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1. INTRODUCTION

In this paper we study the bitangential interpolation problem for the class of
contractive valued functions in the polydisk introduced by J. Agler in [2]. This

class, which we denote by S% *? and call the Schur class of the polydisk, consists
of all CP*9-valued functions S analytic on the d-fold polydisk D:

DY = {z = (21,...,2a) € C%: |z < 1}

and such that
sup ||S(rTy,...,rTy)| <1
r<l

for any r < 1 and for any d-tuple of commuting contractions (71,...,7y). In the
latter relation S(rTy,...,7Ty) can be defined by the Cauchy integral formula

1
S(TTl,...,TTd) = W / S(Z)(le—T1)71 (zdI—Td)71d21 dZd.

rTd
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It was shown in [7] (see [1] for the one-sided case) that S belongs to S§™? if and
only if there exist d analytic operator-valued functions H}(z) on D¢ with values
equal to operators from an auxiliary Hilbert space My into CP and d analytic
operator-valued functions H?(z) on D¢ (k = 1,...,d) with values in £(My;C?)
so that

I, = 5(z)5(w)” S(z) - S(@)

SET=Sw)r I =5(2)5)

Il
]~
7N
Nl—\
=
| x
&
= &
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where o denotes the Schur entrywise matrix multiplication. The following alterna-
tive characterization of the class SY *9 in terms of unitary d-variable colligations
is given in [2] and [7].

THEOREM 1.1. The CP*9-valued function S analytic in D belongs to Sh™
if and only if there is an auxiliary Hilbert space H and a unitary operator

o- (¢ ) ()= (¥

and a d-fold orthogonal decomposition of H

(1.2) H=H1® - ®Hqg

such that

(1.3) S(z) = D+ C(Iy — Z(2)A) ' Z(2)B
where

(1.4) Z =P+ -+ 24Py

and where Py, are orthogonal projections of H onto Hy. For S of the form (1.3) it
holds that

(556 1 C%ersm) = (s zoah)

(T FOR PO et - Az - )y B,
or equivalently, that

(1.5) I,—S(2)S(w)* = C(I — Z(2)A) (I — Z(2)Z(w)*)(I — A*Z(w)*)"*C*
(1.6)  S(z)—S(w)=C{I - Z(2)A) (Z(2) — Z(w)*)(I — AZ(w)*)"'B

(1.7) 1,—S(2)*S(@) = B*(I — Z(2)A*) "N (I — Z(2)Z(w)*)(I — AZ(w)*)"'B

and therefore, the representation (1.1) is valid for

(1.8) Hi(2)=C(I —Z(2)A)"'Py and HE(z) = B*(I — Z(2)A*) "' P.
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The representation (1.3) is called the unitary realization of S € 877,

We consider a bitangential interpolation problem in the class S*? with in-
terpolation conditions given in terms of contour integrals. For the one-variable
case such a problem (which is called the residue problem) was introduced in [10]
and studied for one-variable Schur functions in [4], [5], [6].

The set of interpolation points (the spectra of the interpolation problem) will
be given by two sets

(1.9) A={Ay,...,As} and B={By,..., By}, A€ Crt*" B, e C"rX"r
of commuting matrices with spectra inside the unit disk,

AjA, = AyA;, B;By, = BiBj;

spec Ay, C D, specBp CD

Let HP*4(D?) denote the space of all CP*9-valued functions holomorphic on D9.

We associate with the set A the Riesz operator R : H"#(DY) — C"t*™ and
Rgp : H"®#(D?) — C"% defined by the rule

(1.10)

1
RaH=—— /(21] — AN (gl — AT H(2)dzy - - - dzg,
(2mi)d

rTd

ﬁ /(Zl] - Bl)il T (ZdI — Bd)ilG(z) dzy -+ - dzg,

rTd

(1.11)
RpG =

where 7 < 1 is any number greater than the spectral radius of any matrix A;. We
shall also make frequent use of the operator

(1.12) LaB{F(2)G(w)"} := Ra(F(2))(RB(G(w)))"

defined on H"LX™ (D) x H" =X (DT).
We are given two sets A, B of commuting matrices A;, B; satisfying (1.10),
d matrices A1, ..., Aq € CnetnrR)x(nL+nR) partitioned by
AL ALR R nrXn L nrxXn LR nrxXn
(1.13) Ak:((ALIICE)* AkR>7 Af e crrxnr AL ¢ gcrexne  ALR ¢ croxnr
k k
and matrices Xy € C"L*P Y, € C"L*4 Y € C"r*4 Xp € C"2*P. Given this
data set
(1.14) D={A,B,Ay,...,Ag, X1,V Xp, Yi},
the associated bitangential interpolation problem is

PROBLEM 1.2. Find all functions S € 8§ satisfying the interpolation con-
ditions
(1.15) RA(XLS(Z)) = YL
(116) RB(YRS(Z)*) =Xgr
(where Ra and Rp are the operators defined via (1.11)) and such that for some

choice of associated functions Hj} (z) and H?(z) in the representation (1.1), it holds
that

an) (AT ) (Ra (X)) (Re(VRHE D)) = A
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fork=1,...,d.

Using the operator T defined by (1.12) and the block decompositions (1.13)
of Ay one can rewrite (1.17) as

(1.18) Taa{X HE(2)HE (W) X5} = AE
(1.19) TaB{X HL(2)HE (W)Y} = AER
(1.20) Te{YrHE(2)HE (W) Y5} = AR

In [3], the problem with the interpolation condition (1.15) was studied for matrix-
valued functions with entries from the Hardy space Hy(ID?) of the bidisk. In fact,
a more general problem was considered in the framework of Hardy functions of
two variables when the matrices A; and As defining the spectra of interpolation,
are not commuting. Nevertheless, the approach presented in [3] does not seem to
extend to problems in more than two variables.

