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CHARACTERISTIC FUNCTIONS FOR INFINITE
SEQUENCES OF NONCOMMUTING OPERATORS

GELU POPESCU

This note deals with the “characteristic function’ of an infinite sequence
I = {T,}&., of noncommuting operators on a Hilbert space 5, when the matrix
[Ty, T,, ...] is a contraction. In connexion with this, we extend to our setting the
results from [2] for two operators and many of the results from [9, Chapter VI]
for one operator.

As the main result of this note, we obtain a model for a completely non-co-
‘isometric (c.n.c.) sequence J (in our notation J € C™) in which |the “characte-
ristic function’” @ occurs explicitly.

Further, it is shown when an operator 0: & — £3(F, &,) (&, &4 are Hilbert
spaces and & is defined in Section 1) generétes a c.n.c. sequence J as above. Using
these theorems, we prove that two c.n.c. sequences  and J ' are unitarily equivalent
if and only if their characteristic functions coincide.

Finally, by using the above-mentioned model and the Sz.-Nagy—Foias lifting
theorem [8], [9], [1], [2], [6], we give explicit forms for the commutants of an infinite
sequence I of noncommuting operators.

We point. out that an important role in this paper is played by a sequence
&L ={8,8S,,.. } of unilateral shifts on a Hilbert space £2(F, 5#), with orthogonal
final spaces and such that the operator matrix [S;, S,, . ..]is nonunitary (see Sec-
tion 1).

Let us mention that A. E. Frazho uses (in [3]) a countable number of shifts
in a Fock space, in an algebraic setting, to solve a realization problem. Reference
(4] als.o‘uses two shifts on an £2 space to solve certain problem in stochastic processes.

Although the Fock space setting is natural for transfer functions of certain
'system, as explained in [7], or tovcertai'n problems in control, it is not the best space
to use in dilation theory. The framework of this paper is that of an £%(F, ) space.
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1. NOTATION AND PRELIMINARIES

To put our work in perspective, let us recall from [9), [2), [5], [6], some facts
from dilation theory for an infinite sequence J = {T,}2., of noncommuting ope-
rators on a Hilbert space #, when the matrix [Ty, Ty, . ..]is a contraction.

Let A be the set {1,2,....k} (keN) or N-= {1 2,3, } and, for every
n €N, let F(n, A) be the set of all functlons from the set {1 2, ..., n}to the set A.
Denote the set U F(n, A) by Z, where F(0, A) = {0}. ‘

n—0

A subspace & of # will be called an wandering subspace for the sequence
¥ = {V,}1e of isometries on # if for any distinct functions f,g € # we have
V&% 1V, %, where for each fe &#, V, stands for the product Vi) Wpsy - .. Vi
and ¥V, = Le (the identity on ).

.. We say that ¥ is a A-orthogonal shift on # if there exists- g, subspace LA
whlch is wandering for ¥~ and

ay > = Mp(2) = @Vf

Now let &£ = {S;_}AeA be the A-orthogonal shift . with the wandering subspace
H#, defined on the Hilbert space

(1.2) (T, H) = {hres : VM lE< oo, hy €
: fex s

as follows.
For each A€ A we put S,.((/zf)fe #) = (hges, where hy =0 and for
geFm A (n21)

hy; if g € F(1, A) and g(1) = 4,
B = hyy ifgeF(m, A), (n > 2), fe Fn—1, A) and g(1) = 4,
? g2 = A1), gB3) = f2), ..., 8n) = fln—1),

0 ; otherwise.

This model will play an important role in our investigation.

We can easily see how acts the A-orthogonal shift with the wandering sub-
space #, if we consider another model. For this, let us form the Hilbert space of
all formal power series with noncommuting indeterminates X, (A € A)

SPUF, #) = { Y aX; ; a €, ¥ la]® <o},
fer fex. :
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with the inner product
Y, arXy, Y bXp) = Y (ap, by),
JeF feF fesF

where for any [ € F(n, A), X, stands for XpnXpoy - . - Xy
Define the A-orthogonal shift & = {S,},c4 on S¥F, #) by setting

Sl(z anf) = 2 anAX(, ().. EA)
feF fez

When A = {1} we find again the unilateral shift S defined by

s( ) a,,X")= ¥ X"+
n <0 n=0
which is unitarily equivalent with the usual unilateral shift on the Hardy space
HXD, ), where D = {z €C :|z| < 1}.

