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PROJECTIVE MULTIRESOLUTION ANALYSES FOR
DILATIONS IN HIGHER DIMENSIONS
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ABSTRACT. We continue the study of projective module wavelet frames cor-
responding to diagonal dilation matrices on R"” with integer entries. We fol-
low the method proposed by the author and M. Rieffel, and are able to come
up with examples of non-free projective module wavelet frames which can be
described via this construction. The construction is generalized to include all
integral dilation matrices that are conjugates of diagonal matrices by elements
in SL(n,7Z). As an application of our results, in the case n = 3, when the di-
lation matrix is a constant multiple of the identity, we embed every finitely

generated projective module of C(T®) as an initial module.
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1. INTRODUCTION

Let A be an n x n integer dilation matrix. In a previous paper [18], the
author and M. Rieffel studied the existence of projective multiresolution analyses
corresponding to dilation by certain 2 x 2 matrices A in a Hilbert C(T")-module
E, where we recall that for n € N,n > 2, the right C(T")-module Z is defined
as the completion of C.(R") under the norm determined by the following C(T")-
valued inner product:

(1.1) (& meen () =) En)(t—p),
peZr
for t € R". We remark that space & was first introduced by G. Zimmermann in
Chapter V of his thesis [24], where the notation L2'°°(Z”, T") was used, and was
studied further by J. Benedetto and G. Zimmermann in [2].
One verifies (c.f. Section 1 of [18]) that = consists of all bounded continuous

functions ¢ on R" for which there is a constant, K, such that Y |&(x — p)|> < K
peL’



148 JUDITH A. PACKER

for each x € R". The right module action of C(T") on Z is given by pointwise
multiplication. One also checks that

1@ el > [1a(Pdt,
Rn

so that £ C L*(R"). In Proposition 5 of [18], sufficient decay conditions were
provided on any continuous & € L2(IR") for ¢ to be an element of =.

In a previous paper [18], the notion of a projective multiresolution analysis
for a general n x n dilation matrix was defined as follows:

DEFINITION 1.1 ([18], Definition 4). Fix n € N, let A be a n x n integer di-
lation matrix, and let = be the right-rigged Hilbert C(T")-module defined above.
A sequence {V;}cz of subspaces of Z is called a projective multiresolution analysis
for dilation by A if:

(i) V is a finitely generated projective C(T") submodule of Z;

(ii) V; = D/(W),Vj € N, where D is as defined below;

(i) Vj C Vior, V) €2

(iv) U Vjis dense in &, in the Hilbert C(T")-module topology;

=0
(v) N V;=A{0}.
Here D is defined to be the Fourier transformed version of D 4,
D= .7: oD A© f *,
where the dilation operator D 4 is defined on L?(R") by
D(0)(x) = |det(A)2[Z(A(x)) ¢ € LA(R"),

and the Fourier transform F is defined on L?(R") by

F(A)) = [ feyee- .
R

Here ¢ is the exponential function defined on R by e(r) = e?™". An easy calcula-
tion shows that

D =Dy,
for B = Al

It turns out that condition (v) in the definitions above is implied by condi-
tions (i) and (ii) ([18], Proposition 13).

In [18], Theorem 6, specializing to the case where n = 2, for any fixed di-
agonal dilation matrix A, and any choice of finitely generated projective C(T?)-
module X(g,a), a projective multiresolution analysis for that dilation matrix was
constructed with Vj = X(gq,a). In this situation, the isomorphism class of each
of the higher dimensional modules V; = D/(Vp),j > 1 was provided, and under
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appropriate circumstances, we gave a constructive approach which gave module
frames for Z analogous to dilates and translates of L2-wavelets.

It is the aim of this paper to continue developing the methods outlined in
[18], applying the main ideas to construct C(T")-module frames for Z in dimen-
sions n > 3. We discuss projective multiresolution analyses corresponding to
integer-valued dilation matrices which are similar to diagonal matrices via con-
jugation by an element in SL(n, Z). It is interesting to note that in [18], in all of the
examples of projective multi-resolution analyses corresponding to 2 x 2 dilation
matrices with positive determinant, where the “initial module" V was not free,
the wavelet module Wy = V; © V|, was still free. Hence the module generators of
Wy in this case corresponded to multi-wavelets in the usual sense. In contrast, in
this paper an example will be given of a 3 x 3 dilation matrix with positive de-
terminant, and a corresponding projective multiresolution analysis where Vj, V7,
and the wavelet module W, are all finitely generated non-free C(T®)-modules.
Also, in the 3 x 3 case, where the dilation matrix in question is an integer mul-
tiple of the identity matrix, we are able to construct a projective multiresolution
analysis for that dilation matrix whose initial module is isomorphic to P, where
here P represents an arbitrary finitely generated projective C(T?) -module.

In Section 2, the class of allowable “scaling functions" which lie in = is
widened, in Section 3 we review K-theory and finitely generated projective mod-
ules for T”, and discuss the extent to which the two-dimensional case can be gen-
eralized to higher dimensions. In Section 4, we discuss the construction of projec-
tive multiresolution analyses for dilation matrices that are similar via an element
of SL(n,Z) to a integral diagonal dilation matrix, and in Section 5 a method is
given for constructing projective module frames for = from a projective multires-
olution analysis whenever module frames for Vjy and W are known. In particular,
this result shows that W is a free module, then W; is free for all i € N. We finish
by posing some open questions.

2. CONSTRUCTION OF SCALING FUNCTIONS WHOSE FOURIER TRANSFORMS ARE
NON-COMPACTLY SUPPORTED ELEMENTS OF =

In the construction of projective multiresolution analyses given in [18], con-
tinuous Meyer-type low-pass filters corresponding to dilation by an integer d
with |d| > 1 were used, whose corresponding scaling functions had continu-
ous Fourier transforms with compact support, hence were elements of =. The
tensor product construction then gave scaling functions for diagonal dilation ma-
trices whose Fourier transforms were continuous and compactly supported, thus
in Z. The aim of this construction was to use these filters to aid in building the
projective multiresolution analyses. However in practice, one often comes across
scaling functions whose Fourier transforms & are not compactly supported, and
it is useful to have a weaker condition that guarantees they lie in =. It also is of
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interest to identify more precisely the C(T")-module structure of Z. We do this in
the following theorem.

THEOREM 2.1. The Hilbert C(T")-module = is isomorphic to the standard C(T™)
-module

2(C(T")) = {(f]);il : fj € C(T), i |f](x)|2 converges in norm in C(T”)}.
j=

In addition, if ® is a continuous complex-valued function defined on R", then & € E if
and only if the sum

Y [e(x—p)P

pELN
converges uniformly on the cube [0,1]".