EXAMPLE 1.3. (The two-sided Nevanlinna-Pick problem) Take n+m points
in the polydisk 20/ = (zgj), . .,zgj)) € D¢ and w® = (wii), . ,w((;)) € D? and
matrices

M S Cerp, Y; € Cejxq, U; € Crixq, v; € CrixP

(j=1,...,n;i=1,...,m) and set

T Y1 Ul U1
Xp = ) YL = ) YR = ) XR =
T Yn Um, Um,
Z;il)fel @,il)I )
A = , Bp= .
2", 21,
(k=1,...,d). For such a choice of commuting matrices A, of commuting matrices
By, and of matrices X, Y, it holds for every function S € §7™? that
x19(2M) up S(wM)*
Ra(X.S(2)) = : , Rp(YrS(2)") = :
2,8(2(™) Uy S (W ™)) *

and thus, conditions (1.15) and (1.16) reduce respectively, to left-sided and right-
sided Nevanlinna-Pick conditions

(1.21)  2,S(z"®) =y, and S(w(j))u;f =v; (k=1,...,n;j=1,...,m).
Similarly,
xy HE(2) uy HE (wM)

: , Rp(YrH{(2) = :

Ra (X Hy(z)) = :
T, H} (z(”)) umHz(w(m))
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and conditions (1.17) reduce to

le,i(z(l))
: (Hi(zW) as,.. HL(z"™) ap) = Af
mnHé(z(”))
mlH,i(z(l))
: (Hp (W) ui, .. HR (™) ur) = ARR
aan,i(z("))
ulH,f(w(l))
: (H2 (M) s, .. HA (™) ur) = AF (k=1,...,d).
umHk(w("))

Such a problem was considered in [7] for the case where the z(¥)’s are disjoint from
the w()’s and the second type of interpolation condition (1.17) does not enter in.

Setting Ay, to be general matrices (say, in Jordan form) one can deduce from
(1.15) and (1.16) more general conditions than (1.21) involving partial derivatives
of S of higher orders at different prescribed points in the polydisk D?.

In [7] a solution criterion and linear fractional parametrization for the set of
all solutions of the problem with data set as in Example 1.3 was given (for the
case where the z(*)’s and w(?)’s are distinct so no coupling interpolation conditions
enter in). The main point of this paper is to recover these results for the more
general Problem 1.2. The proof of the first part (existence criterion) follows the
same idea as in [7]: solutions of the interpolation problem correspond to unitary
colligation extensions of a partially defined isometric colligation constructed ex-
plicitly from the interpolation data. The parametrization of the set of all solutions
follows an idea introduced by Arov and Grossman for the 1-variable case (see [9]).
The block matrix function giving the linear fractional parametrization arises from
a certain universal unitary colligation extension of the partially defined isometric
colligation built from the interpolation data mentioned above. In [7] the verifica-
tion of the parametrization was worked out via use of general principles of feedback
connections of linear systems. Here we obtain a formula for the universal unitary
colligation extension much more explicit than in [7], and verify the parametriza-
tion result via explicit computations using this formula rather than via general
principles.

The paper [9] actually deals with a more abstract formulation (the Ab-
stract Interpolation Problem or AIP) of the interpolation problem which is flexible
enough to incorporate various more exotic types of interpolation. We plan to dis-
cuss a several variable version of the AIP in future work.

The paper is organized as follows. After the present Introduction, Sec-
tion 2 derives the solvability condition, Section 3 introduces the partially de-
fined d-variable isometric colligation associated with the interpolation data and
an explicit formula for the universal unitary colligation extension required for the
parametrization of the set of solutions, Section 4 obtains explicit formulas for the
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characteristic function of this universal unitary colligation extension, which gener-
alize results for the one variable case obtained in [8], and finally, Section 5 verifies
the linear fractional parametrization for the set of all solutions.

2. THE SOLVABILITY CRITERION

In this section we establish the solvability criterion of Problem 1.2. First we note
some elementary properties of operators R and T'.

LEMMA 2.1. Let A and B be collections of matrices as in (1.9), (1.10) and
let R and T' be operators defined via (1.11) and (1.12), respectively. Then
(i) For every constant matriz function W € C"L*"R

(2.1) RA(W)=Tas{W}=W.

(ii) For every function F € H":>*™ (DY),
(2.2) Ra((zln, — Ar)F(2))=0 (k=1,...,4d).

(iii) For every choice of F € H"t*™(D%) and of G € H™**(D?),
(2.3) Ra(F(2)G(2)) = Ra(FG(2))

where the (constant) matriz F € C"tX™ s defined by
F =Ra(F(2)).

The first assertion of lemma follows from the spectral condition (1.10). Since
Ay, ..., Aq are commuting matrices, it follows from (1.11) that the integrand in
the right hand side of (2.2) is analytic with respect to z;. Therefore, the integral
which defines Ra is equal to zero. The third assertion can be easily obtained by
the residue calculus.

As a consequence of (2.2) we get

(2.4) Ra(ziF(2)) = ArRA(F(2)) (k=1,...,d)
and quite similarly,

(2.5) Rp(2:G(2)) = BkRB(G(2)) (k=1,...,d).
Therefore,

(2.6) LA {20 F(2)G(w)"} = AyTa B{F(2)G(w)"} Bj}.

THEOREM 2.2. Problem 1.2 has a solution if and only if the matrices Ay are
nonnegative

(2.7) A, =20 (k=1,...,d)
and satisfy the generalized Stein identity
d
(2.8) > (MpARM;; — NpApNi) = XX* = YY*

k=1
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where

(I, 0 (A O (XL (YL
(2.9) Mk(OL Bk>’Nk<0 InR>,X(XR),Y<YR>.

