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ABSTRACT. In this paper we characterize when the product of two block
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1. INTRODUCTION

This work is motivated by two recent papers [9] and [7]. In [9], T. Yoshino answers
the question of when the products of two Hankel operators (on the Hardy space)
is also a Hankel operator. In [7], R.A. Martinez-Avendano characterizes when a
Toeplitz operator and a Hankel operator commute.

In this paper we obtain generalizations of these two results for block Hankel
and Toeplitz operators on vector-valued Hardy space. We also characterize when
the product of a Toeplitz and Hankel operator is a Hankel. These results are
motivated by the classical results in [2] where Brown and Halmos characterized
when the product of two Toeplitz operators (on the Hardy space) is also a Toeplitz
operator and when two Toeplitz operators commute.

The aim is to describe the algebraic properties of the Toeplitz and Hankel
operators via the properties of their symbols. Our basic idea is to reduce operator
equations involving Toeplitz and Hankel operators on the Hardy space to some
operator equations on the subspaces of constant functions. These equations on
the subspaces can be readily reduced to the relations on the symbols of these
operators. This idea has been used in the author’s paper [5] to show that if the
product of six Toeplitz operators is zero, then one of them has to be zero. This
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idea provides an unified framework for these algebraic problems of Toeplitz and
Hankel operators.

We give an outline of the paper. In Section 2 we answer some algebraic
questions for Toeplitz and Hankel operators in the setting of an abstract Hilbert
space. This abstract approach does not use the symbols of Toeplitz and Hankel
operators, which demonstrates its generality and simplicity. In Section 3 we apply
the results of Section 2 to answer the question of when a block Hankel operator
and a block Toeplitz operator on vector-valued Hardy space commute. We also
characterize when the product of a block Hankel and a block Toeplitz operator is
a Hankel operator. In Section 4, by using the results of Section 2 we show that
if the product of two block Hankel operators on the Hardy space is also a Hankel
operator, then their symbols have to be simple rational functions.

In Section 5, we note that if the product of three or more Hankel operators is
a Hankel operator, their symbols can be quite general, however if all the products
of three Hankel operators (by varying their positions in the products) are Hankel
operators, then their symbols are quite special and related to inner functions. This
result is motivated by recent work of Xia and Zheng ([8]) and the author ([5]) where
the questions when all the products of three Hankel operators are zero or of finite
rank were discussed. We end this section by stating a conjecture concerning when
all the products of a finite number of Hankel operators are Hankel operators.

2. HANKEL AND TOEPLITZ OPERATORS ON A HILBERT SPACE

Let K be a complex separable Hilbert space. Let S be a pure isometry on K (i.e.,
S*S =1 and S*" — 0 strongly as n — o0). Set

A=1-85" and Ky=AK.

Note that A = Py, where Pk, is the projection onto K. The subspace Ky is
called the wandering subspace of S and the whole space K can be decompose as

K=Ky®SKy®S*’Ky®---.

See page 125 in [3] for more details. A linear bounded operator T on K is a
Toeplitz operator if T" satisfies the operator equation S*T'S = T and an operator
H is said to be a Hankel operator if HS = S*H.

In this section we discuss several algebraic problems for Hankel and Toeplitz
operators on K. The basic idea is to reduce operator equations involving Toeplitz
and Hankel operators on the space K to operator equations on the subspace K.
Those operators equations on Ky can be readily reduced to relations on the sym-
bols of these operators as will be done in the subsequent sections. The abstract
approach of this section does not use the symbols of Toeplitz and Hankel operators,
which demonstrates its generality and simplicity.
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LEMMA 2.1. If Hy and Hs are two Hankel operators and Ty and Ty are two
Toeplitz operators on K, then

S*(TlHl - HQTQ) - (TlHl — HQTQ)S = S*T1AH,| + HyAT,S.

Proof. Note that

S*TVHy = S*T(SS* + A)H,
= S*T1SS*H, + S*T1AH,
=T H,S+ S*ThAH;
= (TyH, — HoTo)S + HoToS + S*TyAH,
= (T1Hy — HoT5)S + Ho(SS™ + A)T5S + S*Th1AH,
= (T H, — HoT»)S + HySS* TS + Ho AT, S + S*T1AH,
= (T1Hy — HoT3)S + S*HyTy + Ho ATy S + S*T1AH,.

