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ABSTRACT. We continue the study of projective module wavelet frames cor-
responding to diagonal dilation matrices on Rn with integer entries. We fol-
low the method proposed by the author and M. Rieffel, and are able to come
up with examples of non-free projective module wavelet frames which can be
described via this construction. The construction is generalized to include all
integral dilation matrices that are conjugates of diagonal matrices by elements
in SL(n, Z). As an application of our results, in the case n = 3, when the di-
lation matrix is a constant multiple of the identity, we embed every finitely
generated projective module of C(T3) as an initial module.

KEYWORDS: Module frames, finitely generated projective modules, dilations, K-
theory, wavelets, C∗-algebras, Hilbert C∗-module.

MSC (2000): Primary 46L99; Secondary 42C15, 46H25, 19M05.

1. INTRODUCTION

Let A be an n × n integer dilation matrix. In a previous paper [18], the
author and M. Rieffel studied the existence of projective multiresolution analyses
corresponding to dilation by certain 2× 2 matrices A in a Hilbert C(Tn)-module
Ξ, where we recall that for n ∈ N, n > 2, the right C(Tn)-module Ξ is defined
as the completion of Cc(Rn) under the norm determined by the following C(Tn)-
valued inner product:

(1.1) 〈ξ, η〉C(Tn)(t) := ∑
p∈Zn

(ξη)(t− p),

for t ∈ Rn. We remark that space Ξ was first introduced by G. Zimmermann in
Chapter V of his thesis [24], where the notation L2,∞(Zn, Tn) was used, and was
studied further by J. Benedetto and G. Zimmermann in [2].

One verifies (c.f. Section 1 of [18]) that Ξ consists of all bounded continuous
functions ξ on Rn for which there is a constant, K, such that ∑

p∈Zn
|ξ(x − p)|2 6 K
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for each x ∈ Rn. The right module action of C(Tn) on Ξ is given by pointwise
multiplication. One also checks that

‖〈ξ, ξ〉C(Tn)‖ >
∫
Rn

|ξ(t)|2dt,

so that Ξ ⊆ L2(Rn). In Proposition 5 of [18], sufficient decay conditions were
provided on any continuous ξ ∈ L2(Rn) for ξ to be an element of Ξ.

In a previous paper [18], the notion of a projective multiresolution analysis
for a general n× n dilation matrix was defined as follows:

DEFINITION 1.1 ([18], Definition 4). Fix n ∈ N, let A be a n × n integer di-
lation matrix, and let Ξ be the right-rigged Hilbert C(Tn)-module defined above.
A sequence {Vj}j∈Z of subspaces of Ξ is called a projective multiresolution analysis
for dilation by A if:

(i) V0 is a finitely generated projective C(Tn) submodule of Ξ;
(ii) Vj = Dj(V0), ∀j ∈ N, where D is as defined below;

(iii) Vj ⊂ Vj+1, ∀j ∈ Z;

(iv)
∞⋃

j=0
Vj is dense in Ξ, in the Hilbert C(Tn)-module topology;

(v)
∞⋂
−∞

Vj = {0}.

Here D is defined to be the Fourier transformed version of DA,

D = F ◦ DA ◦ F ∗,

where the dilation operator DA is defined on L2(Rn) by

DA(ζ)(x) = |det(A)1/2|ζ(A(x)) ζ ∈ L2(Rn),

and the Fourier transform F is defined on L2(Rn) by

F ( f )(x) =
∫
Rn

f (t)e(t · x)dt.

Here e is the exponential function defined on R by e(r) = e2πir. An easy calcula-
tion shows that

D = DB−1 ,

for B = At.
It turns out that condition (v) in the definitions above is implied by condi-

tions (i) and (ii) ([18], Proposition 13).
In [18], Theorem 6, specializing to the case where n = 2, for any fixed di-

agonal dilation matrix A, and any choice of finitely generated projective C(T2)-
module X(q, a), a projective multiresolution analysis for that dilation matrix was
constructed with V0 ∼= X(q, a). In this situation, the isomorphism class of each
of the higher dimensional modules Vj = Dj(V0), j > 1 was provided, and under
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appropriate circumstances, we gave a constructive approach which gave module
frames for Ξ analogous to dilates and translates of L2-wavelets.

It is the aim of this paper to continue developing the methods outlined in
[18], applying the main ideas to construct C(Tn)-module frames for Ξ in dimen-
sions n > 3. We discuss projective multiresolution analyses corresponding to
integer-valued dilation matrices which are similar to diagonal matrices via con-
jugation by an element in SL(n, Z). It is interesting to note that in [18], in all of the
examples of projective multi-resolution analyses corresponding to 2× 2 dilation
matrices with positive determinant, where the “initial module" V0 was not free,
the wavelet module W0 = V1 	V0 was still free. Hence the module generators of
W0 in this case corresponded to multi-wavelets in the usual sense. In contrast, in
this paper an example will be given of a 3 × 3 dilation matrix with positive de-
terminant, and a corresponding projective multiresolution analysis where V0, V1,
and the wavelet module W0 are all finitely generated non-free C(T3)-modules.
Also, in the 3 × 3 case, where the dilation matrix in question is an integer mul-
tiple of the identity matrix, we are able to construct a projective multiresolution
analysis for that dilation matrix whose initial module is isomorphic to P , where
here P represents an arbitrary finitely generated projective C(T3) -module.

In Section 2, the class of allowable “scaling functions" which lie in Ξ is
widened, in Section 3 we review K-theory and finitely generated projective mod-
ules for Tn, and discuss the extent to which the two-dimensional case can be gen-
eralized to higher dimensions. In Section 4, we discuss the construction of projec-
tive multiresolution analyses for dilation matrices that are similar via an element
of SL(n, Z) to a integral diagonal dilation matrix, and in Section 5 a method is
given for constructing projective module frames for Ξ from a projective multires-
olution analysis whenever module frames for V0 and W0 are known. In particular,
this result shows that W0 is a free module, then Wi is free for all i ∈ N. We finish
by posing some open questions.

2. CONSTRUCTION OF SCALING FUNCTIONS WHOSE FOURIER TRANSFORMS ARE
NON-COMPACTLY SUPPORTED ELEMENTS OF Ξ

In the construction of projective multiresolution analyses given in [18], con-
tinuous Meyer-type low-pass filters corresponding to dilation by an integer d
with |d| > 1 were used, whose corresponding scaling functions had continu-
ous Fourier transforms with compact support, hence were elements of Ξ. The
tensor product construction then gave scaling functions for diagonal dilation ma-
trices whose Fourier transforms were continuous and compactly supported, thus
in Ξ. The aim of this construction was to use these filters to aid in building the
projective multiresolution analyses. However in practice, one often comes across
scaling functions whose Fourier transforms Φ are not compactly supported, and
it is useful to have a weaker condition that guarantees they lie in Ξ. It also is of
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interest to identify more precisely the C(Tn)-module structure of Ξ. We do this in
the following theorem.

THEOREM 2.1. The Hilbert C(Tn)-module Ξ is isomorphic to the standard C(Tn)
-module

l2(C(Tn)) =
{
( f j)∞

j=1 : f j ∈ C(Tn),
∞

∑
j=1

| f j(x)|2 converges in norm in C(Tn)
}

.

In addition, if Φ is a continuous complex-valued function defined on Rn, then Φ ∈ Ξ if
and only if the sum

∑
p∈Zn

|Φ(x − p)|2

converges uniformly on the cube [0, 1]n.

Proof. Let H be the Hilbert C∗(Zn)-module obtained by completing the
C∗(Zn)-module Cc(Rn), where we give Cc(Rn) a right Cc(Zn)-action defined by

f ∗ a = ∑
v∈Zn

f (t− v)a(v) f ∈ Cc(Rn), a ∈ Cc(Zn),

and a C∗(Zn)-valued inner product defined by

〈 f1, f2〉C∗(Zn)(v) =
∫
Rn

f1(x) f2(x − v)dx f1, f2 ∈ Cc(Rn).

The module H was studied in much greater generality for any closed sub-
group H of the locally compact group G by M. Rieffel in 1974 [19], where he
studied induction of group representations by algebras. In this case H = Zn and
G = Rn and H serves as a strong Morita equivalence bimodule between C∗(Zn)
and the transformation group C∗-algebra C0(Rn/Zn) o Rn. It then follows from
the work of P. Green ([12], Theorem 2.4) that H is isomorphic as a right C∗(Zn)-
module to the standard C∗(Zn)-module l2(C∗(Zn)).

