and since U is defined on a Hilbert space, and N is not,
they are clearly not unitarily equivalent.

The following theorem records some interesting elementary observations.
THEOREM 5. Let A be a Krein subnormal operator on H with basic Krein

normal extension N on X and let the notation be as above. The following hold:
(1) A is similar to the subnormal operasor A, .

(2) A is similar to the subnormal operator A.
3) For . complex, A — il is Krein subnormal and (4 — il),. = A.. - il
(4) o(A4) = o(4,) = 6(d) o o(A_).
(5) 114]l = 4.1l = 4l > |4_[.
Proof. (). A = P74, P, .
(2). For x in 5, we have

“xH,Q;;p = <X, x> = [J.\‘, X] = [P+x7 P+.’(] - [‘P—x: P_.‘\"] <

< [Pax, Pyx] + [Pox, P_x] = l'xll}
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Thus, the map -2 is a contraction. Since both # and # are complete, the open
mapping theorem implies [that f§ is bounded. The equality A4 = B14f implics
A is similar to A.

(3). Clear.

(4. By (1) and (2), 4, A, , and A are similar so their spectra are equal,
Moreover A is subnormal, the range of P_ is dense in # -, and P. A = A P_,
so [3, Theorem 1] implies that A_ is invertible whenever A is, which by (3), proves
the final containment.

(5). The spectral radiusis no more than the norm for any operator and equality
holds for (Hilbert space) subnormal operators, so (4) implies (5). 7

The weighted shift of Example 2 shows that the inequalities in (4) and (5)
are the best possible in general.

COROLLARY 6. If A4 is a Krein subnormal operator whose spectrurm has «rea
zero, then A is normal. In particular, if A is compact and Krein subnormal, ther A
is normal.

Proof. By part (4) of Theorem 5, A is a subnormal operator with spectrum
having measure zero. By Putnam’s Theorem [9], A is normal and # is a reducing
subspace of N. But by Lemmal, N<*> = N so # is also a reducing subspace
of N and 4 is normal. 03

CORCOLLARY 7. If A is a Krein subnormal operator and 7 is an eigenvalue of
A, then ker(A -- A1) is a reducing subspace of A on which A is normal.

Proof. Let ker(A -~ AI) = 2#,. The restriction of A to #, is a Krein sub-
normal operator with spectrum {4}, so by Corollary 6, A4 on 5#, is normal. This
implies that each vector in 3, is also an ecigenvector of 4™, so %, is invariant
for A also, and 3, is recucing. N

Of course, many results about subnormal operators concern properties that
are invariant under similarity; these remain true of Krein subnormal operators.
Among these, the most interesting are the theorems concerning existence of hyper-
invariant subspaces.

Since many non-normal operators on a finite dimensional space are similar
to normal operators, Krein subnormal operators are not just those similar to sub-
normal operators.

THEOREM 8. Anoperator A on 3 is Krein subnormal if and only if there is
an equivalent inner product [+, -] on # such that for any vectors vy, ..., v, in H

Y <Atv, Aind| < Y] [k, Ao,

JR 0 J k0
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Moreover, every Krein subnormal operator has a minimal Krein normal
extension.

Proof. We will show that for Krein subnormal operators, the Hilbert norm
on the Krein space satisfies the inequality, and we will show that if the inequality
holds then the operator 4 has a minimal Krein normal extension.

(=) Let A be a Krein subnormal operator, N its Krein normal extension
on the Krein space o, and let J be the fundamental symmetry for 2#". We see
that since J is a self-adjoint contraction that commutes with N

n

E (A*v;, Alvy

I,k 0

[JA*v;, A'v,)
J

k=0

Y, [UNky;, Ny]

Jok0

Y [NMo;, Niv]
-0

Jk

n

Y, [(V5YTv;, (N¥)ko,)

J. k=0

- l [Jjﬁo VY li 0 (N*)kvk]

< Z [(N*)jvj, Z (N*)kvk] = Z [Ak j» Ajvk].
Jj-:0 k0 J. k=20

The proof of part (2) of Theorem 5 shows that the inner products are equivalent
on 3.

(<) The operator A4 is subnormal on # with respect to the inner product
[+, ]1'by the Bram-Halmos condition [4; page 117], so there is a Hilbert space '
with inner product [-, -] and a normal operator N on 2~ such that 4 = N|#
and. &, = span{(N*)*# :k >0} is dense in 4.