The lemma follows from the above equations. 1

The following theorem essentially reduces the operator equation TH = HT
on the whole space K to some operator equations on the subspace Kj.

THEOREM 2.2. Let H be a Hankel operator and T be a Toeplitz operator on
K. Then TH = HT if and only if

(2.1) HATS + S*TAH =0
(2.2) (TH — HT)A = 0.

Proof. The necessity is clear from the above lemma. (With H = Hy = H,
and T =Ty =Tb).

Now we prove the sufficiency. Let D = TH — HT. By assumption (2.1) and
the above lemma

S*D = DS.

Therefore
ker(D) D Sker(S*D) D Sker(D).

Thus ker(D) is invariant for S. By assumption (2.2), ker(D) D Kj. Therefore, by
the invariance of ker(D) for S,

ker(D) D) SKQ

By iteration, ker(D) D S™Ky for n > 0. We conclude that D = 0. That is,
TH=HT. 1
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THEOREM 2.3. Let Hy Hy be two Hankel operators. Then HiHs is also a
Hankel operator if and only if

(2.3) H\AH,S — S*H;AH =0
(HyH,S — §*HyHy)A =0
(H,H,S — §*HyHy)*A = 0.

Proof. Note that

H\H>S = H,SS*HS + HiAH,S = S*(H, HyS)S + H i AH,S
S*HyHy = S*H,SS*Hy + S*HiAHy = S*(S*H, Hy)S + S*H AH,.

Let D = H{H3S — S*H1Hs. Subtracting the above two equations gives
D= S*DS + H1AH25 - S*HlAHQ

Assume H; H> is a Hankel operator. Thus D = 0. The necessity of condition
(2.3) follows from the above equation.

Assume now conditions (2.3), (2.4) and (2.5) hold. The above equation
implies that D = S*DS. By assumption (2.4), ker(D) D Ky, thus

ker(S*DS) = ker(D) D K.
Therefore
DSKy C ker(S*) = K.
On the other hand, the assumption (2.5) ker(D*) D Kj implies that
DSK C range(D) C [ker(D*)]* C Ky

Thus ker(D) D SKy. Repeating the above argument with the fact that ker(D) D
SKy, we see that ker(D) D S?Kjy. By iteration, ker(D) D S"Kj for n > 0. That
is, D = 0. Therefore HyH5 is a Hankel operator. 1

PrOPOSITION 2.4. Let Hy Hy and Hs be three Hankel operators. Then
HyHsHs is also a Hankel operator if and only if

S*HyHoAHy = H; AHyH;S.

Proof. Note that
H,H5H3S = H1SS*HsH3S + HIAHyH3S
=S*H H,SS*Hs + HHAHoH3S
= S*H Hs(I — A)H3 + HIAHyH3S
= S*H\HyH3 — S*H1HyAHs + HHAHoH3S.

The lemma follows immediately from the above identity. 1
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THEOREM 2.5. Let Hy Ho, H3 and Hy be four Hankel operators on K. Then
H,Hy; = H3H, if and only if

HyAH, — HyAH, =0
(HiHy — H3Hy)A =0
(HiHs — HyHy)*A = 0.

Proof. Note that
H\Hy = H1SS*"Hy + HHAHy = S*(H1H3)S + Hi1AH»
Hs;H, = H3SS*"H, + HsAH, = S*(H3H4)S + HsAHy.
Let D = H1Hy; — H3H,. Subtracting the above two equations gives
D =5"DS+ HiAHy — H3AH,.
The rest of the proof is similar to that of Theorem 2.3. &

PROPOSITION 2.6. Let H be a Hankel operator and T be a Toeplitz operator
on K. Then HT is a Hankel operator if and only if

HATS = 0.

Proof. Note that
HTS =H(SS*+A)TS=HSS*TS+ HATS = S*HT + HATS.