One easily checks that Ξ = F (H) and that

F ( f ∗ a) = F ( f ) · F (a) f ∈ H, a ∈ C∗(Zn)

and

F (〈 f1, f2〉C∗(Zn)) = 〈F ( f1),F ( f2)〉C(Tn),

where here, by abuse of notation, we also denote the Fourier transform from
C∗(Zn) to C(Tn) by F . Hence Ξ is isomorphic to H. But we have seen that H
is isomorphic to l2(C∗(Zn)) as a C∗(Zn)-module. Thus Ξ is isomorphic to the
standard C(Tn)-module l2(C(Tn)) as a C(Tn)-module.

As for the second statement, suppose that Φ is continuous on Rn and that

∑
p∈Zn

|Φ(x − p)|2
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converges uniformly the cube [0, 1]n. Since each term |Φ(x− p)|2 is continuous on
[0, 1]n, by the theory of uniform convergence, the sum ∑

p∈Zn
|Φ(x − p)|2 is contin-

uous on the compact cube [0, 1]n, hence is bounded from above by some positive
constant K. But then for any x ∈ Rn, there exists m ∈ Zn with x′ = x + m ∈ [0, 1]n,
so that

∑
p∈Zn

|Φ(x − p)|2 = ∑
p∈Zn

|Φ(x′ −m− p)|2 6 K,

and hence Φ ∈ Ξ.
The converse follows directly from Proposition 1 of [18].

REMARK 2.2. We note that the construction of the isomorphism between H
and l2(C∗(Zn)) from [12] depends on the choice of a Borel section α : Rn/Zn →
Rn. Thus there is no canonical choice of isomorphism between Ξ and l2(C(Tn)).

We give an example of the use of the above theorem to show that the Fourier
transform of the Haar scaling function in dimension 1 for dilation by an integer
d > 1 is an element of Ξ. Some ideas behind this construction can be found in
Section 4 of the reference [11]. Fix d ∈ N, d > 1, and find an orthonormal basis for
Rd, with the initial vector fixed as~r0 =

( 1√
d

, 1√
d

, . . . , 1√
d

)
, and the other vectors as

~r1, . . . ,~rd−1. For 0 6 l 6 d− 1, write

~rl = (al,0, al,1, . . . , al,d−1).

Let ~v(x) denote the row vector whose entries consist of the following d-periodic
functions defined on R :

(
1, e

( x
d
)
, e

( 2x
d

)
, . . . , e

( (d−1)x
d

))
. Now define

µl(x) =~rl ·~v(x) 0 6 l 6 q− 1,

where the “·" denotes dot product, so that

µl(x) =
d−1

∑
j=0

al,je
( jx

d
)

0 6 l 6 d− 1.

The functions µi(x), 0 6 i 6 d− 1 are continuous and periodic modulo d, and

µ0(x) =
d−1

∑
j=0

e
( jx

d
)
,

so that µ0(0) = 1. As in [11], one easily calculates by the law of characters on
Z/dZ that:

〈µl , µk〉C(R/Z) =
d−1

∑
n=0

dal,nak,n = dδl,k,

since the vectors~r0,~r1, . . . ,~rd−1 form an orthonormal basis for Rd. (Here the use
of the inner product notation refers to the definition given in equation (1.1).)
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Defining mi(x) = µi(dx), 0 6 i 6 d − 1, it is clear that the functions {mi :
0 6 i 6 d − 1} will be continuous and periodic modulo 1. They will also satisfy
the two conditions

m0(0) =
√

d and 〈ml , mk〉C(R/ 1
d Z)(x) = dδlk(x).

The functions {mj : 0 6 j 6 d− 1} are all trigonometric polynomials, and m0 sat-
isfies Cohen’s condition as stated in [23]. In the usual way one uses the telescop-
ing property to prove that when m0 is the trigonometric low-pass filter defined
above, the corresponding scaling function viewed in the frequency domain will
take on the closed form

(2.1) Φ(x) =
∞

∏
j=1

[ 1√
d

m0
( x

dj

)]
=

e(x)− 1
2πix

,

which is familiar from ordinary wavelet theory as being the Fourier transform
of the Haar scaling function. By an application of Theorem 2.1, we immediately
see that Φ is an element of the Hilbert C(T)-module Ξ. In the same way one can
show that the Fourier transform for the Haar scaling function corresponding to
dilation by −d for d ∈ N, d > 1, is also in Ξ.

3. PROJECTIVE MULTIRESOLUTION ANALYSES IN HIGHER DIMENSIONS: DIAGONAL
MATRICES WITH INTEGER ENTRIES

In this section, we first discuss finitely generated projective modules over
C(Tn), n > 3, and then go on to construct projective multi-resolution analyses in
higher dimensions. We also discuss the relationship of these projective modules
to the K-groups of C(Tn). The modules we consider are adapted from C(T2)-
modules first constructed in Section 3 of [21], and were also reviewed in Sec-
tion 3 of [18]. For completeness, we briefly describe these C(T2)-modules here.
Throughout this section, unless otherwise specified, we view functions on Tn as
functions defined on Rn which are periodic modulo Zn.

THEOREM 3.1. For q ∈ N and a ∈ Z, let X(q, a) denote the right C(T2)-module
consisting of the space of continuous complex-valued functions f on T×R which satisfy

f (s, t− q) = e(as)h(s, t),

with module action given by

f · F(s, t) = f (s, t)F(s, t),

for f ∈ X(q, a) and F ∈ C(T2). Then X(q, a) is a finitely generated, projective C(T2)-
module; following the results from [21], we say that X(q, a) has dimension q and twist
−a. The set {X(q, a) : q ∈ N, a ∈ Z} parameterizes the isomorphism classes of finitely
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generated projective C(T2)-modules, in the sense that if X is a finitely generated projec-
tive C(T2)-module, there exist unique values of q and a such that X ∼= X(q, a). More-
over, if q1, q2 ∈ N and a1, a2 ∈ Z are fixed, then

X(q1, a1)⊕ X(q2, a2) ∼= X(q1 + q2, a1 + a2)

as finitely generated projective C(T2)-modules. Furthermore, cancellation holds for all
finitely generated C(T2)-modules; that is, if

X(q1, a1)⊕ X(q2, a2) ∼= X(q1, a1)⊕ X(q3, a3),

then X(q2, a2) ∼= X(q3, a3), so that q2 = q3 and a2 = a3.

Proof. For the proof of this result, refer to Theorem 3.9 of [21].

It follows that for any positive integer q, X(q, 0) is isomorphic to the free
C(T2)-module on q generators; moreover, we obtain the well-known result that
K0(C(T2)) ∼= Z2 = {[q, a] : q, a ∈ Z} [21].

The above analysis for finitely generated projective modules over C(T2) ex-
tends to finitely generated projective modules over C(Tn). By definition, the sta-
ble isomorphism classes of finitely generated projective modules over C(Tn) give
the positive cone of the abelian group K0(C(Tn)) ∼= K0(Tn), hence generate the
entire group K0(Tn), where K0(Tn) represents the Grothendieck group from sta-
ble isomorphism class of complex vector bundles over Tn. It is well-known that
the ring K∗(Tn) ∼= K∗(C(Tn)) is isomorphic to the exterior algebra over Z on
n generators,

∧∗
Z{e1, . . . , en} [8]. Here the Chern character ch : K∗(C(Tn)) →

Ȟ∗(Tn, Q) is integral and gives an isomorphism ch0 : K0(C(Tn)) → Ȟeven(Tn, Z)
and ch1 : K1(C(Tn)) → Ȟodd(Tn, Z) (see [13] for a proof), and Ȟ∗(Tn, Z) un-
der cup product is known to be isomorphic to the exterior algebra

∧∗
Z{e1, . . . , en}

with Ȟk(Tn, Z) ∼=
∧k

Z{e1, . . . , en}. For future reference we discuss some calcula-
tions involving the Chern character on K∗(C(Tn)) under the identification with
the exterior algebra on n generators discussed above; see the reference [15] for
more details.