Letting £ =y} (N*)/x; in 2, we see that f defined by
jo

15, 5) =f( Y (Vg Y (N*)kyk) R RN
J=0 k==0 Jr k=20
is a bilinear Hermitian form and

Iz, 2] < [x 2]

This inequality implies that there is a self-adjoint operator J’ on % such tha
Ml < 1 and

J& §) =[I'%, 5]
Define a new non-negative inner product by

%, ¥ =1V'I%, »Y.
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Complete %y in the inner product [+, -] to get ¢ and extend

to get an indefinite inner product making # into a Krein space.

Now .#° is naturally identified as a closed subspace of #. Indesd. since J'|
is a positive contraction and { -, - > and [ -, -]’ arc equivalent, there is a constant ¢
so that for x in J#.

e =00 x ) < ey x] € el .

On the other hand,

e, xd =[x, 2V < [J 2 x) =[x, xL

Thus, {-.-) and [-,-] are equivalent, which implies ¢ is closed in 4.
Since %7, is dense in 47 and

[J'NT, 7] = J(NE, 7) = (2 (V)N 2 <1;\'=:=y-yk) -
S )

), A4y, Ay = f(Z(N )x; 2 (Noyely, ) -

Fyle ;0
= (%, N°F) = '8, N5 = [NU'S, 57,

we see that N and J' commute on .#7. Since J' is self-adjoint. N also commutes
with 'J’ and J' V2, Tt follows that A is continuous on 4" since for win ¥~

[Nu, Nurl = [ J" ' Nu, Nul' = [NJ' V%, NJ 23] <
< N3 J'wul = N Fu, ul

Since N commutes with the spectral nrojections for J', we see that N is f'mdumen-
tally reducible on J#. in addition, it foliows from the construction of .47 that 47,
is densc in ¢ so that NV is 2 minimal Krein normal extension of 4. N

The following theorem says that for cyclic Krein subnormal operators, the
weighted shift in Exampie 2 is typical; namely, all such operators arc unitarily
cquivalent to maltiplication by 2 on a positive subspacz of K2} for o real
measure .

TacoreM 9. Let A be a Krein subnormal operator on ¥ with cyelic vector y.
Then there is @ unique veal regulay Borel mzasure o with support conteined in o(A)
such ilat
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(1) the operator U defined for analytic polynomials p by

U(p(4)y) = p(z)

has a wnique extension to a unitary operator mapping J# onto a closed subspace
of K¥u),

(2) the J-normal operator of multiplication by z on K*) is a minimal Krein
normul extension of UAU Y thar commutes with the canonical fimdamental symmetry
of K(u), and

(3) any other minimal, fundamentally reducible, J-normal extension of A is
viitarily equivalent 1o M, .

The closed subspace of X2(it) mentioned in (1) above is clearly the closure of
the subspace of analytic polynomials; we will call this subspace P2(u).

Proof. Let A have basic Krein normal extension N on 4. Since y i1s a
cyclic vector, {p(4)y : p an analytic polynomial} is dense in #, and since

P.p(A)y = plAz)y=,

Ip(A4,)*) is dense in #+ and {p(A_)y~} is dense in #°~. That is, 4, and 4.
are cyclic subnermal operators. By Theorem 111.5.3 of [4], there are measures v+
on a(A.) such that N, are unitarily equivalent to multiplication by z on L*(v¥).
In particular, '

(A2 =llp(A )y +]E — p(A- |2 =
=S p(2)Bdv+ —S ip(z)itdv-

for all anaiytic polynomials p. For p = v+ — v, letu = p+ — pu— be the Jordan
decomposition of p and let support(u) = E* U E~ be the associated Hahn decom-
position. Then u is a real regular Borel measure with support contained in a(A4).
Define the operator U from 5 into K%(u) by

Up(4)y) = p(2)

for analytic polynomials p. Since
Ip(Ap)? = S:p<z);2 dv+ — SIP(Z)F dv- = Sp(z);zd,,,

U has a unique extension to a unitary operator mapping 5# onto a subspace of K2(u).
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Now by Theorem 5 and standard results on the Jordan decomposition,
there is a constant ¢ such that for each polynomial p,

¢ Szpcz)zﬂ du* < cgzp(z):ﬂdv+ < Ayt < SiP(Z)i?d#*-

Letting @, and Q_ denote the canonical projectors on K*(u), this inequality implies
that @, maps U(s#) isomorphically onto a subspace of K3(u)*. It follows, because
Q. U is an isomorphism defined on the Hilbert space #, that Q. U(#) is complete
and closed, which, in turn, means that U(#’) is closed.