In the case when A = {1, 2} the A-orthogonal shift & = {S,, S,} will be uni-
tarily equivalent with the shifts {S, £} defined in [2] on a Fock space.

We recall from [6] that for any sequence ” = {T,},¢4 of noncommuting oper-

ators on a Hilbert space # such that ¥, T,T} < I, there exists a minimal iso-
i€d

metric dilation (m.i.d.) ¥ = {Vz};_ <4 on a Hilbert space " > J#, which is uniquely
determined up to an isomorphism, i.e., the following conditions hold

[ a) Each operator V, (4 € A) is an isometry,
b) Y ViV < Iy,

ied

(1.3)

¢) For each /. e A, V}(#) <o and Vo =TF,

dy # =V V2,
feF

(see [6, Theorem 2.1]).
If we consider the following subspaces of A

1.9 F =N (Vi—T)H; Ly=Ugxp—Y ViTHH,

ied A€ A

we have the orthogonal decompositions
(1.5) H =RDO ML) =H D Mg(¥)

and Z reduces each operator V; (i € A4).
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Moreover, # = {0} if and only if #, = {0}, where

(1.6) Hy = {lz €N ;lim Z (lT7*h))* = 0}.
n—00 f€ Fn,A)

Further, we have

1.7 LNnEy = {0}

and

(1.8) Mg(L) NV Ma(Ly) =H ©Hy,

where

1.9 #Hy="{hest; Y, |TFH|® = I|h||? for every n € N}.

fEF(n,4)

For any sequence 7 = {T,};ea of operators on # with ¥, T,7¥ < Ly we
Aed

have the following orthogonal decomposition ([6])
c# = Wo @ ‘#1 @ c#g 3,

where ¢, #’, are given by (1.6), (1.9) and #, = H# O (' ® ).

We shall say that 7 e C® (F €Cy,)) if #, = {0} (# =H#)), where
ke{0, 1, 2}. A sequence 7 € C® will be called a completely non-coisometric
(c.n.c.) sequence.

2. A-ORTHOGONAL SHIFTS

Let &, &, be Hilbert spaces and & = {S,}1ca the A-orthogonal shift acting
on £AF, &) or LAF, £.).

An operator A: £X(F, &) —» ¢ F, &,) which commutes with each S, (1 € 4)
is uniquely determined by the operator 8: & — £3(F, &), 6 = A!é’. This follows
because for every fe€ &, he & we have AS;h = S;6h and fV 8,6 = tF, 6).

€F

Now, let us consider an operator 0: & — £¥(F, &,). We define My: £3(F, &) —
- {3(F, &,) by the relation

MoS;h = 8,0h = S;Mgh  (he#, fe F).

In this paper we only work with 0 such that M, is a contraction. One can
show that

Mﬁ((hf)fef) = ;" Sfﬂhf for (hf)fe.‘? € fz(:’ﬁ};, 6).
cF
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Throughout this paper an operator : & — £2 (57 &) will be called
(i) inner if M, is an isometry,

(i) outer if MlX(F, &) = L¥F, &),
(iii) purely contractive if []Pg*0h|] < ||#|| for every he 3#, h # O.

PROPOSITION 2.1. Let 0: & — £3(F, 8,) be an operator such that M, is a
contraction.

(i) 0 is inner if and only if 0 is an isometry and 08 is a wandermg subspace
Jor &.

(ii) 0 is outer if and only if 6& is cyclic for &, ie.,

V S,(08) = (X(F, 8,).
feF

(iii) O is inner and outer if and only if 0 is a unitary operator from & to &y,.
Proof. Straightforward.
The version of the Beurling-Lax theorem [9], (2] in to our setting is

THEOREM 2.2. A subspace M < {H(F, &) is invariant for each S, (L €A) if
and only if there exists a Hilbert space % and an inner operator 0:9 — (3(F, &)
such that

M = MfNF, 9).