Recall from [18] that the Chern character on K0(C(T2))+ maps [X(q, a)] to

q − ae1 ∧ e2 ∈ ∧even
Z {e1, e2}. Also recall that if A =

(
b c
d f

)
∈ GL(2, Z) is

viewed an automorphism of T2 by the formula

A(z, w) = (zbwc, zdw f ) (z, w) ∈ T2,

then the corresponding map in K-theory, A∗ : K0(C(T2)) → K0(C(T2)) is given by

(3.1) A∗(q− ae1 ∧ e2) = q− det(A)ae1 ∧ e2.

More generally, viewing C(Tn) as the C∗-algebra of all continuous functions
on the n real variables s1, s2, . . . , sn−1, t, and fixing q ∈ N and a1, a2, . . . , an−1 ∈ Z,
let X(q, a1, a2, . . . , an−1) be the C(Tn)-module consist of all continuous functions
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f : Rn → C satisfying the identity

f (s1, s2, . . . , sn−1, t− q) = e(a1s1 + · · ·+ an−1sn−1) f (s1, s2, . . . , sn−1, t).

It can be shown using methods from Section 3 of [1] and [15] that the C(Tn)-mo-
dule X(q, a1, a2, . . . , an−1) is a finitely generated projective C(Tn)-module whose
first Chern class corresponds to the element − ∑

16k6n−1
akek ∧ en ∈

∧2
Z{e1, . . . , en}

∼= H2(Tn, Z). For general n, this method does not produce all finitely generated
projective modules of C(Tn), as in general the positive cone of K0(C(Tn)) seems
to be unknown; see Exercise 6.10.2 of [3]. Also, as indicated in [3] and demon-
strated in Section 4 of [17], cancellation of projective modules over C(Tn) fails for
n > 5, although cancellation holds for n 6 4. However, the failure of cancellation
to hold does not affect calculations at the level of the K-groups, and combined
with the natural automorphisms of Tn provided by elements in GL(n, Z) one
can write down specific formulas for a large class of examples of elements from
K0(C(Tn))+. In the special cases when n = 2 and n = 3 we can write down all
of them. We can also write down analogues of Equation (3.1) which tell us how
certain elements of GL(n, Z) affect elements in K0(C(Tn))+, by using the exterior
algebra methods outlined in the proof of Equation (3.1). We will use these facts
in what follows when we construct our projective multi-resolution analyses for
certain higher dimensional dilation matrices.

We now discuss the construction of projective multi-resolution analyses
where the initial space V is a finitely generated projective module over C(Tn), for
n > 3. For simplicity, we will concentrate on the case where the module V in ques-
tion is of the form X(q, 0, . . . , aj, 0, . . . , 0) as defined above, for q ∈ N, 1 6 j 6 n− 1
and a1, a2, . . . , an−1 ∈ Z. In this case X(q, 0, . . . , aj, 0, . . . , 0) is the C(Tn)-module
consisting of all continuous complex-valued functions from Rn to C which are
periodic modulo Z in the first n− 1 variables and which satisfy the identity

f (s1, s2, . . . , sn−1, t− kq)=e(kajsj) f (s1, s2, . . . , sn−1, t) s1, s2, . . . , sn−1, t∈R, k∈Z,

and where the action of C(Tn) on X(q, 0, 0, . . . , aj, 0, . . . , 0) is by pointwise multi-
plication. Here, as previously, j represents a fixed integer between 1 and n − 1.
By our discussion in Section 2, the module X(q, 0, . . . , aj, 0, . . . , 0) is exactly the
pullback of the C(T2)-module X(q, aj) obtained from the projection of Tn onto T2

given by projection in the jth and nth coordinates, and therefore, upon identify-
ing K0(C(Tn)) with

∧even
Z {e1, . . . , en} as in section two,

[X(q, 0, 0, . . . , 0, aj, 0, . . . , 0)]K0(C(Tn))

can be identified with the element q − ajej ∧ en ∈
∧even

Z {e1, . . . , en}. The C(Tn)-
valued inner product on X(q, 0, . . . , 0, aj, . . . , 0) is given by
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〈h1, h2〉C(Tn) =
q−1

∑
k=0

h1(s1, s2, . . . , sn−1, t− k) · h2(s1, s2, . . . , sn−1, t− k).

We now remark that it is possible to generalize Theorem 4 of [18] to this n-
dimensional setting, and embed X(q, 0, 0, . . . , 0, aj, 0, . . . , 0) as a finitely generated
projective module in the Hilbert C(Tn)-module Ξ ⊆ L2(Rn) described in Sec-
tion 1, as follows:

THEOREM 3.2. Fix n ∈ N, and let A be the n× n diagonal matrix

A =


d1 0 · · · 0
0 d2 · · · 0
· · · · · ·
0 0 · · · dn

 ,

where d1, d2, . . . , dn ∈ N and |dj| > 1, 1 6 j 6 n. Fix q ∈ N and aj ∈ Z, and let
X(q, 0, 0, . . . , 0, aj, 0, . . . , 0) be the C(Tn)-module defined in Section 2. Then there exists
a C(Tn)-module monomorphism

R : X(q, 0, 0, . . . , 0, aj, 0, . . . , 0) → Ξ ⊆ L2(Rn)

which satisfies:
(i) 〈R(h1),R(h2)〉C(Tn) = 〈h1, h2〉C(Tn), for all h1, h2 ∈ (q, 0, . . . , aj, . . . , 0);

(ii) R(X(q, 0, . . . , aj, . . . , 0)) ⊆ DR(X(q, 0, . . . , aj, . . . , 0)), where D is the conju-
gate of the dilation operator with respect to the dilation matrix A by the Fourier trans-
form.

Proof. Without loss of generality we let j = n − 1 since the proof for the
other cases is the same, up to a permutation of the variables. We recall that the
inner product on Ξ is defined by

〈λ, µ〉B(s1, s2, . . . , sn−1, t) := ∑
v∈Zn

(λµ)((s1, s2, . . . , sn−1, t)− v).

As in the proof of Theorem 4 of [18], we want to find some appropriate function
γ ∈ Ξ and then define

R(h) = h · γ h ∈ X(q, 0, 0, . . . , 0, an−1).

As in the proof of that theorem, one checks that in order for equation (i) in the
statement of the theorem to hold, it is necessary to have

∑
(m1,...,mn)∈Zn

|γ((s1 −m1, . . . , sn−1 −mn−1, t−mnq))|2 = 1.

Then, using the fact that D̂A = DA−1 , one checks that if one wants (ii) to hold, it
is necessary that

DA(R(X(q, 0, 0, . . . , 0, an−1))) ⊆ R(X(q, 0, 0, . . . , 0, an−1)),
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which as in the proof of Theorem 4 of [18] will imply the following condition on
the function γ:{√

n

∏
m=1

|dm|γ(d1s1, . . . , dn−1sn−1, dnt) f (d1s1, . . . , dn−1sn−1, dnt) : f ∈ X(q, a)

}
⊆ {γ(s1, . . . , sn−1, t) f (s1, . . . , sn−1, t) : f ∈ X(q, 0, . . . , 0, an−1)}.

For f ∈ X(q, 0, . . . , 0, an−1), f must satisfy the equalities:

f(d1(s1 − 1), . . . , dn−1(sn−1 − 1), dnt)= f (d1s1, . . . , dn−1sn−1, dnt),

f(d1s, . . . , dn−1sn−1, dn(t− q))=e(dn−1dnqs) f (d1s, . . . , dn−1sn−1, dn(t− q)).