The result follows immediately from the above identity. 1

3. COMMUTING TOEPLITZ AND HANKEL OPERATORS

Let L? be the space of Lebesgue square integrable functions on the unit circle
and L*° be the space of essentially bounded functions on the unit circle. The
Hardy space H?(D) is the closed linear span of analytic polynomials in L?. In
this section we apply Theorem 2.2 to Toeplitz and Hankel operators on the vector
valued Hardy space H2(D) which is the direct sum of n copies of (scalar) Hardy
space H2(D). Let L%, be the space of all n x n matrices with entries in L.
Let P be the projection from L2 (D) onto H2(D). The Toeplitz operator Ty with
symbol ® € L . is defined by

Tsh = P(®h), he H2(D)
and the Hankel operator Hg with symbol ¥ € L%, is defined by

nxn
Hyh = P[gV(2)h(Z)], he€ H*(D).
It is clear that Hy depends only on (I — P)¥. So unless otherwise stated, if ¥ is the
symbol of the Hankel operator Hy, we will assume ¥ is such that (I — P)¥ = 0.
Let S be the unilateral shift on H2(D), or S = T, where I stands for the n x n
identity matrix. For F(z) € L2, let F* be the adjoint of F and F = F*(z). It is
well known (and easy to see that) TeTg = Tog and HyTg = Hye it G € HS, ,;
Tj =Ty and Hy = H.
We will make use of the following definition.
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DEFINITION 3.1. Let @ be an n x n matrix with entries in L?. The matrix-
valued function ® is said to be regular if the n column vectors of ® are linearly
independent in L2 (D).

THEOREM 3.2. Assume both P[z®(z)] and P[z®*(z)] are regular. Then
TeHy = HyTe if and only if U = (I — P)[®(Z)A] for some constant n X n
matriz A with ® such that both ®(Z)A + AP(z) and ®(Z)AP(2) are analytic.

Proof. Let ey, ..., e,_1 be the standard basis of the n dimensional Euclidean
space C". Note

A:I—SS*:I—TZITZ*I:60®60+€1®61+‘~'+€n71®6n,1.

We first prove the necessity. We will assume n = 2 since the proof for the general
case is analogous. By Theorem 2.2, To Hy = HyTs implies that

H\p(eo ey t+e1 @ el)T.:pS + S*Tq>(€0 Xeyg+e1 61)H‘p =0.
Equivalently
(31) Hyeg ® S*Tqﬁeo + Hyger ® S*T&Eel = -S"Tsey @ H:Ik,(:’o — S*Tpe; @ H\’Ik,el.

By assumption, P[z®*(z)] are regular, thus S*Tgeq and S*Tge; are linearly in-
dependent. By equating the ranges of the operators on two sides of the above
equation, we see that there exists a constant 2 x 2 matrix A = (a,;) such that

(3.2) [Hyeo Hyer] =[S"Tpeo S*Tyer] {Z; Z;z] .

Plugging the above equation into (3.1), we have

(a115*Toeq + as1 S*Toer) @ S**Tieq + (a125* Tapeo + aS*Toer) @ S*Tihey

= S*Tpeo ® (@15 Theo + @125 Ther) + S*Tper @ (a1 S™* Theo + a2z S Ther)
= —S"Topeq ® S;Hyeg — S*Toe; @ ST Hye.

By assumption, S*Tgeg and S*Tge; are also linearly independent, thus

a2 a2

53 [Hyeo Hyei]=—[S*Tieo S*Tgel]{‘“l “21]

= —[S*Tieo S*Tjhei] A*.
Now equation (3.2) reads as
[Hyeo Hyer] = {P {Z\I/(z) [é” P {Z\I/(z) MH — P[zU(3)]
= [S*Tpeq  S*Tope ] {Z; Z;i] = P[zd(2)A],

equivalently,
U = (I — P)[@(E)A] or Hy = H@(E)A-

Next by equation (3.3) and Hj = HjI;(E)A = Hj-p(2)+, we have
[Hyeo Hgei]=[Haa)+e0 Haa)-e1] = P[ZA™®"(Z)]
=—[S*Tjeq S*Tiel] A* = —Plz0*(2)A"].
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Thus
P[zA*®*(z)] = —P[z®" (2)A™].
That is, P[Z(A*®*(Z) + z2®*(z)A*)] = 0. This implies that A*®*(Z) + ®*(2)A* is
conjugate analytic. Equivalently, ®(z)A + A®(z) is analytic.
Now by equation (2.2) and Hy = Hgz)a,
0 = [(T@H\p — H@T@)eo (T@H\p — H@T@)el}
=[(TsHoza — HozaTs)eo (ToHema — Homals)e: |
= P[®P[z®(2)A]] — P[z®(2)A[P®](Z)]
= P[z2zP[z®(z)A]] — Plza®(z)A[PP](Z)]
= P[z®(2)[2P[z®(2)A] — A[P®|(Z)]]
= —P[z®(2)A®(Z)].
In the last equality we note that
2P[z®(2)A] — A[P®](z) = —P[A®(Z)] — (I — P)[A®(2)] = —AD(z),
since
A[P®](z) = (I — P)[A®(z)] + A®(0)
and ®(2)A + A®P(Z) being conjugate analytic implies that
2P[z®(2)A] = —2P[zA®(Z)] = —P[A®(Z)] + A®(0).
Thus ®(2)A®P(Z) is conjugate analytic. Replacing z by Z, we see that ®(z) AP(z)
is analytic.