Proof. Here we check the necessity of conditions (2.7), (2.8). The proof of
the sufficiency part is postponed up to Section 4 where it will be obtained as a
consequence of stronger results. Let S be a solution of Problem 1.2, that is let
relations (1.1), (1.15)-(1.17) be in force. The expression in the left hand side of
(1.17) is necessarily nonnegative which gives (2.7). Substituting the partitionings
(1.13) and (2.9) into (2.8) we conclude that (2.8) is equivalent to the following
three equalities

d
(2.10) D (Af = ARAfAL) = X1 X[ - VLYY
k=1
d
(2.11) D (AREB: — ApAT) = XX - VLY,
k=1
d
(2.12) > (Af = BAB;) = YY) — XpXp.
k=1

Applying (2.6) to F(z) = G(z) = X H](2) and using (1.18) we get
Caa{zon XL Hy (2)Hyy (0)" X1} = AT a a{ X1 Hy (2)Hy, (0)" XL} A
(2.13) = ARAEASL

Summing up equalities (1.18) and (2.13) for all k£ and subtracting the second sum
from the first one, we obtain

d d
(2.14) rA,A{XL da- zkwk)H;(z)H;(w)*X;} = (A} — AWML AL
k=1 k=1

On the other hand the interpolation condition (1.15) implies
Caa{X(I, — 5(2)S(w)")X}}
= I‘A7A{XLX2} — RA(XLS(Z))(RA(XLS(UJ)))* = XLXz — YLYL*.

By (1.1), the expressions in the left hand sides of (2.14) and (2.15) are equal. The
equality of the right hand side expressions leads to (2.10).

In much the same way, applying (2.6) to F'(z) = G(z) = YrH?(z) and using
(1.20) and (1.16) we get (2.12). Finally, in view of (1.19)

Tap{(zr — wp) XL Hp(2) HE (w)* X3}
= AuTaB{XLH} (2)H} (w)* X3} — Ta B{XLH}.(2)H} (w)* X} B
= AR AT — ATB;

which being summed up over all k =1,...,d, gives

(2.15)

)

d d
(2.16) FA,B{XL > (e — wk)H;(z)Hg(w)*X;;} = (AAfT = ALRBY).
k=1 k=1
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On the other hand the interpolation conditions (1.15) and (1.16) imply
LA B{XL(5(2) = S(©))Yr} = Ra(X15(2))Yr — XLRB(YRS(0)")"
— YY) - X X5

By (1.1), the expressions in the left hand sides of (2.16) and (2.17) are equal. The
equality of the right hand side expressions leads to (2.11). Thus, the equalities
(2.10)—(2.12) hold and therefore (2.8) is in force. 1

(2.17)

Note that conditions (2.7), (2.8) for the Nevanlinna-Pick interpolation prob-
lem were first obtained in [1].

3. THE UNIVERSAL UNITARY COLLIGATION
ASSOCIATED WITH THE INTERPOLATION PROBLEM

We recall that a d-variable colligation is defined as a quadruple

Q={n- éHk,}",Q,U}
k=1

consisting of three Hilbert spaces H (the state space) which is specified to have
a fixed d-fold orthogonal decomposition, F (the input space) and G (the output
space), together with a connecting operator

oo (D))

The colligation is said to be wnitary if the connecting operator U is unitary. A
colligation

0 {7~ D 76,0}
k=1

is said to be unitarily equivalent to the colligation (2 if there is a unitary operator
o : 'H — H such that

> a 0 ~(a 0
aP,=P.a (k=1,...,d) and (0 Ig)U:U<O I]-‘)

where Py and B, are orthogonal projections from H onto Hj and from H onto
‘Hj., respectively. The characteristic function of the colligation €2 is defined as
(3.2) So(2) = D+ CZ(2)(In — AZ(2)) ' B,

where Z is defined as in (3.26). Thus, Theorem 1.1 claims that a CP*9-valued func-
tion S analytic in D? belongs to the class S5 *? if and only if it is the characteristic
function of some d-variable unitary colligation

(3.3) Qz{szEEHb(Cq,(CP,(é g)}.
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REMARK 3.1. Unitary equivalent colligations have the same characteristic
function.

In this section we associate certain finite dimensional (i.e. with finite di-
mensional state space, input space and output space) unitary colligation to Prob-
lem 1.2. Tt turns out that the characteristic function of this colligation (which is
rational, according to (3.2)) is the transfer function of the Redheffer transform
describing all solutions of Problem 1.2. We assume that necessary conditions (2.7)
and (2.8) for Problem 1.2 to have a solution, are in force. Let My, N, X and Y
be the matrices defined by (2.9) and let

(3.4) Wy = (MyAY?, . MgAY?) and Wy = (NiAY/2, . NaAL?).
The identity (2.8) provides the linear map

(3.5) V<?,/1)f—>(v)¥2>f

to be an isometry from

Dv = Ran <I;I,/i > C C"*9 onto Ran <I§(/§ ) c crdtr

(here and in what follows we set n := ny+mng). The verification is straightforward:
for every choice of f,g € C",

()5 ()-()5 )1
d d
k=1 k=1

Let A(z) be the C™*"-valued function defined by

d
(3.6) A(z) =Y MpAp(M; — 2 Ng) + YY"
k=1
Another representation of A,
d
(3.7) A(z) = (N — 2 M) ApNj + XX,
k=1

follows from (2.8) and (3.6). Note that A takes the nonnegative value at the origin,
d d
(3.8) A0) =D MpApMi +YY* = NuAN; + XX,
k=1 k=1
which on account of (3.4) can be written as
(3.9) A0) = WaWF + YY" = WoWy + XX*.
Let rank A(0) = 7 < n and let @ € C™*" be a matrix such that
(3.10) rank Q*A(0)Q = rank A(0) = r.
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The latter relation implies in particular, that @*A(0)Q > 0, which allows to define
the pseudoinverse matrix A(0)(=! as

