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ABSTRACT. In this paper we study operators of the form M(¢) = T'(¢) +
H(p) where T(p) and H(p) are the Toeplitz and Hankel operators acting
on HP(T) with generating function ¢ € L*(T). It turns out that M(yp) is
invertible if and only if the function ¢ admits a certain kind of generalized
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1. INTRODUCTION

This paper is devoted to the study of operators of the form

(1.1) M(p) =T(p) + H(p)

acting on the Hardy space HP(T) where 1 < p < oo. Here ¢ € L>®(T) is a
Lebesgue measurable and essentially bounded function on the unit circle T. The
Toeplitz and Hankel operators are defined by

(1.2) T(p): f—=Plef), H(p):fr— Ple(Jf)), feH(T),
where J is the following flip operator,
(1.3) Jof(t) =t (), teT,

acting on the Lebesgue space LP(T). The operator P stands for the Riesz projec-
tion,

(o] o0
(1.4) P Y fat™ = Y ful™, teT,
n=0

n=—oo
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which is bounded on LP(T), 1 < p < oo, and whose image is HP(T). The complex
conjugate Hardy space HP(T) is the set of all functions f whose complex conjugate
belongs to HP(T).

For a Banach algebra B (such as L>°(T) or H*(T)) we will denote by GB
the group of all invertible elements.

It is well known that a necessary and sufficient condition for the Fredholmness
and the invertibility of the Toeplitz operator T'(y) with ¢ € L*°(T) can be given in
terms of the Wiener-Hopf factorability of the generating function . Let us recall
the underlying definitions and results [3], [5], [6] (see also [8] for the case p = 2).

A function ¢ € L*°(T) is said to admit a factorization in LP(T) if one can
write

(1.5) p(t) = p- (W)t (t), teT,
where k is an integer and the factors ¢_ and ¢ satisfy the following conditions:

(i) ¢ € HP(T), p=" € HI(T),
(it) ¢+ € HU(T), 3" € HP(T),
(iii) The linear operator f — @5 ' P(¢Z"f), which is defined on the set of all
trigonometric polynomials and takes values in LP(T), can be extended by conti-
nuity to a linear bounded operator acting from LP(T) into LP(T).

Here p~! 4+ ¢! = 1. A factorization where merely (i) and (ii) but not
necessarily condition (iii) is fulfilled is called a weak factorization in LP(T). The
number « is called the index of the (weak) factorization and is uniquely determined.
As far as the authors know, the term “weak factorization” is first used in this paper.
The problem of weak factorization was studied by Litvinchuk and Spitkovsky
in their book [6], but was called “factorization” (while our “factorization” was
called “p-factorization”). The term generalized factorization is sometimes used to
indicate our factorization.

The crucial result is that for given ¢ € L*(T) the operator T'(y) is a Fred-
holm operator on the space HP(T) if and only if the function ¢ admits a factor-
ization in LP(T). In this case the defect numbers are given by

(1.6) dimker T'(¢) = max{0, —k}, dimker(T(¢))* = max{0, «}.

Hence T'(¢) is invertible if and only if ¢ admits a factorization in LP(T) with index
Kk =0.

The goal of the present paper is to obtain corresponding results for opera-
tors M () with ¢ € L>®°(T). We will encounter another type of factorization of
the function ¢ which is related to the Fredholm theory of these operators. The
investigations taken up in this paper are motivated by the results obtained in [1]
and [4].
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2. BASIC PROPERTIES OF M (i)

It is well known that for Toeplitz and Hankel operators the following relations
hold:

(2.1) T(pw) =T(A)T () + H(o)H (D),

(2.2) H(pp) = T(p)H () + H(p)T ().

Here 1(t) = ¢ (t~'). Adding both equations, it follows that
M(pp) = T(p)M () + H(p)M (),

and hence
(2.3) M () = M(p)M () + H(o)M (¢ — ).

In some particular cases, this identity simplifies to a multiplicative relation:
(2.4) M) = M(p)M ()

if o € H®(T) or ¢ = 1; Based on this identity one can establish a sufficient
invertibility criteria for M (y), which anticipates to some extent the factorization
result that we establish in this paper. Assume that ¢ € L*°(T) admits a factor-

ization ¢ = @_¢g, where ¢_ € GH>®(T) and ¢o € GL*(T) such that @y = ¢o.
Then M (y) is invertible and its inverse is given by M(gpal)M(gojl).

It is occasionally convenient to introduce the multiplication operator on
LP(T),

(2.5) L(p) : LX(T) — LX(T), [ ¢f,

and then consider Toeplitz and Hankel operators as restrictions of the following
operators onto HP(T):

(2.6) T(p) = PL(¢)Plur(r), H(p) = PL(p)JP|gn ().
The Toeplitz + Hankel operators M(p) are of the form
(2.7) M(p) = PL()(I + J)P| ().

The following results gives estimates for the norm of M (p), where the con-
stant C), depends only on the parameter p.

PROPOSITION 2.1. Let ¢ € L*(T). Then |¢|lreem) < [|M(©)|lcmemy) <
Cpllell Lo (T)-

Proof. The upper estimate follows from (2.7). Note that the operators P
and J are both bounded on LP(T). In order to prove the lower estimate, put
U, = M(t"). Since U, U_,, = I and JU, = U_, J, it is easy to see that

U_nM(0)Uy = (U—n PUL)L()(U—n PU) + (U_ PU_p) L(0) J (U~ PU,, ).

Using the fact that U_,, PU,, — I and U_,,PU_,, — 0 strongly on LP(T) asn — oo,
it follows that

(2.8) U_nM(@)Uy — L(p)

strongly on LP(T) as n — oco. Since Uy, are isometries on LP(T), this implies the
lower estimate. 1
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Now we obtain a necessary condition for the Fredholmness of M ().
PROPOSITION 2.2. Suppose that M(p) is Fredholm on HP(T). Then ¢ €
GL>(T).