Proof. Let H be the Hilbert C*(Z")-module obtained by completing the
C*(Z")-module C.(R"), where we give C.(R") a right C.(Z")-action defined by

fra=Y_ f(t—v)a(v) feC(R"),aeC(Z"),

veZ

and a C*(Z")-valued inner product defined by
(i f)c@n(@) = [ AGAE—0)dr fif2 € CRY).
R~

The module H was studied in much greater generality for any closed sub-
group H of the locally compact group G by M. Rieffel in 1974 [19], where he
studied induction of group representations by algebras. In this case H = Z" and
G = R" and H serves as a strong Morita equivalence bimodule between C*(Z")
and the transformation group C*-algebra Co(R"/Z") x R". It then follows from
the work of P. Green ([12], Theorem 2.4) that H is isomorphic as a right C*(Z")-
module to the standard C*(Z")-module [2(C*(Z")).

One easily checks that & = F(H) and that

F(fxa)=F(f) F(a) feHaecC(Z")

and
F((fi L2 zny) = (F(f1), F(f2)) ey,

where here, by abuse of notation, we also denote the Fourier transform from
C*(Z") to C(T") by F. Hence E is isomorphic to H. But we have seen that H
is isomorphic to I2(C*(Z")) as a C*(Z")-module. Thus Z is isomorphic to the
standard C(T")-module [?>(C(T")) as a C(T")-module.

As for the second statement, suppose that ¢ is continuous on R" and that

Y [e(x—p)P

peZ”
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| is continuous on

|? is contin-

converges uniformly the cube [0, 1]". Since each term |®(x — p)
[0,1]", by the theory of uniform convergence, the sum Y. |®(x —p)
peZ?
uous on the compact cube [0, 1]", hence is bounded from above by some positive
constant K. But then for any x € R", there exists m € Z" withx' = x+m € [0,1]",
so that
Y le(x-p)lP= ) |o -m-p)P <K,
peZ! peZ!
and hence @ € 5.
The converse follows directly from Proposition 1 of [18]. 1

REMARK 2.2. We note that the construction of the isomorphism between H
and [?(C*(Z")) from [12] depends on the choice of a Borel section a : R" /Z" —
R™. Thus there is no canonical choice of isomorphism between = and I%(C(T")).

We give an example of the use of the above theorem to show that the Fourier
transform of the Haar scaling function in dimension 1 for dilation by an integer
d > 1 is an element of =. Some ideas behind this construction can be found in

Section 4 of the reference [11]. Fixd € N,d > 1, and find an orthonormal basis for
d wi initi i G (L 1 1

R?, with the initial vector fixed as 7y = ( i \/H)’ and the other vectors as

1,...,75_1.For0 <1 <d—1, write

7= (ai0,a1,---,a4-1)-

Let 7(x) denote the row vector whose entries consist of the following d-periodic
functions defined on R : (1,@(%),@(%"),. ) .,e(@)). Now define

p(x)=7-9(x) 0<I<q—1,

where the “-" denotes dot product, so that
d—1 ]'x
= ie(— <l<d-1
1 (x) ];) ay je( y ) 0<I<d

The functions y;(x),0 < i < d — 1 are continuous and periodic modulo d, and

1 iy
po(x) = Z E(E),
=0

so that 119(0) = 1. As in [11], one easily calculates by the law of characters on
7./ dZ that:

-1
(M Mk cryz) = Y 401405, = oy,
n=0

since the vectors 7,7y, . ..,7;_1 form an orthonormal basis for R?. (Here the use
of the inner product notation refers to the definition given in equation (1.1).)
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Defining m;(x) = u;(dx),0 < i < d —1, it is clear that the functions {m; :
0 < i < d— 1} will be continuous and periodic modulo 1. They will also satisfy
the two conditions

mp(0) = Vd and (ml,mk>C(R/%Z)(x) = ddy(x).

The functions {m; : 0 < j < d — 1} are all trigonometric polynomials, and my sat-
isfies Cohen’s condition as stated in [23]. In the usual way one uses the telescop-
ing property to prove that when my is the trigonometric low-pass filter defined
above, the corresponding scaling function viewed in the frequency domain will
take on the closed form

7

<1 x e(x)—1
@1) ¢ (x) _g [ﬁmo(ﬁ)} 2rix
which is familiar from ordinary wavelet theory as being the Fourier transform
of the Haar scaling function. By an application of Theorem 2.1, we immediately
see that @ is an element of the Hilbert C(T)-module E. In the same way one can
show that the Fourier transform for the Haar scaling function corresponding to
dilation by —d ford € N,d > 1, is also in Z.

3. PROJECTIVE MULTIRESOLUTION ANALYSES IN HIGHER DIMENSIONS: DIAGONAL
MATRICES WITH INTEGER ENTRIES

In this section, we first discuss finitely generated projective modules over
C(T"),n > 3, and then go on to construct projective multi-resolution analyses in
higher dimensions. We also discuss the relationship of these projective modules
to the K-groups of C(T"). The modules we consider are adapted from C(T?)-
modules first constructed in Section 3 of [21], and were also reviewed in Sec-
tion 3 of [18]. For completeness, we briefly describe these C(T?)-modules here.
Throughout this section, unless otherwise specified, we view functions on T" as
functions defined on R" which are periodic modulo Z".

THEOREM 3.1. For q € Nand a € Z, let X(q,a) denote the right C(T?)-module
consisting of the space of continuous complex-valued functions f on T x R which satisfy

f(s,t—q) =e(as)h(s,t),

with module action given by

f-E(s,t) = f(s,£)E(s, 1),

for f € X(q,a) and F € C(T?). Then X(q,a) is a finitely generated, projective C(T?)-
module; following the results from [21], we say that X(q,a) has dimension q and twist
—a. The set {X(g,a) : g € N,a € Z} parameterizes the isomorphism classes of finitely
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generated projective C(T?)-modules, in the sense that if X is a finitely generated projec-
tive C(T?)-module, there exist unique values of g and a such that X = X(gq,a). More-
over, if 41,42 € Nand ay,ay € Z are fixed, then

X(q1,a1) ® X(q2,02) = X(q1 + 2,11 + a2)

as finitely generated projective C(T?)-modules. Furthermore, cancellation holds for all
finitely generated C(T?)-modules; that is, if

X(q1,a1) © X(q2,82) = X(q1,81) © X(g3,43),
then X(qa,a2) = X(q3,a3), so that g, = q3 and a, = as.
Proof. For the proof of this result, refer to Theorem 3.9 of [21]. 1

It follows that for any positive integer g, X(g,0) is isomorphic to the free
C(T?)-module on g generators; moreover, we obtain the well-known result that
Ko(C(T?)) = Z? = {[g,a] : q,a € Z} [21].