Once more we check that in order for( n

∏
l=1

|dl |
)1/2

γ(d1s1, . . . , dn−1sn−1, dnt) f (d1s1, . . . , dn−1sn−1, dnt)

to be an element of R(X(q, 0, . . . , 0, an−1)) for every f ∈ X(q, 0, . . . , 0, an−1), it is
sufficient that there exist m̌ ∈ X(q, 0, . . . , 0,−(dn−1dn − 1)an−1) satisfying

γ(d1s1, d2s2, . . . , dn−1sn−1, dnt) =
m̌(s1, . . . , sn−1, t)√

d
γ(s1, . . . , sn−1, t),

for d = |d1d2 · · · dn|. But now we just use the tensor product construction to
do this, that is, we find using the methods described in classical wavelet the-
ory and summarized in [17] a continuous function m′ of the n − 2 real variables
s1, s2, . . . , sn−2, which is periodic modulo Zn−2 and such that m′ is continuously
differentiable and non-zero in a large enough neighborhood of the origin:

m′(0, . . . , 0) =
√
|d1d2 · · · dn−2| ,

n−2

∑
l=1

|dl |−1

∑
il=0

∣∣∣m′(s1 −
i1
|d1|

, s2 −
i2
|d2|

, . . . , sn−2 −
in−2

|dn−2|
)∣∣∣2

= |d1d2 · · · dn−2|

(we can choose m′ to be a tensor product of n − 2 standard Haar filter functions
each with dilation factor di constructed in Section 2), and define

m̃∈X(q,−(dn−1dn − 1)an−1), m̃ : R2 → C
as in the proof of Theorem 7 of [18], with d1, d2, and a in that theorem replaced by
dn−1, dn, and an−1 respectively. Finally, let m̌ : Rn → C be defined by

m̌(s1, . . . , sn−1, t) = m′(s1, . . . , sn−2)m̃(sn−1, t).

Then if we let

γ(s1, . . . , sn−1, t) =
∞

∏
i=1

m̌
( s1

(d1)i , . . . , sn−1
(dn−1)i ,

t
(dn)i

)
√

d
,

it is clear from the tensor product construction that γ satisfies the desired condi-
tions, by separation of variable techniques.



HIGHER DIMENSIONAL PROJECTIVE MULTIRESOLUTION ANALYSES 157

Just as in the 2-dimensional case, by modifying the proof of Theorem 6
of [18] we can define a nested sequence of finitely generated projective C(Tn)-
modules

{Vi}∞
i=0

by setting

Vi = Di(V0).

Using the exact same method as in Theorem 6 of [18] for the two dimensional
case, we associate an ordinary Hilbert space multiresolution analysis to V0 and
we obtain the decomposition

Ξ = V0
⊕
i>0

Wi,

where for each i, Wi is the finitely generated projective C(Tn)-module defined by

Wi = Vi+1 	Vi.

We now want to calculate the image of V1 = D(V0) in K0(C(Tn)), where V0
is isomorphic to X(q, 0, 0, . . . , 0, aj, 0, . . . , 0) as in Theorem 3.2. Again without
loss of generality, by permuting the variables, we can take V0 isomorphic to
X(q, 0, 0, . . . , 0, an−1). Somewhat surprising generalizations of Theorem 7 of [18]
now arise:

THEOREM 3.3. Let A be the n× n diagonal matrix

A =


d1 0 · · · 0
0 d2 · · · 0
· · · · · ·
0 0 · · · dn

 ,

where d1, d2, . . . , dn ∈ N and |dj| > 1, 1 6 j 6 n, and let V0 be the image of X(q, 0, . . . ,
0, an−1) in Ξ ⊆ L2(Rn) defined in Theorem 3.2, so that V1 = D(V0) ⊇ V0. Then V1 is
isomorphic to

X
(
|det(A)|q, 0, 0, . . . , 0,

n−2

∏
j=1

|dj| · sign(dn−1dn)an−1
)

as a finitely generated projective C(Tn)-module.

Proof. Let us view C(Tn) as a tensor product C∗-algebra,

C(Tn) ∼= C(Tn−2)⊗C C(T2),

and we view X(q, 0, 0, . . . , 0, an−1) as a tensor product of modules with respect to
this decomposition:

X(q, 0, 0, . . . , 0, an−1) ∼= C(Tn−2)⊗C X(q, an−1),
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by recalling that C(Tn−2) is a free module over itself. With respect to this notation,
the module V0 can also be viewed as a tensor product:

V0 ∼= V′
0 ⊗C V′′

0 .

Here by construction, V′
0 is a singly generated free module over C(Tn−2) and can

alternatively be viewed as the intersection of Ξ′ ⊆ L2(Rn−2) with an ordinary
multi-resolution analysis level zero space V′

0 corresponding to translation by Zn−2

and dilation by the (n− 2)× (n− 2) diagonal matrix

A′ =


d1 0 · · · 0
0 d2 · · · 0
· · · · · ·
0 0 · · · dn−2

 .

The module V′′
0 corresponds to the image of X(q, an−1) in Ξ ⊆ L2(R2) constructed

in Theorem 4 of [18]. With respect to this decomposition, the unitary operator D
can also be written as a tensor product:

D = D′ ⊗ D′′,

where D′ is the dilation operator in the frequency domain corresponding to the
matrix A′ above, and D′′ is the dilation operator in the frequency domain corre-

sponding to the 2× 2 diagonal matrix A′′ =
(

dn−1 0
0 dn

)
. Thus we can view

D(V0) as being isomorphic to the tensor product of modules

D′(V′
0)⊗C D′′(V′′

0 ).

Now tensor product techniques and standard results from multiresolution anal-
ysis show that

D′(V′
0) ∼=

|det(A′)|⊕
k=1

[C(Tn−2)]k

as a C(Tn−2)-module, and the results of Theorem 7 of [18] show that

D′′(V′′
0 ) ∼= X(|dn−1dn|q, sign(dn−1dn)an−1)

as a C(T2)-module. Thus D(V0) is isomorphic to the tensor product of modules

|det(A′)|⊕
k=1

[C(Tn−2)]k ⊗C X(|dn−1dn|q, sign(dn−1dn)an−1).

But for each k, 1 6 k 6 n− 2,

[C(Tn−2)]⊗ X(|dn−1dn|q, sign(dn−1dn)an−1)
∼= X(|dn−1dn|q, 0, . . . , 0, sign(dn−1dn)an−1)
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as a C(Tn)-module. So by the distributive properties for tensor products and
direct sums of C(Tn)-modules,

( |det(A′)|⊕
k=1

[C(Tn−2)]k
)
⊗C X(|dn−1dn|q, sign(dn−1dn)an−1)

∼=
|det(A′)|⊕

k=1

[X(|dn−1dn|q, 0, 0, . . . , 0, sign(dn−1dn)an−1)]k

∼= X((|det(A)|q, 0, 0, . . . , 0, |det(A′)| · sign(dn−1dn)an−1),

by an easy generalization of Theorem 6 of [18] to this situation. Hence

V1
∼= X(|det(A)|q, 0, 0, . . . , 0, |det(A′)| · sign(dn−1dn)an−1)

as finitely generated C(Tn)-modules, as desired.

For an example, we consider the case n = 3. In this situation, given a non-
free C(T3)-module V0, a non-free module W0 = V1 	 V0 can easily arise even
when all of the dilation factors have positive signs.

EXAMPLE 3.4. Let n = 3, and A =

 2 0 0
0 2 0
0 0 2

 . For a ∈ Z\{0}, em-

bed X(1, 0, a) as a finitely generated projective submodule V0 of Ξ ⊆ L2(R3) by
means of Theorem 3.2. Then Theorem 3.3 shows that V1 = D(V0) is isomorphic
to X(8, 0, 2a), so that

W0 = V1 	V0 ∼= X(7, 0, a),

a finitely generated projective C(T3)-module which is not free. In the last cal-
culation we used the fact that finitely generated projective modules over C(Tn)
satisfy the cancellation property for n 6 4.

We can now easily identify the isomorphism class of the Vi as C(Tn)-mo-
dules, for n > 2. The proof is left to the reader as an exercise:

COROLLARY 3.5. Let q ∈ N, an−1 ∈ Z, integers d1, d2, . . . , dn,

A =


d1 0 · · · 0
0 d2 · · · 0
· · · · · ·
0 0 · · · dn

 ,

and V0 be as in Theorem 3.3, so that V0 is a submodule of Ξ ⊆ L2(Rn) isomorphic to
X(q, 0, 0, . . . , 0, an−1). For each i ∈ N define the finitely generated projective C(Tn)-
module Vi by

Vi = Di(V0).
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Then

Vi
∼= X

([ n

∏
j=1

|dj|
]i

q, 0, 0, . . . , 0,
[ n−2

∏
j=1

|dj|
]i

[sign(dn−1dn)]ian−1
)
,

so that
Wi = Vi+1 	Vi

is stably isomorphic to X
([( n

∏
j=1

|dj|
)i+1

−
( n

∏
j=1

|dj|
)i−1]

q, C
)
, where

C =
([ n−2

∏
j=1

|dj|
]i+1

[sign(dn−1dn)]i+1 −
[ n−2

∏
j=1

|dj|
]i

[sign(dn−1dn)]i
)

a.

