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COMBINATORIAL PROPERTIES OF GROUPS AND SIMPLE
C*-ALGEBRAS WITH A UNIQUE TRACE

FLORIN BOCA and VIOREL NITICA

Let G be a discrete group and C*(G) be its reduced C*-algebra. The problem
of finding conditions which imply that C¥(G) is simple with unique trace has already
been considered by several authors. In [6] Powers has shown that the reduced C*-al-
gebra CX(F,) of the free group with two generators is simple with unique trace.
Then, the class of these groups was essentially extended by Paschke and Salinas
{[5D), Akemann and Lee ({1]), Bédos, de la Harpe and Jhabvala ([2], [3]). De la
Harpe has introduced ([2]) the Powers property and has shown by geometrical
means important classes consisting of Powers groups. The reduced C*-algebra of
a Powers group is simple with unique trace but it is still unknown whether the class
of these groups is stable by extensions, and whether the direct product of two
Powers groups is a Powers group.

The main idea in this paper is to make a slight modification in the definition
of Powers groups. The so called weak Powers groups preserve the good features of
Powers groups and have good extension properties. More exactly, we check in
Section 1 that the direct product of two weak Powers groups is still a weak Powers

group and that any extension of a Powers group by a weak Powers group is a weak
Powers group.

In Section 2 we prove that for any extension G of a weak Powers group by
a weak Powers group, the reduced C*-algebra CF(G) is simple with unique trace.
Moreover, we extend the main results obtained by de la Harpe and Skandalis in
[41, replacing the Powers property by the weak Powers property and the usual
reduced cross-product 4 x!, G of G and of the unital C*-algebra 4 relatively to an
action a: G — Aut(A4) by the reduced cross-product 4 X', . G, where ¢ is a 2-cocycle
on G with values in the unitary group of the centre of 4. Using some arguments
from [4] and a simple combinatorial trick we prove the following assertions:

1) If AXi,. G has a trace 7, then there exists a G-invariant trace ¢ on 4
with T = oe (e is the canonical conditional expectation e: 4 X|, . G — A).

2) If 4 is G-simple, then 4 X|, . G is simple.
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Bédos and de la Harpe have studied some fundamental groups of gro pm of
groups. When the graph of groups is a segment

respectively a loon G é/ ) A one obtains the free product with amulgara-
L
tion ¢ = G; =, G, and respectivelv the Higman-Neumann-Neumana extension
G HNN(GI,A.(J). 'or both cases it was proved in {2] that if for any
finite subset F o G« {1!, there exists g GG such that gFg > 7 A = (3,
twen G is a Powers group (for the HNN-extension it is als0o necessary
to suppose that the index of Ain G, is at least three). In Section 3 we consider
a class consisting of fundamental groups of graphs of groups. Using an exercise
from [7] and the results from Section 1, it is easy to check that the fundumenta!
group of a connected, non-empty graph of groups, which has in every vertice non-

-trivial groups, which contains an edge » with G, = {1} and has the homotopy
type of a bouquet consisting of n-circles (n e N U {oo}, #> 2), is a weak Powors
garoup.

We would like to thank M. Pimsner for useful conversations and to S. Stri-
tild for helpful suggestions on the first version of this paper. We are grateful to the
referec for his remarks.

1. WEAK POWERS PROPERTY

All groups which appear in this paper will be discrete groups. For any sot
M < Gand feG we denote (f )y = [Xfx~1ixv eM).

DeriNttion 1.1, (12]). A Powers group 15 a group G having the feliowing
property: given any wm-cmpt\' finite subset ¥ = G\ {1} and any integer N > 1
there exist a partition G == A4 {1 B and clements g., ..., g, In & such that

() fdn A = O, for all feF:

(i) g;BngB =0, for jh=1,...,N, j£k

It is casy to see that the free groups with ;7 generators 7, where i
@ & o ne

i » 0 are Powers groups. The papers {1, 2, 3, 5, 6] describe several ¢

Powers groups.
DermarioN 1.2, A weal Powers group is a group G having the following pro-
perty: given any non-empty finite subset F <z ¢\ {1}, which is included into a con-
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Jugacy class, and any integer N > 1, therc exist a partition G = 4 |1 B and cle-
ments g,, ..., gy in G such that

(i) fAn A =0, for all fe F;

