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REDUCED HEAT KERNELS ON HOMOGENEOUS SPACES
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ABSTRACT. If S is the semigroup generated by an n-th order strongly elliptic
operator on L,(X;dx) associated with the left regular representation of a
unimodular Lie group G in the homogeneous space X = G/M, where M is
a compact subgroup of G, and k is the reduced heat kernel of S defined by

(Sep)() = / k(@5 9) o(y) dy

X

then we prove Gaussian upper bounds for k; and all its derivatives.
For reduced heat kernels associated with irreducible unitary represen-
tations on nilpotent Lie groups we prove similar Gaussian bounds.
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1. INTRODUCTION

Various methods have been developed in the last few years for the derivation of
Gaussian bounds on the kernels of strongly elliptic and subelliptic operators on
manifolds or Lie groups. These methods are described in the books [5], [12] and
[16]. The first method, used by Davies, is a logarithmic Sobolev inequality to
obtain semigroup bounds for real second order strongly elliptic operators. Via a
perturbation method one then obtains Gaussian type upper bounds. Alternatively,
[16] uses Harnack inequalities and that method is also restricted to real second
order operators. Robinson, however, first proves Nash inequalities in order to
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derive semigroup bounds. Then via the Davies perturbation method, Gaussian
type upper bounds are established. His method also works for higher order strongly
elliptic operators.

In this paper we consider homogeneous spaces X = G/M with G a con-
nected unimodular Lie group and M a connected compact Lie subgroup. Let H
be a complex n-th order strongly elliptic operator affiliated to the left regular rep-
resentation of G in Lo(X; dz), where dz is the G-invariant measure on X induced
by the Haar measures of G and M. Then the semigroup S generated by the closure
of H has a smooth kernel K on G such that

Sip= | Ki(9)U(g)pdg
/

for all t > 0 and ¢ € Lo(X; dz), where U denotes the left regular representation
of G in Ly(X; dzx) (see [12], Theorem III.2.1). We shall show that the semigroup
S has a heat kernel on X x X which can be expressed as an integral of the Lie
group kernel K. For this kernel, and all its derivatives, we prove Gaussian type
upper bounds in terms of the natural distance on the homogeneous space.

On non-compact symmetric spaces, Anker ([1]), studied the functional cal-
culus of Laplace operators. In [1] heat kernel upper bounds are derived for these
Laplace operators. In this paper, the Lie group G need not be semisimple.

We use the notation of [12]. Let G be a connected unimodular d-dimensional
Lie group with Haar measure dg and let M be a dy-dimensional compact con-
nected Lie subgroup of G with Haar measure dm. Let a1, ..., aq be a vector space
basis for the Lie algebra g of G. Define the homogeneous space X = G/M. By
[14], Satz II1.3.2 there exists a G-invariant measure dz = dg induced by the Haar
measures dg and dm. By ¢ we denote the left coset gM for all g € G. If U is
a continuous representation of G in a Banach space X then for all i € {1,...,d}
we denote by A; = dU(a;) the infinitesimal generator of the one parameter group

t — U(exp(—ta;)). We also need multi-index notation. Let J(d) = @ {1,...,d}"
k=0

denote the set of all multi-indices over the index set {1,...,d}. If @ = (i1,...,i) €
J(d) then set A* = A;; o---0 A;, and we denote by |a| = k the length of the
multi-index a.

For p € [1, 00] consider the left regular representation U of G on L,(X; dx)
defined by

(1.1) (U(g)e)(z) = (g 'x)

for all ¢ € L,(X; dz) and a.e. z € X.
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Let n € N be even and for all o € J(d) with |a] < n let ¢, € C. We con-
sider the operator H in L,(X; dz) associated with the left regular representation
U of (1.1)

(1.2) H= ) cdA?,

a:|la|<n

with domain D(H) = ()| D(A®). The operator H is called an n-th order strongly
laf<n
elliptic operator if there exists a g > 0 such that

Re(=1)™? 37 cal™ > plél"

a: lal=n

for all ¢ € RY, where ¢* = &, ---¢;, for all a = (i1,...,4;) € J(d). By [12],
Theorem 1.5.1, the closure of H generates a continuous semigroup S. Note that
the operator H is already closed if p € (1, 00) (see [3], Theorem 2.9). Moreover, for
all t > 0 there exists a smooth, rapidly decreasing, Lie group kernel K; € L1 (G; dg)

such that
StSD /Kt dg—/Kt d

for all ¢ € L,(X; dz) and a.e. z € X (see [12], Theorem III.2.1).
Since K; is continuous and M is compact one can define for all ¢ > 0 the

continuous function k; : X x X — C by

k)= [ Ki(gmk™)dm
/

where g, k € G. Note that this definition does not depend on the coset representa-
tives by the unimodularity of M. We call the function x; the reduced heat kernel

because of the following identity.
PROPOSITION 1.1. Ifp € [1,00], ¢ € L,(X; dz) and t > 0 then
($i9)) = [ malasn)elw) dy
X

for a.e. x € X.
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Proof. Let ¢ € C°(X). Since G and M are unimodular [14], Satz II1.3.2
gives

(4, Sup) = / G) / K ()p(~ M) dL g
G

Ki(I™Y)p(lgM) dl dg

=
S

Ki(gl™)p(IM) dl dg

=
S

I
=
N

- 0=

Ko(gm™ k1) dm)cp(kM) dk dg

M M A A

=
S

M X M M

Ky(gmk™1) dm)go(k) dk dg

for all t > 0 and ¢ € L,(X; dz).

The function t — k(x;y) with z,y € X fixed extends to a holomorphic
function since S is holomorphic (see also [2], Theorem 3.1).
We now discuss the regularity of the reduced heat kernel x;.

PROPOSITION 1.2. For allt > 0 one has k, € C®(X x X).

Proof. Define for ¢t > 0 the function K :GxG—C by

I?t(glagQ) = /Kt(glmgr;l)dm.
i

Then K; € C®(G x G) since K; € C®(G) (see [12], Theorem IIL4.8). The
projection (g1, g2) — (g1, g2) from G x G into X x X is a C* map. From these
observations it follows that x, € C°(X x X) for all¢ > 0. 1

We denote the (multi-)derivatives of the reduced kernel k; with respect to
the first variable by A® and with respect to the second variable by R*. To avoid
confusion we denote the left derivative in the direction a; on the Lie group G by
gi and the right derivative by }Nil Derivatives of the reduced heat kernel k can be
expressed in terms of derivatives of the Lie group kernel K.

COROLLARY 1.3. Ifa, 3 € J(d) then
(A“RPk) (31 k) = /(Zaﬁﬁm)(gmk—l)dm
M
forallt >0 and g,k € G.

Proof. The proof of this corollary is similar to the proof of Proposition 1.1. 1
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Introduce the control metric d; on X by

d
(13)  dilwsy) =sup {[9(@) = ¥(y)] | ¥ € Cooe(X) real and > [A0f* < 1},
=1

where Ch.0o(X) denotes the space of all infinitely differentiable functions on X
with uniformly bounded derivatives. The main result of this paper is the next
theorem.

THEOREM 1.4. Let X = G/M be a homogeneous space with G a connected
unimodular Lie group and M a compact connected subgroup. Let H be an n-th
order strongly elliptic operator as in (1.2) and k¢ the corresponding reduced heat
kernel. Then for all o, 8 € J(d) there exist a,b > 0 and w > 0 such that

(A% R k) (2 )| < at— (1 H1BIHd—du) /n gt g bl (asg)" =) =)

forallz,y € X andt > 0.