We note that for n > 5, in general we can only calculate the stable iso-
morphism type of Wi = Vi+1 	 Vi, because finitely generated projective C(Tn)-
modules do not have the cancellation property in general for n > 5. We note that
this particular exercise would combine the methods of Theorem 3.3 and Theorem
8 of [18] for the calculation.

4. PROJECTIVE MULTIRESOLUTION ANALYSES FOR CONJUGATES OF DIAGONAL
DILATION MATRICES

Without much extra effort, we can obtain results for dilation matrices that
are conjugates of diagonal dilation matrices by elements in SL(n, Z). That is,
given any S ∈ SL(n, Z), we can define the C(Tn)-module

XS(q, 0, 0, . . . , aj, 0, . . . , 0) = DS(X(q, 0, 0, . . . , aj, 0, . . . , 0))

and inject it as a submodule of Ξ. We are indebted to Dana Williams for the sug-
gestion that this last fact should be true, and for showing us how to prove a major
part of it. We first prove the result for n = 2, and then move on to the case for
general n.

PROPOSITION 4.1. Let q ∈ N and a ∈ Z be fixed, let and S ∈ SL(2, Z), and set
M = S−1 AS, where

A =
(

d1 0
0 d2

)
,

and d1, d2 are integers both having absolute value strictly greater than 1. Write D =
FDAF−1 and D′ = FDMF−1. Then there exists a finitely generated projective C(T2)
submodule of Ξ isomorphic to X(q, a) denoted by V′

0, such that V′
1 = D′(V′

0) ⊇ V′
0, and

more generally, V′
i = D′(V′

i−1) ⊇ V′
i−1, for all i ∈ N, with

V′
0 ∪

⋃
i∈N

V′
i = Ξ.

Furthermore,
V′

i
∼= X(|det(M)|iq, [sign(det(M))]ia),
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so that
W0 = V1 	V0 ∼= X((|det(M)| − 1)q, (sign(det(M))− 1)a).

Proof. Let the mapR : X(q, a) → V0 and the nested sequence of finitely gen-
erated projective C(T2)-modules {Vi = Di(V0)}∞

i=0 be as defined in Theorem 6 of
[18], so that

V0 ∪
⋃
i∈N

Vi = Ξ.

Note that
D′ = DSt ◦ D ◦ D(St)−1 ,

since FDRF−1 = D(Rt)−1 for all R ∈ GL(n, R). Define V′
0 = DSt(V0). Then

DSt(V0) = {(γ ◦ St) · (h ◦ St), h ∈ X(q, a)},

where γ is the function constructed in Theorem 6 of [18], so that (γ ◦ St) · (h ◦
St) ∈ Ξ for all h ∈ X(q, a). Hence V′

0 ⊆ Ξ. Furthermore, if (γ ◦ St) · (h ◦ St) ∈ V′
0,

and g ∈ C(T2), then

[(γ ◦ St) · (h ◦ St)]g(s, t) = [(γ ◦ St)(h) · (g ◦ (St)−1) ◦ St](s, t).

Since g ◦ (St)−1 ∈ C(T2), (h) · (g ◦ (St)−1) ∈ X(q, a), so that

[(γ ◦ St) · (h ◦ St)] · g ∈ V′
0,

and V′
0 is a C(T2)-submodule of Ξ.
Now observe that

D′(V′
0) = DSt ◦ D(V0) ⊇ DSt(V0) = V′

0.

We finally remark that V′
0
∼= X(q, a). Indeed for any R ∈ SL(2, Z), q ∈ N,

and a ∈ Z, consider the following C(T2) module:

XR(q, a) = {h ◦ R : h ∈ X(q, a)}.

The right action of C(T2) on XR(q, a) is defined as usual by pointwise multi-
plication. One easily checks that f · g ∈ XR(q, a) whenever f ∈ XR(q, a) and
g ∈ C(T2), and another calculation shows that the map on XR(q, a) × XR(q, a)
defined by

〈 f1, f2〉C(T2)(s, t) =
q−1

∑
j=0

f1(s, t + j) f2(s, t + j)

gives a C(T2)-valued inner product on XR(q, a), with

〈 f1, f2 · g〉C(T2) = 〈 f1, f2〉C(T2) · g for f1, f2 ∈ XR(q, a)

and g ∈ C(T2). It is evident from the construction that in terms of K0(C(T2)),

[XR(q, a)]K0(C(T2)) = (R−1)∗[X(q, a)]K0(C(T2)) = [X(q, a)]K0(C(T2)),

by equation (3.1). We now define a map R′ : XSt(q, a) → V′
0 by

R′( f )(s, t) = γ ◦ St(s, t) · f (s, t),
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where again γ is the function constructed in Theorem 6 of [18]. It is clear that R′

preserves the module structure, and we can check that R′ preserves the C(T2)-
valued inner product as well. Let fi = hi ◦ St, where hi ∈ X(q, a), i = 1, 2. Then

〈 f1, f2〉C(T2) = 〈h1, h2〉C(T2) ◦ St,

and a similar calculation shows that

R′( fi) = R(hi) ◦ St i = 1, 2.

Hence, for f1, f2 ∈ XSt(q, a) and h1, h2 ∈ X(q, a) as above,

〈 f1, f2〉C(T2)(s, t) = 〈h1, h2〉C(T2) ◦ St(s, t) = 〈R(h1),R(h2)〉C(T2) ◦ St(s, t)

= ∑
(m,n)∈Z2

[(γ ◦ St) · ( f1)] · [(γ ◦ ST) · ( f2)]((s, t)− (m, n))

= 〈R′( f1),R′( f2)〉C(T2),

so that R′ preserves the C(T2)-valued inner products, as desired. Since V′
0 is

isomorphic to XSt(q, a) and XSt(q, a) is isomorphic to X(q, a), it follows that V′
0 is

isomorphic to X(q, a) as a C(T2)-module. Finally, we will show that

V′
i
∼= X(|det(M)|iq, [sign(det)(M)]ia).

Note that det(M) = det(A), as M and A are similar, so it is enough to show that

V′
i
∼= X(|det(A)|nq, [sign(det)(A)]ia).

We do this for the case i = 1, and note that higher dimensional cases are similar.
It is enough to show that

DSt ◦ D′(V0) ∼= X(|det(A)|q, [sign(det)(A)]a).

For ease of notation, we now write d1 = b1|d1|, d2 = b2|d2|, where b1, b2,∈
{−1, 1}. Then sign[det(A)] = b1b2. Let (d1, a) = w, with w > 0, so that we
can write a = r · w, and d1 = y · w, where (r, y) = 1, i.e. r and y are rela-
tively prime. Then |d1| = |y · w| = |y| · w = yb1 · w, so that |y| = y · b1
Arguments similar to those used in the proof of Theorem 7 of [18] show that

D(V0) ∼=
w−1⊕
j=0

[X(|yd2|q, b1b2r)]j, so that

DSt ◦ D(V0) ∼=
w−1⊕
k=0

[[XST (|yd2|q, b1b2r)]j].

Again, the discussion given in the first part of the proof shows that

[XSt(|yd2|q, b1b2r)]j
∼= [X(|yd2|q, b1b2r)]j,

so that

DSt ◦ D(V0) ∼=
w−1⊕
j=0

[[X(|yd2|q, b1b2r)]j],
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and since
w−1⊕
j=0

[X(|yd2|q, b1b2r)]j
∼= X(|d1d2|q, sign(det(A))a),

the desired result has been proved.

THEOREM 4.2. Let q ∈ N and a ∈ Z be fixed, and let M ∈ M(n, Z) and S ∈
SL(2, Z) be such that

SMS−1 = A =


d1 0 · · · 0
0 d2 · · · 0
· · · · · ·
0 0 · · · dn

 ,

where d1, d2, . . . , dn ∈ N and |dj| > 1, 1 6 j 6 n. Then there exists a finitely generated
projective C(Tn) submodule of Ξ isomorphic to X(q, 0, . . . , aj, 0, . . . , 0), denoted by V′

0,
such that V′

1 = D′(V′
0) ⊇ V′

0 and

V′
0 ∪

⋃
i∈N

V′
i = Ξ.

