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ABSTRACT. This paper deals with geometric properties of sequences of re-
producing kernels related to invariant subspaces of the backward shift op-
erator in the Hardy space H”. Let A = (An),>; C D, © be an inner
function in H*°(L(E)), where E is a finite dimensional Hilbert space, and
(en)n>1 a sequence of vectors in E. Then we give a criterion for the vec-
tor valued reproducing kernels (ke(:,An)en),>; to be a Riesz basis for
Ko := H?*(E)©O©H?(E). Using this criterion, we extend to the vector valued
case some basic facts that are well-known for the scalar valued reproducing
kernels. Moreover, we study the stability problem, that is, given a Riesz
basis (ke (-, An)),>1, we characterize its perturbations (ke (-, fn)),>; that
preserve the Riesz basis property. For the case of asymptotically orthonor-
mal sequences, we give an effective upper bound for uniform perturbations
preserving stability and compare our result with Kadeé’s 1/4-theorem.
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1. INTRODUCTION

This paper is devoted to geometric properties of sequences of reproducing kernels
in Hardy spaces. These properties are of interest for several reasons. First of
all, if we consider a Cyg-contraction, 7', in a Hilbert space, then by Sz.-Nagy and
C. Foias’ theory, T is unitarily equivalent to its canonical model Mg,

Mef = Po(z2f), [€ Ke.
Here Kg is the model space
Ko := H*(FE) © OH*(E),

E is an auxiliary Hilbert space, H?(E) stands for the E-valued Hardy space in
the unit disc D :={z € C: |z| < 1}, © is the characteristic function of T" and Pg
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is the orthogonal projection onto Kg. The spectral theory of Mg in the language
of the characteristic function © (see [23], [17], [20]) depends on the geometry of
reproducing kernels of Kg, that is, on the (operator-valued) functions

1 - 0(2)0(\)*

k‘@(Z,)\) = I—Xz

, zZ,AeD,
satisfying
<f(/\)a €> = <f7 k@( ) )‘)6>H2(E)7

for every A € D, e € E and f € Kg. Moreover, in some approaches, the kernels
ko(z,\) and their various analogs are the starting point for the model theory and
its applications, especially to various interpolation problems; see [7], [3] and [10].
Our goal in this paper is to extend to the vector valued case some basic facts that
are well-known for the scalar valued reproducing kernels (E = C, see [17], [13]).

Recall that a scalar inner function ¥ can be written as ¥ = SB, where S is
the singular inner factor of ¥,

S(z) = exp ( cre du(C)>,

(—=z
T

the measure du being positive and singular with respect to the Lebesgue measure
dm, and B is the corresponding Blaschke product,

B = kun,

n>1
by, = ‘;"‘ 1/\7"{22. It is known (see [18]) that —%— € K, are eigenvectors of My,
and ky, = 17§ - € Ky are eigenvectors of the adjoint operator Mj:

U ) .
Mﬂ(z — )\n> = /\nz o Myky, = Ak, -
Moreover, it is proved in [13] that the union of eigenvectors of My and M} forms
an unconditional basis (a Riesz basis) in Ky if and only if the reproducing kernels
(ks( -, An))n>1 form the same kind of basis in K. The latter property is, therefore,
important for some applications such as the string scattering theory, see [13] and
[19] for details.

Secondly, some motivation comes from control theory and signal processing.
Namely, in the special case where © = 0, := exp(a jﬂ% the reproducing kernels

ke(-,A), with A € D, arise as images of the exponential functions exp(—ifiw)X (0,a)

with p = i%, under a natural unitary map going from L?(0,a) to Keo. The
property of families of exponentials (and hence, of reproducing kernels kg for
O = 0,) to be a Riesz basis is important for control theory. Indeed, under

some further hypotheses, the theory of controllability of a dynamic system ' (t) =
Az(t) + Bu(t), t > 0, z(0) = x0, depends on the geometric properties of the
system of exponentials (exp(—A,t)B*¢y),>1, where (¢,),>1 is the sequence of

eigenvectors of A*, associated to the sequence of eigenvalues (Ay),>1. For more
details on the relationships between the controllability problems and the geometry
of families of exponentials we refer to [1] and [18].
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A third reason to study geometric properties of sequences of reproducing
kernels is just to understand better non-harmonic exponentials (exp(ilnt))n>1
which appear frequently, say, in analysis of convolution equations (see, for instance,
[13] and [29]).

To solve the problem of Riesz bases for the families (kg (-, An))n>1 in scalar
Ko, S.V. Hruscev, N.K. Nikolski and B.S. Pavlov proposed in [13] a new method
(see also [17]). They gave a criterion in terms of the Carleson condition and
invertibility of a certain Toeplitz operator. In the first part of this paper, using
the above-mentioned operator approach, we give vector valued generalizations of
several results of Hruscev, Nikolski and Pavlov.

Another subject of this paper concerns stability properties of reproducing
kernel bases (ke ( -, An))n>1 under small perturbations of the poles A,,. A reason to
study the stability properties is that the criteria mentioned above involve, however,
some properties of a given family (ke(-,An)en),>1 that are rather difficult to
verify. On the other hand, in many cases, the given family is a slight perturbation
of another family (ke( -, fn)e;,)n>1 that is known to be a basis. This gives rise
to the stability problem whose formal statement can be found in Subsection 3.1
below. Roughly speaking, given a Riesz basis (kg (-, An))n>1 in Ke, the problem
is to characterize its perturbations (ke( -, fin)),>1 that still enjoy the property of
being a Riesz basis. In fact, this problem was initially raised by R.E.A.C. Paley
and N. Wiener for the orthogonal basis (exp(int), n € Z) in L?(0,27). A sufficient
condition for such stability is given in [21]. For this case, the problem of uniform
stability (see Subsection 3.1) was completely solved by A. Ingham and M. Kadeé
(see [15] and [14]). In 1990, A. Avdonin and I. Joo gave a sufficient condition for
stability of general unconditional bases of exponentials. In Section 3, we give a
generalization of this result for the reproducing kernels (kg (-, An)en i n > 1).