REMARK 1.5. Although this theorem has been formulated for real ¢, it is also
valid in a complex sector. There exists a fc € (0, 7/2] such that the operator e'¥ H
is a strongly elliptic operator for all ¢ € (—0¢,0¢). Then the reduced heat kernel
extends to a holomorphic function on the sector A(fc) = {z € C\{0} | |arg 2| <
0c} and for all § € (0,0c) one has similar kernel bounds for k, uniformly for
z € A(0), with t replaced by |z|.

ExXaMPLE 1.6. If G is a connected semisimple Lie group and M a connected
compact subgroup of G then G is unimodular and the conclusions of Theorem 1.4
are valid for the homogeneous space G/M.

In the next example we present an explicit description of a homogeneous
space.

ExamMpLE 1.7. Let X = SL(r,R)/SO(r,R). Consider the action of g €
SL(r,R) defined by A +— gAg* for all strictly positive symmetric matrices A. Then
SO(r,R) is the stabilizer subgroup of the identity matrix I. The SL(r, R)-orbit
of I equals the set of all strictly positive symmetric matrices with determinant 1.
Indeed, each strictly positive symmetric matrix A with determinant 1 can be
written as A = UAU*® with U € SO(r,R) and A a diagonal matrix with strictly
positive diagonal entries and determinant 1. Let g = UAY? € SL(r,R). Then
A = glgt. So we can identify X with the set of strictly positive symmetric matrices
with determinant 1.

On SO(3,R) one can use spectral theory to deduce Gaussian bounds for the
reduced heat kernel.
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EXAMPLE 1.8. Let N = (0,0,1) € R?. Let G = SO(3,R) and M = Gy =
{g € SO(3,R) | gN = N} the stabilisator group of N. Let a1, as, az be the basis
for g given by

0 10 0 O 0 0 1
a; = -1 0 0 y as = 0 0 s az = 0 0 0
0 0 0 0 -1 0 -1 0 0

So d =3 and dy, = 1, whence d — d, = 2. Consider the bijection ® : G/M — S?
defined by ®(§) = gN for all g € G. For all i € {1,2,3} let A; be the vector fields
on S? induced by the bijection ® and the vector fields 4; on X. The measure
dr = dg on X induces the surface measure du on S?. Next, the G-invariant
second order strongly elliptic operator fﬁf — 2% — 2% equals the Laplace-Beltrami
operator of S2. For this particular operator one can derive the Gaussian type upper
bounds by a spectral argument. For all n € Ny the eigenspace corresponding to
the eigenvalue n(n + 1) is spanned by 2n + 1 orthonormal eigenvectors e, ; with
je€{1,...,2n+ 1}. Then by the addition theorem, ([11], Theorem 2) there exist
C41,Cy > 0 such that

e’} 2n+1

Ze_t(nz-‘r") Z en,j(l’)m

n=0 7j=1

e ;)] =

S Cl (1 + Z e_t("z+")n) g 02(1 + t_2/2) _ 02(1 + t—(d—dm)/2)
n=0

for all £ > 0 and 2 € S?. Then off-diagonal Gaussian upper bounds as in Theo-
rem 1.4 can be obtained by an application of [15], Theorem 1. &

The techniques used in this paper differ from the usual methods, because
we cannot apply the higher order Davies perturbation trick as in [12], Chapter
III. First, we derive the appropriate Nash inequalities if M N Z(G) is finite, where
Z(G) denotes the centre of G. This is inspired by the paper [7], where Gaussian
bounds for real second order strongly elliptic operators associated with irreducible
unitary representations of nilpotent Lie groups have been established. These Nash
inequalities are used to obtain semigroup bounds for second order operators. Then
Gaussian bounds for higher order strongly elliptic operators on the homogeneous
space are derived via a reduction method from the Gaussian bounds for higher
order strongly elliptic operators on the Lie group. In [9] a slightly less delicate
version of a transference method was used to deduce large time Gaussian bounds
for the kernel associated with a homogeneous operator on a nilpotent Lie group
from a similar kernel on a homogeneous group. In the present paper the reduction
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gives the correct small time singularity in the Gaussian bound of the main theorem.
Finally we remove the assumption on M N Z(G).

The reduction method also works to extend the results in [7] to higher order
operators and Gaussian kernel bounds on the derivatives. In [7] Gaussian kernel
bounds have been proved for the reduced heat kernel of the semigroup generated
by a real second order strongly elliptic operator associated with an irreducible
unitary representation of a nilpotent Lie group. In the last section we show how

the other kernel bounds can be proved.

2. VOLUME ESTIMATE

In this section we prove a lower bound on the X-volume of the projection on X
of small balls in G if M N Z(G) is finite.

Suppose the vector space basis ay,...,aq for the Lie algebra g is such that
ai,...,aq, is a vector space basis for the Lie algebra m of M.

The modulus | - | on the Lie group G is defined by |g| = d®(e; g), where the
metric d° on G is given by

P, 1/2
C(k;l) = inf / > ; t
d~ (k;1) Lot (_1%(1?)) dt,
0

with
I'(k,1) = {~:[0,1] — G | 7y is absolutely continuous on [0,1],~v(0) = k,v(1) = [}

and
d

d%gt) = Z%‘(t)yi‘

= 7(?)

for a.e. t € [0, 1], where the vector fields Y; are defined by

(2.) (Vie)(9) = | _ ¢lexp(~tai))

for all p € C*(G), g € G and 1 < i < d. The modulus on M, denoted by |- |as, is
defined analogously. Let B. = {g € G | |g| < ¢} and Bz py = {g € M | |g|ar < &}
for all € > 0.

Frequently we need the following lemma to estimate distances.
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LEMMA 2.1. There exist g > 0 and C' > 0 such that the restriction of the
exponential map to the set {t € R? | |t;| < eo for alli € {1,...,d}} is an analytic

diffeomorphism onto its image and
CHtll < lexp(trar + -+ + taaq)| < C|t|

uniformly for all t € {t € R? | |t;| < eo for alli € {1,...,d}}, where ||t|| =
max{|t;| | i € {1,...,d}}.

Proof. See [8], Proposition 6.1. 1

LEMMA 2.2. There exist €' >0 and C > 0 such that
Be nM c BCE,M

for all e € (0,€'].

Proof. Let V be a neighbourhood of 0 in the Lie algebra g such that exply
is a diffeomorphism from V onto a neighbourhood of the identity e € G. Write
g = a + m, where m denotes the Lie algebra of M. Then by the proof of [13],
Theorem 6.9, there exist neighbourhoods W of 0 in a and W’ of 0 in m such
that W 4+ W’ C V, the map w + w’ — exp(w) exp(w’) is a homeomorphism from
W + W’ onto the neighbourhood U = exp(W) exp(W') of the identity e € G and,
moreover, U N M = exp(W’). Let ¢ > 0 be so small that

B, CUnexp(V).

Then B N M CUNM = exp(W').
Next, let g9, C > 0 be as in Lemma 2.1. Now suppose ¢ € (0,&" A gg] and
g € B.NM. Then for all i € {1,...,d} there exist t; € R with |¢;| < Ce such that

g =exp(tiar + - - + tqaq).

Alternatively, g € exp(W’) and hence there exists a w’ € W’ such that g =
exp(w’). Since exp|y is injective it follows that t4, +1 = -+ = tg = 0. Therefore,
by Lemma 2.1 again, there exist ¢”,C” > 0 such that B. N M C B,y for all
e€ (0,e"]. 1
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LEMMA 2.3. Ife > 0 then

/135(gmk:_1)dm< / 1dm
M MnNg=1Bs.g

forall g,k € G.

Proof. We may assume that there exists an m; € M such that b = gmk=! €
B.. Then

/1BE(gmk_1)dm:/1Be(gmm1k‘_1)dm:/1B£(gmg_1b) dm
M M M

by the unimodularity of M. Since gmg~'b € B, if, and only if, m € g7 'B.b"1g
and B.b~! C By, one obtains

/135(gmk_1)dm: / 1dm < / 1dm,

M Mng=1B:b—1g MnNg—1Bs.g

as required. 1

We next introduce a technical condition which we remove at the end of
Section 4.