The sufficiency is clear from the above arguments and Theorem 2.2. This
completes the proof. 1

REMARK 3.3. If ¥ is regular and To Hy = HyTg, then, by equation (3.1),
P[z®(z)] = 0 implies that P[z®*(z)] = 0. Without the assumption that both
P[z®(z)] and P[z®*(z)] are regular, the characterization for To Hy = HgTo is
more complicated.

In the scalar case the above theorem reduces to the following result of
R.A. Martinez-Avendano ([7]).

COROLLARY 3.4. ([7]) Assume ¢ and v are scalar functions and ¢ is not a
constant. T,Hy = H, Ty, if and only if (z) = a(I — P)[¢(Z)] for some constant
a and both ©(Z) + ¢(z) and p(Z)p(2) are analytic.

A description of functions ¢ and 1 with properties as in the above corollary
was given by Lemma 9 in [7]. We are not successful in giving an explicit description
of matrix-valued functions with those properties as in Theorem 3.2. We now state
the following characterization for commuting Toeplitz and Hankel operators which
is Theorem 10 in [7]. Let m be the Lebesgue measure on the unit circle 9D. For
subsets E, 1 and Es of 0D, let

E*:{ESZEE}, EC:8D\E and E1AE2:(E1\E2)U(E2\E1)

Let kg denote the characteristic function of the set E.
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THEOREM 3.5. ([7]) Let ¢ € L. The nonzero Hankel operator H commutes
with the Toeplitz operators T, (not a multiple of the identity operator) if and only
if H = H,p(z) where o is a constant and ¢(z) = akp + b, with constants a and b,
and E C 0D such that m(E* A\ E°) = 0.

It is well-known that for scalar functions ¢ and ¢, HyT,.) = T, Hy if and
only if ¢ is analytic, see a proof of this in [7]. Indeed this fact plays an important
role in the proof of Corollary 3.4 above by Martinez-Avendano’s approach. There
seems no such an analogous result for block Toeplitz and Hankel operators because
of the non-commutativity of matrices. If ¢ is analytic, then HyT, ;) = Hyp(2). A
related question is to ask when the product of a Hankel and Toeplitz operator is
also a Hankel operator. The following proposition answers this question.

PROPOSITION 3.6. If @ is reqular, then HeTy is a Hankel operator if and
only if ¥ is analytic.

Proof. If ¥ is analytic, it is clear that HeTy = Hey. So we need to prove
the necessity. We again prove the result by assuming n = 2. By Proposition 2.6,
Hg Ty is a Hankel operator implies that

Hq>(€0 ®eyter® el)T\pS =0.
Equivalently
Hgpeg ® S*T&k,eoeo + Hpe1 ® S*T\f,el =0.
By the assumption, ® is regular, thus Hgeg and Hgpe; are linearly independent.
Therefore
0=[5*Tgeq S*Tyer] = PzU*(2)].

Therefore ¥ is analytic. This completes the proof. 1

4. PRODUCT OF TWO HANKEL OPERATORS

If A is a constant n X n matrix whose eigenvalues are inside the unit disk, then
(I —zA)~! is analytic inside the disk and has the following power series expansion
(4.1) (I—zA)7"" =) Az
i=0
To see this, let Ag be the Jordan form of A and C is an invertible matrix such
that
CAC™'=Ay=D+E,

where D is a diagonal matrix and F is a matrix such that E™ = 0. Then for i > n

n—1 .

Al=C'AC =C YD+ E)'C=C" [Z [(1)} DijEJ} C.