The paper is organized as follows. In Section 2, we deal with Riesz bases of
vector valued reproducing kernels (ke (-, An)en)n>1. Our goal is to separate, as
far as it is possible, the influence of the three parameters involved: the frequency
spectrum A = (A,),>1, the spatial directions e,, n > 1, and the inner function
O generating the model subspace Kg. In particular, if F is a finite dimensional
Hilbert space, we prove, in Theorem 2.1, the vector analog of Hruscev, Nikolski
and Pavlov’s criterion for a family (kg (-, An)en)n>1 to be a Riesz basis for Ke.
If (kx,en)n>1 is not a Riesz basis for Kp, then we adapt a method proposed by
V. Vasyunin in the scalar case to gather “sufficiently close” eigenvectors in such a
way that the rearranged family forms an unconditional basis of subspaces. If A is
a finite union of Carleson sets and sup 7(0(\,)) < 1, where 7(©(),)) denotes the

nz
spectral radius of the operator ©(\,,), then we prove, in Theorem 2.4, that there
exist a sequence (e),>1 in E and m € N such that (kem(-,An)en),>1 forms a
Riesz basis in its hull. Under the assumption that nlinolo I1©(An)*en|l = 0, we prove

in Theorem 2.8 that (ke (-, An)en)n>1 is a Riesz basis if and only if it is uniformly
minimal (see [6] for a scalar analogue of this result).
In Section 3, we consider the case where 1 < p < +00, A = (Ay),>1 C D,

© is a (scalar) inner function such that sup |©()\,)| < 1 and K% := H? N ©zHP.
n>1
If (ko(-,An))n>1 is an unconditional basis in Kg, then we prove the existence




520 EMMANUEL FRICAIN

of € > 0 such that (ke(-,tn))n>1 is an unconditional basis in Kg, whenever
(#n)n>1 C D is a sequence satisfying

sup [by,, (pn)| <€

n>1
(see Theorems 3.1 and 3.3). In Theorem 3.4, we prove a vector-valued ana-
logue of this stability result. For the case of asymptotically orthogonal sequences
(ke (-, An))n>1, we give a numerical upper bound for € (see Theorem 3.10) and
compare this result with Kadeé¢’s 1/4-theorem.

In conclusion, let us fix some notation. FE always stands for a complex
Hilbert space. The symbol P, (respectively P_) stands for the Riesz orthogonal
projection from L2(E) onto H2(E) (respectively onto L?(E)© H?(E)). The space
of all bounded linear operators acting on E will be denoted by L(E). We write

L>®(L(E)):={f:T — L(F) such that f is measurable and bounded}
and
H*>®(L(E)):={f:D — L(F) such that f is analytic and bounded}.

A function © € H*(L(E)) is called inner if the operator ©(¢) is an isometry for
almost all ( € T. For a function ¢ € L*(L(E)), the symbol H, denotes the
Hankel operator defined on H?(E) by

H@f = P*(Sof)a
and T, denotes the Toeplitz operator defined on H?(E) by
Tcpf = P+((pf).

Let (a,) and (b,) be real sequences. We write (a,) =< (b,) if there exist two
constants ¢, C' > 0 such that

ca, < b, <Ca,, Vn=>1.

2. UNCONDITIONAL BASES OF REPRODUCING KERNELS

Here we recall some standard facts about sequences of vectors and subspaces in a
Banach space. Let (K,),>1 be a sequence of subspaces of a Banach space X. It
is called minimal (respectively uniformly minimal) if, for every n, the operators

(2.1) an:Pn<ij> = T,

J

defined on the set of finite sums x = > z;, x; € K, are continuous (respectively,

j
uniformly bounded, i.e. sup ||P,| < o). For the case of 1-dimensional subspaces

n
K, =C-e,, e, € X, one has P, = (-, ¢})e,, where (¢},),>1 is a biorthogonal
family of (e,),>1, that is, a sequence of continuous linear functionals on X" such

that
<en7 ¢Z> = Onk-
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Hence the definition above is equivalent to the standard one. A sequence (K,),>1
is called an unconditional basis of its hull if, for every = € Span{K,, : n > 1}, the
series > Ppx unconditionally converges to x. Moreover, if Span{K,, : n > 1} =
n>1

X, we say that (K,),>1 is unconditionnal basis of X. It is well known (see, for
example, [17]) that (K,),>; is an unconditional basis of its hull if and only if it
is minimal and

sup [P, | < oo,

ocF

where F := {0 C N : o finite} and P, := > P,. Let H be a Hilbert space,

neo
(Kn)p>1 a family of subspaces, minimal and total in H, with a total family of
spectral projections (Pp),>1; then by Kothe-Toeplitz’ theorem, (K),>1 is an
unconditional basis of H if and only if it is a Riesz basis, that is, there exists a
constant ¢ > 0 such that

2
1
I <3 ol
J J

for every finite family x; € K, j > 1. The latter is also equivalent to the existence
of an isomorphism V' of Span(Kj; : j > 1) such that the subspaces VK,, n > 1, are
pairwise orthogonal. Note that the above definitions also work for finite sequences
(Kj)j>1, and in particular, for a pair of subspaces K1, K3 of a Hilbert space H.
Then the angle, a(K1, K2), beetween K7 and K can be defined by the conditions

PO

J

™
a(K1,Ks) € [0, f] , cos(a(Ky,Ks))=  sup  |{z,y)]
2 z€K1,yEKo
=1, llyll=1

It follows from the definition that
cos(a(Ky, K3)) = || P, Pr, ||, sin(a(K1, K2)) = [|P1]|

where Py, are the corresponding orthogonal projections, ¢ = 1,2, and P; is defined
in formula (2.1).

Let A = (An)p>1 C D, © be an inner function in H*(L(E)), and (e,)n>1
a sequence of unit vectors in F. In this section, we are looking for necessary and
sufficient conditions on ©, A and (e,),>; for the family (kg(-,An)en)n>1 to be
a Riesz basis of its hull. Recall that, in the scalar case where dimE = 1, the
following was proved in [13]: if sup [©(),)| < 1 then (ke(-,An))n>1 is a Riesz

nz1

basis of its hull if and only if A € (C) and Pg|Kp is an isomorphism onto its range
(which is also equivalent to the fact that T, is left invertible). Here A € (C)
means that A = (X\,),,>1 satisfies the Carleson condition

8(A) = inf By, (A)] >0,

where B, := b]f . The constant §(A) is called the Carleson constant of the
sequence A. '

2.1. SOME GEOMETRIC PROPERTIES OF VECTOR VALUED REPRODUCING KER-
NELS. Here we list some general properties of vector-valued reproducing kernels.
(So, below, P stands for “property”).
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(P1) If E is a finite dimensional Hilbert space, then (kx,en)n>1 is minimal
in H*(E) if and only if (An)n>1 is a Blaschke sequence (see for instance [1]).

(P2) If (ko(-,An)en)n>1 is minimal, then (kx,en)n>1 s minimal. More
generally, if T is a bounded operator in E and (T'xy,)n>1 is a minimal family then
(Tn)n>1 is also minimal and its biorthogonal family is given by (T*1y),>1 where
(Yn)n>1 is the biorthogonal family of (Txy)n>1-

To get a similar result for uniform minimality, we need the following property.
(P3) Let A C D, (ex)aen be a family of unit vectors in E. Then

ke (-, Mexll = [[kxell <= sup O ell < 1.
S

Indeed, since kg (-, ey = (1 — Az)~H(1 — ©O()\)*)ey, we have

L [0V e 1

krer|? = ———
1_|)\|2 ) H )\eAH 1_|)\|27

ke (-, A)exl® =

and the result follows. 1

The following property is a straightforward consequence of (P3) and a lemma
of S. Hruscev and N. Nikolski (see [19], Lemma 120, page 173).

(P4) If (ke (-, An)en)n>1 is uniformly minimal and
sup [|[©(Ap)%en| < 1,

n2=1
then (kx, en)n>1 is also uniformly minimal.