LEMMA 2.4. Suppose there exist r € N and a continuous matric representa-
tion p' of G in GL(r,R) such that M NKer p’ is finite. Then there exists a matriz
representation p of G in GL(r,R) such that the restriction of p to M has a finite
kernel and p(M) is a subgroup of SO(r,R).

Proof. Since M is compact and connected also p’(M) is a compact and con-
nected subgroup of GL(r, R) and hence of SL(r,R). Note that (SL(r,R), SO(r,R))
is a Riemannian symmetric pair of non-compact type. Therefore Theorem VI.2.1
of [10] implies that there exists an h € SL(r,R) such that hp'(M)h=' C SO(r,R).
Then the representation g — hp'(g)h~! has the desired properties.

LEMMA 2.5. Suppose there exist r € N and a continuous matriz representa-
tion p of G in GL(r,R) such that M NKerp is finite and p(M) is a subgroup of
SO(r,R). Then there exists a C > 0 such that

|[VEV™! —1I|| < Ce

for all V€ SO(r,R), € € [0,2] and E € p(B.), where || - || denotes the Fuclidean
matriz norm on R™".
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Proof. Define for all i € {1,...,d} the matrices M; by

d
M,; = & tzop(exp(tai)).

By the Campbell-Baker-Hausdorff formula it is obvious that the local map from
coordinates of the first kind to coordinates of the second kind is a real analytic
diffeomorphism with a Jacobian matrix of determinant 1 in 0. Hence by Lemma 2.1
there exist €9, C' > 0 such that the map (¢1,...,tq) — exp(ti1a1)---exp(tqaq) is
an analytic diffeomorphism from {t € R? | |t;] < o for all i € {1,...,d}} onto its
image 2 and

Ot < exp(tran) -+ exp(taaa)| < CIl]

uniformly for all t € {t € R | |t;| < o foralli € {1,...,d}}, where |t]| =
max{|t;| | i € {1,...,d}}. There exists an & > 0 such that B C €. Suppose

€ (0,¢'] and E € p(B.). Then for all i € {1,...,d} there exists a t; € R with
|t;] < Ce such that

E = p(exp(tiar) - - - exp(taaa)) = plexp(tiar)) - - - pexp(taaq))

= exp(t1 M) - - exp(taMq).

Hence
IVEV —I|=[V(E-DV' = |E-1| <C'e

for all V € SO(r,R), where C’ > 0 depends only on ¢’,C and M;,..., My. By
compactness there exists an M > 0 such that

IVEV= —I| <M
for all V € SO(r,R) and E € p(Bsz). Therefore
[VEV™ — I|| < max(C’, M (") 1)e

foralle € [0,2], E € p(B:) and V € SO(r,R). 1

PROPOSITION 2.6. Suppose there exist 1 € N and a continuous matriz rep-
resentation p of G in GL(r,R) such that M NKer p is finite. Then there exists a
C > 0 such that

Volx (B:g) > Ce?dn

for alle € (0,1] and g € G.

Proof. By Lemma 2.4 we may assume that p(M) C SO(r,R).
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First,

Vol (B:) :/135(91—1)&: /1Bg(gmk'_1)dmdl;:
G X M

N

1dm dk = Volx (Bg)Voly (M N g~ Ba.g)
Beg MNg—1'Bacg
for all ¢ € G and € > 0 by Lemma 2.3. Next, there exists a C' > 1 such that

C~te? < Volg(B.) < Cet for all € € (0,1]. Therefore it is sufficient to prove that
there exists a C' > 0 such that

VOI]V[(M ﬂglezsg) < CEdm

for all g € G and € € (0, 1]. Since the restriction of p to M has a finite kernel and
p(M) is isomorphic to M/ Ker(p|as) it therefore suffices to show that there exists
a C' > 0 such that

Vol,(ar) (p(M) N p(g~" Bazg)) < Cedm

for all g € G and € € (0, 1].
Let e € (0,1] and g € G. Let A € p(M)Np(g~'Ba.g). Consider the Gaussian
decomposition
plg~") = UAV,

where U,V € SO(r,R) and A = diag (A1,...,\,). By a suitable permutation of
the rows and columns of A and the fact that permutation matrices are orthogonal
we may assume without loss of generality that |[A\1| = |Aa| = -+ = |A\r|. Then

U 'AU = AVEV AT

for some E € p(Bs.). Hence U~ AU = AEA™!, where
IT+enn - E1r
E=VEV™'= S K
Erl e 1+ Err
with |g;;| < Ce for some C > 0, independent of V, E and ¢, by Lemma 2.5.
Therefore
T4+enn - ephiA!
B=UTAU = AEA™! = : " :

Erl)\r)\l_l 1 + Err
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Since B € SO(r,R) all columns have length 1 and are mutually orthogonal. As
|)‘i>‘j_1| < 1 for all i > j there exists a C' > 0, independent of V, E and ¢, such that
|(B—1);j| < Ce for all i > j. Evaluating the inner product of the first and second
column in B it follows that there is a C' > 0, independent of V, E, A and ¢, such
that |B1a| < Ce. Repeating this procedure, i.e., evaluating the inner products of
column j and the preceding columns 1, ..., 7—1, it follows that there exists a C' > 0,
independent of V, E, A and ¢, such that |(B — I);;| < Ce for all i,j € {1,...,7}.
Since U € SO(r,R) it follows that |(A — I);;| = |(U(B — I)U~1Y);;| < Cre for all
1 <i,j < r. Note that Cr? is independent of € and g.

Next there is an ¢’ € (0,1] such that if ¢ € (0,¢'], then A = exp(log A).
Hence there exists a C' > 0, independent of € and g, such that |(log A);;| < Ce
for all 1 < ¢,j < r. Therefore, by Lemma 2.1 there is a C' > 0, independent of g
and € € (0,¢'], such that A lies in the Ce-ball in GL(r,R) induced by the modulus
on GL(r,R). Then by Lemma 2.2 there exists a C > 0, independent of g and
e € (0,€'] such that A lies in the Ce-ball in p(M) induced by the modulus on
p(M). Since the dimension of p(M) equals dy, there is a C' > 0 such that

Vol, ) (p(M) N p(g ' Bacg)) < Cem

for all g € G and ¢ € (0,&’]. Finally, the restriction ¢ € (0,¢’] can be weakened to

¢ € (0,1] by a compactness argument. 1

COROLLARY 2.7. Suppose M N Z(G) is finite. Then there exists a C > 0
such that

Volx (B.§) > Ce¥~m
for alle € (0,1] and g € G.

Proof. The matrix representation induced by the adjoint representation Ad

of G and the basis aq,...,aq for g has kernel Z(G). 1
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3. NASH INEQUALITIES

The method we use to derive semigroup bounds from L (X; dx) into Lo (X; dx)
is via Nash inequalities, which we prove in this section.

Throughout this section we suppose that M N Z(G) is finite. Moreover, we
suppose that the vector space basis aq,...,aq for the Lie algebra g is such that
ai,...,aq, is a vector space basis for the Lie algebra m of M.

d
Let Lo (X; dz) = (| D(A;) C Le(X; dz) with norm
i=1

4= A%y
lell2;1 Jnax |A%p]|2
lal<1

The bounds of the next proposition are a generalization of the classical Nash
inequalities.
THEOREM 3.1. There exists a C > 0 such that

244/(d—dm 4/(d—dm
lell3 /@) < Ol el /@)

for all p € Lo (X; dz) N L1 (X; dz).

In order to prove Theorem 3.1 we first prove Young inequalities on the ho-

mogeneous space.
Let ¢ € Ly(X; dx) N L1(X; dx) and ¢ € Li(G; dg). Then the convolution
product 1 i @ is defined by

Yy o= /¢(9)U(9)s0 dg.