Proof. The proof is based on standard arguments. If M (p) is a Fredholm
operator, then there exist a § > 0 and a finite rank projection K on the kernel of
M (p) such that

1M () fll e (ry + 1K fll ey = 6l fl 20 (T
for all f € HP(T). Putting Pf instead of f, this implies that
1M (o) fllzecry + 1K Pfllzeery + 0l/(I — P)fllze(ry = Ol fllLe(r)

for all f € LP(T). Replacing f by U, f and observing again that Uy, are isometries
on LP(T), it follows that

NU-nM(0)Unfllecry + 1K PUnf Loty + 6l U-n(I = P)UnfllLrcry = 0l fllLe(r)-

Now we take the limit n — oo. Because U, — 0 weakly, we have K PU, — 0
strongly. It remains to apply (2.8) and again the fact that U_,, PU,, — I strongly.
We obtain

L) fllLe(ry = Sl fllLe(T)-
This implies that ¢ € GL>®(T). 1

The following lemma, which appears in slightly less general form as
Lemma 2.9 in [2], turns out to be useful.

LEMMA 2.3. Let Xy and X5 be linear spaces, A : X1 — X5 be a linear and
invertible operator, P; : X1 — X1 and Py : X9 — X5 be linear projections, and
Qr=1—-—P, and Qs =1 — P,. Then P,AP; : Im P, — Im P; is invertible if and
only if Q1A™'Qs : Im Qo — Im Q) is invertible.

Proof. The following formulas, which relate both inverses with each other,
can be verified by a direct calculation:

(P AP) ' = PLAT'Py — PLAT'Qa(Q1AT'Q2) ' Q1A Py,
(Q1AT'Q2) ™! = Q2AQ1 — Q2 AP (P,APy) ' P AQ;.
The validity of these formulas implies the desired assertion. 1

In what follows, we are going to relate M () with two other operators ®(¢)

and V(). First of all note that J? = I. Hence

I+J I1—-J
=5 Qs = o
are complementary projections acting on the space LP(T) and decompose this
space into the direct sum LP(T) = ImPy|ro(r) +ImQ|ro(my. Let LE(T) =
Im Pj|pp(ry. Given ¢ € L*°(T), define
(2.10) () = PL(p)Ps,  ¥(p) = PsL(p)P,
where we consider these operators as acting between the following spaces:

(2.11) O(p) : LG(T) - HP(T),  ¥(p): HP(T) — LE(T),

(2.9) Py
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PROPOSITION 2.4. Let ¢ € GL*>®(T). Then the following assertions are
equivalent:
(i) M(p) is invertible in L(HP(T));
(11) () i‘s invem‘z“ble m L(LY(T), H?(T));
(iil) W(y) is invertible in L(HP(T), L5(T)), where ¢(t) = ¢~ 1 (—t~1).

Proof. In order to prove the equivalence of (i) and (ii) we refer to the repre-
sentation (2.7) and (2.10) of these operators. Moreover, note that A = (I + J)P :
HP(T) — L%(T) and B = $P(I + J) : L’(T) — H?(T) are inverse to each other:

1 P+ JP I
AB=Yr+ ey gy = PHIPTQTIQ T+

2 2 2
BA = %P(I+J)2P:P(I+J)P:P.

Here we have used the basic relations, J2 = I and JPJ = Q, where Q = I — P.

In order to prove the equivalence of (ii) and (iii) we apply Lemma 2.3 with
P, =P;, P, =P, Q1 =Q; and Q2 = Q. We obtain that ®(y) is invertible if and
only if the operator

QiL(¢™MQ : Im Q| o1y — Im Q| 1o (1)

is invertible. Multiplying this operator from the left and right with J, we obtain
the operator
QuJL(¢")JP : HP(T) = Im Q| s (r)

since QJ = JP and JQ; = Q;J. Next we multiply the latter operator from the
left and right with W, where W : f(¢) — f(—t). We obtain the operator

PyWJL(e™")JWP : HP(T) — L5(T)

since WQ; = P;W (i.e.,, WJ + JW = 0) and PW = WP. This last operator is
equal to W(¢)) since W.JL(¢~1)JW = L(1) as one can readily check. From this it
follows that ®(¢p) is invertible if and only if so is U(y)). 1

3. WEAK ASYMMETRIC AND ANTISYMMETRIC FACTORIZATION

In what follows we introduce the notion of a weak asymmetric and a weak antisym-
metric factorization of a matrix function ¢ € GL*(T) in the space LP(T). Before
we do so, however, let us for a moment try to anticipate the kind of factorization
we should expect based on our notions from the theory of Toeplitz operators. If we
suppose that M (¢p) is invertible on HP(T), then there exists a function h € HP(T)
such that M (p)h = 1. Now this means, using the definition of J, that
oh+t'h)=g_
where g_ € H?(T). Multiplying this equation with the factor (14 ¢t=1)~1 gives
o1+t D Y h4+t7th) = 14+t g .
Introduce the functions
fo=04+tH Y (h+t"'h) and f. =1+t g .
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Thus ¢fy = f—, which gives upon assuming for a moment the invertibility of fj
the factorization ¢ = f(flf,. On the other hand,

fo= @+t Hh+th) =1+t 1) h+t " h) = fo.
Hence fj is even. From the definition of f_ and f; it now follows that

1+t Hf € HP(T) and |1+t fo € LB, (T).

even

Here and in what follows L2 . (T) stands for the set of all functions ¢ € LP(T)
which are even, i.e., po = @p.

The above analysis shows that the factor 1 +¢~! plays a special role in the
factorization theory of M () and hints of its presence in the following definitions.
It turns out that the same is true for the factor 1 —¢~!. This is not apparent from
the heuristics that have just been presented, but will become clear later on.

A function ¢ € GL*(T) is said to admit a weak asymmetric factorization in
LP(T) if it admits a representation

(3.1) p(t) = - (t)t"po(t), teT,
such that k € Z and
(i) 1+t € HP(T), (1 —t~")p=" € HU(T),
(i) [1 = tlpo € Lien(T), |1+ tlpg" € L2eun(T),
where p~ ! + ¢ 1 =1.