The above analysis for finitely generated projective modules over C(T?) ex-
tends to finitely generated projective modules over C(T"). By definition, the sta-
ble isomorphism classes of finitely generated projective modules over C(T") give
the positive cone of the abelian group Ko(C(T")) = K°(T"), hence generate the
entire group K°(T"), where K°(T") represents the Grothendieck group from sta-
ble isomorphism class of complex vector bundles over T". It is well-known that
the ring K*(T") = K,(C(T")) is isomorphic to the exterior algebra over Z on
n generators, Az {e1,...,ex} [8]. Here the Chern character ch : K,(C(T")) —
H*(T", Q) is integral and gives an isomorphism chg : Ko(C(T")) — Heve(T",Z)
and chy : K{(C(T")) — H°M(T",Z) (see [13] for a proof), and H*(T",Z) un-
der cup product is known to be isomorphic to the exterior algebra A7 {es, ..., e, }
with H¥(T",Z) = AS{ei,...,en}. For future reference we discuss some calcula-
tions involving the Chern character on K, (C(T")) under the identification with
the exterior algebra on n generators discussed above; see the reference [15] for
more details.

Recall from [18] that the Chern character on Ko(C(T?))* maps [X(q,a)] to
q—aeg Nex € N7{e1,ex}. Also recall that if A = ( Z ; > € GL(2,Z) is

viewed an automorphism of T? by the formula

Az, w) = (2P0, 2%wf)  (z,w) € T?,
then the corresponding map in K-theory, A* : Ko(C(T?)) — Ko(C(T?)) is given by
(3.1) A*(q—ae; Ney) = q— det(A)aey A ep.

More generally, viewing C(T") as the C*-algebra of all continuous functions
on the n real variables sq, sy, ...,5,-1,t, and fixing ¢ € Nand ay,ay,...,4,_1 € Z,
let X(g,a1,az,...,a,-1) be the C(T")-module consist of all continuous functions
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f : R* — C satisfying the identity
f(s1,82, . 8p-1,t —q) = e(arsy + - +a,_15,-1)f (51,52, -, Sp_1,t)-

It can be shown using methods from Section 3 of [1] and [15] that the C(T")-mo-
dule X(q,a1,4a,,...,a,-1) is a finitely generated projective C(T")-module whose

first Chern class corresponds to the element — Y= arep Aey € /\%{el, .
1<k<n—-1

=~ H?(T",Z). For general n, this method does not produce all finitely generated
projective modules of C(T"), as in general the positive cone of Ko(C(T")) seems
to be unknown; see Exercise 6.10.2 of [3]. Also, as indicated in [3] and demon-
strated in Section 4 of [17], cancellation of projective modules over C(T") fails for
n > 5, although cancellation holds for n < 4. However, the failure of cancellation
to hold does not affect calculations at the level of the K-groups, and combined
with the natural automorphisms of T" provided by elements in GL(n,Z) one
can write down specific formulas for a large class of examples of elements from
Ko(C(T™))*. In the special cases when n = 2 and n = 3 we can write down all
of them. We can also write down analogues of Equation (3.1) which tell us how
certain elements of GL(n, Z) affect elements in Ko(C(T"))™, by using the exterior
algebra methods outlined in the proof of Equation (3.1). We will use these facts
in what follows when we construct our projective multi-resolution analyses for
certain higher dimensional dilation matrices.

We now discuss the construction of projective multi-resolution analyses
where the initial space V is a finitely generated projective module over C(T"), for
n > 3. For simplicity, we will concentrate on the case where the module V in ques-
tion is of the form X(q,0, ... ,a;,0,.. .,0) as defined above, forg e N,1 <j<n—1
and ay,ay,...,a, 1 € Z. In this case X(g,0,.. -,a;,0,. ..,0) is the C(T")-module
consisting of all continuous complex-valued functions from R" to C which are
periodic modulo Z in the first n — 1 variables and which satisfy the identity

f(s1,82,--.,80-1,t —kq)=e(ka;s;) f(s1,52,---,Su—1,t) $1,52,-..,8u-1,tERKEZ,

and where the action of C(T") on X(g,0,0, ..., a;,0,..., 0) is by pointwise multi-
plication. Here, as previously, j represents a fixed integer between 1 and n — 1.
By our discussion in Section 2, the module X(q,0, .. -,aj,0,... ,0) is exactly the
pullback of the C(T?)-module X(g,a ;) obtained from the projection of T" onto T2
given by projection in the jth and nth coordinates, and therefore, upon identify-
ing Ko(C(T")) with A" {e1,...,e,} as in section two,

[X(q,0,0, .. .,0, a]-, 0, .. '10>]K0(C(']1‘"))

can be identified with the element q — aje; A e, € A7 {e1, ..., en}. The C(T")-
valued inner product on X(q,0,...,0, aj, ..., 0) is given by
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q—-1
(1, ha)cermy = ) (51,82, 5p1,t — k) - ha(s1,82, . 501, — k).
k=0

We now remark that it is possible to generalize Theorem 4 of [18] to this n-
dimensional setting, and embed X(g,0,0,...,0,a 0., 0) as a finitely generated
projective module in the Hilbert C(T")-module & C L?(R") described in Sec-
tion 1, as follows:

THEOREM 3.2. Fixn € N, and let A be the n x n diagonal matrix

d 0 - 0
a=| 0@ 0
0 0 --- d,

where dy,dy, ..., dy € Nand |d;| > 1,1 < j < n. Fixq € Nand a; € Z, and let
X(q,0,0,...,0,a i,0,..., 0) be the C(T")-module defined in Section 2. Then there exists
a C(T™)-module monomorphism

R :X(q,0,0,...,0,a;,0,...,0) - £ C L*(R")

which satisfies:

(i) (R(h1), R(h2))c(rny = (h1, h2)c(rny, for all by, ha € (4,0, ..., aj,...,0);

(ii) R(X(q,O,...,a]-,. ..,0)) C DR(X(q,O,...,a]-,...,O)), where D is the conju-
gate of the dilation operator with respect to the dilation matrix A by the Fourier trans-
form.