G
For every integrable function 7 : G — C introduce the function 1* : X x X — C
by
W) = [ wlgmk)dm,

M
where g,k € G.
Next let ¢ : G — C be integrable and let ¢ € [1,00). Then [||¢)|||, is defined
by

1/a
Il = esssup ([ 16wl dy)
zeX
X
and |||Y]||eo is defined by

[11#ll|oc = esssup esssup [ (z, y)].
rzeX yeX
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If ¥: X x X — C is measurable, then for ¢ € [1,00) set
1/q
1l = esssup ([ e az)
yeX %

and

[11P]]|]oo = esssup esssup |¥(z,y)]|.
yeX reX

Note that the integration and essential supremum are taken over different variables.

The next elementary lemma gives a relation between the norms.

LEMMA 3.2. Ife >0 and q € [1,00] then

b
12lllg = 9 lllq,

where Y. = 1p,_.

Proof. Let € > 0. Then by the unimodularity of M one has for all g € [1, 00)
b b PN 1/q
20y = esssup ([ w29, k)" ag)
kex N

= esssup

q 1/q
1p.(gmk™1) dm) dg)
kex

/N

= ess sup

1/
1p.(km~tg™h) dm)q dg) !
kex

15 g ) 05) "

SR

[
9]
%
|95}
o
o)
M R M X

m <o

. 1/
620k, 91 dg) " = l[g-lllg

The equality for ¢ = oo is proved similarly. &

We are now going to prove Young type inequalities. In order to do this we
first need some preparation.

Let S denote the set of complex valued integrable simple functions ¥ : X x
X — Csuch that K = {z € X | 3y € X with U(x,y) # 0} has finite measure.

The following lemma states some very crucial properties for simple functions
in the set S.
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LEmMA 3.3. (i) If ¥ € S then

[11P]|||cc =esssup esssup |¥(z,y)|= esssup |¥(z,y)|=esssup esssup |V (z,y)|.
yeX reX (z,y)eX xX zeX yeX

(ii) Let W € S and set a = ||||¥||||sc. Define Eqy = {z € X | [V(z,y)| = a} for

ally € X. Then //1an(x) dzdy # 0.
X X
Proof. If ¥ = 1y for some measurable U C X x X with measure zero then
it is obvious that

esssup esssup |U(x,y)| = esssup |¥(z,y)| = esssup esssup |¥(z,y)| = 0.
rzeX yeX (z,y)eX XX yeX reX

Similarly, if ¥ = 1y for some measurable U C X x X with strictly positive measure
then it is elementary that

esssup esssup |U(x,y)| = esssup |¥(z,y)| = esssup esssup |¥(z,y)| = 1.
reX yeX (z,y)EX XX yeX zeX

Now let ¥ € S be arbitrary. Then there exist k € N, a1,...,ax = 0 and dis-
joint measurable sets Uy,..., Uy € X x X such that |[¥| = Z a;ly,. Since

sssup ((TV9)ep) = essswp f(ry)V essswp g y) and |9] = ay1p, v
(z,y)EX XX (z,y)EX XX (z,y)eX xX

-V agly,, the first part of the lemma follows.
If ¥ = 1y for some measurable U C X x X then it is obvious that the second
statement holds. If |¥| = Z a;1ly, as in the first part and a; = a without loss of

i=
generality (and the measure of U, is strictly positive), then

//1Ea1y(x)dxdy>//1U1(a:,y)dmdy>0,
X X X X

as required. 1

Define for ¢ € Lo(X;dx) N Li(X; dz) the linear operator T, : S —
N Lp(X; dz) by
=1

awmwzjwmwwm@
X

for a.e. x € X. The following theorem is a slight variation of the classical Riesz-
Thorin theorem.
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THEOREM 3.4. Let ¢ € LQ(X; d{E) ﬂL1(X; dLL'), 1,0 € (0,1), B1, P2 €
(0,1) and My, My > 0. Suppose

1Ty, < Malll[®]lll/ar,  1ToWll1y6, < Mall[[¥]]]]1/a
for all functions ¥ € S. Then
1Tl y5 < My~ M|[[19]l[]1/a

for all ¥ € S and t € (0,1), where o = (1 — t)ay + tae and § = (1 —t)B1 + tFa.
Proof. Define the functions «, 3 : C — C by

a(z) = (1 - 2z)ar +za, B(z) = (1—2)B1 + 262

for all z € C. For z =0, z =1 and z = ¢ the pair (a(z), 5(2)) reduces to (ay, 1),
(a2, B2) and («, B), respectively. Note that

1T%ya = sw | [T @0l da
ol aopm=1 X

for all 8 € (0,1) and ¥ € S, where S’ denotes the set of all simple functions on
X. Fix ¥ € S and 0 € S’ with ||o|1/1-g) = 1. Define I by

I= /(T¢@)(x)a(m) dz.

X

Let c1, ¢, ..., ¢, be the different values of ¥ not equal to zero and let x1, x2,..., Xp
be the corresponding characteristic functions. Write ¢; = |¢;[e!*s. Define

p

Z mJ|C |a(z)/a X;

for all z € C. Similarly, let di,ds,...,d,; be the different values of o not equal
to zero agd let x4, xb, - .. 7Xfl be the corresponding characteristic functions. Write
d; = |d;|e"7 and define

q
= Zewj |d;| 1= BE/A=B) 1

j=1

for all z € C. Replacing x; by T,x; yields an expression for T,,F,. Define & :
C—-C by

D(z) = /(T¢Fz)(x)oz(z) dz.
X
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Then ®(¢) = I and it is obvious from these considerations that ® is a bounded,
continuous and holomorphic function on {z =z +iy € C |0 < z < 1}.

Consider z € C with Re z = 0. Then Re a(z) = a1 and Re (z) = §1. The
Holder inequality gives

12(2)| < NTpFxlliyp,llozllya—p) < MillllE:1yan lozll1/q—p,)-

Moreover, for each y € X one has
e} a(ar/a)
([1eaiean)™ = ([ wapean) ™",
X X

Hence

IE= /e, = 1252

It follows that

B()] < Ml o i) = Malll IS0

for all z € C with Re z = 0. Similarly,

B (2)] < Mal||[W][[]32/

for all z € C with Re z = 1. Then the Phrdgmen-Lindel6f lemma (cf. [17], Chapter
XII, p. 93) gives
1] = |@(t)] < My~ M|[I[¥]]]]1/a-

Therefore

1T %l1/5 = sup [@(t)] < My~ M[[1%[][]1/a
oc
lolli/—py=1

as required. 1

COROLLARY 3.5. Let ¢ € L1(X; da) N Ly(X; dx) and My, My > 0. Suppose
1T P00 < Mill[[P]]|[oos Tl < Mal||[¥][]]2

for all ¥ € S. Then
1Tl < My~ My|I[19][]]1 e

forallt € (0,1) and ¥ € S.
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Proof. Let ¥ € S and € > 0. From the definition of S it follows that
1|%][|]1 < co. Moreover, if ¥(z,y) = 0 for a.e. (z,y) € X x X then the proof

is trivial. So let ¥ € S be such that a = ||||¥]|||/xc > 0. Set E,, = {z €
X | |¥(x,y)| = a}. Suppose that for all n € N the set {y €X | /1Ea,y(x) dz >
X

1/n} has zero measure. Then the set {y e X | /1Ea,y(x) dz > 0} has zero

X
measure, which contradicts Lemma 3.3 (ii). Therefore there exist b > 0 and

a subset Xy C X with strictly positive measure such that / lg, ,(z)dz > b

X
uniformly for all y € Xy. Then there exists an N7 € N such that for all n > Ny
and y € Xy the bounds

