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RANGE INCLUSION OF TOEPLITZ AND HANKEL
OPERATORS

B. A. LOTTO

For any bounded measurable function ¢ defined on the unit circle, let A,
denote the operator ““multiplication by ¢ defined on L? of the unit circle. Let P
denote the orthogonal projection from L? onto the Hardy space H®.

If ¢ and ¢ belong to L, the ranges of the Toeplitz operator T,, = PM,, defined
on ff* and the Hankel operator H, = PM, defined on (H?)! are compared and the
following results obtained:

THEOREM A. Suppose that ¢ and  belong to L®. Then range T, — range H,
if and only if @ = 0.

THEOREM B. The following statements are equivalent for a nonzero function
@ belonging to L®:

(i) range H, — range T,,.

(ii) ¢ = ug, where g is an outer function in H® and u is a unimodular func-
tion such that dist(u, H®) < 1.

" Theorem B answers in the affirmative a question posed by Joe Ball and Bill
Helton at the 1988 AMS Summer Research Institute on Operator Theory/Operator
Algebras and Applications as to whether a nonzero ¢ for which range H,, < range T,
must be log-integrable.

1. INTRODUCTION

This paper discusses when range inclusion occurs between two related oper-
ators defined on classical function spaces. We will be working in the Lebesgue space
L* of the unit circle, and all unsubscripted norms and inner products will refer to
this space. Also, all integrals that appear will be taken over the unit circle with
respect to normalized Lebesgue measure. We write the Fourier series of a function
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18 B. A. LOTTO
f belonging to L? as

=% Ao

k=00

Inside L? lies the Hardy space H?* consisting of those f all of whose negatively indexed
Fourier coefficients vanish. The orthogonal complement of A* in L? will be denoted

by H2. Let P denote the orthogonal projection of L® onto H®; P is given by the
formula

p( § fwort)= § fuor
k k-0

- 00

It follows from this formula that lim j[P(p{");; = || for any ¢ belonging to L2.

n=rco

Suppose that ¢ belongs to L®. We define three operators associated with ¢.
Let A, denote the operator on L? defined by (M,f)({) = o(Of(C) for fel?; in
other words, A7, is the operator of pointwise multiplication by ¢ on the unit circle.
Obviously, M, is a bounded operator and its norm is no greater than ¢ o. The
other two operators are defined interms of M,,: the Toeplitz operator with symbol
¢, denoted by T,,, acts on H? and is defined to be the operator PM, H*®, and the
Hankel operator with symbol ¢, denoted by H,, maps H2 to H*® and is defined to
be the operator PM,H?.

We should note here that this definition of the Hankel operator is different
from but equivalent to the usual definition (we have essentially taken adjoints)..
Ordinarily, the Hankel operator is defined with domain H?® and range H*: here,
the Hankel operator maps H* to H2 The change is made in order to give meaning
to questions about range inclusion.

Given ¢ and ¥ belonging to L, when is the range of T,, contained in the range
of H,? When is the range of H, contained in the range of 7,? We answer the first
question completely and the second in the special case when ¢ = .

2. A REVIEW OF BASICS

Suppose that ¢ belongs to L*. The following formulas involving T, and A, are
well known [2]:
¥ o__ .
17 = T5 ;
Hf =1 ~ P)M;,;Hﬁ;

HHS =T,: — T,T,.

We are now ready to tackle the task of range inclusion.
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3. RANGET, c RANGEH,,

The statement of Theorem A that appears here is stronger than our original
result. The improvement was suggested by Carl Cowen.

Proof of Theorem A. If @ =0, then T, = 0, so trivially rangeT, = {0}
crange H,.

Suppose now that rangeT, c range H,. By a theorem of R. G. Douglas
[1], there is a constant ¢ > 0 such that

T,T; < cH,H}
which means that
T,TF < T,z — T,TY)
or that

TyT§ + ¢ M,TY < Ty

Fix f in H2 Tt follows then that

M TP 1 + KT, ) < KTy f,
Now
1¥)) TV > = \THIP = PN

and similarly for ¢. Also

Q) LT s 5 =PI, 5 = WP =Slll/f|2 =SIWIZ = s~

Substituting these into (1), we obtain

Q) IP@NIE + e UP@NIE < A1
If we substitute f' = {” in (4) and let » tend to infinity, we obtain
® 12 + e=lplE < IR
But ¢=* > 0, so (5) is possi‘ble only if [lo|| = 0, that is, if ¢ = 0. %

4. RANGE H, c RANGET,,

We now turn to the possibility that range H,, < range T,,. If ¢ = 0, then tri-
vially range H, c range T,,, so we assume for the rest of the section that ¢ 0.
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If A is a subset of L2, denote the closure of 4 in L2 by cl(4).