Proof. Using the Wold decomposition for an infinite sequence ¥~ = {V,};e4 of
isometries with orthogonal final spaces.([6]) this proof is a simple extension of that
of Theorem 3.3 in [9, Chapter V] or Theorem 2 in [2].

! .
Let 7" = {V;}1ea be a A-orthogonal shift acting on a Hilbert space 4" such
that & < o is wandering subspace for ¥, that is, " = Mz(¥) = @ V. &

Denote by &% the unitary operator from M%) to £%(F, 2) deﬁned by
ANV =S, (e N2 < o),
fe# fegF feF

where & = {S,},e4 is the A-orthogonal shift acting on £%(F, &).
Then for any 4 € A we have

oy, = 5,07

The following extension of Lemma 3.2 in [9, Chapter V] will be used in the
sequel, We omit the proof which is simple to deduce.
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LEMMA 2.3. Let ¥ = {V,},e4 and ¥ = {V;}1ca be A-orthogonal shifts on
the Hilbert spaces ¢ and ', with the wandering subspaces & and ¥, respectively.
Let Q be a contraction of A into A" such-that for any 2. € A

oV, = V0.
Then there exists 0 a contraction of & into {*(F, ¥') such that

70 = MD~.

In order that 0 be
(a) purely contractive,
(b) inner,
(c) outer,
(@) a unmitary from ¥ to ¥,
it is necessary and sufficient that the following conditions hold, respectively:
(@) [P Ol < ||l for everyle £,1 # 0,
(b) Q is an isometry,
©) QX =",
(d) Q is a unitary.

3. THE CHARACTERISTIC FUNCTION FOR ¥

Let T ={T,1} 1e4 b€ a sequence of noncommuting operators on a Hilbert space
J such that the matrix [T}, Ty, ...]is a contraction. Let us recall from [6] :that
the defect operators of 7™ are

Dy = (Ie — 2 T,THY*;, D = Dy,
feA

where T stands for the matrix [T}, Ts, ...] and Dy = (I— T*T)2 The defect
spaces of J are

D, =D, #; @ =D(®H),
ied

where each #; (1 € 4) is a copy of 5.
We define the characteristic function of &~ as the operator 0,: @ — £(F, D)
by

07(h) = — Y, ThPiir + Y, Si(DTF P, Dhyse5)  (h € D),
ied icd
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where P, stands for the orthogonal projection of & < @ #, onto ¢, and' & =
iead

= {S:}1e4 is the A-orthogonal shift acting on £%(F, 92,,).
It is easy to see that 0, is a contraction and moreover 0 is purely contractive.
Let us remark that it 7 = {T}(||T}}| < 1), the “characteristic function” of
g is the operator O7: D — (N, D) given by the following matrix

—T
D,+Dy
DT*T*DT

D, sT* Dy

We remark that M, is unitarily equivalent to (0r)+: L3(Dy) — LD ),
where 0, is the classical characteristic function of the contraction T and (0;), is
defined in [9, Chapter V, Section 2.

Let us consider another sequence J ' = {T,{},le,i on a Hilbert space #’
such that the matrix [73], T3, ...] is a contraction.

We say that the characteristic functions 0, and 6, coincide if there exists
two unitary operators

W2 -9, We: Dy — 2
such that
MW*Oy =037-’W,

where MW* is defined as in Section 2.

One can easily show that if 9 and ' are unitarily equivalent, ie.,
T; = UT,U* for any 4 € A, where U is a unitary operator {from 5# to #', then
their characteristic functions coincide. The converse is not true, at least not in this
generality. Notice also that if 7 € Cy, then 0, = 0.

We are now going to show that the definition of the characteristic function
for  arises in a natural way in the context of the theory of isometric dilation of a
sequence 7 = {T;}iea of noncommuting operators on 3 such that the matrix
[Ty, T,,...] is a contraction (see [6]).

Let ¥ = {V,},e4 be the m.id. of 7 on the Hilbert space A& > .

By (1.5) we have that {VZ]M}'(A:(Z*)}/IEA and {VA!M(;(&’)}AGA are A-ortho-
gonal shifts acting on M4 (&,) and M (%), respectively.
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Moreover, for each L €4
(PESMALNV M (L)) = (V| Ma(L )P Ms(2L)),

where PZ+ stands for the orthogonal projection of " onto Mg(Z..).