Proof. Without loss of generality we let j = n — 1 since the proof for the
other cases is the same, up to a permutation of the variables. We recall that the
inner product on = is defined by

Awyp(s1,52 - su1,t) == Y (Ap)((s1,52, ..., Su1,t) = 0).

veZN

As in the proof of Theorem 4 of [18], we want to find some appropriate function
v € E and then define

R(h)=h-v heX(00,...,0,a,-1).

As in the proof of that theorem, one checks that in order for equation (i) in the
statement of the theorem to hold, it is necessary to have

Z |v((s1 —m1, ..., 801 — My_1,t —muq))|* = 1.

(mq,...,mp)EZ"

Then, using the fact that D A = D 4-1, one checks that if one wants (ii) to hold, it
is necessary that

DA(R(X(q,0,0,...,0,a,-1))) € R(X(4,0,0,...,0,a,-1)),
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which as in the proof of Theorem 4 of [18] will imply the following condition on
the function 7:

n
{’ | H |dm|')’(d151, e /dnflsnfll d?’lt)f(dlsll cee rdnflsnflf dnt) : f € X(qr a)}
m=1

C{v(s1,---rsn-1,)f(s1,..,sp—1,t) : f € X(q,0,...,0,a,-1)}.
For f € X(q,0,...,0,a,_1), f must satisfy the equalities:
fldi(s1—1),...,dy—1(sy—1 — 1), dut)=f(d151,. .., dp—15n—1,dnt),
fldys, ..., dy_15y-1,dn(t — q))=e(dy_1dnqs) f(d1s, ..., dp_15n—1,dn(t — q)).

Once more we check that in order for
n 1/2
(H|d1|) Y(d181, ..., du_1Sp—1,dnt) f(d151, ..., dp_154—1,dnt)
=1
to be an element of R(X(q,0,...,0,a,_1)) for every f € X(q,0,...,0,a,_1), itis
sufficient that there exist th € X(g,0,...,0, —(d,,—1d, — 1)a,_1) satisfying

m(sy,...,S,—1,t
’Y(dlslleSZ/'- -/dnflsnfl/dl’lt) - ( ! \/Hn ! )’)/(51/' ~'/Sn7]/t)/

for d = |didy---dy|. But now we just use the tensor product construction to
do this, that is, we find using the methods described in classical wavelet the-
ory and summarized in [17] a continuous function m’ of the n — 2 real variables
51,82, ..,54—2, which is periodic modulo 7Z"=2 and such that n’ is continuously
differentiable and non-zero in a large enough neighborhood of the origin:

TYZ/ 0,...,0) = \/|d1d2~~~dn_2|,

. . . 2
m/S_LSZ_LH_sz_lLZ‘ — |dydy---d, o
= 11_0‘ (1 |d1|/ |d2‘/ r°on |dn72|) ‘1 n |

(we can choose m’ to be a tensor product of n — 2 standard Haar filter functions
each with dilation factor d; constructed in Section 2), and define

meX(q, —(dp_1dy — 1)a,_1),m: R> = C

as in the proof of Theorem 7 of [18], with d1, d», and a in that theorem replaced by
dy—1,dy, and a,_1 respectively. Finally, let th : R" — C be defined by

m(sy, ..., sp_1,t) =m'(s1,...,8, 2)m(s,_1,t).

Then if we let

oorh( 51 Sn-1 t,)

(dl)ll ’ (dn—l)” (dn)l

v(81,---,80_1,t) = ,

E vd

it is clear from the tensor product construction that -y satisfies the desired condi-
tions, by separation of variable techniques. &
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Just as in the 2-dimensional case, by modifying the proof of Theorem 6
of [18] we can define a nested sequence of finitely generated projective C(T")-
modules

{Vitizo
by setting
Vi = D'(V).
Using the exact same method as in Theorem 6 of [18] for the two dimensional

case, we associate an ordinary Hilbert space multiresolution analysis to V; and
we obtain the decomposition

where for each i, W; is the finitely generated projective C(T")-module defined by
Wi=Vip oV

We now want to calculate the image of Vi = D(V}) in Ko(C(T")), where V}
is isomorphic to X(g,0,0,...,0, a;,0,... ,0) as in Theorem 3.2. Again without
loss of generality, by permuting the variables, we can take V isomorphic to
X(q,0,0,...,0,a,_1). Somewhat surprising generalizations of Theorem 7 of [18]
now arise:

THEOREM 3.3. Let A be the n x n diagonal matrix

dq 0 - 0
a=| 0@ 0
0 0 --- d,

wheredq,ds,...,d, € Nand |d]-\ > 1,1 < j < n,and let V be the image of X(q,0, ...,
0,a,_1) in & C L?(R") defined in Theorem 3.2, so that Vi = D(Vyy) 2 V. Then V; is
isomorphic to
n—2
X(|det(A)|q,0,0,...,0, [ ] |4j| - sign(dy—1dn)a,_1)

j=1
as a finitely generated projective C(T")-module.
Proof. Let us view C(T") as a tensor product C*-algebra,
C(T") = C(T"2) @¢ C(T?),

and we view X(q,0,0,...,0,a,_1) as a tensor product of modules with respect to
this decomposition:

X(g,0,0,...,0,a,_1) = C(T"2) @c X(q,a,_1),
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by recalling that C(T"~?2) is a free module over itself. With respect to this notation,
the module Vj can also be viewed as a tensor product:

Vo =2 Vy®c Vg

Here by construction, V{ is a singly generated free module over C(T"~2) and can
alternatively be viewed as the intersection of &' C L?(R"~2) with an ordinary
multi-resolution analysis level zero space VJ corresponding to translation by Z" 2
and dilation by the (n — 2) x (n — 2) diagonal matrix

d 0 - 0
A 0 dy --- 0
0 0 - dy,»

The module V' corresponds to the image of X (g, a,_1) in & C L?*(R?) constructed
in Theorem 4 of [18]. With respect to this decomposition, the unitary operator D
can also be written as a tensor product:

D — D/®D//,

where D' is the dilation operator in the frequency domain corresponding to the
matrix A’ above, and D" is the dilation operator in the frequency domain corre-
dy—1 0

0 dn
D(V}) as being isomorphic to the tensor product of modules

D'(Vg) ®c D" (Vy')-

sponding to the 2 x 2 diagonal matrix A” = ( > . Thus we can view

Now tensor product techniques and standard results from multiresolution anal-
ysis show that

|det(A")]

D'(vg)= @ [C(T" )k
k=1

as a C(T"2)-module, and the results of Theorem 7 of [18] show that
D(Vy') = X(|dy-1alg, sign(d- 1)y 1)
as a C(T?)-module. Thus D(V}) is isomorphic to the tensor product of modules

det(4')