- J

7=0
Since D is a strict contraction, we see that the series in (4.1) is indeed convergent
in |z| < 1. In the scalar case, for |a| < 1, (1 — az)™! is an eigenvector of S*. In
the vector-valued case, (I — zA)~! acts like an eigenvector of S* since

S*(I—zA)"' = Plz(I—zA)"Y] = P[z(ZAizi)] =Y AFTN = A(I-zA)7N
i=0 i=0
By the above discussion, it is easy to verify the following lemma.
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LEMMA 4.1. Let A be a constant n X n matrices whose eigenvalues are inside
0 .
the unit disk. Let F(z) = > F;2* € H3,,,. Then
i=0

nxn-
P[F(Z)(I - zA) Y = F(A)(I — zA)~!
where F(A) = i}FZ—Ai,
Now we plr_ove the main result of this section.

THEOREM 4.2. Assume ® and ¥ are reqular. HeHy is a Hankel operator if
and only if there exist constant nxn matrices A, L and R such that the eigenvalues
of A are inside the unit disk and

(4.2) ®(z) =zL(I —zA)™, W(2) =% -zA)"'R.
If this is the case, then He Hy = Ho where
(4.3) O(2) =zZL(I —zA)"'(I — A>)"'R.

Proof. We first prove the necessity. Without loss of generality, we assume
n = 2. Note
A=T—-585"=eyQey+e1Qey.

By Theorem 2.3, Hg Hy is a Hankel operator implies that

Hgp(eo®ep+e1 ®e1)HgS =S Ha(eg @eg+e1 ®e1)Hy.
Equivalently
(4.4) Hopeg ® S*Hyeg + Hoey @ S*Hyen = S*Hpeg @ Hyeg + S*Hpey @ Hyey.

By equating the ranges of the operators on two sides and using the independence
of Hjeog and Hjeq, we see that there exists a constant 2 x 2 matrix A = (a;;) such
that

* * _ ail a2
(45) [S H¢>60 S Hq;.el] = [Hq;eo H¢>61} |:a21 a22:| .

We now show that all the eigenvalues of A have modulus less than 1. We
will do this by proving that any eigenvalue of A is also an eigenvalue of S* (as an
operator on H?). Without loss of generality, assume

C1AC = [a 0}

1 «

for some invertible matrix C'. Write

[Hseo H¢61}C[Zigg Zzgzg]

and note that by assumption the column vectors of the above matrix is linearly
independent. Multiplying equation (4.5) by C, we have

S*bu(z) S*b12<2’):| _ |:Oéb11(2)+b12(2> Ozblz(z):l
S*b21(z) S*bgg(z) Ozbzl(Z) +b22(2’) Ozbgg(z) :
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Therefore « is an eigenvalue of S* (as an operator on H?).
Plugging equation (4.5) into (4.4), we have

Hgpeo® S*Hyeo+ Hoey ® S*Hyeq
= S"Hgpep @ Hyeg + S*Hpey @ Hyeq
= (a11Hoep + a1 Hoer) ® Hyeg + (a12Haoeg + azoHaer) @ Hyeq
= Hpeo @ (a1 Hyeo + arzHyer) + Hoer ® (aarHgeo + azzHyer).
Therefore, by the assumption that Heey and Hgep are linearly independent,
(4.6) [S*Hjeo S*Hjyei]=[Hjyeo Hiel]A™.
It follows from equation (4.5) that
[S*Hgeo S*Hgpei]=[H.peo H.pSei]= PE*®(Z)]
=[Hgpey Hoe1|A= Pz®(Z)A].

That is

(4.7 PE®(Z)(zI — A)] = 0.

We claim there exists a constant n x n matrix L such that
(4.8) ®(2) =zZL(I —2A)~ L.

Let F(z) = Y F;z' := z®(z). F(z) is analytic since we are assuming ®(z) =
i=0

(I-P) [(ID(z)].:Now equation (4.7) becomes
PEF(2)] =) Fz'™' =Y F2' = P[F(2)A] = Y FAZ.
i=1 i=0 =0
Therefore F;11 = F;A for i > 0. So we have

F(2):=20(2) = Y FoA'z' = Fo(I — zA)7".
i=0
This proves our claim (4.8) with L = Fp.
Similarly, equation (4.6) implies that

P[Z2U*(2)] = P[zU*(2)A*].
Therefore, there exists a constant matrix R such that
U(z) =2z(I —zA)'R.