(i) g BngB =0, for jk=1,...,N, j#k

It is clear that any Powers group is a weak. Powers group. It is also clear that
in both definitions (i) is true for any f e Fy F-L

The proof of [2, Proposition 1] shows that the weak Powers groups.have- the
following elementary properties:

ProrosiTiON 1.3. Let G be a weak Powers group. Then:
(i) Any conjugacy class in G other t/zan 11} is infinite ;
(i) G is not amenable; :
(iii) Any subgroup G' of G ofﬁmte index is a weak Powers group.

o Hence all observatlons from [2, Section 1] are still true for wcak Powers
g;l’OUps. ' ‘ 4 ; ‘

In [2] de la Harpe asks whether for G,, G, Powers groups, G; X G, is still a
Powers group. We show by a simple argument that the similar problem for weak
Powers groups has an ‘affirmative answer. '

ProrosiTion: 1.4. If .G, and G, are weak Powers groups, then their direct
product G = G, %G, is also a weak Powers group.

Proof. Let f= (fl, f,) be dny element of G \fl‘ We may assume fi # 1.
Let N > 1 be an integer and F be a non empty finite subset of G\ {1} included
into the conjugacy class of some element f € G. Thus, F' = <f),, where M isa finite
subset of G. Then M, = prlM is a finite sub¥et of the weak Powers group G,, so
‘,;Ql = A, Il B, anfi gher«. g\x:st 81 - ",‘g’." € G, such that

gANA =0, forallg = (f1>Ml;
giBingiB, =0, +forj, k=1,...,N, j#k.

Then A .- 4, X Gy, B=B, X Gy, g; (25, NeCG, j=1,...,N, will fulfil
conditions (i), (i) from Definition 1.2 proving that G is indeed a weak Powers
group. - 2

Prorosttion 1.5. If'1 - G = G —~ G - 1 is an exact sequence of groups,
with ' Powers group and G'' weak Powers group, then G is a weak Powers group.

Proof. ¢’ is identified with a normal subgroup of G, and G’ with the quotient
group G/G'. Let n: G — G/G’ be the quotient map and choose {y;};e; 2 complete
system of representants for G modulo G'. Let f € G\ {1}, M < G a finite set and an
integer N > 1. ‘
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Assume first that /e G'\\{1]. It is clear that {fD,, = G'\{1}. ¢’ is a Powers
group, hence there exist a partition G’ = A4, |1 B, and A,, ..., hy € G’ such that

hd; 0 A, =0, forall heldfHy;
BB =0, forjk=1 ...,N,j#k

Now if 4 = |1 A;y,, B = 14 B,y;,then G = A4 || Band it is easy to verify that

ier ier
hAnA=0, forallhefDy:
BB =0, forjk=1 ... N, j#k.

Now assume that f€ G\ G'. In this case, there are unique i, 1 h =G’
such that [ = /1”,'10 and clearly Vi, ¢ G'. Since G/G’ is a weak Powers group it follows
that G/G' = A’ L4 B’ and there are y; € G/G', j =1, ..., N such that

yA' A =0, forall ye <7f(7'i0)>n(M)§
yBeryB =0, for jk=1,.. N, j#k

if A=mn"%A") and B =n-YB'), it is clear that G = A [1 B. For g, en3(y),
J=1,..., N it is casy to check that

rAnA =0, for all ye{foy;

gBngB=0, forjk=1...,N, j#k 2

2. SIMPLICITY AND UNIQUE TRACE PROPERTY

Throughout this section A is a unital C*-subalgebra of B(H) for some Hilbert
space H, G a discrete group and x%: G — Aut(4) an action. Let Z (4) be the uni-
tary group of the centre of A. A (normalised) 2-cocycle on G with values in Z_(4)
is a map ¢: G X G — Z (A4) such that

(g, 82)c(8:82.85) = xgl(('(gzsga))‘f(gl . 8:8s5), for g;. 2y, g, €G!
g.g ) =1, forgegG;

Al, ) =g, 1) =1, forged.
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The set of this cocycles is denoted by Z¥G, Z (4)). Define n, : A = B(£¥(G, H)) and
A1 G - U(¥G, H)) by

(n(x)E)(g) = acg_l(x)«f(g), forx €A, { €/¥G,H), g €G;

(A(8)c X&) = clgr?, 8)e(ggy), for g, g, €G, & € CXG, H).