Let M denote multiplication by z on L*(u ), and Q. denote the fundam:ntal
projectors on K2(u). Since E* and E- are disjoint and the measure pu is regular,
for each x in # and ¢ > 0, there is a polynomial ¢ in two variables such that
10+ (Ux) — q(M, M*)(Ux)!" < gin L2( i) and similarly for Q_ . Therefore,

{(M*(Ux) :xe# and n > 0}

is dense in K%*(u) and M is a minimal Krein normal extension of UAU*.
If i is another such measure, then for every polynomial ¢(r, s) = Ea,-'jr"s"
in two variables,

Sq(z, 2)de = (q(M, M¥), 1) = Y, a; XML, ML) =

= S 4y, (A, ATy = S oz, 2)di.

By the Riesz representation theorem, u and fi are equal. 2]

CoRrOLLARY 10. The minimal Krein normal extension of a cyclic Krein sub-
normal operator is unique up to unitary equivalence.

Proof. The spectral theorem for cyclic normal operators on Hilbert space
implies that a fundamentally reducible J-normal operator is unitarily equivalent
to M, for some real measure y. The theorem above shows that the measurc is
unique. 7

The following corollary is the generalization to Krein subnermality of the
moment condition for shifts due to Berger and independently to Gellar und Wallen:
{4, pages 159, 160}.

COROLLARY 11. Let W be the weighted shift Ae, = wye, ., where w, >0
for all n and {ey,e,, ...} is an orthonormal basis for # and let p denote the
spectral radius of A. Then W is Krein subnormal if and only if there is a real
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regular Borel measure v on 0 < r < p and a positive number ¢ such that
(Wowy ... w42 = Sr” dv(r) > cS r2 djvi(r).

Proof. (=) Since e, is a cyclic vector for W, Theorem 9 implies there is
a measure p supported on the spectrum of W and an isometry U of # onto

P(u) such that Ue, = 1 and UWU-* = M, the operator of multiplication by z.
For each real number 0, the operator Ve, = ei*fe, is a unitary operator that imple-
ments a unitary equivalence between W and ¢%%. By Theorem 9, the measure p
and its rotation u e (e~i), which is the measure associated with €M, must be the
same. Defining v on 0 < r < p by

W4) = p({z 1zl € 4))

this means du = dvdf/2n. Computing, we find
ey <« wyoal? = [t = S 22" dp(z) = S a(r).

Since W is Krein subnormal, W and W are similar and the norms induced by u
and ] are equivalent. In particular, there is a positive number ¢ so that

S 2l du > S 2l di
which implies

S[rlz" dv > CS rizediv].

(«<=) Define u on o(W) by du = dvdf2n. Let f, = (wow,... w,,'_l)‘lz"
Then f, is an orthonormal system and Ue, = f, is a unitary operator intertwining
W and M,. To finish the proof we need only show that Us#” is closed in K2(u)
that is, we need to show that the norms defined by u and |y, are equivalent. If p,
is the analytic polynomial p(z) = a, + 12 + ... + a,z",

S;p(z)f2d;u: > Sip(Z)Fd/x -y 1a,-:28r2f a >

>c) laﬂ?gr”dlﬂ = CSip(Z)i‘*dlui

s0 the conclusion follows.
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Converses of Theorem 9 are more subtle. The most obvious difiiculty is
that the space corresponding to PXu) may not be positive. The extra condition in
Coroliary 11 that guarantees closure of PXu) in K¥u) is necessary for a converse,
and may he difficult to deal with in practice. The following example iliusirates the
possible faifure of this condition.

Examprr 12, We construct a measure v = v, — v_ on 0 r 1 and
INtegers jo. jyo ja- ... such that if the measure g is defined by du = dv dd 2, then g
induces a positive definite inner product on the analvtic polynomials, but

[ .
2y s . e
\r tdy <« 4752 gnd AeTedy > 27K

o -
for Kk =90.1.2,... . This means that the series V7 222/ converges absolutely

ko
in the inner product space defined by u but diverges in L3( p). so that the norm
induced by g on the closure of the analytic polynomials in K2(u) does not make
A=(u) into a Hilbert space. Therefore, the corresponding weighted shift is not Krein
subnormal.