@ [C(Tniz)]k Ac X(|dn71dn |l]/ Sign(dnfldn)anfl)-
k=1

But foreachk,1 <k<n-2,
[C(T" )] @ X(|dy—1dn|q, sign(dy_1dn)an 1)
= X(|dn71dn‘q/ 0,...,0, Sign(dnfldn)anfl)
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as a C(T")-module. So by the distributive properties for tensor products and
direct sums of C(T")-modules,

|det(A")|
D [C(T"2))) @ X(|dy1dnlq, sign(dy1)a, 1)
k=1
|det(A")|
= @ [X(|dn,1dn|q, 0,0,...,0, sign(dn,ldn)an,l)]k
k=1

= X((|det(A)[,0,0,...,0,[det(A")] - sign(dy_1dn)as 1),
by an easy generalization of Theorem 6 of [18] to this situation. Hence
Vi = X(|det(A)|q,0,0,...,0,|det(A")| - sign(d, _1dy)a,_1)
as finitely generated C(T")-modules, as desired. 1

For an example, we consider the case n = 3. In this situation, given a non-
free C(T?)-module Vj, a non-free module Wy = V; © V; can easily arise even
when all of the dilation factors have positive signs.

2 00
EXAMPLE 34. Letn = 3,and A = ( 020 ) . For a € Z\{0}, em-
0 0 2

bed X(1,0,a) as a finitely generated projective submodule V of £ C L2(R3) by
means of Theorem 3.2. Then Theorem 3.3 shows that V; = D(V}p) is isomorphic
to X(8,0,2a), so that

Wo=Vi 0V = X(7,0,a),

a finitely generated projective C(T®)-module which is not free. In the last cal-
culation we used the fact that finitely generated projective modules over C(T")
satisfy the cancellation property for n < 4.

We can now easily identify the isomorphism class of the V; as C(T")-mo-
dules, for n > 2. The proof is left to the reader as an exercise:

COROLLARY 3.5. Letq € N,a,_1 € Z, integers dy,dy, . .., dy,

dq 0 - 0
a=| 0B 0
0 0 --- d,

and Vy be as in Theorem 3.3, so that Vjy is a submodule of = C LZ(R”) isomorphic to
X(4,0,0,...,0,a,_1). For each i € N define the finitely generated projective C(T")-
module V; by

Vi = D'(V).
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Then

n—2 i )
Vi X [Hid 19,000, [T ;1] lsign(dy 1)) 'as 1),
i=1
so that
Wi=Vii10V

is stably isomorphic to X(K f[l |d]-|)lurl - ( Iﬁl |d]-|)i_1] q,C), where

([Hm 1" sign(dy 1)1 - [H\d | lsign(ds-1d)))a

We note that for n > 5, in general we can only calculate the stable iso-
morphism type of W; = V1 © V;, because finitely generated projective C(T")-
modules do not have the cancellation property in general for n > 5. We note that
this particular exercise would combine the methods of Theorem 3.3 and Theorem
8 of [18] for the calculation.

4. PROJECTIVE MULTIRESOLUTION ANALYSES FOR CONJUGATES OF DIAGONAL
DILATION MATRICES

Without much extra effort, we can obtain results for dilation matrices that
are conjugates of diagonal dilation matrices by elements in SL(n,Z). That is,
givenany S € SL(n,Z), we can define the C(T")-module

Xs(4,0,0,...,4;,0,...,0) = Ds(X(4,0,0,...,a;,0,...,0))

and inject it as a submodule of =. We are indebted to Dana Williams for the sug-
gestion that this last fact should be true, and for showing us how to prove a major
part of it. We first prove the result for n = 2, and then move on to the case for
general 7.

PROPOSITION 4.1. Let g € Nand a € 7Z be fixed, let and S € SL(2,7Z), and set

M = S71AS, where
_(d 0
a=(% 2

and dy,dy are integers both having absolute value strictly greater than 1. Write D =
FDAFYand D' = FDpF L. Then there exists a finitely generated projective C(T?)
submodule of Z isomorphic to X(q,a) denoted by Vj, such that V{ = D'(V}}) 2V}, and
more generally, V! = D'(V!_,) D V] _,, foralli € N, with

Viu Vv =&
ieN
Furthermore,

V/ 2 X(|det(M)|'q, [sign(det(M))]'a),
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so that
Wo =Vi 6V = X((|det(M)]| — 1)g, (sign(det(M)) — 1)a).

Proof. Letthemap R : X(q,a) — Vp and the nested sequence of finitely gen-
erated projective C(T?)-modules {V; = D'(Vj)}%, be as defined in Theorem 6 of
[18], so that

wulvi=E
Note that
D' = DgioDoDg-1,
since FDRF ! = Dgry-1 forall R € GL(n,R). Define Vg = Dg:(Vp). Then
Dgi(Vo) = {(v08") - (o §"),h € X(g,a)},
where 7 is the function constructed in Theorem 6 of [18], so that (y o Sf) - (ho

S') € Eforallh € X(q,a). Hence Vj C Z. Furthermore, if (70 S') - (ho S') € V,
and g € C(T?), then

(08" (hosh)g(s,t) = [(voS)(h)- (g0 (S) ™) o S'](s,1).
Since g o (S*)~1 € C(T?), (h) - (go (S')~1) € X(g,a), so that
[(yo8") - (hoSh)]-g €V,

and V} is a C(T?)-submodule of =.
Now observe that

D'(V§) = Dg: 0 D(Vo) 2 Dg:(Vo) = V.

We finally remark that Vjj = X(g,4). Indeed for any R € SL(2,Z),q € N,
and a € Z, consider the following C(T?) module:

Xr(g,a) ={hoR:h e X(q,a)}.