Then the C*-subalgebra of B(£%(G; H)) generated by n,(4) and A4.(G) is called the
(reduced) cross-product of G and A by c relatively to « and is denoted by AX|, . G
(see [9]). For 4 = C and ¢ € Z¥G,T), we obtain the (reduced) ¢-C*-algebra
C}G, ¢). If in addition c is a trivial 2-cocycle, then we get the usual reduced C*-al-
gebra CY(G). We denote u, = A(g), g € G and we write simply x instead of 7,(x),
x€ A. The u, are unitaries and

uauy = a(a), for ge G, a € 4;

uy = U s for g € G;

% =1
Ugtly = (81,8 g, fOr g, 8, €G.

For further reference we remark that

) Uy ..Uy = oz, ...,g,,)ugr,.gn, for g1,...,8,€G, n 2 2;
(2) ug:l e ug" = “L'l...gn cr<g19 R gn)a fOI‘ 815 - - ':gn EGy n > 23
where

c(g1s -5 8) = c(gr, 8)c(8182,83) .. (g5 .- -8no1> &) EZ,(A);

cgys -oer &) = a(gr”g”)-l(cl(gl, .2 8n) EZ (A).

For the rest of this paper, all sums x = Y a.u,, a, € 4 will be finite. For such an
4

element of the C*-algebra B = AX!, . G, we denote suppx = {ge G |aq, # 0}.

The canonical conditional expectation e : B —» A is determined by e(}, a,up)=

8
= ¢, and we have

(3) e(uyxuy) = a(e(x)), for geG, xe B.

If A4 has a G-invariant trace 1,, then B has a canonical trace 7, defined by
2(x) = 74(e(x)), x€B.
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Proof. The partition G = D | E gives raise to the o'mog,m‘..‘ decompo

NG, H) = (3D, H) © #XE, H). Let & €3G, fI). & =pl, 5 =yl
the very definition of #, we have

o ow

G, pOG) = (0,300

= (7Y, g)ile~ )

(P800 = ply — (372 Qg™ )
If yegD, then &(g—*y) = 0. From the above formulas it follows th
(P, ) = (v~ @S(g=%) = (0 L g¥ilg 1) = {pdiy).
If v¢gDh, then &(g=%) =0, se {pu,I)(7) = plv —= (=% By eIy
(u,pé)(y) = 0. Therefore wu,p = pu,:

We now extend the results from [4] for weak Powers groups and for 4.2, . G,
instead of 4%, G. The next lemma is an important step in the proof

LemMa 2.2, If G is a weak Powers group, then for any self-adjvint oleniont
X = Z a,u, in B, mth e(x) =0 and for any & > 0, ther: exist an inieger o
gEF

= 1,
81y -- 8 €G, ¢, ....c,€ Z(A) such that =~

i

2_ Ug O XCTUE 1 <
=S

E.

U:

Proof. First note that fora<c 4, f,ge G

uau )iy = g @huup n(a) {(g. [ Yt g = =
r{@)e(g.f)elglfig D  _, =
= wl@(cfeDelefe I, =
= oaclf, g Nelg fe ..
Let y = aqu, -5 _(@"WF, 72G {1}, e 24. Then » = y¥and myp) - 0. Let
M < G be afinite subset which consists of ¢ clements and - = L ayu he
Y ‘f
above compatation shows that suppz < {fDy U {1y and
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Powers group, we can conclude that there exist G =D |} F and g;, g5, g3€ G
such that

) /Dnb =0, for all fesuppz;
(5) GENGE=0, for j,k=1,...,N, j#k

If p is the orthogonal projection of £%(G, H) onto £%(D, H), then (4) implies pzp = 0.