(3.11) A0 = Q@ A(0)Q) Q"

Note that (3.11) determines the Moore-Penrose pseudoinverse ([11]) if the columns
of @ span the range Ran A(0) of A(0).
Since V is an isometry, it follows from (3.9) that

(3.12) dim Dy = dim Ry = rank(W3,Y) = rank(W3,Y) = r.
Introducing the orthogonal complements
Dy =CMT1o Dy and RYy =C"P o Ry
we obtain as a corollary of (3.12) that
(3.13) ¢ :=dimDy =nd+q—r and p :=dimRy =nd+p—r.
REMARK 3.2. The orthogonal projection PD\J; of C™*4 onto DY is given by
the formula
Wi _
(3.14) Py = iy - ( I ) A, Y)

whereas the orthogonal projection PR\L, of C™*P onto RS is given by the formula

(3.15) Pry = lndip — (V)? ) A0)H (W, X).

We let Ty € Crdta)xd’ and T, € Cd+p)x0" be isometric matrices whose
columns span D{; and R{; respectively. Then the projections PD\L/ and PR\L/ can

be represented as

(3.16) PD\L, =TTy, PR\L, =TT5.

On the other hand, the following equalities

(3.17) =1y, Th5Ty,=1I,, (W,Y)I1 =0, (W2, X)To =0
hold by construction.

LEMMA 3.3. The operator

U Uiz Uss Ccnd Ccnd
(3.18) Uo = U21 UQQ U23 : (Cq/ — (Cp/

Ui Usz O ce C1
with entries specified by the rules

Un U W3 _
(3.19) (2 02) = (") ao-omy)
(3.20) (Us1, Uss) = T? Uis) _
. 31, Us2 15 Uss 2

is a unitary extension of the isometry V defined by (3.5).



ON THE BITANGENTIAL INTERPOLATION PROBLEM 287
Proof. Tt follows from (3.9), (3.19) that
Unn Ure Un U\ _ (W5 A(0) 1] X
<U21 U22> (U21 U22> N (X* > (O (2, X)
Ui Ui\ (Un U\ _ (W5 A(0) 1] v
<U21 U22> (U21 U22> B (Y* ) ()7 (W, Y)
which together with (3.14)—(3.16) and (3.20) imply
Ui U\ (Un U\ | (Ui gy —
(U21 U22> <U21 U22> + (U23)(U13’ Uzs) = Ina+q
Un U\ (Ui Uy Uz,
1) (Usy, Usy) = .
(U21 U22> <U21 U22> + <U32 (Us1,Us2) = Ina+p

It follows immediately from the two latter equalities and (3.17) that Uy is unitary.
To show that Uy is an extension of V| it suffices to check that

Ui Ure %% (W n
(3.21) (U21 U22> (Y* r=| %)= (Vz € C").
Let @ € C"*" be a matrix satisfying (3.10). Then every vector z € C™ can be
represented as

(3.22) r=Qf+g for feC" and g€ KerA(0).
By (3.9),
(3.23) Wig=0, Wj3g=0 and X*¢g=0 (Vg€ KerA(0)).

Substituting (3.19) and (3.22) into the right hand side of (3.21) and taking into
account (3.11) and (3.23) we get

U U Wi W3 — * «
(U; U;;) (Y; ) - (Xg ) AW+ YY)

- () aeameean@r +o
= (V)?) Qf = (VXV?) (Qf +9) = (V)?):c

The unitary operator Uy specified by (3.18)—(3.20) is the connecting operator
of the finite dimensional unitary colligation

nd : n (O ce
(3.24) 0y =qC =Epcr, o )\ ga ) Uog.
k=1
According to (3.2), the characteristic function of this colligation is given by

- (519 2)

_ (g UO) ; (g;) (I = Z(2)U) " 2(2) (U2, i)

and the lemma follows. &

(3.25)
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where

(3.26) Z(2) =
ZdIn

The formula (3.25) presents a unitary realization of the function
Y e S((ind+q+pfr)x(nd+q+pfr). By Theorem 1.1,

I=%(2)%(w)" =( Zﬁj )(I—Z(Z)Un)l(f — Z(2)Z(w)") (I U, Z(w)") " (U3, U3))

Z(Z)—Z(M)Z(gzi )(I—Z(Z)Ull)_l(Z(Z)—Z(u})*)(l — U11Z(w)*)_1(U12, U13)

1-5()"5(6) =( {2 )~ 2:)05) (- 2)20) )T - UnZ()) U V).

Using Schur blockwise matrix multiplication, the latter three relations can be
written as

(IP—Z(z)E(w)* 3(z) = X(w) )
NE) D) I - 52 N@)
d
1—zpor 2 — Wi z 1/ % 2/ \#
(3.27) = - (Fy (W), Fi (w)")
];(Zk_wk 1—kak> ( z) k k
where
(3.9 e = () a- 2o n
and
(3.20) R = (2 ) (4 - 20vn) P

4. EXPLICIT FORMULAS FOR THE CHARACTERISTIC FUNCTION
OF THE UNIVERSAL UNITARY COLLIGATION

In this section we give explicit formulas for the block entries ¥;; of the character-
istic function ¥ defined via (3.25). Let A(z) be the function given by (3.6). Its
value at zero A(0) has been already used for the construction of the colligation
(3.24). It follows immediately from (3.8), that

KerA(0) ={f e C": AyM;f =0(Vk), Y"f =0}
(4.1) ={feC": A;N;f=0(Vk), X*f =0}
={feC" : ApMf =0, A;N;f=0(VEk),Y"f=0, X"f=0}.
LEMMA 4.1. For every z € D? it holds that
(4.2) Ker A(z) = Ker A(z)" = Ker A(0).
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Proof. Let f € Ker A(0). Then
(4.3)  AMif=0, AN f=0 (k=1,....d), Y*f=0, X*f=0
and by (3.6), A(2)f = A(z)*f = 0 at every point z. Therefore,
(4.4) Ker A(0) C Ker A(z) NKer A(2)*.
Now suppose that A(z)f = 0 for some choice of f € C" and z € D?. Then using

representations (3.7) and (3.6) for A(z) and A(z)* respectively, we get
d
0=f*(A(z) + Az (Z Ny, — 2. M) AR N; + X X*
k=1

d
+ 3 (M — 2N AM + YY*)f
k=1

d
(1= |2 )) My AR My + > (26 My — Ni)Aw(2: M — Ny)
1 k=1

XX+ YY*)f.