Setting Q = Pgthf(S’), we can apply Lemma 2.3 and we obtain that
there exists a contraction 0g: ¥ — £2(F, £,) such that

qsy“Q = MOQQZ s
where &%+, < have been defined in Section 2.
Hence we deduce that
(3.1 By = DUA(PT @) P2) ' 2.
We remark first that 0. is purely contractive. Indeed, if Py, denotes the ortho-

gonal projection onto .#,, we have “Pg*ngJH < i} for every le #, 1 # 0.

Otherwise there would exist an / €%, ] # 0 such that / = P_g*Pg*l, ie,le?,,

and this contradicts the relation (1.7).
Let us recall from [6] that the operator &, defined from .Z, to &, by

(3.2) &Iy — Y, ViT)h = Dyh;  (h € )
. ica

is unitary and the operator @ defined form & to 2 by
(3.3) (Y, (Vi —Toh) = D((h)ica); (13)ica € D H#;
iea A€A

is unitary too.
We are ready for proving the following theorem which is a generalization
of Proposition 2.2 in [9, Chapter VI]. '

THEOREM 3.1. The characteristic function 04 for I coincides with 0.

Proof. We show that

(3.4) Mo 07 = 0,0,

where ¢, ¢ are the unitary operators in (3.2), (3.3), respectively. For this, it is nec-
cessarily to prove that

(3.5 Py SpMs 0y = Py SF0,0  (fe ),

where P, stands for the orthogonal projection of £*(%, &) onto D .
L3
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By (3.1) and by the Wold decomposition (1.5), the relation (3.5) is equivalent

to
(3.6) D Py VHL = Py SHO,0 (feF).
In what follows we shall prove this relation. First let us notice that
ngeg- =_ZT)-P).7
A4
3.7

Pg*S}‘SABy =D,JfP,D (Led, feF).
For f = 0 the relation (3.6) holds true. Indeed, for

(3.8) I= YV, —Toh = *D(®h) (X Ihall® < 00)
rea A€EA led

we have that [+ (I — Y, V,TH)Y, T)h, € @ V) and by (1.5) we obtain that
igA €A

red

PS’*I=—(1_ZV).T;‘)ZTA,'L'

ieA ied

Hence, by (3.7) we have

PuPyl=—DyIT,, Ty, . K@ h) =T, Ty, .. 1 D(@ b)) =

iec4a
=—[Ty, Tp, .10l = Py 05
It remains to show that for any fe #, 14
3.9 ¢*Pg*V,*V,{“l = PQ*S,*Sfey-@l (l e2).
Let [ be as in (3.8); then according to (3.7) the relation (3.9) becomes
(D,,,P_g-*Vf* Vil = D*.T,*P,lnggAh -

Since

D IFP,D*(@ h;) = O, (I — Y, V,THTHFP,DX( @ hy),
PRY red iea
we have only to show that

(3.10) Py VAVEl = (I— N, V,THT#P,D*( ® h)).
o L VA [

scAa r2€4
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Let us notice that for any 4 € A

P,D¥® h)) = — ¥, T}#T,k, + Dr h;.
i€ Py 4
n#a

Consequently, the relation (3.10) holds if and only if the following relations
hold

Py VEVIVihy —Tily) = -'_AGZA v, T,i*)Tf"‘D%z/z,, (4 € A)

and

Py VEVIV, iy~ Tyh) = —(U— Y ViTOTFTIT,h, (& # p).

iga

These relations hold since the elements
I/f* V;(V;/l; — T;.h;.) — (I‘—- Z Varf)Tf*DTAll;. (). € A)
igd

and

I/f* Vlk(Vu,hu - T’phu) + (I_ Z V/'.T,?)Y;:‘Tf]‘uhn (;' # ll)

ied

are orthogonal on .% ... This follows by a simple computation. The proof is complete.
REMARK 3.2. If 7 € C, then 0 is inner.

