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ABSTRACT. We study Cyp-operators relative to a multiply connected domain
using a substitute of the characteristic function. This method allows us to
prove certain relations between the Jordan model of an operator and that of
its restriction to an invariant subspace.
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INTRODUCTION

Hasumi [12], Sarason [17], and Voivhick [19] started operator theory related
to function theory on multiply connected domains by providing an analogue (in
the scalar case) of Beurling’s theorem on invariant subspaces of the Hardy spaces
of the open unit disk. Their work was continued in the work of Abrahamse—
Douglas [1], [2], and of Ball [4], [5]. In particular, J.A. Ball [4] introduced the class
of Cp-operators relative to a bounded finitely connected region (2 in the com-
plex plane, whose boundary d(2 consists of a finite number of disjoint, analytic,
simple closed curves. J. Agler [3] showed that the existence of normal boundary
dilations — an analogue of Sz.-Nagy dilation theorem — still holds for annuli but
it may fail for domains of connectivity greater than two (Dritschel-McCullough
[11]). However it holds up to similarity (R.G. Douglas—Paulsen [10]); this allowed
Zucchi [20] to provide a classification of Cy-operators relative to (2. Since no ana-
logue of the characteristic function of a contraction is available in that context,
that study does not yield some of the results available for the unit disk. In this
paper we use a substitute for the characteristic function, suggested by an ana-
logue of Beurling’s theorem provided by M.A. Abrahamse and R.G. Douglas [2].
This allows us to prove a relationship between the Jordan models of a Cy-operator
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relative to (2, of its restriction to an invariant subspace, and of its compression to
the orthocomplement of that subspace. In the case of the open unit disk, this
result was proved by H. Bercovici and D. Voiculescu [7].

This paper is organized as follows. Section 1 contains preliminaries about
bundle shifts and operators of class Cp. Here we define the notion of an operator-
valued quasi-inner function and prove a useful reformulation of the description
of invariant subspaces given in [2].

In Section 2, we review concepts relating quasi-equivalence and quasi- sim-
ilarity, which were first introduced in [13], [14] and we prove the main result.

1. PREMIMINARIES AND NOTATIONS

In this paper, C, M, and L(K7, K») denote the set of complex numbers, the
(norm) closure of a set M, and the set of bounded linear operators from K;j to Kp
where K; and K are Hilbert spaces, respectively.

1.1. HARDY SPACES. We refer to [16] for basic facts about Hardy spaces, and
recall here the basic definitions.

DEFINITION 1.1. The space H?(QQ) is defined to be the space of analytic
functions f on Q such that the subharmonic function |f|? has a harmonic majo-
rant on 2. For a fixed zg € (2, there is a norm on H?((2) defined by

If|l = inf{u(zo)"? : u is a harmonic majorant of | f]?}.

Let m be a harmonic measure for the point zg, let L?(9(2) be the L2-space

of complex valued functions on the boundary of (2 defined with respect to m,

and let H2(92) be the set of functions f in L?>(9Q) such that [ f(z)g(z)dz =
0N

0 for every g that is analytic in a neighborhood of the closure of (2. If f is in
H?(Q), then there is a function f* in H2(dQ2) such that f(z) approaches f*(\g)
as z approaches Ay nontangentially, for almost every Ag relative to m. The map
f — f*is an isometry from H?(Q) onto H?(9Q2). In this way, H?(Q2) can be
viewed as a closed subspace of L2(3(2).

A function f defined on Q is in H®((2) if it is holomorphic and bounded.
H® () is a closed subspace of L*((2) and it is a Banach algebra if endowed with
the supremum norm. Finally, the mapping f — f* is an isometry of H*((2) onto
a week*-closed subalgebra of L*(9(2).

DEFINITION 1.2. If K is a Hilbert space, then H?((2,K) is defined to be the

space of analytic functions f : 2 — K such that the subharmonic function || f &
is majorized by a harmonic function v. Fix a point zg in {2 and define a norm on
H?(Q,K) by

I £]| = inf{v(z0)"/? : v is a harmonic majorant of || f||*}.
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As before, H?((2,K) can be identified with a closed subspace of the space
L%(d0,K) of square integrable K-valued functions on 9Q2. Define S : H?>(Q2,K) —

H?(QK) by (Skf)(z) = zf(2).

1.2. VECTOR BUNDLES. We present in this section and in Section 1.3 the standard
definitions of analytic vector and flat unitary vector bundles. We refer to [2] for
this material.