The right action of C(T?) on Xg(q,a) is defined as usual by pointwise multi-
plication. One easily checks that f - g € Xgr(g,4) whenever f € Xg(g,a) and
¢ € C(T?), and another calculation shows that the map on Xg(g,4) x Xr(q,4a)
defined by

q—1
(fi:f2)eer) (sit) = Z(;)fl (s,t+j)fa(s,t+7)
]:

gives a C(T?)-valued inner product on Xg(g,a), with

(fi,f2 8 ey = {fi, )y -8 for fi, f2 € Xr(q,a)
and g € C(T?). It is evident from the construction that in terms of Ko(C(T?)),
[X&(4,®)]ky(cr2y) = (R [X(q, )]k c(m2)) = [X(9,0) ko (c(12))
by equation (3.1). We now define a map R’ : X (q,a) — Vj by
R'(f)(s,t) = vo5'(s,t) - f(s,1),
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where again 1 is the function constructed in Theorem 6 of [18]. It is clear that R’
preserves the module structure, and we can check that R’ preserves the C(T?)-
valued inner product as well. Let f; = h; o St, where h; € X(g,a),i = 1,2. Then
(fu f2)cerey = (1 ha) ey © S,
and a similar calculation shows that
R'(f)) = R(hj)oS' i=1,2.
Hence, for f1, f» € Xst(g,a) and hq, hy € X(q,a) as above,
(i f2)cera) (s, 8) = (h1,h2) cepy 0 S'(s,1) = (R (M), R(h2)) ey © S (5, 1)
= Y, [(rosH-(Al-[(resT) - (2)I((st) = (m,n))

(m,n)€Z?
= (R'(f1), R'(f2))c(m2),

so that R’ preserves the C(T?)-valued inner products, as desired. Since V] is
isomorphic to X (g,a) and X (g, a) is isomorphic to X(g,a), it follows that V] is
isomorphic to X(g,4) as a C(T?)-module. Finally, we will show that

V/ = X(|det(M)['q, [sign(det)(M)]'a).
Note that det(M) = det(A), as M and A are similar, so it is enough to show that

V] = X(|det(A)|"q, [sign(det)(A))'a).
We do this for the case i = 1, and note that higher dimensional cases are similar.
It is enough to show that

Dgi o D' (Vp) = X(|det(A)|1, [sign(det)(A)]a).

For ease of notation, we now write dy = by|d1|,dy = ba|da|, where by, by, €
{—1,1}. Then sign[det(A)] = biby. Let (d1,a) = w, with w > 0, so that we
can write ¢ = r-w, and d; = y-w, where (r,y) = 1, ie. r and y are rela-

tively prime. Then |d1| = |y-w| = |y|-w = yb;-w, so that [y| = vy b
Arguments similar to those used in the proof of Theorem 7 of [18] show that

w
D(Vp) = e [X(lyd2|q, b1bar)]j, so that
=

w—1

Dgt 0 D(Vo) = @ [[Xsr (|ydalq, bibar)]j].
k=0

Again, the discussion given in the first part of the proof shows that
[Xst ([ydalq, bibar)]; = [X(|yd2lq, bibar)];,
so that

_

w—

Dgi o D(Vo) = @@ [[X(|ydalq, brbar)]j],
0

~
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and since
w—1

P [X(|lyda|q, brbyr)]; = X(|d1d2|q, sign(det(A))a),
j=0

the desired result has been proved. 1

THEOREM 4.2. Let q € Nand a € 7Z be fixed, and let M € M(n,Z) and S €
SL(2,7Z) be such that

dq 0 -+ 0
smMstl—a=| 0 %2 - 0
0 0 --- d,

where dq,d>,...,d, € Nand |d]-\ > 1,1 < j < n. Then there exists a finitely generated
projective C(T™) submodule of E isomorphic to X(q,0,..., a;,0,.. .,0), denoted by V,
such that V{ = D'(V}) 2 V and
Viuy v/ ==&
ieN
Proof. Let the C(T")-module V;y which is isomorphic to X(g,0,...,a vy 0)
be as in the proof of Theorem 3.2, and let D’ = F o Dj; 0 F~ 1. As in the proof

of Proposition 4.1 we define the C(T")-submodule V} which is isomorphic to
Xst(q,0,..., aj, ..., 0) and which satisfies the condition

V§ € D'(V),

where as before Vjj = Dg: (Vp). The proof is then very similar to that given in the
proof of Proposition 4.1, and we leave details to the reader. &

REMARK 4.3. Let S € SL(2,Z),n > 3, and put B = S'. The main difference
in passing to the case n > 3 is that X3(q,0, ..., aj, 0,...,0) will not be isomorphic
to X(g,0,0,.. -,aj,0,. ..,0) in general, unlike the two-dimensional case. Recall
that [X(q,0,0,...,0, a;,0,... ,0)]K0(C(Tn)) can be identified with the element g —
ajej \ey € A5 {e1, ..., en}. On the other hand, suppose that we write

B = (bjr)1<jk<n-
Upon modifying the methods of Proposition 3.4 of [18], we see that
[Xs(l], 0,0,... ,11/',0, . /0)]K0(C(T”))

is identified with the element q — a; ( lé bﬂel) A (kil bnkek) e Ny {e1, ..., en},

which of course need not be equal to g — aje; A e, forn > 3.
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Suppose further thatdy = dy = --- = d,,_1 = d,. Then A commutes with
any matrix B € SL(n,Z), i.e. B"'AB = A. In this way we can obtain a large
variety of C(T") submodules V] of Z such that

Vo € D(Vp).
We develop this idea for the case n = 3.

EXAMPLE 4.4. Let n = 3 and let our dilation matrix be the standard dilation

0 0
by d in all variables,ie. A= | 0 d 0 |.LetB = (bj)1<jk<3 be an arbitrary
0 0 d

element of SL(3,Z). Then the above argument shows that we can take
Vi = Xp(q,0,1)

for any q € N, and build a projective multiresolution analysis for dilation by A.
One calculates from the formulas given above that

[X(q,0,8)]k,(c(r3)) = [9 + albazba1 — barbsz]er A ez + albazbsy — barbsser Aes
+ a[basbay — basbsslez A eslg, (c(m3))-

With this example in hand, whenever the 3 x 3 dilation matrix is a con-
stant integral multiple of the identity, we can easily embed projective modules
isomorphic to any nonzero representative of the positive cone of [Ko(C(T?))] as
the initial space of one of our projective multiresolution analyses, as long as we
keep in mind that every nonzero member of this positive cone can be represented
as [q + c1e1 A ey + cpe1 Aes+czex Aes] for g € Nand ¢q,¢p,c3 € Z via its exterior

algebra representation in A5 {e1, ez, e3}.