Proof. Let the C(Tn)-module V0 which is isomorphic to X(q, 0, . . . , aj, . . . , 0)
be as in the proof of Theorem 3.2, and let D′ = F ◦ DM ◦ F−1. As in the proof
of Proposition 4.1 we define the C(Tn)-submodule V′

0 which is isomorphic to
XSt(q, 0, . . . , aj, . . . , 0) and which satisfies the condition

V′
0 ⊆ D′(V′

0),

where as before V′
0 = DSt(V0). The proof is then very similar to that given in the

proof of Proposition 4.1, and we leave details to the reader.

REMARK 4.3. Let S ∈ SL(2, Z), n > 3, and put B = St. The main difference
in passing to the case n > 3 is that XB(q, 0, . . . , aj, 0, . . . , 0) will not be isomorphic
to X(q, 0, 0, . . . , aj, 0, . . . , 0) in general, unlike the two-dimensional case. Recall
that [X(q, 0, 0, . . . , 0, aj, 0, . . . , 0)]K0(C(Tn)) can be identified with the element q −
ajej ∧ en ∈

∧even
Z {e1, . . . , en}. On the other hand, suppose that we write

B = (bjk)16j,k6n.

Upon modifying the methods of Proposition 3.4 of [18], we see that

[XS(q, 0, 0, . . . , aj, 0, . . . , 0)]K0(C(Tn))

is identified with the element q − aj

( n
∑

l=1
bjlel

)
∧

( n
∑

k=1
bnkek

)
∈ ∧even

Z {e1, . . . , en},

which of course need not be equal to q− ajej ∧ en for n > 3.
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Suppose further that d1 = d2 = · · · = dn−1 = dn. Then A commutes with
any matrix B ∈ SL(n, Z), i.e. B−1 AB = A. In this way we can obtain a large
variety of C(Tn) submodules V′

0 of Ξ such that

V′
0 ⊆ D(V′

0).

We develop this idea for the case n = 3.

EXAMPLE 4.4. Let n = 3 and let our dilation matrix be the standard dilation

by d in all variables, i.e. A =

 d 0 0
0 d 0
0 0 d

 . Let B = (bjk)16j,k63 be an arbitrary

element of SL(3, Z). Then the above argument shows that we can take

V′
0
∼= XB(q, 0, 1)

for any q ∈ N, and build a projective multiresolution analysis for dilation by A.
One calculates from the formulas given above that

[XB(q, 0, a)]K0(C(T3)) = [q + a[b22b31 − b21b32]e1 ∧ e2 + a[b23b31 − b21b33]e1 ∧ e3

+ a[b23b32 − b22b33]e2 ∧ e3]K0(C(T3)).

With this example in hand, whenever the 3 × 3 dilation matrix is a con-
stant integral multiple of the identity, we can easily embed projective modules
isomorphic to any nonzero representative of the positive cone of [K0(C(T3))] as
the initial space of one of our projective multiresolution analyses, as long as we
keep in mind that every nonzero member of this positive cone can be represented
as [q + c1e1 ∧ e2 + c2e1 ∧ e3 + c3e2 ∧ e3] for q ∈ N and c1, c2, c3 ∈ Z via its exterior
algebra representation in

∧even
Z {e1, e2, e3}.

THEOREM 4.5. Let n = 3 and let our dilation matrix be the standard dilation by

d in all variables, i.e. A =

 d 0 0
0 d 0
0 0 d

 , where d is an integer whose absolute value is

greater than 1. Then, identifying K0(C(T3)) with
∧even

Z {e1, e2, e3} =
∧0

Z{e1, e2, e3} ⊕∧2
Z{e1, e2, e3}, given any [q + c1e1 ∧ e2 + c2e1 ∧ e3 + c3e2 ∧ e3] ∈ [K0(C(T3))]+, there

exists a finitely generated projective C(T3)-module V′
0 ⊆ Ξ with

V′
0
∼= [q + c1e1 ∧ e2 + c2e1 ∧ e3 + c3e2 ∧ e3]

such that
D(V′

0) ⊇ V′
0.

Hence, setting
V′

n = Dn(V′
0)

for n > 0, the nested sequence {V′
n} gives a projective multi-resolution analysis corre-

sponding to the dilation matrix A.
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Proof. Let the greatest common divisor of c1, c2 and c3 be a ∈ N, and write
c1 = ax, c2 = ay, and c3 = az, where x, y, and z are relatively prime. By Ex-
ample 4.4, in order to prove the theorem, it is sufficient to find B = (bjk)16j,k63 ∈
SL(3, Z), such that [b22b31− b21b32] = x, [b23b31− b21b33] = y, and [b23b32− b22b33]
= z. The three terms involving the bij are nothing more than −1 times the cofac-
tors of B obtained from its last two rows, so the question then becomes one of
whether it is possible to find B ∈ SL(3, Z) with specified relatively prime cofac-
tors along the last two rows. Of course this is possible; first choose b11, b12, and
b13 ∈ Z such that

−b11z + b12y− b13x = 1.

Now let (x, z) = ν, so that (ν, y) = 1 as x, y, and z are relatively prime. Write
x = Mα and z = νβ where (α, β) = 1. Since α and β are relatively prime, we can
find σ, τ ∈ Z such that ατ + βτ = y. Now we set

b21 = −α, b22 = 0, b23 = β, b31 = σ, b32 = ν, b33 = τ.

Then one checks that [b22b31 − b21b32] = x, [b23b31 − b21b33] = y, [b23b32 − b22b33]
= z, and that the matrix B with entries as defined above satisfies

det(B) = 1,

so is an element of SL(3, Z), as desired. Finally, setting V′
0 = XB(q, 0, a), we have

D(V′
0) ⊇ V′

0

and

[V′
0]K0(C(T3)) = [q + a[b22b31 − b21b32]e1 ∧ e2 + a[b22b31 − b21b33]e1 ∧ e3

+ a[b23b32 − b22b33]e2 ∧ e3]K0(C(T3))

= [q + c1e1 ∧ e2 + c2e1 ∧ e3 + c3e2 ∧ e3]K0(C(T3)),

as desired. We leave it to the reader as an exercise to calculate the isomorphism
class of each V′

n in K0(C(T3)) by using the combined methods of Proposition 4.2
and Corollary 3.5.

By rearranging the variables, the above discussion generalizes slightly to
allow us to deal with diagonal dilation matrices and finitely generated projec-
tive modules whose Chern characters take on the values qj − aeij ∧ ekj

for ij 6=
k j in the exterior algebra formulation of K0(C(Tn)). Using separation of vari-
able techniques, we can generalize even further as follows: suppose that [P] ∈
K0(C(Tn))+ has its representation in

∧even
Z {e1, . . . , en} given by

[P] =
l∧

j=1

(qj − a1eij ∧ ekj
),

where qj ∈ N, 2l 6 n, and {i1, k1, i2, k2, . . . , il , kl} are distinct elements {1, 2, . . . , n}.
Without loss of generality by rearranging the variables we assume that i1 < k1 <
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i2 < k2 < · · · < il < kl . Then by repeated use of Theorem 3.3 and tensor prod-
ucts, it is possible to find a finitely generated projective C(Tn)-submodule V0 ⊆ Ξ
such that

[V0] = [P] ∈ K0(C(Tn)) and V0 ⊆ D(V0),

where D is dilation in the frequency domain by an n× n diagonal matrix A with
integer entries all having absolute value greater than 1. We leave details to the
reader.

5. BUILDING MODULE FRAMES FROM PROJECTIVE MULTIRESOLUTION ANALYSES

In this section, we present a useful algorithm for constructing a module
frame for Ξ from a projective multiresolution analysis corresponding to a dilation
matrix A.

Before beginning, we fix a bit of notation: if v ∈ Zn, recall that the transla-
tion operator Tv on L2(Rn) is defined by

Tv( f )(x) = f (x − v) f ∈ L2(Rn).

For any v ∈ Zn, let εv denote the Fourier transformed version of Tv acting on
L2(Rn) defined by εv = F ◦ Tv ◦ F ∗. A standard calculation shows that εv is the
multiplication operator on L2(Rn) defined by

εv(ξ)(t) = e(−v · t)ξ(t) ξ ∈ L2(Rn),

where recall e is the exponential function defined on R by e(r) = e2πir.
We now present the theorem on the construction of module frames.