Mg

:f(

b
Il

Therefore, relations (4.3) hold and thus, A(0)f = 0. Using the same chain of
equalities we conclude that A(z)*f = 0 also implies A(0)f = 0. Thus,

Ker A(z) UKer A(2)* C Ker A(0)
which together with (4.4) implies (4.2). 1
Thus, we have shown that A(z) has a nonnegative real part in D9. Let Q €

C™ " be the matrix from the representation (3.11) of the pseudoinverse Al=11(0).
According to (3.11) we introduce the function

(4.5) AT =Q@QARQ)TQ
which is analytic in D% on account of (4.2).

REMARK 4.2. Let Pgera(o) denote the orthogonal projection from C™ onto
Ker A(0). Then

(4.6) I - A()A()Y = (I - AR)AR) T Prerao)-

Proof. Take the representation (3.22) of any vector x € C". On account of

(4.2), A(z)g = 0 and using (4.5) we get

(I = ARAERT ARz = (I - AR)QQ"A(R)Q) Q) A(R)(Qf +9) = 0.
Since z is an arbitrary vector, the latter equality means that for every z € D9,
(47) (I - A(Z)A(z)[il])PRanA(z) = O»
where Pgay, a(2) denote the orthogonal projection from C" onto Ran A(z). In view
of (4.2),

Pran A(z) = I — Pger A(z)* = I — Pge A(0)

which being substituted into (4.7), leads to (4.6). &
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LEMMA 4.3. The following resolvent-like identity
(4.8) AT = A)Y = AU Z(2) W A(2)Y
holds for every point z = (z1,...,2q) € D9,

Proof. We begin with the equality

d
(4.9) A0) = A(z) = Y 2 MpAp Ni = W1Z(2) W3
k=1

which follows directly from (3.6), (3.8) and (3.4). Using (3.11) and (4.5) we get
A = A0 = QR A0)Q) ' (A0) - A()QQA(R)Q) Q"
which together with (4.9) implies (4.8). 1

To establish the explicit formula for 3X(z) in terms of the interpolation data
we apply the matrix equality

(4.10) (I+BA7'C)"'=I-B(A+CB)"'C
to the matrices
A=Q'A0)Q, B=-Z(z)W;Q, C=Q"W.
Taking into account (4.9) and (4.5) we get
(I = Z(2)Un) ™" =1 + Z(2) Q" (A(0) = MZ(2)W5)Q) ' Q"W
(4.11) =I1+Z(z) Q*A(2)Q) QW
=1+ Z(2)Wi A(z) 0wy,

W3 Q(
W3 Q(

Furthermore, in view of (3.19), (4.8) and (4.11), it follows that
Uai(I = Z(2)Un) "' = X*A0) W (1 + Z(2) W5 A(z) 1)

(4.12) = X {AO)TT + AO) TIWZ(2) W5 A(z) Ty
= X*A(z) W,
Similarly,
(I — Ui Z(2) Uiz = {I + W3 A() W Z(2) Wi A(0) Y
(4.13) = W5 (A0 + AW Z ()W A0) )Y
= WiA(z) Py

and therefore,

(4.14) (I —Z(2)Un1) ' Z(2)Ur2 = Z(2)(I — UnZ(2)) " Ur2 = Z(2)W5 A(z) Y.
Taking adjoints in (4.13) and replacing z by Z we obtain

(4.15) Uib(I = Z(2)U55) ' = Y (AER) ) We.
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Now we give explicit formulas for block entries ¥ of the function X: using (3.20),
(3.25), (4.11), (4.12) and (4.14) we get

211(2’) - U22 + UQl(I — Z(Z)U11)71Z(Z)U12
(4.16) = X*AO)TIY + X*A() U Z(2) W A(0) Y
= X* (A + AR)FIWZ() W5 A0) Y = XA ()Y
212(2’) = U23 + UQl(I — Z(Z)Ull)ilz(Z)Ulg
(4.17) = (Ui (I — Z(2)U11) "' Z(2), 1) (g;g)

= (X*A()TYWIZ(2), 1) T

¥21(2) = Usa + Us1 (I — Z(z)Un)*lz(z)Um
— (U, U32)((I - Z(z)Uu)lZ(z)U12)

(4.18) I,
— Ty <Z<z>wf;§q<z>[ﬂy)
222(2’) = U31(I — Z(Z)U11)71Z(Z)U13

- =17 (T (4 232G W) (10, 02( T2

5. DESCRIPTION OF THE SET OF ALL SOLUTIONS

In this section we describe the set of all solutions of Problem 1.2. The main
result is:

THEOREM 5.1. Let X be the function decomposed as in (3.25) into four blocks
Y, specified by (4.16)—(4.19). Then S is a solution of Problem 1.2 if and only if
S has a representation of the form

(5.1) S(2) = Su1(2) + Ta()E() Uy — San(2)E(2)) " S (2)
where the free parameter £ sweeps through the set Sglxq,.