THEOREM 4.5. Let n = 3 and let our dilation matrix be the standard dilation by

d 0 0
d in all variables, i.e. A = 0 d 0 |, wheredisan integer whose absolute value is
0 0 d

greater than 1. Then, identifying Ko(C(T?)) with A" {e1,e2,e3} = N9 {e1,e2,e3} ©
/\%{el, e, e3}, given any [q -+ cre; Aex + coeq Aes + czex Aes] € [Ko(C(T®))]F, there
exists a finitely generated projective C(T?)-module V) C E with
Vé & [q +c1e1 Aex + cpe1 Aes + csen A es]

such that

D(V{) 2 V.
Hence, setting

Vy = D"(Vp)

for n = 0, the nested sequence {V,,} gives a projective multi-resolution analysis corre-
sponding to the dilation matrix A.
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Proof. Let the greatest common divisor of ¢, ¢y and c3 be a € N, and write
cp = ax,cy; = ay, and c¢3 = az, where x,y, and z are relatively prime. By Ex-
ample 4.4, in order to prove the theorem, it is sufficient to find B = (bjx)1<jx<3 €
SL(3, 7), such that [b22b31 — b21b32] =X, [b23l’]31 — b21b33] =y,and [b23b32 — b22b33]
= z. The three terms involving the b;; are nothing more than —1 times the cofac-
tors of B obtained from its last two rows, so the question then becomes one of
whether it is possible to find B € SL(3,Z) with specified relatively prime cofac-
tors along the last two rows. Of course this is possible; first choose b1, b1y, and
by3 € Z such that

—b11z+bpy —bizx =1.
Now let (x,z) = v, so that (v,y) = 1 as x,y, and z are relatively prime. Write
x = Ma and z = v where («, f) = 1. Since « and B are relatively prime, we can
find o, T € Z such that T 4 BT = y. Now we set

byy = —a, by = 0,b3 = B, by =0,byp = v, b33 = 7.
Then one checks that [byobs; — ba1bss] = x, [basbsy — ba1bss] = v, [basbsy — baobss)
= z, and that the matrix B with entries as defined above satisfies
det(B) =1,
so is an element of SL(3,Z), as desired. Finally, setting Vjj = X3(q,0,4), we have
D(Vg) 2 Vg
and
[Volky(c(rey) = [q + albaabar — babsoler Aea +albrnbs — barbasler Aes
+ a[basbsy — baobaslez A es]k (c(r3))
= [q+cre1 Aea +cae1 Aes + czer Aes, o3y
as desired. We leave it to the reader as an exercise to calculate the isomorphism

class of each V} in Ko(C(T?)) by using the combined methods of Proposition 4.2
and Corollary 3.5. 1

By rearranging the variables, the above discussion generalizes slightly to
allow us to deal with diagonal dilation matrices and finitely generated projec-
tive modules whose Chern characters take on the values g; — ae;; \ ey, fori; #
k; in the exterior algebra formulation of Ko(C(T")). Using separation of vari-
able techniques, we can generalize even further as follows: suppose that [P] €
Ko(C(T™))* has its representation in \$*"{ey, ..., e, } given by

[P] = A\ (q; — are;, Aey,),

where g; € N, 2 < n,and {i1, k1,iz,ko,...,i;,k;} are distinctelements {1,2,...,n}.
Without loss of generality by rearranging the variables we assume that i; < k; <
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ip < kp < .-+ < i < k;. Then by repeated use of Theorem 3.3 and tensor prod-
ucts, it is possible to find a finitely generated projective C(T")-submodule Vy C £
such that

[Vo] = [P] € Ko(C(T")) and Vo € D(Vp),

where D is dilation in the frequency domain by an n x n diagonal matrix A with
integer entries all having absolute value greater than 1. We leave details to the
reader.

5. BUILDING MODULE FRAMES FROM PROJECTIVE MULTIRESOLUTION ANALYSES

In this section, we present a useful algorithm for constructing a module
frame for = from a projective multiresolution analysis corresponding to a dilation
matrix A.

Before beginning, we fix a bit of notation: if v € Z", recall that the transla-
tion operator T, on L?(R") is defined by

To(f)(x) = f(x —v) feL*R").

For any v € Z", let &, denote the Fourier transformed version of T, acting on
L%(R") defined by &, = F o T, o F*. A standard calculation shows that ¢, is the
multiplication operator on L?(R") defined by

eo(8)(t) = e(—v-H)E(t) ¢ € LX(RY),

where recall e is the exponential function defined on R by e(r) = e,
We now present the theorem on the construction of module frames.

THEOREM 5.1. Let A € GL(n,Q) bean x n dilation matrix with integer entries,
let |det(A)| = d, and suppose that {V]};”:O is a projective multiresolution analysis for £
corresponding to dilation by A. Suppose that {®1, P, ..., Ds} is a module frame for Vy,
and that {¥1,¥a, ..., ¥+ } is a module frame for the finitely generated projective C(T")-
module Wy = Vi © V. Then it is possible to enumerate a countably infinite subset
{v;:1 >0} C Z" such that for eachi € NU {0}, {v; : 0 <1 < d' — 1} is a set of coset
representatives for Z" / A'(Z"). Furthermore, letting D be dilation by A in the frequency
domain, for eachi € N,

{Diey, (¥1), Diey (¥2), ..., Dew (#) 10 <y <d' = 1,1 <1<}

forms a module frame for the finitely generated projective C(T")-module W; = Vi1 ©
Vi, so that a module frame for all of = is given by the set

[e°] r
{@1,02,..., @} U U{Dleo (¥) : 0< I < — 1}
j=0k=1
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Proof. We start the proof by showing how to construct the appropriate sets
of coset representatives, enumerated in a consistent fashion. Let {f; : 0 < i <
d — 1} be a set of coset representatives for Z"/A(Z") with By = 0. Fix b € N.

b-1 .
Then it is easy to check that { Y A(By) : 0 < b <d— 1} gives a family of
i=0

coset representatives for Z"/AY(Z"). The set {v; : 0 < | < d' — 1} is given by
giving [ its d-adic expansion in terms of powers of the matrix A and the coset

representatives f;, i.e. if we write | = 'Z (bi)di, where b; € {0,1,...,d — 1}, we

i=0
b—-1 .
thensetv; = Y. A’(By,). One can check that as one passes from the enumeration
i=0
of coset representatives of Z"/ AY(Z") to the enumeration of representatives for
7"/ Ab+1(Z), this definition of v; is consistent, i.e. it does not depend on b.
We will establish the first claim of the theorem by induction. The statement
is true for i = 0, by hypothesis. We prove it is true for i = 1, as the proof of this

fact will serve as a model for the general case. We note that V, = V; & W;. But
also V, = D(V;) = D(Vh @ Wp). One easily checks that

D(Vo @ Wy) = D(Vp) @ D(Wp) = Vi © D(Wp).
We note that
Wi = D(Wp),
since the orthogonal complement of V; in V; with respect to the Hilbert module

inner product must be unique. We know that {¥; : 1 < k < r} is a module frame
for Wy and we want to show that