Proof. Taking into account Theorem 2.8 in [6], it follows that the m.i.d. ¥~ of
g is pure, i.e., X = Mz(Z.). By relation (3.1) and Theorem 3.1 it follows that 04
is inner.

4. FUNCTIONAL MODEL FOR A GIVEN C.N.C. ¥

In this section we make the additional assumption that J is c.n.c. on &,
Then the relation (1.8) implies

H = Mz(LYN Ma(L.)
and consequently,

I — PYYM (L) = D (cf. (1.5).
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Con51der the operator A_, deﬁned on NF, L) by
Az"=. (I — Mé;,Mog)”‘:,

where 0, is given by (3.1).
For k € Mz(¥) we have

I — PEkfE = [kl — P Ewke|2= (| <kl — ’.!fl”*Pg*kH“ =

= [|PLK|® — || Mo, D<Kkl = |42 P2k

P . . : . - K

We can define the unitary operator @, from # onto A %%, £) by the relation

(DQ(I— P'([*)k = Ag,(bi’k (k e Mg.'(g))
Consequently, . .. . .

i$ a unitary operator from the spacéaif = Mz(2,) ® 2 to the Hilbert space
—6’"(./' ,Z’)GBA,;/ (Z, &).

, Let us find the i Jmage of the space H undcr the: operator d> Smce H =N
O Mz(&) and for each k € Mz(&) . . o

Bk = BTPL @ bl — PYNk = My, B2k © Ag®Tk.

we have Yoo

PH = H =TT, L.) ® ANF, ¥)] © {My i@ Agu 5 uetNF, L)}
Because P¥» commutes with each ¥, (L € A) it follows that
PaVi(l — PYik = Bl — PLOVk = A, 9LV k = 448,85k

for every k € M (%), where & =.{S,L}.le;1 is the A-orthogonal shift on /2(#, #).
Therefore,
@, 4)*(410) = AyS,0 (v €lXF, L))
and A |
DV, PF =V, = S5,® C, forevery-Ae A,
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where each operator C, is an isometry defined on A;ﬁ(f‘gj by the relation
Ci(dgv) = 4¢S,v  for ve fA(F, £).

Now, since ( ¥} ViVi —I)|# = 0 we have
1€4

Y C,Ct = —5—-, whence Az0%F, %) = 4,04F, &) © £).

A€4 f’z‘aft‘;:?)
It is easy to see that for every ve (3(F, ¥)and A, pe A

dov ifl=1p

C*A(SU =
F(r5,0) {.o it # .

According to (1.3) we have TY = V3 H, where T, is the transform of 7, by &,
Therefore, for u @ 4,S,v € H we can write that

*. - _
Tiu @ A,S,v) = Sud Adgv ff =2
Stu@®o0 if 1A

where A, p€ A.

The above results and that of Section 3 permit us to construct 2 model for a
c.n.c. sequence .7, in which the characteristic function occurs explicitly. We obtain
a generalization of Theorem 2.3 in [9, Chapter VI], namely:

THEOREM 4.1. Every completely non-coisometric sequence T = {T,I} i€4 On
the Hilbert space 3 is unitarily equivalent 10 a sequence T = {TA} 2e4 on the Hilbert
space

H = [{(F, D:) ® A:64F, D)) © (Mo u® Asu ; uct(F, D)},

where Ay = (I— M:‘yMoj 2,

For each A€ A the operator T, is defined by

Sfud Ad,u ifp =1,

Tiu® 4,5,0) =
& 455, {s;*u@() it # A,

where & = {8}, 4 is the A-orthogonal shift acting on £ F, D) or t(F, D).
If 7 € Cy,y, and only in this case, 8 is inner, and this model reduces to

H=(F,2,) © My (X(F; D), Tiu= S} (ueH).
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Proof. By virtue of the relation (3.4) it follows that

MQ*MQ-,Z, = ngMo .

Hence we obtain that 4, = MpdeMo,
On the other hand the opcrators P and @, defined by (3.2) and (3.3) generate
the unitary operator - : :

U%‘Mﬂ@Mo

from the space ¢(F, £,) ® Agﬂ(ﬂf’ &) to the space /A(F, 9,) @ 4,04F, D)
such that

UMy u® dgu ; u € t¥(F, L)} = (Mo, 0@ 450 ; v €LXF, D)}.