Next we prove the sufficiency. Assume ® and ¥ can be represented as in
(4.2). The above arguments show that equation (2.3) holds. To verify equation
(2.4), we note that

[H\I/S(io H\I/S(?l] = P[E\I/(Z)EI] = P[E(I — ZA)_lR] = (I — ZA)_lAR

and
[HeHySey HeHySe ] = PE®(Z)A(I —ZA) 'R

P[L(I — zA)"Y(I —zA) ' AR]
L(I —zA)" (I — A7 AR,
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where the last equality follows from Lemma 4.1. Similarly
[S*HyHyey S*HgpHyey]= PEL(I —zA)"'(I —ZA)"'R]
=L(I —zA)"Y(I - A?>)7'AR.

Equation (2.5) can be established analogously. By Theorem 2.3, Hg Hy is a Hankel
operator. Set Hy Hy = Hg.

P[E@(E)} = [H@@O H@@l] = [H@queo H@H\yel]
=L(I —zA) (I — A*>)"'R.
Thus O is represented as in (4.3). This completes the proof. 1

THEOREM 4.3. Assume ®1 and @y are reqular. Hy, Hy, = Hy,Hs, if and
only if Vo = @1 A and ¥, = ADs for some constant matriz A.

Proof. We will prove the theorem for n = 2. By Theorem 2.5, Hp, Hy, =
Hg,Hg, implies that

Hgp, (e ®ep+e1®e1)Hy, = Hy,(eg R ey +e1 ®er)Hep,.
Equivalently
(49) Hcpleo ® H:Ik,leo + Hq>161 ® H\’ijlel = Hq;2€0 ® H;,QGO -+ H\I;261 X H&;Qel.

Since by assumption Hg eo and Hg e; are linearly independent, there exists a
constant matrix A such that

[H\pZGO H\p261] = P[E\I]2(E)] = 2\112(5) = [Hq;.le() Hq>1€1 ] A= E@l(E)A.

Therefore U5 = &1 A. Plugging this relation into equation (4.9) and using the
linear independence of Hg,eg and Hg, e, we conclude that

[Hy,eo Hy el] =PVi(2)] =2V](2) = [Hg,eo Hi,e1] A* =z®5(2)A,
thus ¥y (z) = ADo(2).
On the other hand, if V9 = ®; A4 and ¥; = A®,, then
Hy Hy, = Hy,Hpo, = Hp, TaHo, = Hp, aHo, = Hy,Ho,.
This completes the proof. &

COROLLARY 4.4. Assume ® is reqular.

(i) HoHy = HyHg if and only if ¥ = ®A = AD for some constant ma-
triz A.

(ii) HpHy = 0 if and only if ¥ = 0.

COROLLARY 4.5. ([2]) Let ¢ and ¢ be two scalar functions. H,Hy = 0 if
and only if either H, =0 or Hy = 0.
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5. PRODUCT OF THREE HANKEL OPERATORS

In this section we discuss when the product of three Hankel operators is also a
Hankel operator. This question can be answer readily by using Proposition 2.4.

THEOREM 5.1. Assume ®1 and ®3 is regular. H$1H¢2H$3 1s a Hankel op-
erator if and only if there exist a constant matriz A such that

(5.1) [@5(2) — A*]@1(2),  @3(2)[P3(2) — A'] € Hiy.
In this case, if we write

(5.2) Fi(z) := [95(2) — A%]@1(2)

(5.3) Fy(z) := 03(2)[®5(2) — A7),

then

(5.4) Hgy Ho,Hy, = He:(z)ry(z) = Hrr (2)95(3)-

Proof. Again we assume n = 2. By Theorem 2.2, H; Hg,Hj, is a Hankel
operator implies that

Hi (eo®eo+e1 ®er)He,Hy, S = S"Hi Hg,(eo ®eq+e1 @e1)Hg,.

By the assumption of the linear independence of Hg e and Hg e, and Ho,eo
and Hg,e, there exists a constant matrix A such that

[S*Hy Hs,eo S*Hg Hg,ei|=[Hgeo Hiei]A
[S*He,Hg,eo S*Ha,Hg e1] =[Hop,eo Hayer] A"
Equivalently
P[z®](2)®2(2) —2®7(2)A] =0
P[z®3(z)®5(z) — zP3(2)A*] = 0.
That is, (5.1) holds.