THEOREM 5.1. Let A ∈ GL(n, Q) be a n× n dilation matrix with integer entries,
let |det(A)| = d, and suppose that {Vj}∞

j=0 is a projective multiresolution analysis for Ξ

corresponding to dilation by A. Suppose that {Φ1, Φ2, . . . , Φs} is a module frame for V0,
and that {Ψ1, Ψ2, . . . , Ψr} is a module frame for the finitely generated projective C(Tn)-
module W0 = V1 	 V0. Then it is possible to enumerate a countably infinite subset
{vl : l > 0} ⊆ Zn such that for each i ∈ N∪ {0}, {vl : 0 6 l 6 di − 1} is a set of coset
representatives for Zn/Ai(Zn). Furthermore, letting D be dilation by A in the frequency
domain, for each i ∈ N,

{Diεvk1
(Ψ1), Diεvk2

(Ψ2), . . . , Diεvkr
(Ψr) : 0 6 kl 6 di − 1, 1 6 l 6 r}

forms a module frame for the finitely generated projective C(Tn)-module Wi = Vi+1 	
Vi, so that a module frame for all of Ξ is given by the set

{Φ1, Φ2, . . . , Φs} ∪
∞⋃

j=0

r⋃
k=1

{Djεvl (Ψk) : 0 6 l 6 dj − 1}.
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Proof. We start the proof by showing how to construct the appropriate sets
of coset representatives, enumerated in a consistent fashion. Let {βi : 0 6 i 6
d − 1} be a set of coset representatives for Zn/A(Zn) with β0 = 0. Fix b ∈ N.

Then it is easy to check that
{ b−1

∑
i=0

Ai(βbi
) : 0 6 bi 6 d − 1

}
gives a family of

coset representatives for Zn/Ab(Zn). The set {vl : 0 6 l 6 di − 1} is given by
giving l its d-adic expansion in terms of powers of the matrix A and the coset

representatives βi, i.e. if we write l =
b−1
∑

i=0
(bi)di, where bi ∈ {0, 1, . . . , d − 1}, we

then set vl =
b−1
∑

i=0
Ai(βbi

). One can check that as one passes from the enumeration

of coset representatives of Zn/Ab(Zn) to the enumeration of representatives for
Zn/Ab+1(Zn), this definition of vl is consistent, i.e. it does not depend on b.

We will establish the first claim of the theorem by induction. The statement
is true for i = 0, by hypothesis. We prove it is true for i = 1, as the proof of this
fact will serve as a model for the general case. We note that V2 = V1 ⊕W1. But
also V2 = D(V1) = D(V0 ⊕W0). One easily checks that

D(V0 ⊕W0) = D(V0)⊕ D(W0) = V1 ⊕ D(W0).

We note that

W1 = D(W0),

since the orthogonal complement of V1 in V2 with respect to the Hilbert module
inner product must be unique. We know that {Ψk : 1 6 k 6 r} is a module frame
for W0 and we want to show that

{Dεβk1
(Ψ1), Dεvk2

(Ψ2), . . . , Dεβkr
(Ψr) : 0 6 kl 6 d− 1, 1 6 l 6 r}

is a module frame for V1. Fix ζ ∈ W1 = D(W0). We must show that

ζ(x) =
r

∑
k=1

dj+1−1

∑
l=dj

Dεvl (Ψk)(x)〈Dεβl (Ψk), ζ〉C(Tn)(x),

for {βl : 0 6 l 6 dj+1 − 1} a set of coset representatives for Zn/Aj+1(Zn), where
without loss of generality we choose β0 = 0. Since ζ ∈ D(W0), we can write
ζ = D(ξ) for some ξ ∈ W0. Using the definition of module frame for W0, we get

ξ(x) =
r

∑
k=1

Ψk(x)〈Ψk, ξ〉C(Tn)(x).
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Since ζ(x) = 1√
d

ξ([At]−1(x)), to obtain the desired result it is enough to show
that

r

∑
k=1

d−1

∑
l=0

Dεvl (Ψk)(x)〈Dεβl (Ψk), ζ〉C(Tn)(x)

=
1√
d

r

∑
k=1

Ψk([At]−1(x))〈Ψk, ξ〉C(Tn)([A
t]−1(x)).

We now calculate that

r

∑
k=1

d−1

∑
l=0

Dεβl (Ψk)〈Dεβl (Ψk), ζ〉C(Tn)(x)

=
r

∑
k=1

d−1

∑
l=0

εA−1(βl)D(Ψk)(x)
〈

εA−1(βl)D1(Ψk),
1√
d

ξ ◦ [At]−1
〉

C(Tn)
(x)

=
1√
d2

r

∑
k=1

d−1

∑
l=0

e(−A−1(βl) · x)(Ψk)([At]−1(x))〈εA−1(βl)Dj+1(Ψk), ξ ◦ [At]−1〉

=
1

d
√

d

r

∑
k=1

d−1

∑
l=0

e(−A−1(βl) · x)Ψk ◦ [At]−1(x)

· ∑
v∈Zn

e(−A−1(βl) · (x + v))Ψk ◦ [At]−1(x + v) · ξ([At]−1(x + v))

=
1

d
√

d

r

∑
k=1

d−1

∑
l=0

∑
v∈Zn

d−1

∑
m=0

e(A−1(βl) · [At](v) + γm)Ψk ◦ [At]−1(x)

· (Ψk ◦ [At]−1(x + [At](v) + γm)) · ξ([At]−1(x + [At](v) + γm)),

(where {γm : 0 6 m 6 d − 1} is a set of coset representatives for Zn/[At](Zn)
with γ0 = 0)

=
1

d
√

d

r

∑
k=1

d−1

∑
m=0

d−1

∑
l=0

e(A−1(βl) · γm)

· ∑
v∈Zn

Ψk([At]−1(x))Ψk(([At]−1(x + γm) + v)) · ξ([At]−1(x + γm) + v).

By the law of characters on the finite abelian group Zn/At(Zn),

d−1

∑
l=0

e((A−1βl) · γm) = 0
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unless γm = 0, that is, unless m = 0, and equals d when m = 0, in which case
β0 = γ0 =~0 ∈ Zn. Our sum therefore becomes

=
1

d
√

d
· d

r

∑
k=1

∑
v∈Zn

Ψk([At]−1(x))Ψk(([At]−1(x) + v)) · ξ([At]−1(x) + v)

=
1√
d

r

∑
k=1

Ψk([At]−1(x))〈Ψk, ξ〉C(Tn)([A
t]−1(x))

=
1√
d

ξ([At]−1(x)) = D(ξ)(x) = ζ(x),

as desired.
We now suppose that {Ψj,1, Ψj,2, . . . , Ψj,rj} is a module frame for Wj, the or-

thogonal complement of Vj in Vj+1 with respect to the Hilbert module C(Tn)-
valued inner product. The same argument used to show that W1 = D(W0) shows
that Wj+1 = D(Wj). It is easy now to see that

{Dεβk1
(Ψj,1), Dεvk2

(Ψj,2), . . . , Dεβkr
(Ψj,rj) : 0 6 kl 6 d− 1, 1 6 l 6 rj}

is a module frame for Vj+1. This is because the same argument as for the case
j = 0 shows that if ζ ∈ Wj+1 = D(Wj), then ζ = D(ξ) for some ξ ∈ Wj, and

r

∑
k=1

d−1

∑
l=0

Dεβl (Ψj,k)(x)〈Dεβl (Ψj,k), ζ〉C(Tn)(x)

=
1√
d

rj

∑
k=1

Ψj,k([At]−1(x))〈Ψj,k, ξ〉C(Tn)([A
t]−1(x)),

from which follows the desired statement about the module frame for Wj+1.
We now prove by induction that {Diεvl (Ψk)0 6 l 6 di − 1, 1 6 k 6 r} forms

a module frame for the finitely generated projective C(Tn)-module Wi, where
here {vl : 0 6 l 6 di − 1} is a set of coset representatives for Zn/Ai(Zn) as defined
in the first paragraph of the proof of the theorem. The statement is true for i = 0,
by hypothesis, and we now assume it is true for i = j, so that {Djεvl (Ψk) : 0 6
l 6 dj − 1, 1 6 k 6 r} forms a module frame for the finitely generated projective
C(Tn)-module Wj, where here {vl : 0 6 l 6 dj − 1} is a set of coset representatives
for Zn/Aj(Zn). From our remarks above, we know that a module frame for Wj+1
is given by the set

{Dεβm(Djεvl (Ψk)) : 0 6 m 6 d− 1, 0 6 l 6 dj − 1, 1 6 k 6 r}.