By means of this unitary operator we can rewrite the results obtained before this
theorem and, in this way, we complete the proof.

Let us remark that for 7 = {T}, we find a model for completely non-coiso-
metric contractions, which coincides with the Sz.-Nagy—Foias model. Indeed, if 7
- is a completely non-coisometric contraction, that is, if there is no non-zero invariant
subspace for 7* on which T* is an isometry, then it is easy to see that

ArH Dr) = ArL* (D7)

(for notation see Theorem 2.3 in [9, Chaptér V1j).

Let us note that the Sz.-Nagy—Foias model is given for a larger class of con-
tractions, namely for completely non-unitary contractions.

5. MODEL FOR A GIVEN ¢

The aim of this section is to show .that any contraction 8: & — /&, &£,)
(¢, &, Hilbert spaces) such that M, is contraction generates, as in Section 4, a c.n.c.
sequence T = {T;},ea.

In the case when @ is purely contractive and

5.1) U757, &) = AiNF, §) © 8]

we shall show that @ coincides with the characteristic function of I
" The main result of this section is the following generalization of Theorem 3.1
in [9, Chapter VI].
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THEOREM 5.1, Let 0 be a»umtraction"ﬁam b to-L3NF, 6y such that My iy
a contraction. Setting Ay = (I — Mg)”", the sequence ’I' = {T,};CA of oper-
ators cleﬁned on the Hilbert space ::.

= [(AF, &) ® AdfX(F, 6) O {Mow @A ; we (T, 6)}

by -

- Ll ER
[ s e -

Ty @ Agr) = SFu @ Ci(Ayw) (LeA),

where each operator C, is defined b\ Co(4o2) = 4,8, (g €t(F, &) and F = {S,}1c:a
is the A- orrlzogonal slnft actmg on t’ 2( / ) or /’ ( Z, f *) zs (ompletel) noi- COISo-
metrie” - - - - ; L Eee

If 0 is purely contractive and (5.1) holds, then 0 comczdev with the characteristic
Junction of 7. In this case, considering H as a subspace of

K = (NF, 6,) ® ASLNF, &)
we have that the sequence ¥V = {V,},c4 of operators defined on K by

v;:- S;.@C,L (II{GA)

is the minimal isometric dilation of T,

Proof. A. Let us consider the fo_llowin_g; Hilbert spaces

K =0(F, &)® ALNF, 8),
G = _’M,?;t:f @ Agw ; w7, 6)}

and let ¥ = {V,},c4 be a sequence of isometries defined on Kby VY, = S, ®C,
(2 € A), where each C; is given by - -

C,(Aog) gslg for g €%(F, &).

1t is easy to see that

Y Vuvi < I

).C_—:AA

and that G is invariant for each V, (4 € 4). : .
Settmg H = Ke G and T = V¥ H (e A) we see that ¥V is an |sometnc
dilation of T = {T).}AeA



NONCOMMUTING OPERATORS 65

Let us show that T is c.n.c. For this, let u @ 4,v € H such that for every
neN we have

(.2 Y 7w @ A = [|u @ 40|

SeF(n.4)

Since lim Y, [|Sful* =0 and ; ([ CFAgvl* < [|4gvl* it follows that

n—o0o f€ F(n,A)
U= 0 But, (0 @ 4,v, Mgw @ Agw) =0 for any w efHF, &) implies 4gv =
Thus T is c.n.c.

B. We assume from now on that @ is purely contractive and that (5.1) holds.
Let us show that V is m.i.d. of T, i.e.

K=V VH
jeF
First we note that (5.1) implies
(5.3) Z C,C¥ = A—F“(f P

Suppose u @ 4yv € Kand for every fe F, u @ dgv L V,H, ie., V¥(u ® 4,0) € G,
This means that for each f '€ & there exists wp € £%(F, €) such that

Vi(u ® 4gv) = Mogwiry @ dgWis) -
Therefore, for each A€ 4, fe & there exists w, ;) € /%(F, &) such that
VIMow(py @ AoWisy) = Mowis,zy @ doWs 2y -
By using the definition of V; (1€ A) we obtain