The transformation (5.1) acting on the free parameter £ is sometimes called
the Redheffer transformation with the transfer function . The proof of The-
orem 5.1 is divided in a number of steps and relies on the following auxiliary
results.
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LEMMA 5.2. Let £ € SU*0 let 0= (211 Z12 ) ¢ SWra)x@e) g ey
o1 Yoo
S be of the form (5.1). Then S € Sy and moreover,
I=5(2)Sw)" =¥(z)I - E(2)E(w)")¥(w)"

(5:2) + (1L, V(2)E(2))(I = £(2)B(w)*) (5(w)*1\11(w)*)
S(2) = S(@) = U(2)(£(2) — £(@)) (@)
(5.3) + (I, U (2)E(2))(2(z) — B(@)) (5(w)l@(w)>
I-5(2)"S(@) = @(2)"(I - £(2)"E(@))¥(@)
(5-4) +(1,8(2)"E(2)) (I - B(2)"S(@)) (ew{b(w))
where

(5.5) W(2) = L12(2)(T—E(2)802(2)) ™t and  ®(2) = (I—X92(2)E(2)) 1201 (2).

Proof. Using the functions ¥ and ® from (5.5) and taking into account the
identity
E(2)(Iy — B22(2)€(2)) " = (Iy — £(2)Da2(2)) ' E(2),
one can represent the function S of the form (5.1) as
(5.6) S(z) = L11(2) + ¥(2)€(2)221(2) = L11(2) + 12(2)E(2)P(2)
The following identities
(5.7)  T12(2) + U(2)€(2)Xa2(2) = V(2), Ta1(2) + Xaa(2)E(2)P(2) = D(2)

follow immediately from (5.5) and imply together with (5.6), that
. D) D))
68 (LUEEEEE = L) (3 520 = s ue)

and

(59 =) (s<z>fq><z>> - @53 gm (e<z>{b<z>) - (gm '
Using (5.8) we get
(L EHEENT - 2050 (g )

=1+ TV(2)E(2)E(w) ¥ (w)" — S(2)S(w)* —V(2)¥(w)*
which is equivalent to (5.2). Next, on account of (5.8) and (5.9),
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which is equivalent to (5.3). In much the same way one can check (5.4) with help
of (5.9). Let £ € 8 *7. Then

( Iy — E(2)E(w)* £(2) — E(@) )
G —Ew) Iy —E(B)E®)

(5.10)
N 1—zpop  2p — g o
o — 2 — Wi 1 — 2w

(

=
U
—

(2) Lo Nk (320, \*
7)) (@62

o
Gk:

for some operator-valued functions G (z) and G2(z) analytic on D?. Substituting
the latter representation together with (3.27) into (5.2)—(5.4) we get

(35508 5680 )
I G G
5.11 J i i )
=3 (Lo ) () b e
where
(.12 HL) = (WEGLE), (1 BEEE) R )
and
(5.1 HE() = (@) GFL2), (1 8()°E(2)) FE 2).

Therefore, S € ngq. ]
LEMMA 5.3. Let X911 be the function given by (4.16). Then
(514) RA(XLEH(Z)) =Y, and RB(YRZH(E)*) = Xg.

Proof. First we note that in view of (4.1), Ker A(0) C Ker Y* NKer X*, and
therefore,

(515) Pxer A(O)Y =0, X*PKer A(0) = 0

where Pger A(0) denotes the orthogonal projection from C™ onto Ker A(0). Using
(3.6) and taking into account (4.6) we get

d
XX*A()T = A2)A(2) Y = (2 My, — Np) AR N7 A(2)

(5.16) ] =1
=T1-> (axMy — No) AN A(2) 7Y = (1= A(2)A(2) ) Prerao)-
k=1

In much the same way, it follows from (3.7) that

AUy Yy =1 My Ap(M — 2z, N}
(5.17) (2) Z e (M = 2:NE)

— Pxera(o) (I —A()UA(2)).
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Using (4.16), (5.16) and the first relation in (5.15), we get

d
XZu(2) = XXOAE)TIY =Y =} (sMi = Ni)AeNpA() 1Y
k=1

Substituting (1.13) and (2.9) into the latter equality we obtain

d
XpZu(2) = Yo = Y (ol = AL AF)NIAR) Y.
k=1

Applying the operator Ra to both parts of the latter equality, taking into account
that A(z)[71 is analytic in D% and using (2.1), (2.2), we get

d
RA(X.%11(2)) = Ra(YZ) = > Ra((zkln, — A (MY, ALNFA() )Y =Y,
k=1

which proves the first relation in (5.14). The proof of the second assertion of
lemma is quite similar: using (4.16), (5.17) and the second relation in (5.15) we
get

d
S ()Y = X*AR)TYY* = X = X*A(2)TY T MR (M — 2N7).
k=1

Substituting partitions (1.13) and (2.9) into the latter equality and comparing the
”right” blocks we obtain

d
* * * — ALR *
Su(2)Y = X5 — XA My, ( n ) (B; — zilny,)-
k=1 k

Therefore,

d
YaZn(2)" = Xn+ Y (arlu, — Bi) (M) AT M (AR )X
k=1

and applying the operator Ry to both parts of this latter equality we come to
Re(YrY11(2)*) = Xg which ends the proof of lemma. 1

LEMMA 5.4. Let Y19 and ¥o1 be the functions defined by (4.17) and (4.18),
respectively. Then

(518) RA(XLEH(Z)) =0 and Rgp (YRzgl(z)*) =0.
Proof. We begin with equalities
(5.19) (WQ, X)T2 =0 and (Wl, Y)Tl =0

which hold by definition of T7,T5. Note also that in view of (4.1), Ker A(0) C
Ker W} N Ker W5, and therefore,

(5.20) Preaa@Wa2 =0, WiPkea@) =0.
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Using (4.17), (5.16) and taking into account the first relations from (5.19), (5.20)
we get