Let K be a Hilbert space. An analytic vector bundle over (2 with fiber K is a
pair (E, p), where p : E — 2 is a continuous surjective map such that:

(1) Each z € (2 has a neighborhood U, for which there is a homeomorphism
¢z : Uy xK — p~1(U,) satisfying ¢, (w, k) € p~1(w) for w € U, and k € K.

(2) If z1, zo € (2, there is an analytic map ¢, ,, : Uy, N U, — GL(K) satisfy-
ing ¢, (w, k) = @z, (W, Pz, 2, (w)k), where GL(K) is the set of all invertible linear
operators on K.

If we can choose U, = 2 for some z € (2, we say that (E, p) is a trivial
bundle. If each 1, ,, is a constant unitary operator for every zj, zo € (2, then
(E, p) is called a flat unitary vector bundle.

THEOREM A. [8] Every analytic vector bundle over (2 is analytically trivial.

1.3. BUNDLE SHIFT. Let E be a vector bundle over (2. A cross section of a vector
bundle E over (2 is a continuous function f from (2 into E such that p(f(z)) =z
for all z in Q. For each w in U, define a map ¢¥ : K — p~}(w) by ¢¥ (k) =
¢z(w, k).

If E is a flat unitary vector bundle over (2 with fiber K and if f is a cross sec-
tion of E, then for w in U,, N U;, (z1, 22 € (2), the operator ((pg’l)_lfpg’z is unitary
so that [[(¢2) 1 (f(2))|=II(¢%) ' (f(2))|l. This means that there is a function
h¢: Q — R defined by h?(z)zH (92)71(f(2)) ], where w is in Us,.

DEFINITION 1.3. We define H?((2, E) to be the space of analytic cross sec-
tions f of E such that (hj’f)2 is majorized by a harmonic function.

We can define the bundle shift Tz on H?((Q,E) by (Tt f)(z)=zf(z) for z €
Q. The operator Tr admits a functional calculus defined on the algebra R(Q2) of
rational functions with poles off Q2. More precisely, if u € R(Q), (u(Tg)f)(z) =
u(z)f(z) forz € Qand f € H*(Q,E).

1.4. QUASI-INNER FUNCTION. If E and F are flat unitary bundles over (2 that
extend to an open set 2" containing the closure of 2, and @ is a bounded holo-
morphic bundle map from E to F, then ® can be shown to have nontangential
limits a.e. relative to m on d(2. The limit at a point z of d(2 can be regarded as an
operator from the fiber of E at z to the fiber of F at z.

DEFINITION 1.4. (i) A bounded holomorphic bundle map @ is inner if the
nontangential limits are isometric operators a.e. relative to m.
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(ii) Let K and K’ be Hilbert spaces and let H*(02,L(K,K")) be the Banach space
of all analytic functions ¢ : Q2 — L(K,K’) with the supremum norm. For ¢ €
H®(Q,L(K,K")), we will say that ¢ is quasi-inner if there exists a constant ¢ > 0
such that for every k € K and almost every z € 92 we have || ¢(z)k|| > c||k]|.

THEOREM B. [2]. Let Tk be a bundle shift on H?(Q,E). Then a closed subspace
M of H*(Q,E) is invariant under the algebra {u(Tg) : u € R(Q)} if and only if
M=O@H?(Q,F), where F is a flat unitary bundle over Q and © is an inner bundle map
from F to E.

It will be convenient to reformulate Theorem B in terms of quasi-inner func-
tions without use of vector bundles. We will say that a space M is R(Q)-invariant
for an operator T if it is invariant under u(T) for every u € R(Q2). For a Hilbert
space K, define an operator Sk on H?(Q,K) by (Sxf)(z)=zf(z) for z € Q.

The proper setting here is maps of flat unitary vector bundles, i.e., multi-
plicative multivalued operator-valued functions. We will convert these to usual
single valued analytic functions by composing them with some bundle isomor-
phisms. This has been done quite often in the scalar case, see, e.g., Royden [15].

THEOREM 1.5. Let K be a Hilbert space. Then a closed subspace M of H?(Q,
K) is R(Q)-invariant for Sk if and only if there is a Hilbert space K' and a quasi-inner
function ¢ : Q —L(K' K) such that M = ¢H?(Q,K").