9l = o < @040 < ([ arde) (14 0)

Ea,y

= ( / Wy de) (140 < (/\\I/(x,y)|”d:c>l/n(1+5)
E,

X

are valid. Since X has positive measure one deduces that
T loo < [T (1 +€)

for all n > Ny. Moreover, with K = {z € X | 3y € X with U(x,y) # 0} one has

l/n 1/n
1T W]l = /‘/ z,y)e(y) dy dx /’/ z,y)e(y) dy dx)
/ 1/n
< esssup ‘/ z,Y)e dy’(/ldm) = ||T¢\Il||oo(/1da:)
zeX w

for all n € N. But ¥(x,y) = 0 for a.e. (z,y) € X x X if /1dx = 0. Therefore

K
assume that /1 dx # 0. By definition of S one has /ldx < 00. Hence there is
K K
an Ny > 0 such that for all n > Ny
[T Wln < 1T ¥loo (1 +¢).
So

(3.1) 1Tl < T W0 (1 +€) < Mi(L+€)?[[[[2]]]]
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for all n > N3 = max(Ny, Na).
Alternatively, lim |¥|'/(1=1/7) = |¥| uniformly on X x X. So there exists
an N € N such that for all n > N and y € X the estimates

/ W (a,y)| de < / Wz, ) [0V da(1 4 )12
X X

are valid. Since 0 < z < #'~Y/"(1 + ¢)'/2 for sufficiently large n € N, uniformly
on [0, |]||®]||[1], there is an Ny € N such that for all n > N, and a.e. y € X

/|\P(x’y)|dx < (/|‘I’(9€,y)|dx)lil/n(1+€)1/2
X X

1-1/n
< ([ wappeman) T @)
X

Therefore,
T < Ty a-1/m) (1 +€)

for all n > N4. Moreover, the dominated convergence theorem yields

n—oo

lim [ [(T,0)(z)Y/ -/ dx:/|(T¢\I/)(x)\dx.
X X

Hence there exists an N5 € N such that
1Tl a-1/n) < 1T ¥[(1 +€)
for all n > Ns. It follows that
(3-2) 1T/ a—1/m) < ITp U1+ ) < Ma(1+ )|l /a-1/m)

for all n > Ng = max(Ny, N5).
By Theorem 3.4 one can interpolate between the bounds (3.1) and (3.2) and

1Tl 1=ty frtta—1/my) < M7 My(L+ )21/ ((1—t) fntt1—1/n))

for all t € (0,1) and n > max(N3, Ng). Let t € (0,1). Then there exists an N € N
such that

1—t—1/n)/(1=2/n) 5 ;(t—1 1-2/n
ITp W, 7 < (14 &) hayt /2 g (= mIA=2m) )]
for all n > N. Finally, letting n — oo and € — 0 one obtains
1T, < MM

for all £ € (0,1). W
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In order to apply Corollary 3.5 we prove bounds on L; and L.

LEMMA 3.6. If ¢ € Lo(X; dz) N L1 (X; dx) then

1Tl < [T llell, 1Tl < T oolllly

forall W e S.

Proof. Let ¥ € S. Then Fubini’s theorem gives

1z = [ | [vepew i< [ [vellew]ade
X X X X

X

= ess sup (/m(x,yndx)usoul = [/l
yeX %

Furthermore,

7)o = esssup | [ W g)oty) dy| < esssup [ [0Galleto)]dy
FAS re
X X

<esssup [ esssup (19 (e,1/))olo)] dy = |11
zeX e y'eX

by Lemma 3.3 (i), which completes the proof. &
We are now able to state Young type inequalities.

PROPOSITION 3.7. If ¢ € Lo(X; dz) N L1 (X; dx) then

1T < ¥ pllelly

for all W € S andp € [1,0].

Proof. This is an immediate consequence of Lemma 3.6 and Corollary 3.5.

= [ ([ 1w miar)ictlan< [essup ([ 1)iar) o)
X X X

By approximation we apply the Young inequalities to obtain bounds on

Ve *y7 p, Where we set ¢, = 1p,.
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PROPOSITION 3.8. Let ¢ € Lo(X; dz) N L1(X; dz). Then

e v el < 2N el

for alle > 0.

Proof. Let € > 0. First take ¢ € C.(X). Let K be the support of ¢. Suppose
Y2 (x,y) # 0 for some z = g € X and y = k € X. Then there exists an m € M
such that gmk™—! € B,, and hence, x € B.y. Therefore it is obvious that z ¢ B. K
implies ¥ (x,y) = 0 for all y € K. Hence the function (z,y) — 1°(z,y)¢(y) from
X x X into C has support in B.K x K. Next

/ 04, ) pl) dis = / ( A[ belgmk=) dm ) (k) d

:/(/m@m%*MWM@MQM

/wggzl (IM)dl = /1/)5 oI tgM)di
G

- / D) — (e %0 9)(§)
G

for all ¢ € G by the unimodularity of G and M. Now let U, be a sequence of
non-negative simple functions converging to 1/)2 pointwise from below. Set ¥, =
VU, - 1p.kxx for all n € N. Then

T ([] [0 - vaaewa] ar) <o
X X

by the dominated convergence theorem. Hence Proposition 3.7 yields

e ¥ lla < limsup [T, Wnllz + 4o xu @ — ToWallz < 14211112 [l

n—oo

Since ¢ — e *y @ is continuous on Lo(X; dx), the proposition follows immediately
from the density of C.(X) in Lo(X; dx) N L1 (X; dz). 1

Let v : [0,1] — G be an absolutely continuous path from the identity e to g
with tangents in the space spanned by aq, ..., aq. Then there exist v; € Lo ([0, 1])

such that d
D) - (v (1 (0)
i=1
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for all ¢p € C*°(@G) and a.e. t € [0,1], where Y is as in (2.1). Moreover,

1/2

=i [ ($20)

where the infimum is over all absolutely continuous paths from the identity e to
g € G. Therefore

for all p € C°(X) and = € X. Consequently,

10—Vl < /(Z% (3 ael)

0

by the Schwarz inequality. Then optimization over all possible paths v gives

It = U@)ellz < |g|(2 laselz) "

So, if ¥ € L1(G; dg) is a positive function with [[¢]|; = 1 then

d /2
o= vwu el < [ wloll (3 14wlB) " dg
G =1

In the following proposition we state the Nash inequalities.

PROPOSITION 3.9. Let ¢ € Lo (X; dx) N L1 (X; dz). Then

d 1/2
lellz < e( S 1Awl) " + (lwellle/eeli el
i=1

for all e > 0.

Proof. Obviously one has

lellz < ll = (Pe/llvelln) ¥ @llz + 1D/ lIYell) v ¢ll2-

Then the proposition follows from Lemma 3.2, Proposition 3.8 and the preparatory
considerations preceding this proposition. 1
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Now we estimate for all e € (0,1] the factor |||¢e|||2/||¢c]l1 in the Nash
inequality stated in Proposition 3.9. First we have |[¢c]l1 = Volg(B:). But there
exists an o > 1 such that

(3.3) a~ted < Volg(B.) < agf

for all € € (0,4]. Hence
a e e < e

for all € € (0, 4].

Secondly, we estimate an upper bound for the norm |||¢¢]||2 for all € € (0, 1].

LEMMA 3.10. If g € G then
VOIG(BZE) > Volx (Bsg)VOIM(M n gilBsg)

for all e > 0.