X¥12(2) = X(X*A(2)TUWAZ(2), I,) T
= ((r-
d

- <W1Z(z) —We = > (ke My — Ni)ARN; A(2) WA Z(2), o)Tg.
k=1

M&

(21 My, — Ni) AkaA(z)[_1]>W1Z(z), X)T2
k=1

Using the explicit formulas (3.4) for W7, W5 one can rewrite the latter equality as

XSia(2) = (21 My — N)AY?, L (zaMy — Ng)AY?,0) T
d

— (Yo My — N)ANEAR) IWAZ(2),0) T,
k=1

Substituting partitions (1.13), (2.9) into the latter equality and comparing the
upper blocks we obtain

X1 S19(2) = (2110, — AL, OYAY?, . (2al, — Ag, 0)AY,0) T,
d
~ (X rTns — AL AN A1 2(2), 0) T
k=1
Applying the operator R to both parts of the latter equality, taking into account

that A(z)[= is analytic in D? and using (2.2), we get the first relation from (5.18).
The second one is obtained in much the same way. 1§

LEMMA 5.5. Fl(z) and FZ(z) are the functions given by (3.28) and (3.29)
and let T' be the operator defined via (1.12). Then

(5.21) Caa{ (0 R RN () | =af
1 20 v [ YR LR
(5.22) I‘AB{(XL,O)Fk(z)F,c (w) ( 63) } = Ay
(523) Tan{ 002G RW" (1) =k
Proof. Substituting (4.12) and (4.15) into (3.28) and (3.29), respectively, we

obtain
(5.24) (I,,0)Fi(z) = X*AQ) Wi Py, (1,,0)FE(2) = YH(AER) ) Wa Py

Multiplying both sides of the first equality in (5.24) by X from the left an using
(5.16) and the second relation in (5.20) we receive

M=

(X,0)FL(2) = XX*A(2) VW, Py = (I— (szk—Nk)AkN,jA(z)[_”)WlPk

k=1



296 D. ALPAY, J.A. BALL AND V. BOLOTNIKOV

and the comparison of the upper blocks leads to
d

(XL,o)F,g(z)z( 0,0 sz.rm— )(AL AgR)N;A(z)[—H)WlPk.

Applying the operator Ra to both parts of the latter equality, taking into account
that A(z)[71 is analytic in D% and using (2.1), (2.2), we get

(5.25) RA((XL,0)F(2)) = (In,, 0)W1 Py

Similarly, using the second equality from (5.24) together with (5.17) and the first
relation in (5.20) we get

(V00 F2(2) = YY* (M) ) W Py
d
= (I — Z(Mk — Z;f]\fk)[\k]\f,zK (A(E)[_1]>*)W2Pk
k=1

and the comparison of the lower blocks leads to
(Ve 0)F2(2) = (0. 1ny) + Z 2l = Be) (MER) AR M (A(2) ) ) W2 P

Applying the operator Rg to both parts of the latter equality, we get
(5.26) Re((Yr,0)F(2)) = (0, Iy ) W2 Py
By definition (1.12) of T and in view of (5.25), (3.4) and (2.9),

Paa{ (X0 R @R @ () | =t owirm

= (In,, )MkAka( 0 ):AQR,

which prove (5.21) and (5.22). The equality (5.23) is verified in much the same
way. |1

Now we can prove the necessity part of Theorem 5.1.

LEMMA 5.6. Every function S of the form (5.1) satisfies the interpolation
conditions (1.15), (1.16) and (1.17).

Proof. Let ¥ and ® be the functions defined in (5.5). Since the functions
U(2)E(z) and £(2)®(z) are analytic in D4 it follows from (5.18) and by Lemma 2.1
that

RA(XLZQ(Z)(C:(Z)‘P(Z)) =0
and
Rp(Yr¥o1(2)*E(2)*¥(2)*) = 0.
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Now it follows immediately from (5.14) and representations (5.6) that S satisfies
interpolation conditions (1.15) and (1.16).

It remains to show that the functions Hj} (z) and H7(z) from the represen-
tation (5.11) and defined by (5.12), (5.13), respectively, satisfy the interpolation
conditions (1.18)—(1.20). It follows from (5.5) and (5.18) that

(5.27) Ra(Xp¥P(2)) =0 and Ra(Xg®(2)")=0.
By Lemma 2.1, we get from (5.12), (5.13) and (5.27)

(5.28) Ra(XpHj(2)) = Ra(0, (Xz,0)Fy (2))
(5.29) Ra(YrHj(2)) = Ra(0, (Y, 0)F; (2))

where F}l(z) and F?(z) are the functions from the representation (3.27) given by
formulas (3.28) and (3.29), respectively. By definition (1.12) of I" and in view of
(5.28), (5.29),

CaalX AR X0} =Taa{ (L0 @R () ]
Tan{XLH} (=) H} () Yi} = FAB{(XL’O)F% ()Fw)” ( f ) }

Lo p{YaH2(2) H () Y7} = rB,B{<YR,o>F,3<z>F3<w>* (}83) }

which together with (5.21)—(5.23) imply (1.18)—(1.20). &
LEMMA 5.7. Let S be a solution of Problem 1.2. Then it can be represented
in the form (5.1) for some choice of the parameter & € Sf *7 .

Proof. By the construction, the coefficient matrix ¥ of the transformation
(5.1) is the characteristic function of the unitary colligation Qg defined by (3.24).