Using (5) and Lemma 2.1 we obtain the projections ugj(l —p*,, j=1,2,3. Quot-
8j

ing [4, Lemma 1] we get

1 E .
“ 3 2 ugzug, || < ¢zl
=

where ¢ = 0.995, and suppz’ < {fDeaunprugm S Ve pygprug e, Where

k
-~

2= 2 Y gz
3>

e > ), there exist an integer r 2 1, gy, ...,8,€G, ¢1, ..., c,€ Z,(4) such that

e Using repeatedly this remark and (2) we see that for any

g &

1 s
'—- Y Ug C;YCiU,
| 7 =1

Now, let x be as in the statement. Then, there exists an integer m > 1 such

n

that x = Y, xis where x; = Ay g, +oc (aj:i)u s & #FL for i=1,...,m
. &;
i=1 1

From the first part of the proof, there exist gy, e 81, € G, 1155 €1, €
€ Z,(4) such that

"1 ‘ 8
(©6) - Ug, et Jy 165, Jl‘lgl s
iy j =1 1 1| m
Denote i, = — Uy, J, X g Xl ,lug . As for (6), there exist 8215 -+ 82m, € G,
iy J=t
Caxs - -3 Can. €Z,(A) such that
e
— 2 Uy 02 s 2c2,hug0 g -
Ry j,=1 %J /2 m




190 FLORIN BOCA and VIOREL NIFICA

1 IIA
By induction, denote Ty ;; =—- Z u,
iy, ]&_1

k4115 - ooy Qeitn € G, Charps oo or Crid ¢ Z (A4) such that

& b haro  ovig
cr,,jkxkﬂq i, . Then, there cxist

[s, iy 5y,

i’ 1 "t & ! £
: i, Corl,j KnoaCEs u® <
&, < 2] k+1,5 8.1 ;
' g1 j, =1 Ftlifpsy ki1 ksr Tkl | "
for k =1,...,m— 1. One has
B Fin % - - -
_ L L y ¢,,l,,-_ St ,cl,,- T S PR R (R
; " 1 &1 oy w eyt
. Imj =1 J”, v
l 1 !
) ugl €5, xycf; My } + +
Iy Bhgi | e
I S . g
“+ g} - U, Coni XmCE . U™ Lw--=8
o, CiLj mbai,j P
- ]Z_]_ My, W Har g m

Using (1) and w,a = a(a)u,, for g€G, a€A, we obtain w=um ...n, EN
1> -8 €G, ¢, ....c,€Z(A) such that

t "

—_ E X
MQ C[‘ Ckugﬁ
R =1

I<8. 7

PropPOSITION 2.3. If G is a weak Powers group then, for any irace t on
B = AX, .G, there exists a G-invariant trace ¢ on A with © = ge.

Proof. Let x = Y a,u, € B. Lemma 2.2 implies that the closed convex hull of
g

{uge(x — e(X))ctu% | g € G, ¢, € Z,(A)}

contains 0. Consequently t(x — e(x)) = 0 and the assertion follows.

COROLLARY 2.4, If G is a weak Powers group and if there exists a unique G-in-
variant trace on A, then there exists a unique trace on A Xi, . G.

The unital C*#-algebra A is called G-simple if any a(G)-invariant closed two-
-sided ideal in A is either {0} or 4. We shall also use the following assertion which
is Lemma 9 from [4].
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LemMA 2.5. Assume that A is G-simple. Let x € A with x > 0 and x # 0.
There exist gy, ...,8, €G and z,, ...,z, € A such that

L ozg(\)z > 1.

ProrosiTION 2.6. If G is a weak Powers group and A a G-simple C*-algebra,
then AX|, . G is simple.

Proof. Let I « B be a two-sided ideal and assume that x €I, x # 0. One may
assume X > 0, hence e(x) > 0. By Lemma 2.5 there exist g,...,g,€G,
dy, ...,a, €A such that

Y ajotgj(e(x))a}‘ >1
J=1

Denote x’ L a;u,, w’j,j,ja;k € l. Then x' > 0 and we obtain
j=1

e(x) = 2 e(a; s, Au* a¥) = Z aze(uy xu' )a*

j=1 =1

From the above calculus and (3) we conclude
e(x) =Y, ajozgj(e(x))a}‘ >1
J=1

Let y = ¥ au, € B, with F < G finite set, such that y = y* and [|x" — y|| <1/6.

g&F
Then |le(x") — e(y)}] € 1/6, hence e(y) > e(x’) — (1/6) > 5/6. By Lemma 2.2 there
exist iy, ..., hye G, ¢, ...,cye Z,(4) such that

” L ¥ e — eOetui,

1—1 =
Let r = Ly Z u, cyc*u,, and ry = L g up, e(y)u,’}‘, > 5/6. It follows that ||r —
N = N ;
- nll < 1/6, hence r = r (1/6) > (5/6) — (1/6) = 2/3. Denoting z =
N

=~ Yy cx'c*uf we have z eI, z> 0 and ||r — z|| < ||x' — »|| < 1/6, hence
AL
=1

z>r—(1/6) > (2/3) — (1/6) = 1/2 and z is an invertible element..