We now show that this takes on the desired form. We first note the relations

εβm Dj = DjεAj(βm) and εAj(βm)εvl = ε [Aj(βm)+vl ]
.

Thus we see that

{Dj+1ε [Aj(βm)+vl ]
(Ψk) : 0 6 m 6 d− 1, 0 6 l 6 dj − 1, 1 6 k 6 r}
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forms a module frame for Wj+1. We finally note that as m runs through all the
values between 0 and d − 1, and l goes from 0 to dj − 1, the set {Aj(βm) + vl}
runs through all the coset representatives of Zn/Aj+1(Zn), as explained in our
consistent enumeration of coset representatives given in the first paragraph of
the proof. Thus

{Aj(βm) + vl : 0 6 m 6 d− 1, 0 6 l 6 dj − 1} = {vl : 0 6 l 6 dj+1 − 1},

so that
{Dj+1εvl (Ψk) : 0 6 l 6 dj+1 − 1, 1 6 k 6 r}

forms a module frame for Wj+1. The induction step of the first statement of the
theorem is done, so we have proved the first statement constructing module
frames for Wi for each i ∈ N ∪ {0}. The rest of the theorem follows from the fact
that we have a projective multiresolution analysis for Ξ, so that once we know
module frames for V0 and each Wi, the union of these module frames gives a
standard module frame for all of Ξ.

Finally, we remark that if W0 is a free C(Tn)-module of rank r, then Wi will
be free of rank rdi. This follows by choosing the module frame for W0 in such a
way that 〈Ψi, Ψj〉C(T2) = δi,j1C(T2), performing a calculation involving the law of
characters to show that

〈Dεvl (Ψi), Dεvm(Ψj)〉C(T2) = δi,jδl,m1C(Tn),

so that W1 is free of rank rd. Using induction exactly as before, we see that Wi is
free of rank rdi for all i ∈ N.

6. CONCLUSION

The methods we have used so far may seem fairly specialized. The question
then arises as to how to construct examples beyond the special cases of diagonal
matrices with integer entries, and their conjugates by elements of SL(n, Z), and

various special ad-hoc dilation matrices, such as Q =
(

1 1
−1 1

)
, the matrix

associated to the quincunx lattice. In the quincunx lattice case, we have been able
to construct an initial module V0 in Ξ isomorphic to the projective C(T2)-module
X(1, 1) and this leads to a wavelet module W0 that is a free C(T2)-module of rank
one. Letting φ1 and φ2 be the module frame for V0 as constructed following the
proof of Proposition 17 in [18], and letting {ψ} be a module frame for the singly-
generated module W0, Theorem 5.1 gives a way to construct a module frame of
Ξ that corresponds to the projective multiresolution analysis.

By using recent constructions of smooth scaling functions in the ordinary
multiresolution analysis setting by M. Bownik [4], and M. Bownik and D. Speegle
[5], it seems likely that the construction of projection multi-resolution analyses
can be generalized to a wider class of dilation matrices of arbitrary dimension.



HIGHER DIMENSIONAL PROJECTIVE MULTIRESOLUTION ANALYSES 171

Acknowledgements. The author was supported in part by a National University of
Singapore Research Grant R-146-000-025-112.

The author would like to thank Marc Rieffel and Dana Williams for many useful
conversations and suggestions about the results in this paper.

REFERENCES

[1] L. BAGGETT, J. PACKER, The primitive ideal space of two-step nilpotent group C∗-
algebras, J. Funct. Anal. 124(1994), 389–426.

[2] J. BENEDETTO, G. ZIMMERMANN, Sampling multipliers and the Poisson summation
formula, J. Fourier Anal. Appl. 3(1997), 505–523.

[3] B. BLACKADAR, K-Theory for Operator Algebras, Second Edition, Math. Sci. Res. Instit.
Publ., vol. 5, Cambridge Univ. Press, Cambridge 1998.

[4] M. BOWNIK, The construction of r-regular wavelets for arbitrary dilations, J. Fourier
Anal. Appl. 7(2001), 489–506.

[5] M. BOWNIK, D. SPEEGLE, Meyer type wavelet bases in R2, J. Approx. Theory 116(2002),
49–75.

[6] A. COHEN, Wavelets and Multiscale Signal Processing, Chapman and Hall, London
1995.

[7] I. DAUBECHIES, Ten Lectures on Wavelets, Amer. Math. Soc., Providence, RI, 1992.

[8] G. ELLIOTT, The K-theory of the C∗-algebra generated by a projective representation
of a torsion-free discrete abelian group, in Operator Algebras and Group Representations,
vol. 1, Pitman, London 1984, pp. 157–184.

[9] M. FRANK, D.R. LARSON, A module frame concept for Hilbert C∗-modules, in The
Functional and Harmonic Analysis of Wavelets and Frames (San Antonio, TX, 1999), Con-
temp. Math., vol. 247, Amer. Math. Soc., Providence, RI, 1999, pp. 201–233.

[10] M. FRANK, D.R. LARSON, Frames in Hilbert C∗-modules and C∗-algebras, J. Operator
Theory 48(2002), 273–314.

[11] R.A. GOPINATH, C.S. BURRUS, Wavelet transforms and filter banks, in Wavelets: A
Tutorial in Theory and Applications, Academic Press, Inc., San Diego, CA, 1992, pp.
603–654.

[12] P. GREEN, The structure of imprimitivity algebras, J. Funct. Anal. 36(1980), 88–104.

[13] R. JI, On the crossed product C∗-algebras associated with Furstenberg transformations on
tori, Ph.D. Dissertation, SUNY at Stony Brook, 1986.

[14] E.C. LANCE, Hilbert C∗-Modules — a Toolkit for Operator Algebraists, London Math.
Soc. Lecture Note Ser., vol. 210, Cambridge Univ. Press, Cambridge 1995.

[15] S.T. LEE, J.A. PACKER, K-theory for C∗- algebras associated to lattices in Heisenberg
Lie groups, J. Operator Theory 41(1999), 291–319.

[16] J. PACKER, Strong Morita equivalence for Heisenberg C∗-algebras and the positive
cones of their K0-groups, Canadian J. Math. 40(1988), 833–864.



172 JUDITH A. PACKER

[17] J. PACKER, M.A. RIEFFEL, Wavelet filter functions, the matrix completion problem,
and projective modules over C(Tn), J. Fourier Anal. Appl. 9(2003), 101–116.

[18] J. PACKER, M.A. RIEFFEL, Projective multi-resolution analyses for L2(R2), J. Fourier
Anal. Appl. 10(2004), 439–464.

[19] M.A. RIEFFEL, Induced representations of C∗-algebras, Adv. Math. 13(1974), 176–257.

[20] M.A. RIEFFEL, C∗-algebras associated with irrational rotations, Pacific J. Math.
93(1981), 415–429.

[21] M.A. RIEFFEL, The cancellation theorem for projective modules over irrational rota-
tion C∗-algebras, Proc. London Math. Soc. 47(1983), 285–302.

[22] M.A. RIEFFEL, Multiwavelets and operator algebras, talk at a special session, at
Joint Mathematics Meeting, San Diego, January 8–11, 1997, Abstracts Amer. Math. Soc.
18(1997), 107.

[23] R. STRICHARTZ, Construction of orthonormal wavelets, in Wavelets: Mathematics and
Applications, CRC Press, Boca Raton, Florida, 1994, pp. 23–50.

[24] G. ZIMMERMANN, Projective Multiresolution Analysis and Generalized Sampling, Ph.D.
Dissertation, University of Maryland at College Park, 1994.

JUDITH A. PACKER, DEPARTMENT OF MATHEMATICS, CB 395, UNIVERSITY OF

COLORADO, BOULDER, CO, 80309-0395, USA
E-mail address: packer@euclid.colorado.edu

Received March 7, 2005.