The uniqueness of a weak asymmetric factorization (up to a constant) is
stated in the following proposition.

PROPOSITION 3.1. Assume that @ admits two weak asymmetric factoriza-
tions in LP(T):
(3.2) o(t) = eV (1) (1) = e (126 (0), teT.

Then k1 = ko and <p(_1) = 'ycp(_z), 4,0(()1) = 'y*lcp((f) with v € C\ {0}.

Proof. Assume without loss of generality that kK = k1 — k2 < 0. From (3.2)
it follows that

(3.3) (@)l = o ()7

Put ¢ = (1 — t’z)(ga(f))flcp(,l). From the conditions on the factors (¢'®)~! and

<p(_1) stated in (i) of the definition of the weak asymmetric factorization, it follows

that ¢ € H1(T). Formula (3.2) gives

(1= t72) 7 ()" = P ()7,
where the right hand side is an even function. Hence
(1= 77 (0" = (1= ) ()™ and (2 = —ph).
Using the fact that ¢ € HY(T), we obtain ) = 0 if K < —1 by inspecting the

Fourier coefficients of v. This is a contradiction, since it would imply that <p(_1) =0.

Hence x = 0. In this case it follows that 1(t) = v(1 — ¢t=2), with v # 0. Hence

eV =1p?.
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The above introduced weak asymmetric factorization is not a kind of Wiener-
Hopf factorization. Although condition (i) on the factor ¢ implies that ¢ _ can be
identified with a function that is analytic and nonzero on {z € C: |z| > 1} U {0},
the factor ¢g is an even function defined on the unit circle.

However, it is possible to relate the weak asymmetric factorization to some
kind of Wiener-Hopf factorization, which we will call weak antisymmetric factoriza-
tion. In this factorization, the left and the right factor have a special dependence.

A function F' € GL*(T) is said to admit a weak antisymmetric factorization
in LP(T) if it admits a representation

(3.4) F(t)=p_(t)t**3-(t), teT,
such that k € Z and
(i) 14+t )p_ € H(T), (1 —tY)p~' € HI(T),

where p~1 + ¢~ = 1.
Obviously, condition (i) can be rephrased by the following equivalent condi-
tion given terms of the function @_:

(ii) (1 +t)@_ € HP(T), (1 — )¢~ € HI(T).

Hence the function ¢_ can be identified with a function that is analytic and
nonzeroon {z € C: |z| > 1}U{oo}, while ¢_ can be identified with a function that
is analytic and nonzero on {z € C : |z| < 1}. In this sense, the weak antisymmetric
factorization represents a kind of Wiener-Hopf factorization.

A necessary condition for the existence of a weak antisymmetric factoriza-
tion is, of course, that FF~! = F. The next result says that ¢ possesses a weak
asymmetric factorization if and only if the function F' = @@ ~! possesses a weak
antisymmetric factorization.

PROPOSITION 3.2. Let ¢ € GL*(T) and put F = ¢~ *.

(i) if ¢ admits a weak asymmetric factorization, ¢ = p_t"pg, then the
function F admits a weak antisymmetric factorization with the same factor o_
and the same index k;

(ii) if F admits a weak antisymmetric factorization, F = p_t>*G~', then ¢
admits a weak asymmetric factorization with the same factor ¢_, the same index
Kk and the factor ¢g :=t "o 1p.

Proof. (i) Starting from the weak asymmetric factorization of ¢, we form

g l= gpo_lt"”"&:l observing the fact that g is an even function, and obtain ¢!

SoitQHS’Efl.
(ii) The definition of ¢g implies that ¢ = ¢_t"pg. It remains to verify that
o satisfies the required conditions. First of all,

Po =" G =1"pT! =t =t "pT o = g0
Hence g is an even function. From the conditions on ¢_ and since ¢ € GL>(T),
it follows from equation g = t~*p "' that [1 — t|pg € LY(T) and |1 + t|py* €
LP(T). 1

From the last two results it follows in particular that the index of a weak anti-

symmetric factorization is uniquely determined and also the factor ¢_ is uniquely
determined up to a nonzero complex constant.
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4. THE FORMAL INVERSE OF &(¢)

We proceed with establishing some auxiliary results that we will need later on.
Let R stand for the linear space of all trigonometric polynomials. Suppose that
we are given a weak asymmetric factorization of a function ¢ € GL*(T) with the
index k = 0. Introduce

X ={(1—t"Yf(t): f R},
Xo={(1+t g ()f(t): fER, f(t) = F(t™N}

Note that X; is dense in the Banach spaces LP(T), 1 < p < oo, and that Xo C
LY(T).

(4.1)

LEMMA 4.1. Assume ¢ € GL*>®(T) admits a weak asymmetric factorization
in LP(T) with the index k = 0. Then the following assertions hold:

(i) the operator B = L(pg ") (I+J)PL(¢=") is a well defined linear operator
acting from X1 into Xo;

(ii) ®(¢)B = P|x,;

(iii) ker ®(p) = {0}.

Proof. (i) Let f € X;. We are going to compute Bf. First write f(¢) =
(1 —t=1) f1(t) with some trigonometric polynomial f;. Hence

e () =1 —t el (1) f1(1)

i.e., a function in H4(T) times a trigonometric polynomial. We can uniquely
decompose

e Of () = w(t) +pu(t)

such that u; € t~*H4(T) and p; is a polynomial. Applying the Riesz projection
to ¢! f we obtain P(p~'f) = p;. Hence

(4.2) (BH() = o5 ) (pa(t) +t'pa(t™1)).

Since p1(t) + ¢ pi(t~1) vanishes at t = —1, this expression is (1 +¢~!) times a
trigonometric polynomial. Now it is easy to see that (4.2) is contained in Xo.