D
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CGROGLLARY 2.7. If G is a weak Powers group and A a simple unital C*-algebra,
then AX, . G is simple.

COROLLARY 2.8. If G is @ weak Powers group and ¢ € ZXG, T), then CHG, ¢)
is simple with « unigque rrace.

COROLLARY 2.9. I/ G is a weak Powers group, then CHG) is simple with «
upique trace. :

This corollary and Propesition 1.4 show that if G;, G, are weak Powers groups,
then CFGyxGL) is simple with unique trace. Actually, it is easy to see that the
C*-tensor product ) ® CHG,) is isomorphic with CF(G, 2 Gy). Using this
and {8, Corcliary 4.21] it follows that if C(G,), == 1. 2 are simple with un‘que trace,
then CH(G; >0 G,) is simple with a unique trace.

ProprostrioN 210, Let G be a discrete group and G' a nermal subgroup

of G. If G aind GG are weak Powers groups, Mze;z CHG) is simple with a urigue
trace.

Proof. Let ¢ > Q and Y = Y* € C[G] with ©(Y) = 0 (CIG] is the group alge-
bra of ). Then ¥ V }.jun <+ / 4,.0 where 1¢{g,...,g]. Decnote Y, =

ye=1

= /'..,-ugj + ):jui,’j, for j=1,....7. One may assume that g;,....¢, ¢’ and
8ps1s -2, €EGN\G'. Since G' is a weak Powers group, Lemma 2.2 implies
that there exist #,, ..., i, €G' such that

<P
r

)

)

-9

l Z g, Yi un; !
i

where Y = Y+ ...+ Y, Let Y 1 = -1~ 2 Up, pHu,,k Then supp Y‘,.él s in-

R og=1
ciuded in the union of the conjugacy class of g,,; € G\ G’ and its inverse. Hence

supp Y »+1 is included in G\ G’. As in the second case of the proof of Proposi-

tion 1.5 we see that for any fe G\ G', any finite set M < G and any integer

N 2 1, there exist G = A4 || B and g,, ..., gy <€ G such that

vAN A =0, forail ye{fDy;
ngﬂgp,-B=g, forjak__-ls"'sN’ ]¢k

As in Lemma 2.2 we obtain g; 4, ... &1, €G with

® “ o ugl'le”lz!‘b';lJ‘l | < —--
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By (7) and (8) we get

n LA

ne ¥y . u,,(Y+ Yq)"h”

k ~
nimy =1 k=1 ok
! ~
Z uh Yulz ] Z Uy & p+1ugl , <
H =1 1k —1 Lk
DE e (p+ 1)
£—+--= -
P F F
~ i no M )
Take now Y .o,=- — ¥ u, upY, oufut . By induction, as in Lemma
p== St pTRUTE)
By =1k =1 1 1
2.2 we obtain:
1 5 ny "r—p .
- = Y Y ... F oo, Yur ooLut <e¢
nn " ) Epepke E1k 1,k By bk
1 Hpmpi=l =1 k'_p=1 r-p 1 1 r-p

Hence, there exist m = nn, ... n,_, € Nand g, ...,2,< G such that

. 1 m § I
) u, Yu? 1< ¢
.) m kgl 8y S I

By approximation we obtain for every y = y* € C¥G) with 7(y) = 0 and for every
€> 0, an integer m > 1 and gy, ..., g,, € G such that

m

— *
Y g ity
m =1

(10)

The last part of the argument is standard ([2], [4]). Let 7= C¥(G) be a
non-zero two-sided ideal in 4. Choose » # 0 in I. One may assume y > 0 and
7(y) = 1. By (10) we obtain

< &

H—— 2 ug yug, — 1

1
Ny

be a trace on CF(G). Taking ¢ arbitrarily small it is clear that 7'(y) = 1 = 7(y) for

any ye C¥(G),y 2 0, ©1(y) = 1. Hence 7’ = 7. %

N
For ¢ < 1, the element z Z lgkyu;‘,‘k € I is invertible hence I = C*G). Let 7’
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The above considerations suggest the following questions:

1) Does there exist a weak Powers group which is not a Powers group?
The answer is unknown to us even for some semidirect products of F, by #;.