(P5) If (en)n>1 is a relatively compact sequence in E, then (kx,en)n>1 15 a
Riesz basis of its hull if and only if it is uniformly minimal (see [24]).

(P6) If dimE = N < oo, and (kx, en)n>1 is uniformly minimal, then A =
(An)n>1 is the union of N-Carleson sets. In this case, we say that A is N-Carleson
(see, for instance, Corollary 2 on page 164 of [17]).

For N-Carleson sequences A, a necessary and sufficient condition for
(kx,en)n>1 to be a Riesz basis of its hull was found by S.A. Ivanov, see [1]. To
state this condition ((P7) below), we set

G(A ) = ] Q).

where Q(\,7) = {z : |ba(2)| < r} is the hyperbolic disc of radius r and center A.
Denote by G,,(A,r), m = 1,2,..., the connected components of the set G(A,r)
and write A, (r) := AN Gy (A, 7). For a sequence (ex)rea in E and for A’ C A,
we set E(A") := Span(e, : p € A).

(P7) Assume that A := (\p),>1 is N-Carleson. Then (kx,en)n>1 is a Riesz
basis of its hull if and only if there exists an r > 0 such that

inf min _a(ex, E(AR(r) \ {A})) > 0.

m21 XA, ()



BASES OF REPRODUCING KERNELS IN MODEL SPACES 523

For the proof, see [1].

Now, we state some facts concerning the relationship between the properties
of scalar and vector families. The idea is that the geometric properties of scalar
families (k», ), >1 are “stronger” than those of vector valued families (kx,en)n>1-
To make this fact clearer, some general properties of Hilbert tensor products will
be useful. Let E and H be separable Hilbert spaces. We denote by H ® E the
completion of the algebraic tensor product with respect to the Hilbert-Schmidt
norm || - ||gs defined for a finite sum A := Y ) @ yx by

k

1/2
JAlls = (Z ||Aen2) ,

n>1

where (ey,),>1 is an orthonormal basis of H. Here we identify A with the operator
A : H — FE defined by

Ah = Z(h,xk>yk, for h € H,
k
where (-,-) is a bilinear pairing of H with itself. Using these definitions, one can
easily identify L? @ E with L?(E) by
Y mv@y — > ae(Que, CET
k k

where 2, € L*(T), yx € E.
Indeed, let A be a finite sum, A = sz ®yr € H® E and let (bj); be an

orthonormal basis of E. Then, we have

1AlRs =D > [{Aen b P =D

n>=1j2>1 n>1j52>1

Zen,xk ) (Y, bj)
k
-3 3 [fen S o] = 3 St

2

2

ji=2ln>1 i=1 k
_;/ (e, b)aw(C)| dm(¢) T/;(Zxk i) dm(Q)

dm(¢) = ]

2
L*(B)

Zxk(oyk > w( )y
k E k

The following property is well known:
(P8) LetV € L(H) and U € L(E). ThenV®U : HRE — HQFE defined by

(V®U)(Zxk ®yk> = Va, @ Uy,
k k

is a bounded operator, and we have |V @ U|| < [V ||U]|.
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(P9) Assume that a family (2,,),>1 in H is either minimal, or uniformly
minimal, or a Riesz basis. Then:
(i) the family (xy, ® Yn)n>1 enjoys the same property for every y, € E,
Yn # 0;
(i) the family of subspaces (x, ® E),>1 has the same property as (n)p>1;
(iii) if (yr)x>1 C E possesses the same property as (xn)n>1, then so does the
double-indexed family (Tn @ Y )n k>1-

Indeed, (i) is a consequence of (ii). To check (ii), we simply write down the
corresponding (spectral) projections &, for (, ® E),,>1 in terms of the projections
P, for the family (2,),>1. Clearly, & = P, @ I for every finite subset o C N.
Since ||E,|| < ||Po]| (see (P8)), claim (ii) follows from the remarks in the beginning
of this section and the corresponding property of (x,),>1.

To check (iii), we observe first that £ = Py ® Q) where Qy, stands for the co-
ordinate projection for the sequence (yx)r>1,1.e. Qr = (-, Or)Yk, (Px)x>1 C E be-
ing a biorthogonal sequence. Since ||Ex| < ||Pk|| || Qx| for every k, the minimality
and uniform minimality properties follow. In the case when (x,,),>1 and (yx)r>1
are Riesz bases, we take isomorphisms V' and U making them orthogonal. That
is (Van)n>1 and (Uyk)r>1 are orthogonal sequences. Clearly (Vz, ® Uy ), k1
is an orthogonal family in H ® F and V ® U is an isomorphism of H ® F. Hence,
(Tn @ Yk)n,k>1 is a Riesz basis. 1

(P10) Let (Ky,)n>1 be a family of subspaces in H having one of the following
properties: to be minimal, uniformly minimal or a Riesz basis. Then the family of
subspaces (K, ® E),>1 has the same property in H ® E.

The proof is the same as for (P9) (ii) since &, = P, @1 are the corresponding
coordinate projections. 1

(P11) Let dim E = N < oo. The following assertions are equivalent:

(i) There exists a family of vectors (ex)aca in E, |lex|| = 1 such that X :=
(kxex : A € A) is a Riesz basis of its hull.

(ii) A is N-Carleson.

Indeed, (i)=-(ii) is (P5).
N
To prove (ii)=(i), weset A = |J A, A; € (C), and write A; := {\,; : n > 1}

i=1

Consider an orthonormal basis (e1, ea,...,en) of E and define for A € A
e\ ‘= €4, if A€ A,

As A; € (C), the family (kx, ,)n>1 is a Riesz basis and (P9) implies that (ky, , ®

i n,i

e =kx,,ei:n>1,1<i<N)is also a Riesz basis. 1

2.2. SOME VECTOR VALUED GENERALIZATIONS. In this subsection, using the

operator approach, we obtain the following criterion for a family (ke (-, An)en)n>1
to be a Riesz basis of its hull.
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THEOREM 2.1. Let ACD, N=dimFE < oo and © be an inner function in
H>(L(E)). Let (ex)ren be a family of vectors in E, |lex|| = 1, such that

sup |[©(N)*ex|| < 1.
AEA

Denote by B the inner function in H*(L(E)) satisfying
Kp = Span{kyey : A € A}.

Then the following assertions are equivalent:
(1) (ke(-,N)ex)rea is a Riesz basis of its hull.
(ii) (a) A is N-Carleson;

) nf . A )
(b) there exists an r>0 such that 7;1121 AeI}\l,lnn(r) afex, E(Am(r)\{A})) >0;

(c) Tp-o is left invertible in H*(E).

We also consider the problem of rearranging a given family (ke (-, Ay )en)n>1
into a basis of subspaces. Finally, under the additional assumption lim [|©(A,)*e,]|
n—oo

= 0, we prove the equivalence between uniform minimality and the property of
being a Riesz basis.

To prove Theorem 2.1, we need some facts which are easy generalizations of
well-known results in the scalar case (see for example [19]). The proofs are similar
to their scalar-valued prototypes, so we omit them.