(ii) In order to prove (ii) we need more explicit expressions for the terms u
and p; defined in part (i). Given f € X; write first f(¢) = (1-t72) fo(t)+a(1—t1)
with some trigonometric polynomial fo and a constant «. Similar as before, it is
possible to decompose

(1=t DT (1) f(t) = ua(t) + pa(t)
such that us € t71H%(T) and p, is a polynomial. Multiplying by (1 +t~1) we
obtain
2t A = t72) fa(t) = (L + ¢ ua(t) + 7 p2(0)) + (1 + ¢ )pa(t) — t'p2(0)) -

Moreover, we decompose

(1 =t"HeZ (1) = (L=t (t) — 9= (00)) + 9" (00).
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Combining these yield
ur(t) = (14t Yug(t) +t71p2(0) + a(l — t7 e (1) — ap”!(c0)
pi(t) = L+t pa(t) =t 'pa(0) + ap=" (c0).

Indeed, o' f = uy + p1, where u; € t € H4(T) and p; is a polynomial.
In order to show that ®(p)Bf = Pf, we have to prove that Pg = P f, where

9(t) = o) (pL(t) + 7 p(t71)).
It follows that
Ft) = g(t) = o-(tyur(t) = - (Ot ' pa(t™1)
o () (1+ 7 ua(t) + 7 'p2(0) + a1 = 71 (1) — ap='(o0)
—(1 4+t p2(t1) +pa(0) =t Tt (00))
= (1+ e (t) (u2(t) +p2(0) = pa(t™h)) —at™!
+a— 14+t (t)ap= (o).

It can be verified easily that the expression on the right hand side belongs to
t=1HL(T). Hence Pf = Pg.
(iii) Let f € ker ®(¢). This means that f € LY(T) and P(¢f) = 0. The

latter can be rewritten in the form f_ = ¢f where f_ € t~'H?(T). Multiplying
with o~ it follows that ¢~' f_ = ¢ f. Moreover,

(1 —t e (O F-(t) = (t = Do () F(t) =2 ¥(1).

Since Jf = f and g is even, it is easily seen that {/; = —1. Finally, we have
(1—t=Yp~!(t) € H(T). Hence v € HY(T). It follows that 1) = 0, thus f_ = 0. 1

5. INVERTIBILITY AND ASYMMETRIC FACTORIZATION

In this section we derive necessary and sufficient conditions for the invertibility of
M (p) in terms of an asymmetric factorization.

LEMMA 5.1. Suppose that ®(p) is right invertible. Then there exist functions
f— #0 and fy such that f_(t) = p(t)fo(t), t € T, and

(5.1) 1+t f- € HP(T), [1+t|fo € LEyen(T).

Proof. If ®(y) is right invertible, then Im ®(¢) = HP(T). Let hy € L%(T)
such that ®(p)hg = 1. Put h_(t) = @(t)ho(t). It follows that h_ € HP(T) and
h_ # 0. Define f_(t) = (1 +t1)"th_(t). Obviously, f_ satisfies the required
conditions and

fo() = @+t p(t)ho(2).

On defining fo(t) = (1 +t~1)"1ho(t), it is easily seen that |1 + t|fo € LP(T) and
that fy is an even function. &
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LEMMA 5.2. Suppose that (1) is left invertible, where ¥(t) = p~1(—t~1).
Then there exist functions g— # 0 and go such that g_(t) = go(t)p~1(t), t € T,
and

(5.2) (1—tYg_ € HI(T), [1—t|go € L,en(T).

CVCH(

Proof. If W(¢)) is left invertible, then (¥(1)))* is right invertible. Identifying
(HP(T))* with HY(T) and (L"(T))* with L%(T), it follows that (¥())* = ®(¢),
which is an operator acting from L%(T) into H?(T). It follows from the previous
lemma that there exist f_ # 0 and fy such that

1+t 1f- € HI(T), [1+1|fo € Leey(T), and f(t) =1 (~t71)fo(t).
Now we pass to the complex conjugate and make a substitution ¢t — —t~!. Putting
g—(t) = f-(—=t~1) and go(t) = go(—t~1), it follows that

(1—t""g- € HU(T), [1—tlgo € L en(T),

and g_(t) = o 1 (t)go(t), as desired. 1

In order to present the main result, we introduce the notion of an asymmetric
factorization. A function ¢ € GL*>(T) is said to admit an asymmetric factorization
in LP(T) if it admits a representation

(5:3) p(t) = - (D)t po(t), teT,
such that k € Z and
(i) 1+t Yp_ € HP(T), (1 —t )=t € H4(T),
(i) |1 = tlpo € Lien(T), [1 th|<P71 € Liven(T),
(iii) the linear operator B = L(pg ) (I +J)PL(¢~
extends to a linear bounded operator B acting from LP(T) into LY(T).

Here p~!' +¢ ' = 1, and X; and X, are the spaces (4.1).

An equivalent formulation of condition (iii) is the following:

(iii*) there exists a constant M such that ||Bf||Lz ) < M||f|[rr(r) for all
feXi.

Notice here that X is dense in LP(T) and X, C LE(T).

THEOREM 5.3. Let ¢ € GL™(T). The operator M(yp) is invertible on HP(T)
if and only if ¢ admits an asymmetric factorization in LP(T) with the index k = 0.

Proof. = If M(y) is invertible, then by Proposition 2.4 the operators ®(¢p)
and W(v) are also invertible. Applying Lemma 5.1 and Lemma 5.2 it follows that
f- = ¢foand g_ = goy~ ! with the properties stated there. Combining this yields
g—f— = gofo. Now we are in a similar situation as in the proof of Proposition 3.1
(see also (3.3)). In the very same way one can prove that g_f_ = gofo =: v is a
constant. It must be nonzero since otherwise g = 0 or f_ = 0 (cf. the F. and
M. Riesz Theorem). Now we put ¢_ = f_ = yg~"' and ¢y = fo_l = goy~'. From
the conditions on the functions in Lemma 5.1 and Lemma 5.2, the conditions (i)
and (ii) in the above definition of the asymmetric factorization follow. Hence we
have shown that ¢ admits a weak asymmetric factorization with x = 0.