{DS.Bk] (lffl), ngkz (IFQ),. . "Dsﬁkr (lFr) :0 g kl g d— 1,1 g I g 1’}

is a module frame for V;. Fix { € W; = D(W). We must show that

roditl—1

C(X)Zkz Y. Dey, (%) (x)(Deg, (%), C) c(rmy (%),

=1 |=d/
for {B; : 0 < I < dit! — 1} a set of coset representatives for Z" / AIT1(Z"), where

without loss of generality we choose By = 0. Since { € D(Wy), we can write
{ = D(¢) for some ¢ € Wy. Using the definition of module frame for Wy, we get

£(x) = kzl () (¥, &) ().
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Since {(x) = —-¢([A"]7!(x)), to obtain the desired result it is enough to show

Vd
that
r d—1
Y. Y Dey, (i) (x)(Deg, (%), {)cgrny (x)
k=11=0
= zk_zllfkuAf]l(x)wk, & e ([AT71(x))

We now calculate that

r d—1
k; E)D% (i) (Deg, (¥e), &) oy (%)
o r d—1 ) 1 -
- kzzl 1=0 SA?l(ﬁl)D(lPk)(x)<£A71(ﬁl)D (%), ﬁg ° 4] >c(1rn)(x)
r d—1 '

:LZ Y (=AY (B) - x) (F) ([AT] 1 (x)) (e p (;3,)D]+1('f’k)f5 o[AT7h)
2 31i=0

— L ! dile(_Ail(,B ) -x)‘f’ ° [At] 1(x)

dvd (31 1= : ¢

L —A~1(B)) - (x+0)) ¥ o [A]1(x +0) - E([A] T (x +0))
1 d—1 d—1

- (Fe o [A 71 (x + [AT(0) + ) - S([AT 7 H(x + [AT](0) + ),

(where {7y, : 0 < m < d— 1} is a set of coset representatives for Z"/[A!](Z")
with 9 = 0)

By the law of characters on the finite abelian group Z" / A} (Z"),

d—1

Y e((A7'Br) - ym) =0

1=0
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unless v, = 0, that is, unless m = 0, and equals d when m = 0, in which case
Bo =70 = 0 € Z". Our sum therefore becomes

= V3t L L (AT ) FTAT TG 7 9) - (14 (0) +9
=1lveZ"
- id kz AT 0) (Fh Do (1477 ()
=1
— J-8(0477 @) = D) = £(x),
as desired.

We now suppose that {¥;1, ¥j2, .-, ‘I’]'/rj} is a module frame for W, the or-
thogonal complement of V; in V; ;1 with respect to the Hilbert module C(T")-
valued inner product. The same argument used to show that Wy = D (W) shows
that W1 = D(W;). It is easy now to see that

{DS/gk ( ]1) ngk (IP},Z) Dgﬁk ( m):ngl gd—l,l glg?’]}

is a module frame for V;, 1. This is because the same argument as for the case
j = 0shows thatif € Wi 1 = D(W;), then { = D(§) for some § € W;, and

3 Dy () (810D (85 Ll (3

’j

_ 1
=

from which follows the desired statement about the module frame for Wj, 1.

We now prove by induction that {Dlsvl Y)0<I<d —1,1<k< r} forms
a module frame for the finitely generated pro]ectlve C (T”)—module W;, where
here {v; : 0 < I < d' — 1} isa set of coset representatives for Z" / A'(Z") as defined
in the first paragraph of the proof of the theorem. The statement is true for i = 0,
by hypothesis, and we now assume it is true for i = j, so that {D/e,, (%) : 0 <
1 <d'—1,1 <k <r} forms a module frame for the finitely generated projective
C(T")-module W;, where here {v; : 0 < I < d/ — 1} is a set of coset representatives
for 7"/ A/(Z"). From our remarks above, we know that a module frame for Wit
is given by the set

Deg (Dley (%)) :0<m<d—1,0<1<d —1,1<k<r}.
ﬂm 1

¥ (AT (0)) (¥ §) cermy (AT (1)),

We now show that this takes on the desired form. We first note the relations

epn D' = Dleyig,) and  eaip, €0 = €[ai(p,,) 10,
Thus we see that

(DI e (g 40y (Fi) :0<m<d=1,0< 1 <&/ 1,1 <k <7}
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forms a module frame for W; ;. We finally note that as m runs through all the

values between 0 and d — 1, and ! goes from 0 to d/ — 1, the set {A/(B,,) + v;}
runs through all the coset representatives of Z"/ Ai*1(Z"), as explained in our
consistent enumeration of coset representatives given in the first paragraph of
the proof. Thus

{AI(By) +1:0<m<d—1,0<I<d —1} ={o,:0<I <At —1},

so that
{D'tley, (B) 1 0< I <A —1,1<k <1}

forms a module frame for W;, 1. The induction step of the first statement of the
theorem is done, so we have proved the first statement constructing module
frames for W; for each i € NU {0}. The rest of the theorem follows from the fact
that we have a projective multiresolution analysis for =, so that once we know
module frames for Vj and each W;, the union of these module frames gives a
standard module frame for all of 5.

Finally, we remark that if Wy is a free C(T")-module of rank r, then W; will
be free of rank rd’. This follows by choosing the module frame for W in such a
way that (¥}, ¥j)c(r2) = 0 1¢(r2), performing a calculation involving the law of
characters to show that

(Dey, (i), Do, (¥))) c(m2) = 6i,j01,m1c(Tn),

so that Wy is free of rank rd. Using induction exactly as before, we see that W; is
free of rank rd' foralli € N. 1

6. CONCLUSION

The methods we have used so far may seem fairly specialized. The question
then arises as to how to construct examples beyond the special cases of diagonal
matrices with integer entries, and their conjugates by elements of SL(n,Z), and

11
-1 1
associated to the quincunx lattice. In the quincunx lattice case, we have been able
to construct an initial module Vj in Z isomorphic to the projective C(T?)-module
X(1,1) and this leads to a wavelet module Wy that is a free C(T?)-module of rank
one. Letting ¢ and ¢, be the module frame for Vj as constructed following the
proof of Proposition 17 in [18], and letting {¢} be a module frame for the singly-
generated module Wy, Theorem 5.1 gives a way to construct a module frame of
& that corresponds to the projective multiresolution analysis.

By using recent constructions of smooth scaling functions in the ordinary
multiresolution analysis setting by M. Bownik [4], and M. Bownik and D. Speegle
[5], it seems likely that the construction of projection multi-resolution analyses
can be generalized to a wider class of dilation matrices of arbitrary dimension.

various special ad-hoc dilation matrices, such as Q = ( , the matrix
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