Assume now equations (5.2) and (5.3) hold. Multiplying (5.2) by ®3(z) on
the left and applying (5.3), we see that

D5(2)F1(2) = Fa(2)P1(2).
This shows that He:z)r; (z) = Hrr (z)03(3)-
To show that Hy He,Hj, = He:(z)ry(z), We note that by (5.3)
[H%Hff)seo H$2H¢361] = [H%—AH&;S@O H%,AH%Sel]
= P[(®2(z) — A)23(2)] = F5 (%)
Therefore
[H$1H<I>2H&k>3€0 H$1H®2H$381]
= PE®{(2)F; (2)] = [He; e Heymmmer ]
This completes the proof. 1§
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If &, and ®3 are matrix-valued inner functions, the conditions in the above
theorem can be expressed in terms of the divisibilities of matrix-valued analytic
functions. We state this result for the scalar case.

COROLLARY 5.2. Assume 01 and 03 are scalar inner functions. Hg H§2H§
1 3

is a Hankel operator if and only if for some constant o
(5.5) 011(02(2) — ) and 05(2)|(02(2) — ).

Recall an n x n matrix-valued analytic function © is inner if ©*(2)O(z) =
I xn. If © is inner, we also have ©(2)0*(z) = I, xn.-

PROPOSITION 5.3. Assume ©1 and Oz are matriz-valued inner functions

and ©2 € HSS .. H(S;H% H(";; is zero if and only if there exist a constant matrix

A and F(z) € HY,, such that
O2(z) — A = 03(2)F(2)01(2).

Proof. Without loss of generality, we assume ©1(0) = ©3(0) = 0. Otherwise
applying the previous theorem to H} I—@T(O)Hes H(S;—@;(o) (= H&Heg Hé;)~ By
the previous theorem, H(’gIH@; Hé; is zero implies that

Fy(2) := 03(2)[02(2) — A] € H.S,,

for some constant matrix A. Multiplying the above equation on the left by O3(z),
we have

[02(2) — A] = O3(2) F2(2).
Now Hg.He; Hg, = He, (z)r;(z) = 0 implies that 01(Z)F5(Z) = F*(z) for some
F(z) € HY,,,. Thus Fy(z) = F(2)O1(z). Combining this and the above equa-
tion, we prove the necessity. The sufficiency follows by a direct application of
Theorem 5.1. &

An immediate corollary is the following result from Xia and Zheng ([8]).

COROLLARY 5.4. ([8]) Assume 61,02 and 05 are scalar inner functions.
Hg HEQHg 1s zero if and only if for some constant
1 3

9193|(92(2) — 0[).

It is interesting to compare the condition for Hg HEQHék being a Hankel
1 3
operator from Corollary 5.2 to the conditions for Hg Hg, Hg being zero from the
1 3

above corollary.

For the product of two Hankel operators to be a Hankel operator, their
symbols have to take a very special form as seen from the last section. However
for the product of three Hankel operators to be a Hankel, their symbols can be
quite general as shown in Theorem 5.1. A similar phenomenon occurs in the
question of when the product of several Hankel operators is zero. If the product
of two Hankel operators is zero, then Brown and Halmos (Corollary 4.5 above)
showed that one of them has to be zero. But there are three nonzero Hankel
operators whose product is zero as seen from Proposition 5.3 above. However the
following result was proved by Xia and Zheng ([8]).
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THEOREM 5.5. ([8]) Let p1,p2 and w3 be three functions. If Hy H,,H

P37
* * * * o
H} Hy,H, and HZ Hy,HZ  are all zero, then one of Hy,, Hy, and Hy, is zero.

Yet another similar situation is when the product of several Hankel operators
is of finite rank. Axler, Chang and Sarason ([1]) showed that if the product of
two Hankel operators is of finite rank, then one of them has to be of finite rank.
Furthermore, in this case, the rank of the product of the two Hankel operator is
equal to the minimum of the ranks of the two Hankel operators. For an operator
A, let rank(A) denote the rank of A. The following analogue was obtained by the
author ([4]).

THEOREM 5.6. ([4]) Let p1,p2 and @3 be three scalar functions. Then
max{rank(Hg H,,H; ), vank(H; Hy, Hy, ), rank(H; Hy Hy )}

= min{rank(H,, ),rank(H,, ), rank(H,,)}.
In other words it H;, Hy,,Hy ,H; Hy Hj, and HZ Hy,,H are all of finite
rank, then one of H,,, H,, and H,, is of finite rank. In fact a version of the above
result for products of an arbitrary finite number of Hankel operators was proved
by the author ([6]) by using a result on the kernel of the product of several Hankel
operators. Inspired by these recent results we prove the following theorem.