1) acting from X; into X
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From Lemma 4.1 (i) it follows that the operator B is well defined. Assertion
(ii) of the same lemma implies that (since ®(¢p) is invertible)

B =®(p)" ' Plx,.

Both the left and right hand side in this equation represent operators defined on
X1, which is dense in LP(T). Obviously, the right hand side can be extended by
continuity to a linear bounded operator acting from L?(T) into H?(T) (since it is
the restriction of such an operator). Hence so can be the operator B.

< Assume that conditions (i)—(iii) are satisfied. Denote the continuous ex-
tension of the operator B by B. We can apply Lemma 4.1 (ii). Since X, is dense
in LP(T) it follows that

O(p)B =P,

where the operators are defined on LP(T). Hence ®(y) is right invertible, the
right inverse being B|g»(T) (the restriction of B onto HP(T)). Now we multiply

the above equation from the right with ®() and obtain <I>(<p)§|Hp(T)<I>(g0) = ®(p),
ie.,

‘I’(<P)(§|HP(T)‘I’(<P) —1)=0.
From the triviality of the kernel of ®(¢) (see Lemma 4.1 (iii)), we obtain

§|HP(T)<I>(¢) = I. Hence ®(yp) is invertible and its inverse is just B|g»(r). I

6. FREDHOLM THEORY AND ASYMMETRIC FACTORIZATION

In order to establish the Fredholm theory in terms of the above introduced asym-

metric factorization, it is necessary to prove an assertion about the kernel and the

cokernel of M(yp). It is the analogue of Coburn’s result for Toeplitz operators.
We begin with the following observation. Given ¢ € L*°(T), define

(6.1) K={teT:o(t)=et ') =0}

This definition of course depends on the choice of representatives for ¢, however
the following remarks are independent of that choice. Because the characteristic
function xk is an even function, it follows from (2.4) that M (xk) is a projection.
Moreover, from the same relation we obtain that M (p)M(xx) = M(pxx) =0
and thus

(6.2) Im M (xx) C ker M(yp).

If the set K has Lebesgue measure zero, then obviously M (xx) = 0, whereas if K
has a positive Lebesgue measure, then the image of M (xx) is infinite dimensional.
The latter fact can be seen by decomposing K into pairwise disjoint and even
sets K1, ..., K, with positive Lebesgue measure. Then M(xx) = M(xk,) + -
+M(xk, ), where M (xk,),-..,M(xk,) are mutually orthogonal projections. By
Proposition 2.1 all these projections are nonzero. Hence dimIm M (xx) > n for
all n, i.e., dimIm M (xx) = oo.
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PROPOSITION 6.1. Let ¢ € L™(T) and let K be as above. Then ker M (p) =
Im M (xk) or ker M*(p) = {0}.

Proof. Obviously, M (y) and its adjoint can be written in the form:
M(p) = PL(p)(I +J)P, M*(p) = P(I+J)L(D)P.

Suppose that we are given functions fy € HP(T) and g4 € HY(T) such that
M(p)fy+ = 0 and M*(¢)g+ = 0 with g # 0. We have to show that fi €
Im M(xk). Introducing the functions

F) = fr@)+t71 (), fo(t) = @(t) (D),
g(t) = 3(t)g4(t), g-(t) =g(t) +tg(t™"),

it follows that f_ € t7"'H?(T) and g_ € t"*H4(T). From the definition of g_ we
obtain that t71g_(t71) = g_(t). Hence g_ = 0 by checking the Fourier coefficients.
It follows that t~1g(t~!) = —g(¢). On the other hand, the definition of f says
that t=1f(t71) = f(¢t). This implies that (fg)(t~!) = —(fg)(t). Also from the
above relations we conclude that fg = f¢g, = f-g,. Because f_ € t~'HP(T)

and g, € H9(T), we have f_g, € t"*H'(T). Considering again the Fourier
coefficients, this shows fg = f_g, = 0. Since g € HI(T) and g, # O the
F. and M. Riesz Theorem says that g, (¢) # 0 almost everywhere on T, and thus
we obtain f_ = 0. Hence ¢f = 0. Because t~1f(t71) = f(t), we have also
@f = 0. The definition of the set K now implies that (1 — xx)f = 0. Noting that
M (1 — xk)f+ =0, we finally arrive at f, € Im M (xk). 1

Combining the previous proposition with Proposition 2.4 we obtain the fol-
lowing result.

COROLLARY 6.2. Let ¢ € L™(T). If M(p) is Fredholm on HP(T), then
M(p) has a trivial kernel or a trivial cokernel.

From this corollary we can obtain another interesting result, pertaining to
the relation between invertibility and Fredholmness of M ().

COROLLARY 6.3. Let ¢ € L*°(T). Then M(y) is invertible on HP(T) if and
only if M(p) is Fredholm on HP(T) and has index zero. 1

The desired Fredholm criteria in terms of the asymmetric factorization is
established next.

THEOREM 6.4. Let ¢ € GL*™(T). The operator M () is a Fredholm operator
on HP(T) if and only if the function ¢ admits an asymmetric factorization (5.3)
in LP(T). In this case the defect numbers are given by

(6.3) dimker M () = max{0, —x}, dimker(M(¢))* = max{0,x}.
Proof. = Assume that M (p) is Fredholm with index —k. We consider the

function ¥(t) =t~ "(t). Using the fact that a Hankel operator with a continuous
generating function is compact and the identity (2.3), it follows that

M) = M(t™")M(p) + compact.

Taking into account that M (¢t~*) = T(t~*) + compact is Fredholm with index &,
it follows that M (v) is a Fredholm operator with index zero. Now we are in a
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position to apply Corollary 6.3 in order to see that M (v)) is invertible. Theorem 5.3
implies that 1) possesses an asymmetric factorization with index zero. Hence ¢
possesses an asymmetric factorization with index k.

< Assume that ¢ possesses an asymmetric factorization with index x. Then
we consider again the function () = t~"(t), which thus possesses an asymmetric
factorization with index zero. Theorem 5.3 implies that M (v)) is invertible. Very
similar as above it follows that M (y) is Fredholm and has Fredholm index —k.