Hl12=p,<p;<py<:..<1 and 0 < p, < p,, then let

=
N — N-n
‘ - — -
Z &SN ]
n o
and et o
=<3
v. =V 2"”0ﬁv
n 1 i

where 8, is point mass at p. Then

Sr'“' dv = 477 & 3 27, — (pi)¥)

n-=1

and

o< . o
Si"”d_v, =4~/ 4+ X 2-H(p V¥ + ().
21

't is easily scen that the corresponding g induces 2 positive definite inrer product
on the analytic polynomials.

We inductively choose integers j, < j <j. < ... : numbers py < p <
< pe < ... < liandrumbersQ < % < %, < ... < 1 scthat the cheice pf, = 2,0,
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satisfies the conditions above. Let j, = 1, 2, = 0, and p, = 1/2. Choose j, > ji_1
{which implies j, > k) so that

(p) 7 <4~% forn=0,1,... ,k—1
choose 2, with x,_, < 2, < 1 so that
(1 = @ < 274
and chooss p, with p,_, < p, <1 so that

(P/;)gj"'(l + (“k)gjk) > 1.

Now,
o . o o o
Sr‘jk dv =4 & + Z z—n(pn)dk (l - (x")‘jk) <
n-:1
k-1 0; o o 0 i
< A7F £ Y 270,01 — ()70 + ¥ 27(p, ) — (1)) <
n 1 n k
k-1 )
< 4—!: + y 2—"4—Ic + E 2—"2—]: < 4-1.- + 4—[: + 2 .4-k — 4,4—1':.
ne nok
Moreover,

Srmd[vi =475 4 iﬁ 2-"p, )i+ (3,7 >

ne=l
> 2 ) (1 + (1)) = 27K

Theorem 9 and Corollary 11 give moment conditions applicable in special
cases that are analogous to those for subnormal operators and seem likely to be
as useful in studying Krein subnormal operators. The following theorem, which is
an application of Theorem 8§, is a more general operator moment condition analo-
gous to the operator moment condition given by Embry [6] for subnormal operators.

THEOREM 13. Let A be a bounded operator on the Hilbert space . Then A
is a Krein subnormal operator if and only if ihere is a bounded self-adjoint operator
measure S(-) supported in the spectrum of A with decomposition S(+) = S*(-) —
-~ §=(-)ysuchthat S+(-) and S~(-) are bounded positive operator measures for which

(A:::)HA'" = S Ell:i"S(dZ)
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and for all vectors x and y in ',
S(Si (dz)A"x, A"y = SE”Z'"( S:(dz)x, »).

Proof. (=) Let N be a Krein normal extension of 4 to the Krein space
H =H+ @A and let P be the [orthogonal] projection of -#° onto #. Since
N is a normal operator on the Hilbert space ¢ with the inner product [- -], the
spectral theorem implies that there is a projection valued measure E so that

r

N :SzE(dz), and since N is fundamentally reducible, N. =51P.‘_,E1’:_.(d:).
Thus, for x and y in 57,
A%y A", ¥y = {dmx, Ay = (Nx, N'y) =

—- <Jvm.\--j- , Nny+> - <l’vm’.\._’ any_> — [Nvmx.e- , ]V"j'*"] _ [1 vm.\._’ AﬂJJ,—j =

= SE""’:’”[P,‘EPJd:).\', ¥ — S e[ P_EP_(d2)x, 1] =

= S Zz"( P EP (dz)x,y) — S 7%(— P_EP_(d2)x,y) = S - S{d)x, )

where
St(4) = PP E(A)P.P, S~(A) =— PP_E(A)P_P

and S(4) = $*(4) — S—(4). It is easy to check that the measures satisfy the condi-
tifons of the theorem.
(<) If the bounded positive operator measures S, and S_ satisfy the condi-

tions of the theorem, let § = S* + S~ and let

[ 1] = S<§<dzjx, .
Then
v, = S(S(d:)x, 5 < S<§(dz)x. ¥y = [x,1]
and

[r, x] = S (5@, x> < I8(o(A)) (. .

This means that [ -, -] is equivalent to (-, - > on .