Proof. Let g € G and € > 0. Then

/1g_1B£g(m) dm < /19_1stg(km)dm

M M

for all k € g~ 'B.g. Since the map k +— /19—13259(km) dm from G into R is right

M-invariant it follows that

1,-1p.4(k) / 1,-1p.4(m)dm < / 1,-1p,.4(km)dm
M M

for all £ € G. Integration over X yields

Volx (B.g)Voly (M N g~ B.g) = 1glesg(k)/1 —1p.,(m)dm dk

(/1g 1. (k) dm) d
M

1B,. (glgfl) dl = Volg(Ba:)

Q\ k\ X\

by the unimodularity of G. 1
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PROPOSITION 3.11. There exists a C > 0 such that
1[telllo < Celtam)/2

for all e € (0,1].

Proof. Since we assume that M NZ(G) is finite, there exists by Corollary 2.7
a C' > 0 such that
Volx (B:x) > Celd=dm

for all z € X and € € (0,1]. Next, if g,k € G and /lgs(gmk_l)dm # 0 then

M
there exists an m € M such that km~' € B.g, whence k € B.g. Then by the

Lemmas 2.3 and 3.10 one has

I[[¥e]l]2 < esses;(lp ( / ( / 1dm)2dy)1/2

J Bey Mng~1Ba.g
< Vol (Bye) esssup Volx (Bax)l/zVolx (Bgex) ™!
rzeX

< Volg(By:) esssup Vol (Bez) ™2 < 4001/ 2gld+dm)/2
rzeX

for all € € (0, 1], where we used the estimates (3.3) in the last step. &
The following proposition is the key result to prove Theorem 3.1.
PROPOSITION 3.12. There exists a C > 0 such that

Bt P

Iellz < ellellzn + Ce
for alle >0 and v € Lo (X; dz) N L1 (X; dz).

Proof. By the estimates for |||1).|||2 for all € € (0, 1] stated in Proposition 3.11
and the Nash inequality stated in Proposition 3.9, there exists a C' > 0 such that

lollz < ellpllz + Ce™ @2l |y

for all € € (0,1] and ¢ € Lo (X; dz) N L1(X; dz). But then these estimates are
valid for all € > 0 since |¢|l2 < [|¢ll2. @

It is now easy to prove Theorem 3.1.
Proof of Theorem 3.1. Optimize the inequalities from Proposition 3.12 over
e>0. 1

In the following section the Nash inequalities are used to prove the Gaussian
bounds of Theorem 1.4.
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4. GAUSSIAN KERNEL BOUNDS

In this section we deduce the kernel bounds stated in Theorem 1.4. For all r,p €
[1,00] denote by ||T||,—p the operator norm of a linear operator T : L,(X; dx)
— Lp(X; dl‘)

The next proposition is well known, but for self-consistency we include the
proof.

PROPOSITION 4.1. Suppose M N Z(G) is finite. Moreover, suppose that the
vector space basis ai,...,aq for the Lie algebra g is such that ai,...,aq, s a
vector space basis for the Lie algebra m of M. Let S be the semigroup generated

by the closure of a pure second order strongly elliptic operator H of the form

d
H=— Z CiinAj.

ij=1

Then there exist a,w > 0 such that
(7, Se)| < at™ =2 gy |||y

for all p,7 € CX(X) and t > 0.

Proof. Let Hy = H + pl and T the semigroup generated by the closure of
Hy, where p denotes the ellipticity constant. Since Hy generates a continuous
semigroup on L;(X; dz), by Theorem 1.5.1 of [12], there exist a,w > 0 such that
IT¢l1—1 < ae*? for all t > 0. Let C' > 0 be the Nash constant as in Theorem 3.1.
Let ¢ € L1(X; dz) N La(X; dz). Then

d 2 || Typl3 /@)
— Tyl = —2Re (Typ, HoTrp) < —2ul|Tyoll5, < — 5 77—
dt C | Tplly/ )
< — 2u (| Ty p||3) 12/ (d=m)
~ Ca4/(d7dm)e4wt/(d7dm) ||(p||411/(d7dm)

for all ¢ > 0. Therefore,

2
d—dm

9 /(d— C1—o/(d—d.y d
(ITeo3) 7/ ) = = (| Tiepl[§) /) — | Tiooll3

d
dt
du —4/(d—dm)

z (d — dyn)Ca/ (@=dw) gt /(d=dw) lolly

and by integration

ITepllz ™ = (I Tplfg) =2/~

4p —4wt/(d—dw) —4/(d—du)
g t(d ~dw)Cat/@dn) © el .
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So ||Sill o = €| Ty|[1 2 < a/t~(4=dm)/4e9"t for suitable o/,w’ > 0. By duality,
[1Sell2—00 = 1S ]l12 < @t~ (@=dm)/4e«"t for suitable a”,w” > 0 and therefore

IS¢l 1—00 < [ISe/2llim2llSe/2llzmoe < at™(dmdm)/2eet

for redefined a and w, uniformly for all ¢ > 0. 1

Together with the reduction formula these bounds are the main ingredient
in the proof of the Gaussian bounds for higher order strongly elliptic operators.

PROPOSITION 4.2. Suppose M N Z(G) is finite. Moreover, suppose that the
vector space basis ai,...,aq for the Lie algebra g is such that ai,...,aq, s a
vector space basis for the Lie algebra m of M. Let H be an n-th order strongly
elliptic operator as in (1.2) and k; the corresponding reduced heat kernel. Then
for all a, B € J(d) there exist a,b >0 and w > 0 such that

((A“RP k) (2 y)| < at~ (ol HIBlFd=dm)/newtq—b(da (zy)"t~)/ 7Y

forallz,y € X andt > 0.

Proof. First for all ¢ : X — C define the function 7*¢ : G — C by
(m*0)(9) = ¢(g). Let a,f € J(d). Then the reduction formula of Corollary
1.3 gives

(AR (g3 F) = [ RK) (gmb ) dm = [(AROK:) g d
M M
for all g, k € G, where we use the unimodularity of M in the second equality. Let

d
0,7 € CX(X), p €R, ) € Chioo(X) real valued and suppose that > [A4;4]* < 1.
i=1
Then

/ / (A ROky) (; k)er VD= ()7 (g) d dg
X X

— ///(ZaéﬁKt)(gm_lk_l)ep((‘/r*w)(g)_(ﬂ*w)(km))(ﬂ_*w)(km)(,]r*,r)(g) dm dis dg
X XM

- / / (A*RPE ) (gr e T W@ 00 () (1) (1) (g) dr dg
X G

= ///(ZaEgKt)(Smr_l)ep((”*w(sm)_(”*w(”)(7T*<p)(r)(7r*7-)(3m) dr dm ds
X M G
C[

/ (A*RPK,) (hr= )P T M=) ) (2% 0 (1) (1) (h) dr d
G
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for all ¢ > 0. Secondly,

(4.1) (Aim™)(9) = (Ai)(9)
d

forall g € G and i € {1,...,d}. So > |A;m*9|? < 1. If follows that
i=1

(7" 9)(9) — (T ()] < |gh™]

for all g,h € G. From [12], Theorem II1.4.8 and an elementary transformation
to rewrite the right derivatives in terms of left derivatives and an exponential
function, one deduces that there exist a,b > 0 and w > 0 such that

[(A“RPE,)(g)| < at~(@F|alH1B)/mawte=2b(g|"¢ 1)/ "V

for all g € G and ¢t > 0. Therefore
\ / / (AR k) (g; k)er D=0 o () r (g) die dg
X X
g//at7<d+\a|+\ﬁ\)/newteﬁb(\hr*|”r1>1/<"*”.
G G
T = (D)) | (2 o) (r) || (1) (h) | dh dr

< at—(@+lal+18D)/ngwt //e—2b(\hr*1I"Fl)l/(“*“e\pl\hf”ll|(7T*¢)(r)|\(7r*7-)(h)|dhdr.
G G

Using the estimate
_b(‘h’l"_l‘nt_l)l/(n_l) + |p||h/”_1| < wb‘p‘nt
with w, = b=~V (n — 1)"~1n=" one deduces that
‘//(AaRﬂHt)(g'; f)er V@D () () dis dg
X X
(4.2) < at—(@Flal+8) /ngottwnp™t,