As to the defect numbers, we know that M (y) has the Fredholm index —k.
On the other hand (by Corollary 6.2), the kernel or the cokernel of M(yp) are
trivial. This implies the formulas for the defect numbers. 1

7. FREDHOLM AND INVERTIBILITY THEORY FOR PIECEWISE
CONTINUOUS FUNCTIONS

The goal of this section is to find practical criteria that determine whether or
not M(p) is an invertible operator on HP(T) when ¢ is a piecewise continuous
function.

The first part of this section is devoted to the Fredholmness of M(yp) for
piecewise continuous functions ¢. The results are immediate consequences of [7].
Let us start with the following definitions. The Mellin transform M : LP(Ry) —
LP(R) is defined by

oo

(7.1) cMﬁuwzjéﬂﬂﬂﬂvgma zrER.

0
For ¢ € L*(R) the Mellin convolution operator M°%(p) € L(LP(R)) is given by
(7.2) M°(p)f = M™H(p(M])).
Let S be the singular integral operator acting on the space LP(R,),
1 [ S
7.3 S =— | —=d R
(73) (59 == [T ay, s,
0

where the singular integral has to be understood as the Cauchy principal value,
and let N stand for the integral operator acting on LP(R) by

L[

(7.4) (Nf)(@) = — Jra W TER
0

It is well known that S and N can be expressed as Mellin convolution operators
(7.5) S=M"s), N=M"n)

with the generating functions

(7.6) s(z) = coth ((z + %)71’), n(z) = sinh™* ((z + i)w), z€R

p
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(see, e.g., Section 2 of [7]). Notice that s and n are continuous on R and possess
the limits s(d00) = +1 and n(+o0) = 0 for z — +oo. Moreover, s? —n? = 1.

Let St stand for the singular integral operator acting on LP(T),
1
(7.7) (Sef)(t) = —,/ﬁds, teT,
m) s—t
T

and let W stand for the “flip” operator
(7.8) (WHH) = ft)

acting on LP(T). Finally, for a piecewise continuous function ¢ € PC' defined on
the unit circle denote by

(7.9) p=(t) = lim p(te)

the one-sided limits at a point ¢t € T. As before let L(y) stand for the multiplication
operator on LP(T) with the generating function .

The smallest closed subalgebra of £(LP(T)), which contains the operators S,
W and L(p) for ¢ € PC will be denoted by SP(PC). Specializing Theorem 9.1
of [7] to the situation where we are interested in, we obtain the following result.
Therein we put T4 = {7 € T : Im7 > 0}.

THEOREM 7.1. (i) For 7 € {—1,1}, there exists a homomorphism H, :
SP(PC) — L((LP(T))?), which acts on the generating elements as follows:

ms= (5 N) mn=(§ 5).

H(L(p)) = diag (¢* (1)1, ™ (7)]).

(ii) For T € Ty, there exists a homomorphism H, : SP(PC) — L((L*(T))%),
which acts on the generating elements as follows:

S —-N 0 0 0 0 0 I
N -5 0 0 0 0 I O
HT(S'JI‘) = 0 0 S —N | HT(W) - oI 0 0]
0 0 N =S5 I 0 0 O
H-(L(p)) = diag (¢ (1), ™ (1)1, " (7)™ (T)]).

(iii) An operator A € SP(PC') is Fredholm if and only if the operators H,(A)
are invertible for all 7 € {—1,1} UT,.

Now we apply this theorem in order to study the Fredholmness of the oper-
ator M (p).
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THEOREM 7.2. Let o € PC. Then M(p) is Fredholm on HP(T) if and only
if (1) # 0 for all T € T and the following conditions are satisfied:

(7.10) % arg (iJFEB) ¢ % +Z,
1 (-1 1 1
(7.11) %arg(ngE_l;) ¢§+%+Z,
(7.12) % arg (M) ¢ ]% +7Z for each T € T,.

Proof. Observe that M(yp) = PL(¢)(I + J)P is defined on HP(T). More-
over, as has been shown in the proof of Proposition 2.4, the operators (I +
J)P : H?(T) — L%(T) and (1/2)P(I + J) : L(T) — HP(T) are inverse to
each other. Hence M(p) is Fredholm on HP(T) if and only if the operator
A= I+ J)PM(p)P(I+ J) acting on LY(T) is Fredholm. Taking into account
that PJ = J(I — P) and J? = I, a simple computation gives

A= (I+J)PL()(I+J).

Notice that P = (I + St)/2 and J = L(t~*)W. The space L7(T) is by definition
the image of the operator (I +J). The operator A belongs to SP(PC) and thus we
can apply Theorem 7.1 in order to examine the Fredholmness of the operator A.
The result is that A is Fredholm on L(T) if and only if for each 7 € T, U{-1,1}
the operators H.(A) are invertible on the image of the operators H, (I + J).

For 7 € {—1,1} we obtain that

HT(IJ"])_(TII TII>_<TII>(I 7I)

wa=5 (4 7) (20T S ()

Thus H,(A) is invertible on the image of H,(I + J) if and only if the operator

Bo=( D (U2 800 ) ()

is invertible on L?(T). Obviously,
Br = (I +8)p*(r) + (I = 8)p™ (1) + TN (¢ (1) — ¢~ (1)),
which is a Mellin convolution operator B, = M°(b,) with the generating function
br(2) = (1+s(2) + mn(2))et (1) + (1 — s(2) — ™n(2))p~ (1), z€R.