2) Let G, and G, be discrete groups such that C¥(G,) and C#(G,) are simpie
with unique trace and 1 - G; - G - G, — 1 be a short exact sequence of groups.
Is it true that C}(G) is necessary simple with a unique trace?

If G, and G, are weak Powers groups, the answer is affirmative by Propo-
sition 2.10. When G is compatible with the action of G, on G,, then CXG) is the
cross-product of C¥(G,) by G, (see [9)), hence in this case the answer is affirmative
whenever G, is a weak Powers group (2.3, 2.6, 2.9).

3. AN EXAMPLE

In this section we present a non-trivial class of weak Powers groups related
to some question of P. de la Harpe ([2]). Indeed, we show a class of fundamental
groups of graphs of groups which are weak Powers groups. These groups are semi-
direct products of a free group and the fundamental group of the universal cover
of the graph relative to a maximal tree and in view of Proposition 1.5 they are weak
Powers groups. For such groups G, the results of [4] imply only the fact that CF(G)
is simple with unique trace without pointing the combinatorial propertics of G.

The following lemma is impliicitly contained in [2] and {4].

LemMA 3.1. If {G,};c 4 is an increasing family of Powers groups {wealc Powers
groups), then G =\ G, is a Powers group (weak Powers group).

AgA

Proof. Assume G; Powers groups. Let N> 1 and F = G\ {1} be a finitc sct.
There exists 4y € A such that F < GAO\{B}. hence G, = A,:OLLBAQ and there are

g5 ..., 8y € G;_o which verify
fA,l0 n A,10 =0, forall feF;
giB; ng.B;, = G, forjk=1,..,N, j#k
Let {y;}icr be a complete system of right representants of G modulo G- If 4 =

= )] A, ;, B = L1 B;7v; then it is clear that
ier ° ier ¢

fAnAd =0, forall feF;

gBngB=0, forj,k=1,...,N, j#k
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A similar argument holds for the second part of the statement. %

For definitions and results about graphs and fundamental groups of graphs
of groups we refer to Serre’s monography [7].

Lemma 3.2. Let (G, T') be an infinite tree of groups such that G, has at least
two elements for each Q evertT. Let P € vertT be fixed and

=X, o X~ "‘—’X1“’Xo={P}

the inverse system associated to P ([7, 1.2.2]). If there are infinitely many indices k
such that between X, and X,., there exists an edge y with G, = {1}, then the
direct limit Gy = 1im(G, T) is a Powers group.

Proof. It is known by [5] that for G,, G, groups, where G, has at least three
elements and G, has at least two elements, the free product G, = G, is a Powers group.
Hence Gy is the union of an increasing family of Powers group. Now, Lemma 3.1
shows that G4 is a Powers group. %

The next lemma is an exercise in [7, 1.5.1].

LemwMa 3.3. Let (G, Y) be a non-empty connected graph of groups, and let T
be a maximal tree of Y. Let ( Y, T ') be the universal cover of Y relative to T, the graph
Y is a tree, on which the group m(Y, T) acts freely. If Q € vert Y projects to P € vert Y,
we put Gy = G, ; we define similarly G, for y € edge Y as well as G, = Gy, the
result is a tree of groups (G, )7) on which n,(Y, T) acts in a natural way.

Then n(G, Y, T) is canonically isomorphic to the semidirect product of
(Y, T) and the group my(G, ¥, Y) = lim(G, Y).

PropoSITION 3.4. Let (G, Y) be a non-empty connected graph of groups and
let T.be a maximal tree of Y. Assume that:

() The group G, has at least two elements for every Q € vert Y;
(ii) There exists y cedge Y with G,={1};
(iii) The fundamental group n,(Y, T) has at least two generators.
Then the fundamental group n (G, Y, T) is a weak Powers group.

Proof. By Lemma 3.3, =,(G, Y, T) is the semidirect product of =,(¥, T) and
(G, Y, f’). The group =,(Y, T) is isomorphic with the free group with n generators
(n € NU {oo}) and =,(G, Y, i’) is a Powers group (by Lemma 3.2). Hence #,(G, Y, T)
is the semidirect product of two Powers groups and so, by Proposition 1.5,
(G, Y, T) is a weak Powers group.
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