LEMMA 2.2. Let © and B be L(E)-valued inner functions. The following
statements are equivalent:
(i) Po|Kp is an isomorphism onto its range;
(ii) dist(B*©, H*(L(E)) < 1;
(i) | PO < 1
(iv) Tg-e is left invertible in H*(E).

Proof of Theorem 2.1. (i)=-(ii): Since (ko(-,A)ex : A € A) is a Riesz basis
of its hull, it is uniformly minimal and (P4) implies that X = (kxex : A € A) is
also uniformly minimal. From (P6) we deduce that A is N-Carleson. It follows
from (P7) that (ii) is satisfied. Now observe that the operator Po|Kp maps the
Riesz basis X’ onto the Riesz basis of its hull (kg(-,A)ey : A € A) and thus it must
be an isomorphism onto its range. This implies by Lemma 2.2 that Tg«¢ is left
invertible in H?(E).

(ii)=(i): Using (P7), we deduce from (a) and (b) that X = (kxex : A € A)
is a Riesz basis of K. Lemma 2.2 and (c) imply that Pg|Kp is an isomorphism
onto its range. Hence PoX = (ko(-,A)ex : A € A) is a Riesz basis of its hull. 1

REMARK 2.3. In fact, to prove (ii)=(i), we do not need the assumptions
dim F < oo and
sup |[©(A)%ex| < 1.
AEA

In the scalar case, if a family of rootspaces (K )xea of a model operator is not
a basis, V. Vasyunin proposed a method to gather “sufficiently close” rootspaces in
such a way that the new family forms a Riesz basis (see, for instance, [17], Lecture
IX, pp. 229-230). Using a similar method and (P10), it is easy to generalize this
result to the vector case. Moreover, if we have a Riesz basis family of subspaces



526 EMMANUEL FRICAIN

(Ke, )n>1 such that dim Kg, < k, Vn > 1, then it is also possible to split this
family into a union of k sequences, each forming a Riesz basis of its hull.

In applications (particularly in control theory) it is useful, given a family of
exponentials (exp(iftnt)un)n>1, to know if one can find a real number a > 0 such
that the family (exp(iptnt)un),>1 forms a Riesz basis of its hull in L?(0,a; E). In
the language of reproducing kernels, this is equivalent to saying that there exists
a > 0 such that (kea (-, An))n>1 is a Riesz basis of its hull, where ©¢ = exp(a ).
For a general scalar inner function ©, Hruscev, Nikolski and Pavlov showed that
under the assumption sup |©(A,)| < 1, the Carleson condition A € (C) is necessary

nz1

and sufficient for the existence of n € N such that (ken(-,A) : A € A) is a

Riesz basis of its hull. Now, we give a generalization of this result to the vector

case. There are several possibilities to extend the property sup |©()\,)] < 1 to
nz=1

the case dim £ > 1. Namely, one can think about properties sup [|©(\,)|| < 1,

nz

sup ||©(Ap)*en|] < 1 or supr(©(N,)) < 1, where r(T") denotes the spectral radius

n>1 n>1

of an operator T. All of these assumptions coincide in the scalar case (dim F = 1).

Now, we present a result with the assumption sup r(0(A,)) < 1.

nz=1

THEOREM 2.4. Let © be an L(E)-valued inner function, dimE = N < oo
and A = (An)p>1 C D be such that

(2.2) supr(O(A,)) < 1.
n>1

The following assertions are equivalent:

(i) A is N-Carleson;

(i) There exists a sequence (en)n>1 i E, |len|| = 1, such that for all suf-
ficiently large m € N, the family (kom (-, An)en : n = 1) is a Riesz basis of its
hull.

To prove Theorem 2.4 we need two lemmas.

LEMMA 2.5. Let A C D and (ex)ycp be a family of unit vectors in E such
that (kxex : A € A) is a Riesz basis of its hull. Denote by B the inner function
such that Kp := Span{kyey : A € A}. Then there exists a constant C' such that

PO < Csup [|[O(A) e,
AEA

for every inner function © in H®(L(E)).

Proof. Since (kxex : A € A) is a Riesz basis of its hull, there exist two
constants ¢y, Cy > 0 such that

2
(2.3) a1 Y axPlEall? < || Y arkaes|| <C1 Y lan? |kl
AEA AEA AEA
and
(2.4) S = PPIFNIZ < Callf11%,

AEA
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for all finite families (ay) in C and all f € K. Now, observing that PpO*kye) =
Pk \O(A)*ey, we can write

’PB@*ZCL)\]C)ﬁ)\ :)PBZGA/{)\G Za,\k)\@
A€EA A€EA AEA
= sup Do am(f(V), 0N er)
H2(E
e ea
< sup Y faal @) el [ FN]
H=(E
TSHeD reh
<sup [|©(A) e sup > laal IfON)
AEA fEH2(E) AEA
IFl<t

On the other hand, by the Cauchy—Schwarz inequality, (2.3) and (2.4), we see that

> laal IOV € = | 3= axkaes [ VLIS,

AEA AEA
Then we obtain
PB@*Z(Z)\]C)\G)\ < C—sup ||® 6)\” Za)\k)\e)\ ;
Voer oy
AEA AeA
which proves the lemma with C' = /€. 1

[

LEMMA 2.6. Let T € L(X) be a contraction in a finite dimensional Banach
space, N = dim X < oo. Assume that r := r(T) < 1. Then, for each £ > 0 with
r+¢e <1, and for each ¢ € Hol(|z| < r +¢€), we have

2N71
lo(Dl < —x— sup [o(2)]-
€ |z|=r+-e€
Proof. Using the Riesz-Dunford calculus we can write

217r / |RA(T)[| |¢(A)] dA.

[A|=r+e

(D)l <

On the other hand, it is well known that

|T — M|V -1
Ry(T)|| < AT
1B |det(T — AI)|
(see, for instance, [4]). Hence, we have
gN-1

IBDI < Geoom™

which implies the result. &
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COROLLARY 2.7. Let A = (A\y),>1 C D, © be an L(E)-valued inner func-
tion, dim ' = N < co. Assume that
r:=supr(©(\,)) < 1.
n>=1
Then, for every 0 < ¢ < 1, there exists M € N such that, for all m > M, we have

sup [|O(A)™] < c.
n>1

Proof. Let € > 0 be such that r + ¢ < 1. Using Lemma 2.6 with T = ©(\,,)
and ¢(z) := 2™, we get
2N—1
N (r4+e)™.

1©An)™ ]I <

1

Choose M € N such that 2:1; (r+ &)™ < c. Then, for all m > M, we have

sup [[©(A,)™ || <c. 1
n>1
Proof of Theorem 2.4. (ii)=-(i): By Corollary 2.7, there exists M € N such
that, for all m > N, we have
sup [|[©(A,)™|| < 1.
n>1
The conclusion now follows from Theorem 2.1.