Thus B, is invertible if and only if b,(+o0) # 0 and b,(z) # 0 for all z € R.
Obviously, b, (+00) = 2¢* (7). The second condition, b, (z) # 0 for all z € R, is
equivalent to

o (1) 4 5(x) +7n(z) + 1 eGH/PIT 4 o

and

= = rezHi/P)m

s(z)+7n(z) =1 e GH/pm 4 7
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This implies condition (7.10) and (7.11).
For 7 € T4 we have

I o0 o0 F I 0
o 1 oA o) _[o 1)(r0 0 7
B+ =\ o 717 o)~ |0 (0 [ 7l 0>
I 0 0 I T

I 0
VA
X Y
and
H.(A)
(I+8)p*(r) —Ne (1) 0 0
_1x ( Net(r)  (I-=8)p~(7) 0 0 )
2 0 0 (I+8)p™(T)  —Ne~(7)
0 0 Net(7) (I =S8)p (7)

Thus H,(A) is invertible on the image of H,(I + J) if and only if the operator B,
given by

(I+8)pt ()  ~Nep~(r) 0 0
2| Nt T -8 () 0 0 v
0 0 (I+8)p" (7)) ~Np~(7)
0 0 Net(r) (I S)e(7)

is invertible. It follows that

B — ((1 +8)et(r) N (r) ) . ((1 ~S)p~(7)  Net) ) |
Net(r)  (I=8)p (1) —Ne=(7)  (I+9)¢™(7)
This operator is a Mellin convolution operator with the generating function

br(z)

_ <(1+8(2) () + (1= s(2))™ () n(z) (™ (7) — (7)) )
n(z)(e*(1) — 7 (7)) (1= s(2))p™(7) + (1 + 5(2))e™ (7)
Note that
_of¥t(r) O oy =P (@) 0
b**o")‘?( 0 wm)’ br(=o0) 2( 0 wﬂ)'
Finally,

detb, = (14 8)%pT (1) (7
+

This expression is nonzero if and only if
v (T)(pi (7_-) s+1 — e2(z+i/p)71'
pH(r)et(m) " s—1 '
From this condition (7.12) follows. &
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In the rest of this section we are going to establish the criteria for an opera-
tor M (p) to be invertible on HP(T) in the case where ¢ is a piecewise continuous
function with a finite number of jumps. The proof is based partly on the Fred-
holm criteria that we have just established and partly on the notion of a weak
asymmetric factorization.

It is well known that any piecewise continuous and nonvanishing function
with a finite number of discontinuities at the points ¢; = €1, ...tz = ¢’® can be
written as a product

R

(7.13) p(e”) = b(e”) [ ] to, (")

r=1
where b is a nonvanishing continuous function and
(7.14) t3(e'?) = exp(if(0 — 7)), 0< 0 < 2.

The parameters in the formula are useful to decide invertibility. For example, it
is well known ([2]), that the Toeplitz operator T'(¢) is invertible on H?(T) if and
only if it can be represented in the above form with parameters satisfying

1 1
(7.15) —— <Ref,. < -
q P

for all 1 < r < R and a continuous nonvanishing function b with winding number
zero. For the corresponding result for the operators M () we prepare with the
following proposition.

PROPOSITION 7.3. Let v be a function of the form

R
(7.16) P(el?) = to+ (QIG)%, (61(9—7f)) H tot (81(9—&))%7 (61(9+0r))
r=1

r

where 01,...,0r € (0,7) are distinct and
(i) =1/g <Re (B} + ;) < 1/p;
(i) —=1/2—1/2¢ < Rept < 1/2p and —1/2q < Re~ < 1/2+1/2p.
Then ¢ admits a weak asymmetric factorization in LP(T) with the index k = 0.

Proof. First observe that
too,(t) = (1=t (1 —t,471) 77
= [ =t ) PA =t ) A 1)L = )
Hence we can factor ¢ = 1_1py with

R
e I M Ot e [ (G T B O e et

r=1

R

Yo = (1=t 142 T =715 (1 =717 )5 (1= tt,)P7 (1 — t,271)Pr
r=1

Since —2Re 3t > —1/p, 1—2Re 3~ > —1/p and —Re 8,7 —Re 3, > —1/p we have

(14t Yy € HP(T),
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and since 1+2Re 37 > —1/q, 2Re 3~ > —1/q and Re 3" +Re 3, > —1/q we have
(1—t"YHep=t € HY(T).

Obviously, the function vy is even and thus it easily follows that |1—t|pg € L%, (T)
and |1+ t|ggt € LB, (T). 1

Now we are prepared to established the invertibility criteria for the operators
M(¢p).

THEOREM 7.4. Suppose that ¢ has finitely many jump discontinuities. Then
M(p) is invertible on HP(T) if and only if ¢ can be written in the form

R
(717) @(ele) _ b(ela)tm (610)t57 (61(0771')) H tﬁ:r (el(efer))tﬂ; (61(9+9r))
r=1
where b is a continuous nonvanishing function with winding number zero, 61, ...,0Rr

€ (0,m) are distinct, and
(i) —=1/¢ <Re (B +6,) <1/p;
(i) —=1/2—1/2¢ < Reft < 1/2p and —1/2q < Re 3~ < 1/2+1/2p.

Proof. We begin with the “if” part of the proof. Assume that the parameters
satisfy the above inequalities, let b be a nonvanishing continuous function with
winding number zero, and let ¢ be the function (7.16). Observe that ¢ = bi.

It follows from Theorem 7.2 that M (v) is Fredholm. Hence, by Theorem 6.4,
the function ¢ admits an asymmetric factorization in LP(T). Moreover, we know
from Proposition 7.3 that ¢ admits a weak asymmetric factorization in LP(T) with
%k = 0. Due to the uniqueness of (weak) asymmetric factorizations in the sense
of Proposition 3.1, it follows that ¢ admits an asymmetric factorization in LP(T)
with K = 0. Thus, again by Theorem 6.4, M (¢) is Fredholm with index zero.

It is well known that under the above assumptions on the function b the
Toeplitz operator T'(b) is Fredholm with index zero and the Hankel operator H (b)
is compact. Hence M (b) = T'(b) + H(b) is also a Fredholm operator with index
zero. Taking (2.3) into account, we have

(7.18) M(g) = M(b)M () + H(b)M (¢ — ),

where the last term is compact. Thus M(p) is Fredholm and has index zero.
Corollary 6.3 now implies that M (y) is invertible.