.

THEOREM 1. Suppose that ¢ belongs to L> and is not identically zero. Then
the following are equivalent:

(i) range H, < rang2 77,

(i) P is bounded bolow on o H?).

Proof. Suppose that range Fi,, < range T,,. Once again. by Douglas’s Theorem
{17 there is a constant ¢ > 0 such that

HHE < T, T%
which, after substituting for H HF, vields

e e
T.O.s - T,75 < T3
Qr

T o< (I + T, 15,
In other words, for f in H?
(T oS f> < U+ OKTTGT 1)
which, using (2) and (3), means that
® Lof < (L + o) P(of)i™
So P is bounded below on the linear manifold ¢H?, and hence on its closure cl{(&/:12).
This proves that (i) implies (ii).

Assume now that P is bounded below on the subspace cl(¢oH?2) of L2 Then
there is some constant ¢’ > 0 such that

(N Lof P < P(of)

for every f belonging to H2 We claim that ¢’ > 1; the proof is similar to the argu-
ment at the end of the proof of Theorem A. Let n be any nonnegative integer. Set-
ting f = £"in (7) and letting » tend to infinity as before, we obtain

fp g dlpn
Since ¢ is assumed to be nonzero, it follows that ¢’ > 1. Hence (6) holds for all f

in H® with ¢ = ¢’ — 1. Now the argument that (i) implies (ii) up to that point can
be reversed, and hence it follows that (ii) implies (i). %
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We can; go further and characterize those ¢ for which P is bounded below on
cl(pH?), but first we need to know more about the space cl(@H?). For a subset E
of the unit circle, let . denote the .characteristic function of E, taking the value 1

on E and the value 0 off E. The following characterization of cl(yH?) for ¥ in L*®
can be found in [3, Chapter 3].

THEOREM 2. Let f € L.

() IfS]og!lM = --00, then cl(YH*?) = y L% where E = {lﬁ = 0}.

(i1) If Sl'oglxp] > —co, then clyH?) = uH?, where, letting g denote the outer

function in H* such that || = |g|, u = /g is unimodular.
Lemma 3. If Slog lp! = --co, then P is not bounded below on cl(pH?).

Proof. By the above theorem, cl(pH*®) =y L% where E = {p = 0}. Clearly,
since ¢ # 0, the space cl(pH?) is nontrivial. Take any nonzero ¥ ecl(gH?). It
follows from the description of cl(pH?) that (") is in cl(@H?) as well. Now
1T = || is a positive constant, and

PTWIE = 3 R,
k=n

which tends to zsro as a tends to infinity. It follows directly that P is not bounded
below on cl(pH?).

LEMMA 4. Suppose that ¢ € L* and that Slog[q)] > — co. Let g be the outer

Junction in H® such that || = |g| and let u = ¢[g be the unimodular quotient. Then
P is bounded from below on cl(pH?) if and only if T, is left invertible,

Proof. We have the representation cl(¢H?) = uH? Now P is bounded from
below on cl(pH?) if and only if there is a constant ¢ > 0 such that

@® llufl < ellP@f)ll  for fe H.

Suppose that f belongs to H2 Since u is unimodular, we have {[uf]| = ||f]l. Also,
P(uf) = T,f by definition. Hence (8) holds for some ¢ > 0 if and only if

Ifll < elT.fl  for feH?

for the same ¢, that is, exactly when T, is bounded below on H?2. Since an operator
is bounded below if and only if it is left-invertible, the lemma follows. %
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Putting Theorem 1, Lemma 3, and Lemma 4 together with the fact that a
Toeplitz operator with unimodular symbol # is left invertible if and only if
dist(, H®) < 1 [2, page 187] gives Theorem B of this paper.
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