(2 SASf)MoW(f) ® (Z CAC;)AGW(I) =
ied ied

=My (Y, Sawr 2) @ 46(Y) Sawes ay)-
1€4 1€4
Hence, according to (5.3), we have
(5.4) MgCl)(f) = Poo 9WU~) and Ag(l)(f) = 0,
where w(,, stands for w¢,— Z SaWer 2y

5 ~ 1186
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Since M, commutes with each S; (1 € A) it follows that

P(;s«MD“:(f) = ngMoP‘M'(f)

and (5.4) gives

(5.5) (D(f) = M{;RP&:»JWQPJW(I) N
hence P(?W(f) = P(f(l)‘f) = P8M$P8$M0P‘l1'(f).
Consequently, [P wpl = {|[Ps MoPgw(s and since 0 is purely contractive
it follows that
(56) P‘W(f) = (.

Now, the relation (5.5) implies w¢;y = 0, i.e.
“'(f) = .;ASA“'(I’;') fOI‘ fe .9;.

Hence, we obtain that

Wy = 3 Siveny = X Si( Y Svom) = Y Sewg = -
fEa i€ 4E4

ZEF(2,4)

o= Y, Sw, for any neN.
feF(n,d)

We deduce that Sfwe) = wy) for every fe . By (5.6) we find PySfw g, =
= Pgw(y = 0 for every fe #.

It follows that wgy = 0 and u @ dgv = Mgy @ dgw(gy = 0, which implies
the minimality of V.

C. Our next step is to determine

L, = @ — Y, V;TPA.

rgA

Taking into account (5.3), for u @ A0 € H we have

Uy — Y, VoI @ 4g0) = Pou @0

i€a

and hence L, < &, @ {0}.
Let e, € &, and let us choose u = (I— MoMe, and A0 = —A4,Me,.
Since Mju + AZv = 0 it follows that u @ 4,0 € H.
Thus,
Iy — Y VT @ Apv) = (I, ~—Pg MyM§)e, @ 0.

ig4
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Now, the elements of the form (Ig* —_ P,,*M,,Mo*)e* , (e € &), are dense in &,

Otherwise there exists an e, € &,,, e, # 0, such that e, = P,,*MUM(,*e; and hence

llegll = IMFel]] = \Pe MoMgTey,||; ey = MpMg'e, . Since Mye, €&, and 0 is

purely contractive it follows that M¥e;, = 0 and e, = 0 which is a contradiction.
Thus

(5.7) ‘ Ly =&, ® {0}
and Mg(Ly) = (%(F, &) @ {0}.

Denoting by P the orthogonal projection of K onto Mz(L,), we have
for u® Agv € K

Phu@ dgw) = u @0,
(5.8)

P P U@ Ag) = B D0 =u @ 0.
D. Next we show that

L = V (VA'—‘TA)Hz {Moe@dge 5666’7}.
i€

Notice that an element u @ 4,v in K belongs to H if and only if
(5.9) Mifu ® 4jv = 0.
For u @ Ayv € H and A € A we have
T @ Agv) = PyV,(u @ Ayv) = (S;u @ AS,t) — (Mow; @ Agw),
where each w; € £3(F, &) is defined by
S — Mgw,) @ (AgS,v0— Agw;), Mw' @ dgw'> =0

for every w' € £A(F, &).
Hence, we find that
W, = M(?S)_ll + Agslv

and

(Vi—T)u @ Adgv) = Mgw, © dgw;.

By (5.9) an easy computation shows that {w;, Sye,) = 0 forevery e, € &,
feZF, f# 0. Consequently, w, € &.