In order to justify the other direction we first note that if M () is invertible
then ¢ satisfies the conditions (7.10)—(7.12) of Theorem 7.2. Hence it is possible
to choose parameters 37,87, 8, 87 in such a way that fulfill the conditions (i)
and (ii) and such that

z+8; = exp(2mifH), i_FE_B = exp(27if~),
z;ER = exp(2nif}), z;g;; = exp(27if;).

With those parameters we can represent ¢ in the form (7.17), where it follows
that b is a continuous nonvanishing function. It remains to show that the winding
number of b is zero.
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By what we have proved in the “if” part of the theorem, we know that for
the function ¢ defined by (7.16) the operator M (¢) is invertible. We rely on (7.18)
and can conclude that the Fredholm index of M (b) is zero. Thus b has winding
number zero. 1

We end this section with one more application of the factorization theorem
and the results obtained above. This is an index theorem and was previously
derived in the case of p = 2 in [1]. Since the index theorem derivation here is
analogous to the one found in [1] most of the details are not included.

Let us first describe the essential spectrum of M (i), i.e. the set of all z € C
for which M(p) — zI is not a Fredholm operator on HP(T). For a,b € C and
6 € (0,1) introduce the arc

1 z—0b
(7.19) Cdaw)—{mb}u{zeC\{mb}.ngg(z_a)—9}
with endpoints a and b, which degenerates to the line segment [a,b] in the case

6 = 1/2. Note that Cy(a;a) = {a}. Moreover, for § € (0,1) we define the set
Ho(ar, az;br,b2) = {a1,az,b1,ba}

U {z € C\ {a1,a2,b1,b2}: %arg (W) = 0}.

Note that Hy(a1, az; b1, bs) is symmetric in a; and ag as well as in by and be. In
case of coinciding parameters we simply have Hy (a1, ¢;b1,¢) = Co(ay,b1) U{c}. In
general Hy is more complicated. If one parameterizes z = x + iy, z,y € R, then
Ho(ar,as;b1,be) is a certain subset of the following curve in 2 and y:

(7.21) Im (*™? A(z 4 iy) B(z + iy)) = 0,

where A(z) = (z — a1)(z — a2) and B(z) = (2 — b1)(z — b2). The curve (7.20)
is a (special) fourth degree curve except in the case § = 1/2, where it is a cubic
curve. The reader can easily verify that the “geometric form” of Hy may be quite
different.

(7.20)

COROLLARY 7.5. Let ¢ € PC. Then the essential spectrum of M (@) with
respect to HP(T) is equal to

U Hlfl/p(go_ (T)v @_(?); (P_‘—(T)? <P+ (?))

7T,

UCi_1/2p(0~ (1); et (1)) U Ci/2—1/2p( ™ (—1); et (—1)).

Since the essential range of a function ¢ € PC, i.e. the spectrum of ¢ as an
element of L>(T), is { ¢*(7) : 7 € T }, it is always contained in the essential
spectrum of the operator M (p) with respect to HP(T). In general this inclusion
is proper.

In what follows we give a geometric description of the spectrum and essential
spectrum of M (p). We will assume for simplicity that ¢ has only finitely many
jumps and is piecewise smooth. The general case could be treated with the same
ideas, but would require more detailed explanations.

First of all, the values of ¢(t) as ¢t runs along T (in positive orientation)
describe a certain curve, which inherits the natural orientation induced from T.
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This curve is closed if ¢ is continuous, or consists of several components if ¢ has
jumps.

Now we fill in certain additional pieces as follows. If ¢ is discontinuous at
7 € {—1,1}, then we add the arcs C1_1/2,(¢ ™ (1); " (1)) and Cy /212, (¢~ (—1);
pT(=1)), respectively. If ¢ is discontinuous at 7 € T\ {—1, 1}, but is continuous
at 7, then we fill in the arc (or line segment) C1_1,, (¢~ (7); ™ (7)). Finally, if ¢ has
jumps at both 7,7 € T\{—1,1}, then we add the curve Hy_1 (¢~ (1), ¢ (T); T (1),
©T(T)). These new pieces constitute themselves oriented curves.

Gluing together these pieces with the former curve we obtain an oriented
curve ¢#. By Corollary 7.5, the image of o7 is exactly spess M (¢). We remark
that the curve ¢# may consist of several component.

Because ¢# possesses an orientation, it is possible to associate to each point
z ¢ Im ¢# a winding number wind (¢#, 2). If ¢# consists of several components,
this is just the sum of the usual winding numbers with respect to these components.

These considerations allow us to describe the spectrum of M (p):

(7.22) sp M(p) =Imp# U{ z ¢ Im ™ : wind (97, 2) = 0}.

The proof can be carried out by continuously deforming ¢. We leave the details
to the reader.

The following figures give an example of the image of a piecewise continuous
curve @ and the (essential) spectrum of M () with respect to HP(T) for various
values of p. The example comes from a product of four of the standard tg func-
tions, with jumps at 1,—1,1 and —i and values of § equal to 1/3,—-3/4,5/12 and
1/3 respectively and a normalizing factor of —e~™/24 for picture purposes only.
Figures 2-6 show the curve ¢ for several values of p, or equivalently, the essential
spectrum of M (y). Form this, the spectrum of M (p) can be determined.

In this example, the spectrum for the various values of p consists of the
area bounded by the curves in Fig. 2-6. As one can see the spectrum as well as
the essential spectrum of this operator is not always connected contrasted to the
Toeplitz case.

1+ !
i-/ T
i+
1 1 2 3
-+ -
‘| 4

Fig. 1: Image of ¢
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Fig. 4: p=1.34

aD.




432 ESTELLE L. BASOR AND TORSTEN EHRHARDT
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Fig. 5: p=2

)
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Fig. 6: p=5

The authors have studied other equivalent conditions for invertibility of M ()
which generalize the idea of Ap,-conditions for weighted spaces. These results are
forth-coming and will be contained in the sequel to this paper.
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