(i)=(ii): Using (P11), we construct a family of unit vectors (e,),>, in F
such that (kx, e, : m > 1) is a Riesz basis of its hull. Denote by B the inner
function such that Kp := Span{ky,e, : n > 1}. By Lemma 2.5, there exists a
constant C' such that

[PEOP"|| < C'sup |©(An)""[| = C'sup |©(An)”]|.

n>1 n>1

Using Corollary 2.7, we now choose M € N so as to ensure
1

sup [O(\)" | < =

n>1
for all m > M. Hence we get

PO || <1,
which proves the result by Lemma 2.2 and Theorem 2.1. 1
In general, uniform minimality is a much weaker property than that of being

a Riesz basis. For the reproducing kernels (kxex) e, in H*(E), with dim £ < oo,
these two properties coincide. It is interesting to know whether the equivalence of

these two properties remains true for the families (ko(-,\n)en : n > 1). In the
scalar case, it is shown in [13] that, under the extra assumption lim |©(A,)| =
n—oo

0, these two properties are equivalent. This result has also been proved by
I. Boricheva using different techniques based on the so-called Schur parameters
of the function © at the zeros of the Blaschke product B (see [6]). Now, we give
a generalization of this result for the vector valued case under the assumption

(2.5) lim [|©(A\n)*en|l = 0.
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Without this assumption, the equivalence between uniform minimality and Riesz

basis is still open, even in the scalar case.

THEOREM 2.8. Let E be a finite dimensional Hilbert space, dim E = N. Let

A = (An)nz1 C D and © be an inner function in H*(L(E)). Let (en),>, be a
family of unit vectors in E. Assume that (2.5) is satisfied. Then the following

assertions are equivalent:
(i) (ke(,An)en :
(11) (k@( Ty )\n)en :

n > 1) is a Riesz basis of its hull;
n = 1) is uniformly minimal.

Proof. (i)=(ii) is obvious.

(ii)=-(i): Without loss of generality, we can assume that © is a purely con-
tractive function, that is [|©(2)e|| < ||e|| for every z € D and every e # 0 (see [23]).
Thus (2.5) implies that

sup |0 erl| < 1,
AEA

and (P4) implies that X := (ky, e, : n > 1) is uniformly minimal. Hence it is a
Riesz basis by (P5). For M > 1, denote by Bj; the inner function generating the

subspace
Kp,, = Span(ky, e, :n > M).
By Lemma 2.5, there exists a constant C', depending on the family X only, such
that
PO |Kp,, || < C sup [[O(An)"en].

As nlirréo 19(An)*en| = 0, we can find M > 1 such that
sup [10(A) enl| < =
n=M C
So we get
|PrO*|Kp,, | <1,
which implies by Lemma 2.2 and Theorem 2.1 that (ke( -, An)en : m = M) forms

a Riesz basis of its hull. Thanks to minimality of the whole family, it is easy to
see that (ko(,An)en : n > 1) is a Riesz basis of its hull. 1
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3. STABILITY OF UNCONDITIONAL BASES OF REPRODUCING KERNELS

3.1. THE STABILITY PROBLEM. Now, we are going to consider the stability
problem mentioned in the introduction. Namely, let A = (A,;),>1 be a sequence in
D, £ = (en)n>1 asequence in E, and © be an L(E)-valued inner function. Suppose
that the sequence of reproducing kernels (ke(-,An)en)n>1 is an unconditional
basis of its hull and let (¢,,),>1 be a sequence of positive numbers. We say that
(ko (-, An)en)n>1 is (en)-stable if each sequence (ke (-, A}, )€, ),>1 satisfying

lba, (M) <en  and e, —el] <en, n>1,

is a Riesz basis of its hull. Given an unconditional basis of its hull (kg (-, An)en)n>1,
the stability problem is to describe (ey,),>1 such that (ke (-, An)en)n>1 is (€n)-
stable. We will consider the case of ky,, as a limit case of kg (-, A\,,), with © = 0, and
therefore, use the same language for the families of reproducing kernels (kx,, €n)n>1
in H?(E). We will also study the case of scalar reproducing kernels (ko (-, An))n>1
in Banach spaces K%, 1 < p < +00, and use the same definition of stability. First,
we recall some well-known facts. _

Setting H? := {f € L? : f(n) = 0, n > 0}, for p € (1,00), we know, from
the M. Riesz theorem on conjugate functions, that LP is the direct sum of H? and
H? | and hence using the duality

(fig) = [ fgdm,
/

we may identify (in the sesquilinear manner) the dual space (H?)* with H?, where
q is the conjugate exponent of p, that is, % + é = 1. For a scalar inner function

O, Kg denotes the subspace of H? defined by
K% := HP N ©H,
where HY := zHP and

_1-0e _ .,
k@(-,)\).—ﬁe o
Then
f()‘):<f7k®(7)‘)>7 AED?fGKg)'
If A= (An)n>1 is a sequence in D and © is an inner function, we denote by Jg A
the operator defined on K& by

J@,Af = (f()‘n))n>la f € Kg)

The following characterization of unconditional bases is shown in [13], Part II,
Theorem 6.3. Assume that sup [©()\,)| < 1. The family (ko(-,\n))n>1 is an
n>1

unconditional basis of K§ if and only if the operator Je 4 is an isomorphism from
K& onto £9((1 — IA|?)/9).

As mentioned in the introduction, the story of (e,)-stability started with
R.E. Paley and N. Wiener in 1934. Namely, Paley and Wiener looked for the better
constant 6 > 0 such that (exp(ipnt)),>1 is a Riesz basis of L?(0,2), whenever
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(n)n>1 1s a sequence satisfying |p, — n| < 6. The Paley-Wiener result, with
§ = %, was later improved by R.J. Duffin and J.J. Eachus ([9]) up to 6§ = log2

In 1936, A. Ingham ([14]) gave an example showing that such a ¢ should be less
than %. And, finally, in 1964, M. Kade¢ ([15]) showed that § < 1 is sufficient (see
[17], Lectures 8 and 11, for an exposition of relations between exponentials and
reproducing kernels and for an alternative proof of M. Kade¢’ result). This result
was the object of several generalizations by V. Katsnelson ([16]), A. Avdonin ([2]),
and Hruscev-Nikolski-Pavlov ([13]). In particular, in [13] (Corollary 2.5, p. 295),
the following generalization of an earlier result by R. Duffin and A. Schaeffer
is proved: given a Riesz basis (exp(iAyt)),>1 of L?(0,a) such that inf Im A, >
0, then there exists € > 0 such that (exp(iftnt)),>1 is a Riesz basis of L?*(0,a)
whenever the pu,,’s satisfy |u, — An| < €. Later on, this result was generalized to
the case of vector valued exponentials by Avdonin, Ivanov and Joo ([1]). We now
give generalizations of these results to reproducing kernels. The following three
theorems are the main results of this section. In Subsection 3.2, we compare these
results with Kade¢’ 1/4-theorem quoted above. Subsection 3.3 contains the proofs
of Theorems 3.1, 3.3, 3.10, and a remark for the proof of Theorem 3.4.

In this section, if A is a Blaschke sequence in D, we denote by By the Blaschke
product associated to A.