Let us show that if u @ A, varies over H and A over A, then the corresponding
elements w, vary over a set dense in &.
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It is easy to sec that for e & and ‘A € A the element w; = MFS,;S5Me +
+ A4C;CFdge is the corresponding element of SF¥Mee ® Cfdge € H.
Thus, for ee & we have

Z w, = Mo*(I"“Pg*)Moe + Age = € — Mo*Pg‘.Moee é.
PY=Y )

It remains to prove that the set
{Us — MFP; 0)c ; e € 6)

is dense in &.
Indeed, otherwise there exists e’ € &, ¢’ # 0 such that ¢’ = Mg*PgtMge'. It

follows that |le'|| = ||Ps M,e'|l, which contradicts that 0 is purely contractive.
E. The last step is to prove that the characteristic function of T' coincides

with 6.
It is easy to see that the operator w defined from & to L by w(e) == Me ®

@ dpe(ee &) is a unitary one.
On the other hand, from (5.7) it follows that the operator o, defined from

&, 10 L, by o.(ey) = e, ® 0 (ey € &) is unitary too.
According to (5.8), for I = Mye @ Age (e€ &) we have

B P (Moe @ Age) = & (Mpe & 0) = Moe @0 = M, My = M, bo~"e.

Hence, using Theorem 3.1, we deduce that the characteristic function of T' coincides

with 6.
The proof is completed.

REMARK 5.‘2. H # 0 if and only if M, is nonunitary.

PROPOSITION 5.3. Let 0: & — £3(F, &) and 0': 8" — (H(F, &) be some oper-

ators such that My and My be contractions.
If 6 and 8' coincide, then the sequences T and T' which they generate in the

sense of Theorem 5.1 are unitarily equivalent.

Proof. If y: & — &' and y,: &, — &4 are unitary operators such that
My 8 =0y

then U = M", @ M, is a unitary operator from H to H' such that T; = UT,U*

for every Ae A.
The proof is just the same as in the particular case considered in the proof

of Theorem 4.1.
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Applying this result to characteristic functions and by using Theorem 4.1
we obtain a generalization of Theorem 3.4 in [9, Chapter VI] and Corollaty 2 in
[2], pamely:

THEOREM 5.4. Two completely non-coisometric sequences 9 and ' are uni-
tarily equivalent if and only if their characteristic functions coincide.

Finally, let us show when the characteristic function is outer.

PROPOSITION 5.5. For a c.n.c. sequence I we have that 6 is outer if and only
if 7eCgy.

Proof. 1t suffices to prove our assertion for the functional model of 7.
Accordingly, let T = {T;.}i.e 4 be the sequence defined in Theorem 5.1.
For every u @ 4d,v € H we have

lim ; ITFu @ 470 = 4702
n—co feF(n,A)
This shows that T € C,, if and only if u @ 0 € H implies # = 0. On the
other hand, u®0 € H means u | Mayﬂ(ﬂ’, 9).
The last condition implies u = 0 if and only if

Mo 5(F, D) = (XF, D),
i.e., 0, is outer,

6. AN APPLICATION

Using our functional model for a c.n.c. sequence I~ {Tz} 2e4 and the litfting
theorem [8], [9], [1), [2] to our setting [6, Theorem 3.2), we provide explicit forms for
the commutants of 7.

For the sake of simplicity we only consider the case when 7 € C(,. Thus,
assume that 0 :& — ¢%(F, &,) is a purely contractive inner operator. Let
T = {T,}sc4 be a sequence of operators defined on the Hilbert space

H = (T, &) © MtXF, &),
by
Tfu=Sfu (ueH)

for every 2 € A.

By Theorem 5.1, the A-orthogonal shift & = {S,},¢ 4 acting on K =¢%(F, &)
is a minimal isometric dilation of 7.

Let H', T’ etc. corresponding similarly to an operator 0': & —¢(F, &€})
the same kind.
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According to Section 2, we have that every operator

YA F, E%) »£HF, Ey)
such that

can be represented in the form Y = M, , where x: % —£%(F, &) is an operator
such that A, is bounded.

Combining this fact with Theorem 3.2 in [6], we obtain a generalization of
Theorem 3.6 in [9, Chapter VI].

THEOREM 6.1. Every operator X: H' — H satisfying
(6.1) T,X = XT; for every L€ A,
can be represented in the form
6.2 Xu=PyMu (ueH),

where Py is the orthogonal projection of £3(F, &) onto H, and y: 84 — L F. 84)
is an operator such that the following conditions hold

a) M, is a bounded operator,

b) M,Mgt3(F, §') € MfLHF, &).

Conversely, every y satisfying the above-mentioned conditions yields, by (6.2),
a solution X of (6.1).
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