OPERATORS THAT ARE SUBNORMAL IN KREIN SPACE 179

For xy, xy, ..., x, In 3,

ﬁ CAix;, AVx)y = E Sz"f-"(S(dZ)xj,x&

i,Jj=1 hj~=1

and

i [dix;, Ax]]= i Szf§j<§(dz)xj,xi)
ij=1

hj=1

which implies

'y, Ax] = %, (A, Alx) =2 Y,
iJ=

1 i,j=1 i,J=:1

S =

Sz"i’(S‘(dz)xj , X

1

Since S-is a bounded positive operator measure, the right hand side is non-negative.
n

Indeed, if Y oex 4, is a simple function approximating z on o(4), then the integral
k<1 d

on the right is approximately

% (5 s, x) =

i j=1 \k=1

=3 ( 3 ¢sapnmg, s-@yem ) =

k=1 \ij=1

@

n 2
> 0.

n
S-(4) 2 x;
j=1

k=1
Thus,

Y (A, Aix)y < Y [ixg, Ax].

[yt ij=:1
In the same way,
n

y [Aix;, Ax] + ; (A'x;, Aix) =2 i: Szifj<S+(dz)xj,xi>,

1,j—1 i,je=1 iJj=1

SO

n n
— Y (dix;, Axy <Y AN, Alx)

1j=1 ij:1

By Theorem 8, this means that A is Krein subnormal.
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It is illuminating to contrast this resuit with the result of Corollary 11. The
closure of the original space in the Krein space extension, in the shift case, resules
from the constant ¢ that gives the equivalence of the norms determined by v
and v, whereas, in the operator moment theorem, it results from the assumptior
that the measures are hounded in the original norm.

We conclude with some guestions that scem pertinent.

QUESTION 1. Is the minimal Krein normal extension of every Krein syl
norial operator unigue?

We have proved this only in the cvclic case (Theorem 9). In that case, the
result is a consequence of the Hahn and Jorden decomposition theorems for real
measures. It would seem. in analogy with the cvciic case, that if self-adjoint operator
versions of the decomposition thecrems could be proved, then the uniqueness \wuld
follow as before using Theorem 13.

The corresponding question s unresolved in Wu's work [10, 11,12} also.
Our conjecture is that minimal normal extensions are unique for Krein subnormat
operators but not for J-subnormal operators.

QL’rS‘l‘I()\: 2. Which operators that are sinlar to a subnormal opcraior are
actually Krein subnormal operators?

We have seen that every Krein subnormal opcrator on a Hilbert space is
similar to a subnormal one. It would be interesting to find a condition on the relation
between an invertible operator V' and a subnormal operator S that would guarantee
that P-1SV is a Krein subnormal operator. The finite dimensional case skows that
not all operators similar to a4 subnormal are Krein subnormal, and it would secem
likely that the required conditions will be subtie.

QuesTiON 3. What other mement conditions imply that an operator is Krein
subrormal? Can the operator moment condition of Theorem 13 be weakened to be a
condition on the interval 0 < t € p?

A theorem of Lambert [7] says that a bounded operator S on a Hilbert
space is subnormal if and only if for each vector x there is a positive measure

f, on 0 < ¢ < p such that 4.2 = Sz’-‘" dy (r). Corollary 11 and the associated

example show that one cannot simply replace *“*positive™ by *“‘real’ in this theorem.
It would be desirable, in general, to be able to get moment conditions on the interval
0 < t € p rather than the spectrum of 4. This may be impossible because of the
cancellation of the positive and negative parts of the mass on the circles that are
mtegrated to give the mcasure on the interval.

QUESTION 4. I} ain uperator is botk fyponormal and Krein subaormal, is it
a svhaormal operator ?
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It scems likely that the positivity condition of hyponormality and the measure
conditions of Krein subnormality would be cnough to give the positive measure
conditions needed for subnormality.

In addition to these specific questions, there are several general themes that
deserve to pursued and further connections sought. For example, McEnnis [8]
studied fundamental reducibility of J-self-adjoint operators and discovered that
some growth conditions on the resolvent were important. Are there similar conditions
that apply here? Quasi-normality is one of the important tools in the theory of
subnormal operators. Moreover, the proof of Wu's theorem on J-subnormal oper-
ators closely resembles proofs concerning quasi-normal operators. Is there an appro-
priate notion of quasi-normality in this context?

Added in proof. The answer to Question 4 is no. The example will appear
clsewhere,

First author was partially supported by NSF Grant DMS 8710006.
Second author’s research was done while visiting Purdue University.
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