THEOREM 3.1. Let 1 < p < 00, A = (A\y)n>1 C D, and © be an inner
function in H>® such that (ke (-, An))n>1 is an unconditional basis of K. Assume
that

sup [O(\,)| < 1.
n>1
Then there exists e = e(A,©,p) such that (ke (-, An))n>1 is (en)-stable in K for
every (en)n>1 satisfying sup e, < €.
n>1

REMARK 3.2. It follows from our proof that the constant ¢ = ¢(A, ©,p) can

be taken to be any number satisfying 0 < € < % and

(3.1) sup |©(\,)| +2e < 1,
n>1
62 2 ue(128t e 4 sog e LY g
' 5/2 —c’en 1« S 3

where § = 6(A) is the Carleson constant of the sequence A and ¢ is the conjugate
exponent of p.

In fact, for p = 2, we can improve the upper bound for ¢ as follows.
THEOREM 3.3. Let A = (\,)p>1 C D, © be an inner function such that

sup |©(\,)| < 1.
n>1
Assume that (ke (-, n))n>1 is a Riesz basis of its hull. Then (ke (-, An))n>1 18
(en)-stable for every (en)n>1 satisfying
51—~

supe, < ———,
S Ry
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where § = §(\) and « := dist(©Bx, H*®).
The vector valued analogue of Theorem 3.1 is as follows.

THEOREM 3.4. Let A = (A\n)p>1 C D, E be a finite dimensional Hilbert
space, (en)n>1 C E, |len]| =1, and © € H®(L(E)) be an inner function such that
(ko (-, An)en)n>1 is a Riesz basis of Ko = H*(E) © OH?(E). Assume that

sup ||O(An)%en || < 1.

n>1

Then there exists € = (A, 0, (e,)) such that (ke (-, An)en)n>1 is (€n)-stable for
every (en)n>1 satisfying sup e, < e.
n>1

REMARK 3.5. (i) Since N = dim F < oo, we know from Theorem 2.1 that

N

A is N-Carleson, A = |J A;, A; € (C). Let ¢ := inf §(A;) > 0. Moreover, since
i=1 g

(ko (-, An)en),>; is an unconditional basis of Ke, the operator Jg a defined by

J@,Af = (<f()\n),en>)n>17 f € Ko,

is an isomorphism from Kg onto £2((1—|\,|?)*/?). Then it follows from our proof

that the constant ¢ = (A, ©, (e,)) can be taken to be any number € > 0 satisfying
s

€ < g5 and

(3.3) sup |O(A\n)%enl| +2e(e + 1) +e < 1,
n=1

2 1+e¢
—¢

1 5/2\'?
(3.4) 5/25_6||J@;}A||<128N1 “*/) <1

(i) In fact, the assumption dim E < co of Theorem 3.4 can be dropped if
we assume that A is N-Carleson.

(iii) Theorem 3.4 allows the following asymptotic form. Under the same
hypotheses, let (pin)n>1 C D and (an)n,>1 C E be such that

lm |by, (n)] =0, and i n—enl = 0.
Jm b, (1)) and  lim |la, — en||

Then there exists N € N such that (kg( -, ftn)an)n>n is a Riesz basis of its hull.
Indeed, let € > 0 be a constant defined by Theorem 3.4. Choose N € N such
that
sup |ba, (pn)| <e, and  sup |la, —en| <e.
It follows from the proof of Theorem 3.4 that (ke( -, fin)an),>n is a Riesz basis
of its hull.

Let us comment on these results. First of all, they strengthen the Hruscev-
Nikolski-Pavlov result cited above, the Euclidean neighborhoods |\, — | < €

being replaced by the hyperbolic ones |3\\"%ﬁ"\ < . These two neighborhoods are

Fin
comparable when |\, — p,| < Aelm \,, where A is an absolute constant; this

means that for the case sup(Im \,,) = oo our result is sharper.
n



BASES OF REPRODUCING KERNELS IN MODEL SPACES 533

As another commentary, we compare these results with known general sta-
bility criteria for Riesz bases in Hilbert spaces. In fact, L. Dovbysh, N. Nikolski
and V. Sudakov proved that general Riesz bases are (g,)-stable only if 3" &2 < co

n

(see [8]). Theorems 3.1 and 3.4 show that, for bases of reproducing kernels in
Kg, the situation is much better, and one can guarantee stability with respect to

uniform perturbations sup e, < .
n>1

3.2. ASYMPTOTICALLY ORTHONORMAL BASES OF REPRODUCING KERNELS. In
this subsection, we introduce the notion of asymptotically orthonormal bases.
Then we give a method to construct asymptotically orthonormal bases consist-
ing of reproducing kernels. In this case, we compare our constant in Theorem 3.3
with the constant in Kade¢’s 1/4-theorem.

DEFINITION 3.6. Let (fn),>1 be a sequence in a Hilbert space H. We say
that (fn)n>1 is an asymptotically orthonormal basis of its hull (and write (fy,),>1 €
(AOS)) if, for every sufficiently large N, there exist ¢y, Cy > 0 such that

2
Z an fn

< C1N Z |an|2a
n>N n>N

(3.5) en Y anl* <

n>N

for every finite sum > ay,f,, and
n>N

lim cy =1, lim Cy =1.
N—o0

The following lemma shows that this definition is equivalent to those of
A.L. Volberg (see [28]). But first, we need the notion of orthogonalizer. If (x,),>1
is a Riesz basis of its hull then there exists an isomorphism V defined on X :=

Span(z, : n > 1) which transforms (), > onto an orthonormal basis. Such an
operator V' is called an orthogonalizer of (z7,),>1.

LEMMA 3.7. Let (fn)n>1 be a Riesz basis of its hull and let V' be an orthog-
onalizer of (fn)n>1- The following assertions are equivalent:
(ii) There exist a unitary operator U and a compact operator K such that
V=U+K.
(iii) There exist a compact operator K such that the Gram matric G =
({fr, f&))n.ke can be written as
G=1+K,

with I the identity mapping.

Proof. (ii)=-(iii): Let V be an isomorphism from X := Span{f, : n > 1}
onto ¢? and V f,, = e,, n > 1, with (en)n>1 the standard orthonormal basis of 2.
Denote Vi :=V~!, and let a = (an),>1 € ¢*. Then

()
n>1

2
=Y and;(fu, f;) = (Ga,a).
n,j
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Hence G = Vi*V4. If V. = U + K then it is clear that V; = V~! = U; + K,
with U; a unitary operator and K7 a compact operator. It follows that G =
(U + K7)(Uy + K1) = I + Ko, with K5 a compact operator.

(iii)=-(ii): Assume that G = Vi*V} = I + K with K a compact operator.
Since (fn)n>1 is a Riesz basis of its hull, Vi is an isomorphism from £2 onto
X. Consider the polar decomposition of V; = JR with R a positive operator
on ¢? and J a unitary operator (see for instance [22], Theorem 12.35, page 332).
Then Vi*V; = RJ*JR = R> = I+ K. So R?> — I = K. Since R is positive,
I + R is invertible and it follows that R — I = (R + I)"'K is compact. Hence,
Vi=J+JK =J+K>.