It is easily seen from (3.4) that the domain Dy = Ran(‘l/g}k ) of the isometry V

d
defined by (3.25), is the subspace of ( @ Ran A,lﬁ/2) @ RanY™.
k=1
It was shown in [7] that a function S is of the form (5.1) for some choice of

the parameter £ € Sglxq/ if and only if S is the characteristic function of a unitary
colligation

d -~ ~
(5.30) Q {H @H,ﬂ@,(c D)}
with the state space

d
(5.31) H = @ﬁk of the form Hj = RanA,i/2 e N,
k=1
and such that
(5.32) 4 B —V.
¢ D Ran(Wl*>
v
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In other words, the colligation Q is the coupling of the colligation 2y and some
unitary colligation

o = {J\/: ?EN;C,C”/,C‘I/,U’}

where the dimensions p’ and ¢’ of the input and the output spaces are given by
(3.13). At that, the parameter £ in (5.1) is the characteristic function of €'.

The mentioned result is a multivariable analogue of the corresponding 1-
variable result of D. Arov and L. Grossman. We refer also to [9] for application of
these ideas to the one-variable abstract interpolation problem.

By Theorem 1.1, S is the characteristic function of some unitary colligation
Q of the form (3.3). In other words, S admits a unitary realization (1.3) with the
state space H decomposed into a d-fold orthogonal sum (1.2), and the equality
(1.1) holds for functions H} and H? defined via (1.8). The functions H} and H?
are analytic and take respectively £(Hy;CP) and L£(Hy; C?) values in D?. Then
the function H; and Hs defined as

(5.33) H'(2) = H (2)Py + -+ Hi(2)Py = C(Iyy — Z(2)A) 71,
(5.34) H?*(2) = H}(2)Py + -+ + H2(2)Py = B*(Iy — Z(2)A*) 7},

are analytic and respectively L£(H;CP)- and L(H;C?)-valued in D?. With respect
to the decomposition (1.2), H? has the following block-operator form

(5.35) Hi(2) = (H{(2),...,H)(2)) (j=1,2).
The interpolation conditions (1.15), (1.16) and (1.17) which are assumed to be
satisfied by S, force certain restrictions on the connecting operator U = < é g ) .
Substituting (1.3) into (1.15) and (1.16) we get

Ra(XL(D+C(Iy — Z(2)A)"'Z(2)B)) = Y,

and
Re(Ya(D* + B'Z(2)(In — A"Z())"C*)) = Xg

which are equivalent on account of (5.33) and (5.34) to

(5.36) XD+ Ra(X HY(2)Z(2))B =Y,
and
(5.37) YrD* + Rp(YrH?(2)Z(2))C* = X,

respectively. It also follows from (5.33) and (5.34) that
C+ HY(2)Z(2)A = H'(2), B*+ H?*(2)Z(2)A* = H*(z)
and therefore, that
(5.38) X104+ RaA(X H (2)Z(2))A = RaA(XLH (2))
and

(5.39) YrB* + Re(YrH?(2)Z(2))A* = R(YrH?(2)).
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The equalities (5.36) and (5.38) can be written in matrix form as

540 RaXHE2). X0 (G ])) = RaCEE ()0
whereas the equalities (5.37) and (5.39) are equivalent to
(541)  (Re(YrH’(2)Z(2)). Yr) (gi gz) — (Re(YrH*(2)), Xn)-

Since the functions H fc are analytic in D9, the following operators
(5.42) T; = Ra(XpHy(2)), Ti :=Re(YrHi(2))

are bounded and act from Hy, into C™~ and into C™%,| respectively. It follows from
(5.35) and (5.42) that

(5.43)  Ra(XpHY2)) = (T},...,T;) and Rp(YrH?(2)) = (T?,...,T3).

Using (5.35) and (1.4) we get H7(2)Z(2) = (21H} (2), ..., zaH}(2)) (j = 1,2) and
therefore,

(5.44) Ra(XpHY (2)Z(2)) = (AT}, ..., AdTy)
(5.45) R (YrH?(2)Z(2)) = (BiT{, ..., B4Tj).
Substituting (5.43)—(5.45) into (5.40) and (5.41) we obtain

A B
(AT}, .. AdTy, X)) (c D) =(T},...,T;,Yy)

and
2 2 Ar O 2 2
(B1T17"')BdeaYR) B* D* :(Tlv"'7Td7XR)'
. A B)\. . .
Since the operator c DB unitary, we conclude from these two relations that

for every choice of f € C",

T11* T12*Bik TII*AT TIQ*
A B : :
(546) (C D) .1* 2% % f: 1»: * 2%
TV T>B: T AT T2
Yo Yg Xr Xg

Now we use the interpolation conditions (1.17): substituting (5.42) into (1.17) we
obtain the following factorizations

Lili=Ay (k=1,...,d),

1
where Ly = ng and where T}! and T? are defined in (5.42). Therefore, the

linear transformations Uy defined by the rule

(5.47) Up: Lif — N f (feCh)
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is the unitary map from Ran L} onto Ran Allc/ 2, Setting
N :==Hp ©Ran L} and Hy = RabnA,lc/2 ® (Hr ©Ran L)) = RanA,lc/2 & N,
let us define the unitary map ﬁk Hp — 7-(k by the rule

~ _ fUpg forgecRanlj,
(5.48) Ukg = {g for g € Ng.

The operator

(5.49) U= Hy,

!
-
S?
i
!
gl
I
TP-

is unitary and satisfies
UP,=P,U (k=1,...,d)

where P, and ng are orthogonal projections from H onto Hj; and from H onto
‘H}, respectively. Introducing the operators

(5.50) A=UAU*, B=UB, C=CU*, D=D

we construct the colligation Q via (5.31). By definition, Q is unitarily equivalent

to the initial colligation  defined in (3.3). By Remark 3.1, € has the same
characteristic function as €, that is, S(z). To apply the general result from [7], it
suffices to check (5.32). But this equality easily follows from (5.47)—(5.50). 1

Theorem 5.1 is a consequence of Lemmas 5.6 and 5.7.
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