H; Hy H, and

THEOREM 5.7. Let p1,p2,¢p3 € ZH>*. Then Hj, H,,Hy,
Hy Hy Hy, are all Hankel operators if and only if

(5.6) p1=alf —000)], ¢2=0[0-0(0)], ©3=[0-06(0)
for some constants «, 3,y and inner function 6. In this case

H: Hp HY, = H: Hp, HE = HY Hy, HY = GR7HS.

Proof. If p1, @2 and @3 are given by (5.6), then
H;, H,, HY, = GBYHE HyH: = afyH:,

since HgHg is the projection onto the range of Hg. This proves the sufficiency.
Now we prove the necessity. By Proposition 2.4, HZ H, Hg, is a Hankel
operator implies that

H:;l (60 &® eo)szH;;BS = S*chlHLPz (eo & eO)H:;3.
Therefore there exists a constant a such that
Plzo1(2)p2(2)] = S*Hy Hyp,eo = aH eo = aP[zp1(2)]

Plzps(Z)ps(2)] = S"Hpy Hy,e0 = aHyp 0 = aP[zp3(2)].

Equivalently there exists 41,y € H? such that

(5.7) 01(2)p2(2) — apr(z) =
(5.8) ©3(Z)p2(Z) — aps(z) =

NS
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Similarly, H; H,, Hj, and H; H,,H7 are Hankel operators implies that there
exist constants b and ¢, and y3, Y4, ys5,¥s € H? such that

(5.9) P2
(5.10) Y3

(5.11) e1(2)ps(z) —cor1(2) =05
(5.12) ©2(2)s(Z) — Cp2(Z) = Yo
Write equations (5.7) and (5.9

(p1(2) — b)(p2(z
(p2(2) —a)(p1(z
where x1, 29 € H?. Note that

71 =[(21(2) = b)(p2(2) — )] = (2(2) — @) (1 (2) — b) = Ta.

Therefore 1 and x5 are constant functions. That is

(5.13) (01(2) = D) (2(2) —a) = d
for some constant d;. Similarly, equations (5.8) and (5.12), and equations (5.10)
and (5.11) imply that
(5.14) (p3(2) — c)(w2(2) —a) = da
(5.15) (03(2) — ) (p1(2) —b) = ds
for some constants dz and ds. It follows from equations (5.13), (5.14) and (5.15)
that
(pali) - o) = 22D =D

_ dada(pi(z) = b)

d1d3

(p2(2) — a)
Therefore by (5.13),

(p1(2) = b)(p1(2) —b) =d

for some constant d. Since ¢1(2) € zH?, ¢1(z) — b is a constant multiple of an
inner function #. This completes the proof. &

We remark that in the above theorem the natural product is Hy, Hy, H7, in-
stead of Hy, Hy,, Hy,. Since Hy, Hy, HY,  HY Hy, Hy, and Hj Hy, Hy, are the ad-
joints of Hj Hy, Hp . Hj Hy Hp, and Hj Hy Hp . The condition that
H} H,,H; H} H, Hj and Hj H, H7, are all Hankel operators is equivalent
to the condition that all possible six products of three Hankel operators are Hankel
operators. It is curious to note that unlike the questions of when products of sev-
eral Hankel operators are zero or of finite rank, the question of when the products
of Hankel operators are Hankel operators admits different answers depending if
the number of Hankel operators involved is even or odd. We make the following

conjecture.
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CONJECTURE 5.8. If for any permutation o of {1,2,...,2n — 1,2n},
H«:au)H%(z) ---H;G(%A)H%(zﬂ) is a Hankel operator, then
— z—«
i = o]0 —0(0)], 0=-—-—
b= af-00) 0= 5

for some constants «; and « such that |a| < 1. If for any permutation o of

{1,2,...,2n,2n+1}, HY H -+ H, is a Hankel operator, then

%
Po(1)” " Po(2) ‘Pa<2n)H<Pa(2n+1)

pi = ;[0 — 6(0)]

for some inner function 0 and constants ;.
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