(ii)=(i): Let V. = U + K, V=! = U; + K, with U,U; unitary operators
and K, K; compact operators. Let en := ||K|Span(f, : n > N)| and ey :=
|| K1 |Span(fy, : n = N)||. Since K is compact, we have lim ex = 0, and for all

N——+oco
f €Span(f,: n>=N)
IVAI=1Uf+KFI < IfIl+enllfll =@ +en)l -
Similarly, for all g € Span(e,, : n > N), we have
V=gl < (1 +En)llgll,

which implies that (f,),>1 € (AOS).
(1)=-(iil): Using the same computations, we show that

Z |an|2 - ‘ Z anfn

n>N n>N

2
IPn(I = G)Pn| = sup
agt?,|lall<1

Hence ||Px (I —G)Pn|| < 1—cpn, which implies Nhrﬂ |Pn(I—G)Px| = 0. Hence,

to conclude, it suffices to note that
I-G= PN(I—G) + (I—PN)(I—G) = PN(I—G)PN+TN,
with a finite rank operator Ty . 1

Now we recall Volberg’s necessary and sufficient condition for a family R(A)

= (”Zii"‘l) S of H? reproducing kernels to be an asymptotically orthonormal
n n=1

basis of its hull (see [28]).

THEOREM 3.8. (Volberg) Let A = (Ay)n,>1 C D. The following statements
are equivalent:

(i) R(A) is an asymptotically orthonormal basis of its hull.
(ii) ngrfoo |Bx, (An)| = 1, where By, = H by, -
k#n

Next, we need the following lemma.



BASES OF REPRODUCING KERNELS IN MODEL SPACES 535

LEMMA 3.9. Let A = (An)p>1 C D and © be an inner function in H>.
(i) Assume that

lim [By,(A\)|=1, and  lim |©(\,)]=0.

n——+oo n—-+4oo

Then Re(A) = (%) € (AOS).

(ii) Assume that Re(A) € (AOS). Then R(A) € (AOS).
(iii) Let M = (ptn)n>1 C D be such that

[bx, (kn)| < € < 1.
If R(A) € (AOS) then R(M) € (AOS).
Proof. (i) Since ngrfoo |Bx, (An)| = 1, we get from Volberg’s theorem that
R(A) € (AOS). Therefore there exist ¢y, Cy — 1 such that

k 2
2 An 2
(3.6) en Y lanl* < BT <COn Y lanl”
Since hr—{l |[©(An)| = 0, we have
ke (AP 2y _
ST e (180 = 1

Hence Rg(A) € (AOS) if and only if (ke(")‘”)) - € (AOS). Moreover

Tox, |
a
2 o IIkxnll '

2

Z W N
and
il 180Pen D fanf” < || D an®Q) ey
(37) " n>=N n>=N An
< sup |O(\,)[*Cy Z |an)?.
n2zN n>N

Comparing (3.6) and (3.7), we find that Rg(A) € (AOS).

(ii) Let (¢n),>1 be the biorthogonal family of Re(A). Then it is clear (for
instance, from Lemma 3.7) that (¢,,),> is also an asymptotically orthonormal
basis of its hull. Moreover, we have

. . ko(,An) . 1
lim dist? < ,Span(ke (-, A\,) + k # n)) = lim ——==1
n—-+oo0 ke (-, An)ll” n—+oo [¢hn]|?
Then we use a formula proved by I.A. Boricheva:
dist (M ,Span(ke( -, \x) k#n))
ke (-, An)ll’
Oir1(A)[?
— |B 2 | i+1 ,
52,00 Tl o i, (o

i>1
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where O, are the Schur-Nevanlinna functions associated to (0, A) (see [6]). Since

[ l-Owmbnr
L T 10 On)PTes, O =

we get
ko(-,A
dist” (@() Span(ke (-, ) 1 k # n)) < |Bx, (An)?,
ke (-, An)ll
o lir_~r_1 |Bx, (An)| = 1, which implies by Volberg’s theorem that R(A) is an
asymptotically orthonormal basis of its hull.

(iii) Set d,, :=|Bx, (An)|. Since liIJIrl 0p, = 1, there exists N € N such that

2¢e
A= inf 6,,.
1+52<nu211v "

Using Lemma 3.13 below, we get, for k > N,

IT [bx; (Ak)| = A 5
[T 1o ()] > 28 -2
Ll 1= X1 by, O0)] 1= A%
J J#k

Hence
li . =
i T 1 ()l = 1.
J#k

which implies by Volberg’s theorem that R(M) is an asymptotically orthonormal
basis of its hull. &

The following stability result will be derived from Theorem 3.3 and Lem-
ma 3.9.

THEOREM 3.10. Let Rg(A) € (AOS) be such that
ngr}rloo [©(A)| = 0.

Let M := (pin)n>1 C D such that

lox, (1n)| <e <1, n>1.

Then there exists N € N such that (M

er(wun)\l)n%\, 1 a Riesz basis of its hull.

REMARK 3.11. When compared to Kade¢’s theorem, our result seems to be
surprising. But, in fact, as it was mentioned above, we use hyperbolic distances
whereas Kadec¢’s theorem uses the Euclidean ones. So our result is sharper for the

case sup Im(\,,) = +o0o and worse for the case inf Im(),) = 0.
n>1 n>1

3.3. PrROOFS OF THEOREMS 3.1, 3.3 AND 3.10. First of all, we give auxiliary
results which will be useful in the sequel.
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LEMMA 3.12. Let \,p € D and 0 < & < 1 be such that |by(p)| < e. Then we

have )
Ll L= _ (14e)
2\1+¢ 1—|pl? 1—¢
Proof. Thanks to a lemma of Vinogradov-Havin (see [12]), we have

l—e 1—|A\ _1+¢
< < -
14+e " 1—|ul 1-¢

Then it suffices to notice that 1 — [\ <1 — A2 <2(1—|A]).

LEMMA 3.13. Let A(A\y)n>1 be a sequence satisfying the Carleson condition
with constant 6 = §(A). Let 0 < A< 1. If % <6 and

[bx, (n)| < A, n 21,
then M := (n)n>1 € (C) and, more precisely, we have

5—20/(14A2)
M) Z T A ey

Proof. See e.g. [11], page 310. &

REMARK 3.14. This lemma means that (kx,)n,>1 is (5)-stable as soon as

Sup €, < A.
n>1
If A =0/3, we have
0(M) = 46/3.
If A =4/2, then we have
S(M) > 8.