_ ,',‘71 ny—1y1/(n—1) * *
~//eW/“> (7 0) (") (x*7) ()| dhdr-
G G

Therefore it remains to estimate

_d/n _ poling—1y1/(n—1) " «
tW//eW YO ) ()| () () A e
G G
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for all ¢t > 0.
Thirdly, for all j € Ny define the annuli ©; by

O ={(h,r) e GxG|j< |t <j+1}

Let dY)(h,r) denote the measure on ©; induced by dhdr. Then

—d/n — polng—1y1/(n—1) % *
//t d/m=bhr M MO YT e ) () [ () (R) | dBdr
G G

=S [ it ) ) 0] ) )

JOQ

o0
< Zt*d/nS?/Qe((j+1)t)2/"s;lefbjl/(”’”.
: / (7 @) (M|(77) ()]s 2 o 4@ (h, 7)
< Ztfd/ns;l/Qe((jJrl)t)z/"s;lefbjl/(n—l)'
: / / (7* @) ()| (7" ) ()]s 210 s ddr,
G G

where s; > 0 for all j € Np.

Fourthly, let K and x® denote the Lie group kernel and reduced heat kernel
of the semigroup S* generated by the Laplacian A = —A% — ... — A2, By [12],
Theorem II1.5.1 there exist a,c > 0 and w; > 0 such that

2 _ —1
s 2ol < ae‘”lsKCAS(g)

for all s > 0 and g € G. Then by reduction, Corollary 1.3, again, it follows that
[ [ 1@ awia mis e dnar
G G

(4.3) <ae‘”s-f//\(ﬂ*w)(r)l\(W*T)(h)\Kéj(hr_l)dhdr

f// (2 9) ()| (@)| d dy
X X

ae“** (||, 523, l¢l)
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for all j € Ng. Then by the bounds of Proposition 4.1 there exist ¢ > 0 and w > 0
such that

—d/n — oLt 1/(n—1) * *
//t A/t O ey | ) ()]
G G

oo
N B G
§=0

uniformly for all ¢, 51, s2,... > 0 and p, 7 € C°(X). Now set s; = (j+1)/(n=1¢2/n
for all j € Nyg. Then

7 2 ((G+1)D"s=! _pit /(=D —(d=dm)/2 ws.
¢ d/nsfj/ e((]+1)t) 5 e bj Sj (d—dwm)/ WS

— (4 1)t/ D) DY O b D ()Y T (dd)

< (G + 1)/ @=1) g+ 7D =27 (T (d—dw) /n
for all ¢ > 0 with 2wt?/™ < 27b. Since 2/n—1/(n—1) < 1/(n— 1) it follows that

oo
M =3 "(j+ 1)dn/ =Dl G+ e gt/ e
Jj=0

and

//t d/me=b(Ihr= "M () [[(% 1) (B)| d dr
(4.4)

< aMt= Aol |17

for all ¢ € (0, ((4w)~'b)"/2]. Alternatively, if ¢ > ((4w)~'b)"/? then

—d/n - rling—1)1/(n—1) « «
//t Um0 ) ) ) )] b

(45) <o [ [l o ml@ ) m] anar
G G

= gl < ()20 2@ o .

A combination of (4.2), (4.4) and (4.5) yields that for all a, 8 € J(d) there exist
a,b,w > 0 such that

| [ [ RO O () didg

< at(oHP i) gt s o) ],
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uniformly for all ¢ > 0, p,7 € C°(X), p € R and real valued ¢ € Ch.oo(X) with
d

ST A2 < 1forallie {1,...,d}. Then

i=1

[(A®RP k) (g; l%:)\ < at— (el +1Bl+d—dw) /nqwitwsp"t o —p(1 ()~ (k)

and minimizing first over ¥ and finally over p gives the bounds

((ARPry)(g; k)| < at— (ol HIBI+d—dw)/newto=b(d(gsk)" =1/ ("0

and the proof of Proposition 4.2 is complete. 1§
Now we are able to prove the main theorem.

Proof of Theorem 1.4. Obviously the validity of Theorem 1.4 is independent
of the choice of the basis aq,...,aq for g, i.e., if Theorem 1.4 is valid for one
particular basis then it is valid for any basis. This is because the distance d; in
(1.3) is independent of the chosen basis, up to equivalence of norms.

Let D = MNZ(G). Then D is a closed normal subgroup of G, and also of M,
since D is central in G. Therefore G/D is a connected unimodular group and M /D
is a compact connected subgroup of G/D. We first show that (M/D) N Z(G/D)
is finite.

Let a1,...,a4,...,04,,-..,0q be a basis for g such that aq,...,as is a basis
for 0, the Lie algebra of D and a4, . .., aq, is a basis for m. Then ag41+9,...,aq+0
is a basis for the Lie algebra g/o.

Let a € m and suppose a + 0 € 3(g/0), the centre of g/v. Then [a,b] € 0 and

hence [a, ] is central for all b € g. Therefore,
Ad (exp(ta))b = e b = b+ t[a, b]

for all t € R and b € g. But ¢ € m and hence {Ad (exp(ta))b | t € R} is a
compact subset of g. So [a,b] = 0 for all b € g and hence a € 0. Therefore
(m/9) N3(g/0) = {0}. Hence dim((M/D) N Z(G/D)) = 0 since the Lie algebra of
G/D is naturally isomorphic to the Lie algebra g/9. Then (M/D)N Z(G/D) is
finite because M/D is compact.

Let P: G/D — (G/D)/(M/D) denote the canonical projection map. Define

the map ® : G/M — (G/D) / (M/D) by

®(gM) = P(gD)
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for all g € G. Tt is an elementary exercise to show that the map @ is well defined,
it is a bijection and both ® and ®~! are C* maps. Moreover, if one normalizes
the Haar measure on D to have total measure one then

[ em [ oo

@/p)/(m/py  G/M

for all ¢ € C’C((G/D)/(M/D)). Let again ai,...,aq4,...,aq,,,--.,6q be a basis
for g such that a,...,as is a basis for 0 and a4, ..., aq, is a basis for m. Then it
is obvious that A; = 0 for alli € {1,...,d’'}. The Lie algebra of G/D is isomorphic
to g/0 in the natural manner, and as vector space the latter is naturally isomorphic
to span{ag +1,...,aq}. Let a; be the element in the Lie algebra of G/D assigned
to a; for all i € {d’+1,...,d} and let A; be the associated infinitesimal generator
on (G/D) /(M/D). Then A;(po @) = (Aip) 0@ for all ¢ € C=((G/D) / (M/D))
and i € {d'+1,...,d}.

Let dy be the distance on (G/D)/(M/D) as in (1.3). Then it is easy to see
that

dy (®(gM); D(hM)) = dy(gM; hM)

for all g,h € G.
Next let
H = Z caﬁa
acJ(d)
lee|<ne

be the strongly elliptic operator of order n on Lg((G/D)/(M/D)), where we
set A = -+ = Ag = 0 (sce [6] Lemma 3.9). Then (Hyp) o ® = H(p o ®) for
all p € C?((G/D)/(M/D)) and hence (Sip) 0 ® = Sy(p o @) for all ¢ > 0,
where .§t is the seriligroup generated by H. Let & denote the reduced heat kernel
corresponding to H. Then

Ke(gM; hM) = R (P(gM); (hM))

for all g,h € G. By Proposition 4.2 applied to the group G/D, the compact
subgroup M/D and the strongly elliptic operator H, the kernel K has the required
Gaussian estimates. But then also x satisfies the desired Gaussian bounds. 1

REMARK 4.3. In general M N Z(G) is not finite. An example is the Heisen-
berg group G = A(R), topologically isomorphic to R x R x T, together with the
compact subgroup M ~ {0} x {0} x T.
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5. REDUCED HEAT KERNELS ON NILPOTENT GROUPS

In the previous section we used the semigroup estimates for the Laplacian on the
homogeneous space (Proposition 4.1) and the general kernel bounds for n-th order
operators on the Lie group to deduce Gaussian bounds for the reduced heat kernel
associated with an n-th order strongly elliptic operator on the homogeneous space.
But it turns out that this method also works for reduced heat kernels associated
with n-th order strongly elliptic operators associated with an irreducible unitary
representation on a nilpotent Lie group. In this section we prove Gaussian bounds
for these kinds of reduced heat kernels on nilpotent Lie groups, together with all its
derivatives. In [7] Gaussian bounds were proved for second order strongly elliptic
operators with real symmetric principal coefficients.

We first recall some notation from [7], Section 2. Note that the representa-
tions in [7] are defined with respect to right cosets, but the difference will cause
no problem. From now on let G be a connected, simply connected, d-dimensional,
nilpotent Lie group with Lie algebra g and fix [ € g*. Let m denote a polarizing
subalgebra for [ of dimension d,, and let M = exp(m) denote the corresponding
subgroup of G. Furtherlet ay,...,aq4,,-..,ad,+x be a weak Malcev basis of g pass-
ing through m, i.e., span{ai,...,a;} is a subalgebra of g for all j < d = d,, +k and
m = span{ay,...,aq, }. Define the one dimensional representation x : M — C by
x(expa) = e?™) for all a € m. Further define v : R¥ — G by

v(x) =v(21, .- - 7k) = exp(T1a4,,+1) - eXP(Trad,, +k)-

The map (m, x) — m-y(z) is a diffeomorphism from M xR¥ into G which preserves
measures. Let £ = (Fy, Fy) : G — M x RF be the inverse of this map. For g € G
define U(g) : La(RF) — Ly(R¥) by

U(g)e)(x) = x(Er(v(2)g)) o (E2(v(2)g))

for all ¢ € La(RF) and a.e. # € R*. Then U is the basis realization of the
irreducible representation ind(M 1 G, x) with respect to the weak Malcev basis
(see [4], p. 125). In the sequel we also need the representation U° of G on Lo (RF)
given by

(U (9)p)(x) = p(E2(7(2)g))-

The representations U and U° extend to continuous isometric representations on
all the L,(R¥)-spaces with p € [1,00] (see [7], Lemma 2.1).
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Let by,...,bq be a vector space basis for g and for all ¢ € {1,...,d} let
B; = dU(b;) and By = dU°(b;) be the associated infinitesimal generators. The
B? can be used to define a distance on R¥ by

d

d(w;y) = sup { [Y(2) — v(y)| | ¥ € CF(R") real and > By < 1}.

i=1
(Cf. [7] p. 495.) Next let n € N and
H= Y coB”

o el <n
be a strongly elliptic operator of order n with complex (constant) coefficients on
L,(R¥). Then the closure H of H generates a continuous semigroup S on L, (R¥)
and for all t > 0 the operator S; has a smooth reduced heat kernel x; € S(R* x R¥)
such that

(Stp) (@) = /m(ﬂc;y)tp(y) dy

Rk
for all ¢ € L,(R¥) and z € R¥. Let B® denote the (multi-)derivative of the
reduced kernel x; with respect to the first variable and R? the derivative with
respect to the second variable and the basis by, ..., b4.

Now we are able to state the Gaussian bounds for the reduced heat kernels

on nilpotent Lie groups.

THEOREM 5.1. For all o, 8 € J(d) there exist a,b > 0 and w > 0 such that

(A RP k) (2 y)| < at~kFHlal 18D /mgwte—bld(ay) e~/ =D

for all z,y € R* and t > 0.

Proof. For t > 0 let K; € L1(G;dg) be the Lie group kernel of the operator
S;. As in Section 1 we denote the left derivative in the direction b; on the Lie group
G by B; and the right derivative in the direction b; by R;. Again the reduced heat
kernel is obtained from K by a reduction formula.

LEMMA 5.2. Ifo,8 € J(d) and t > 0 then

(B*R%ky)(x3y) :/X(m)(Eaﬁﬁm)(v(w)’lmv(y))dm
M

for all z,y € R*.

Proof. By [4], Proposition 4.3.2, the right hand side is the kernel of the
operator U(B*RPK,;) = U(B*K;2)U(RPK,)3). But U(B*K;j5) = B“U(Ky)2)
and has as kernel B%k;/;. By duality, U(IA%ﬁKt/z) has the kernel Rﬁlit/z. Then
the lemma follows by taking the convolution. 1
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Similar results are also valid with respect to the representation U°. Let

d
HoA = — > (B?)? be the Laplacian and S°2 be the semigroup generated by
i=1

HeA. Then S¢2 has a fast decaying reduced heat kernel k2 satisfying

(5.1) koD (i) = / K2 (y(2)  my(y)) dm
M

for all z,3y € R* where K € Li(G;dg) is the kernel of the semigroup generated

d .
by — 3" B2. Proposition 4.1 has the following form in the present context.
i=1

PROPOSITION 5.3. There exist a,w > 0 such that
(5.2) (7, 572 0)| < at™ 2 |l ||7]h

for all p, 7 € C=(R¥) and t > 0.

Proof. If the weak Malcev basis a1, . .., aq has the ideal property (1.3) of [7],

ie., if
la,aq,,+;] € span{ai,...,aq,+;—1} foralla € gand j € {1,...,k},

then the bounds (5.2) follow from the Nash inequalities Corollary 3.10 of [7] for
U°, similarly as in the proof of Proposition 4.1. But by Lemma 2.3 of [7] one can

then remove the restriction that the weak Malcev basis has the ideal property. &

The modulus on G is defined with respect to the right invariant vector fields
(2.1). But if one uses the left invariant vector fields instead of the right invariant
vector fields then one obtains the same modulus.

For all ¢ : R¥ — C define the function 7*¢ : G — C by (7*¢)(my(x)) = ¢(z).
Then

(Ri(77)) (mry(x)) = (Bip)(x)

for all ¢ € CX(R*), m € M, x € R¥ and i € {1,...,d}. This is the present
substitute for (4.1).

Now we are able to prove Theorem 5.1. Since the proof is very similar,
we indicate the differences. Let a,3 € J(d), t > 0, p,7 € CX(R¥), p € R,
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d

1) € Ch.oo (R¥) real valued and suppose that > [B21|? < 1. Then by [4], Lemma
i=1

1.2.13 and Theorem 1.2.10, one has

| [ [ R k@@ Doty r(@) dy ds
Rk RE

<///I(E“EBKt)(v(x)*lmy(y))|ep<w<w>fw<y>>|w(y)||T(x)‘dmdydm

Rk Rk M

= [ [ 1B R K ) gl 00D () ) (o) dy da
Rk G

g//‘(EaﬁﬂKt)(v(x)’lg)Ie'p””(“")flg‘I(W*w)(g)l\T(@Idgdw
Rk G

If one defines and uses the annuli
Q= {(z,9) eR* x G | j < |y(x) gt <j+1}

then one can argue as in the proof of Proposition 4.2 up to equality (4.3). But
now it follows from (5.1) that

| [ & o@l @i, (@ g dgas

RE G
- / / 52 (5 9) [ ()] ()| dy dz = (7], 822]]) < a5y /26 o]l |17
]Rk Rk

for suitable a,w > 0, by Proposition 5.3. The rest of the proof is as before. 1

Although the proof in the nilpotent case is very similar to the proof in the
homogeneous case, the nilpotent case is not a special case of the homogeneous case
since M is not compact in general.

Acknowledgements. We wish to thank G.B. Segal for providing the example in
Remark 4.3.
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