LEMMA 3.15. Let A = (A\y)n>1 € (C) so that 5(A) > 6 > 0. Then for any
function f € HY, we have

Do 1)UL = [Aal?) < 32(1 + 2log 1/8)| £14.

n>=1

Proof. For g =2, see [17]. For g # 2, using the Riesz-Smirnov factorization,
we get the result from the case ¢ =2. 1

LEMMA 3.16. Let A = (Ap)p>1 € (C), and let 6 = §(A) be its Carleson
constant. Suppose (iin)n>1 15 a sequence in D satisfying
1)

bl S <5, Va1

Then for any function f € HY, we have

2 1500) el ) < o101+ /0) (58 ) (57 ) W




538 EMMANUEL FRICAIN

Proof. Set g(z) := %. Then it is easy to see that g € HY. As

Q(\n,0/2) C D, we can apply the maximum principle. Hence

lgAn)l < sup g6l
£€0N(An,0/2)

If £ € (A, 6/2), we have [by, (€)] = [|bu, (An)] — [ba,, (€)
f(>‘n) - f(,un) 1 ] -
‘ by, (An) S52—¢ 568;&35/2) |£(€) = f(mn)l-
Then, consider uy, € 02(An,d/2) such that
|f<un)| = sup |f(§)|

£€0Q(N\,,6/2)

| > 6/2 — . Therefore,

We get
f(>\") — f(,un) 2
‘ b On) | S 72— ()l
Consequently,
q
|f(>\n) - f(,LLn)|Q(1 - ‘/‘n|2) < <5/22€_€) (1 _ |#n|2)|f(un)|q

On the other hand, |b,, (un)| < b, (An)|+bA, (un)] < €49/2. From Lemma 3.12,
we get

14+e+6/2

)=l

1_|”"|2<2(155/2

Thus
10w) = £e1900 = o) <272 ) (T35 )1 = P,

Moreover, as |bx, (un)| < /2, it follows from Lemma 3.13 that (u,),>; satisfies
the Carleson condition and we have

. Uk — Uy
1gf R > 68,
k>1

Tk

1-— Ukuyj
Using Lemma 3.15, we obtain
> (L= Junl?)If (wn)|? < 32(1 + 61og 1/8)||f]4,
n>1
which completes the proof. 1

Proof of Theorem 3.1. Let € < §/2 be a number satisfying (3.1) and (3.2)
and let M = (n)n>1 C D be such that

sup [bx,, (pn)| <e.

nz

From Lemma 3.12, it follows that

1/1—¢ 1— A2 1+¢
3.8 - < <2 . Vn>1.
(38) 2(1+5> 1 —|pn|? l1-¢ "
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On the other hand, we have

OAn) = O(un) | _ H O — O(un)
b)\n (/’Ln) b,un

Hence |©(\,,) — ©(un)| < 2¢ and then

sup |©(pn)| < sup |O(\,)| + 2¢ < 1.
n>1 n>1

— 10 = Otn) e < 2.

oo

Consequently, thanks to the characterization of unconditional bases recalled
in Subsection 3.1, to prove that (ke(-, ftn))s>1 is an unconditional basis in K,

it suffices to check that Jg as is an isomorphism from K& onto £9((1 — |u,|?)/9).
In view of Lemma 3.6, we have, for all f € HY,

1/q
(39) (100 = o = ) < G

n>1

C(6,¢) = (64(1 +6log1/6) (%)) v (5/2255> .

This implies that Jg s is a continuous operator from K¢ into £4((1 — |u,|?)1/9).
Denote by U the operator defined from ¢£9((1 — |\,|?)/?) onto £9((1 — |p,|?)*/9)
by Ua := a, a € £9((1—|)\,|?)*/7). From (3.8), it follows that U is an isomorphism

and
1+e\Ye
1—¢ ’

where

o< (2

Further, we have

Jor =UJon+Joy —Uldos =Udon(I+JIghU " (Jou —Uldoa)).
Hence to prove that Jg s is an isomorphism, it suffices to check that

IS AINU 1 e.n — Udoall < 1.
But inequality (3.9) means that
lJo.mr — UJeall < C(4,¢),

and the result follows from (3.2). 1

To prove Theorem 3.3, we use an operator approach based on the criterion
of Hruscev, Nikolski and Pavlov for bases of reproducing kernels.

Proof. Let (pin)n>1 C D be such that

001 —+~
b n)| <e:i=supe, < ——.
[bx,, (1im)| sup S17
) 5% 1 — )
Since 3174 < 5, we deduce from Lemma 3.13 that M := (pn),>1 € (C) and

§(M) > &3. Using the criterion of Hruscev, Nikolski and Pavlov, it remains to
prove that -
diSt(@BM, HOO) < 1.
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It follows from a theorem of P. Jones and S.A. Vinogradov (see, for instance, [17],
Lecture VIII, Section 4) that there exists f € H* satisfying

8
flpn) = Balpn),  and |[fllc < 55 Sup [ Ba(ptn)]-
Therefore By — f € ByyH™ and | fllo < $5¢. So

. = oo 8
dist(BaBar, H®) < || flloo < 56¢-
Let g,h € H* be such that

(3.10) 0B — hlloo = dist(©B4, H>) = v,
and

_ 8
(3.11) |BABM — glloo = dist(BaBas, H®) < 56¢

which implies that ||g|lsc < 45 + 1. Moreover since ©By; — gh = ©Ba(ByBar —
g) + (0B — h)g, we have

dist(0Bar, H*) < [BaBwm — glloo + [|9lloc[©Ba — Ao
Hence we get from (3.11)

_ 8 8
diSt(@B]\/[,HOO) < (;fGE + (565+ 1)’}/ <1l. 1

Proof of Theorem 3.10. Using Lemma 3.9, we see that R(A) and R(M) are

(AOS). Hence there exist constants ¢y, ¢y, Cn,Cny tending to 1 and such that,
for every sufficiently large IV, we have

2
(3.12) en D lanlllkx, P < || D anka,|| < COn Y lanl? [k, I,
n>N n>N n>N
and
2 ~
(3'13) EN Z |an|2||kll/n||2 < Z ankﬂn < CN Z ‘an‘2||kun||2'

Write Ay = (An)n>n and My = (fn)n>n- Then, we have
dist(0Bay, H) = [|Hep, |l =P5,, |0H?|| = ||Pon:|Ks,, |,

where Pg 2 is the orthogonal projection onto © H2. Moreover,

2 2
\P@Hz(z anm) | T wd0wh | <ox S anPle0u Pk, P
n>N n>N n>N
< O sup [0 3 lanlllk, |

2

C
<X sup |O(\,)|?
CN n>N

)

2 anky,
n>1
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by (3.12). Hence [[Poy2|Kp, || < ,/%JVV sup |©(A,)|, which implies that
n>N

A}im dist(©By,, H®) = 0.

Moreover, as previously, we show that

— |C
dist(Ba Bary, H®) < || =2,
CN

Therefore, arguing as in the proof of Theorem 3.3, we get

dist(©B sy, H®) < \/ g& + (\/ @E + l)dist(@BAN,H"o)7
CN CN

and we can choose N sufficiently large to make the last quantity strictly less than 1,
whenever € < 1. 1

The proof of Theorem 3.4 is similar to that of Theorem 3.1, with the following
lemma in place of 3.15.

LEMMA 3.17. Let E be a complex separable Hilbert space. Let A = (M)
be an N-Carleson subset of D, so that

N
A=JA, A€(0),
=1

and denote by §; the Carleson constant of A;. Then for any function f € H*(E),
we have

N
D =PPIFONE <32 (1 +210g1/6:) | flIFr2s)-

A€o i=1

Using an orthonormal basis of E, we prove this lemma in the same way as
Lemma 3.15.
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