Proof. Ttis clear that a subspace of the form ¢ H?(Q,K’) with ¢ : Q —L(K' K)
quasi-inner, is R(Q)-invariant. Conversely, consider a closed subspace M C
H?(Q,K) which is R(Q)-invariant. Let M’ = {G €H?*(Q,Q x K) : G(z) =
(z,4(z)) for some ¢ €M}. Then M’ is a closed subspace of H((2, Q2 x K) which
is R(Q)-invariant for T g and so, by Theorem B, there is a flat unitary bundle
F over (2 with fiber K’, and an inner bundle map © : F —  x K, such that
M' = OH?(Q,F). We know that there is a flat unitary vector bundle F’ over
an open set (2’ containing the closure of (2, with fiber K’, such that F is unitary
equivalent to the bundle F/|(2 [2]. By Theorem A, there is an analytic isomor-
phism A: () x K — F'.

Define an invertible operator W : H2(Q,K') — H?(Q, F'|Q) by (Wf)(z) =
Az, f(z)) = Az(f(2)) for fEH?(Q,K'). Then M’ = OUWH?(Q,K') where U:
H?(Q,F'|Q)— H?(Q,F) is a unitary operator. For each z € 2, we can define
a bounded operator W,: K' —F, by W,a=(U(Wh;,))(z) for a €K’ where h, €
H?(Q,K') defined by h,(z) = a.

Let ¢(z)=0,W; for z € Q2 where ©; = O|F,. Then ¢ €H*((2,L(K’,K)) and
M = ¢H?(Q,K"). To conclude our proof, we must verify that ¢ is quasi-inner.

From the fact that A is an analytic isomorphism, we see that the function
z — (Az)~! is holomorphic on 2, and so there is m > 0 such that ||(A;)7!||<
m for any z€(). Therefore |W; || < m for any z€Q as well, so that ||a||/m<
ll@(z)a| a.e. on 92 fora € K’ as desired. 1
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LEMMA 1.6. Let Ky and K be separable Hilbert spaces. If T : H?((Q,K;) —
HZ(Q, Ky) is a bounded linear operator such that TSk, = Sk, T, then there is a func-
tion p €H®(Q,L(Ky,Ky)) such that T = My, where My(g)(z) = ¢(2)g(z) for
¢ €H?(Q, Ky), and we have || T|| = ||| co-

Proof. Define Y € (Sk,ak,) by Y= (0 O). Then by the Proposition 1.9 in

T 0
w11 W12
wo1 W
then T = My and one can check easily that | T|| = [|¢|[cc. &

[2], Y = M, where w e H*(Q,L(K; ®K3)). Letw = < ) Take ¢ = w1,

COROLLARY 1.7. Let ¢1 : Q — L(Ky,K) and ¢, : Q — L(Ky,K) be quasi-
inner functions.

Then the subspaces 1 H?(Q,K1) and @, H?(Q,K,) of H?(Q,K) are equal if and
only if there exist functions p€ H®(Q,L(Ky, K)) and ¢ € H®(Q,L(Ky,K1)) such that
oY = Ix,, Yo = Ik, and ¢1(z)=¢2(z)¢(z) for any z€Q. In particular, Ky and Ky have
the same dimension.

Proof. The condition ¢1(z)=¢2(z)¢(z) with ¢ invertible clearly implies
e1H%(Q,Ky) =p2H?*(Q,K;). Conversely, assume that o1 H>(Q,K1 )=, H*(Q,K5).
Define an operator T : H?(Q,K;) — H?(Q,K;) as follows. For f € H2(Q,Ky),
Tf = g such that ¢1f = ¢,g. Since ¢; (i = 1,2) is a quasi-inner function, T is
well-defined and invertible. Since Sk, T = TSk, , by the previous lemma T = M,
for a function ¢ H*(Q,L(K;,K3)). Note that the invertibility of T is equivalent
to the invertibility of ¢. It follows that @1 f = @y¢f for any f € H?>(Q,K;) and
SO ¢1 = @2¢. Since ¢(z) is invertible for any z € 2, K; and K, have the same
dimension. 1

1.5. THE CLASS Cy. The theory of Jordan models for contractions of class Cy was
developed by Sz.-Nagy-Foias, Moore-Nordgren, and Bercovici—Voiculescu.

We will present in this section the definition of Cy-operators relative to (2.
Reference for this material is Zucchi [20].

Let H be a Hilbert space and K; be a compact subset of the complex plane.
If TeL(H) and o(T)CKy, for ¥ = p/q a rational function with poles off K;, we
can define an operator #(T) by q(T) " 1p(T).

DEFINITION 1.8. If TeL(H) and ¢(T)CKj, we say that Kj is a spectral set for
the operator T if ||7(T)||<max{|r(z)|: z€K;}, whenever r is a rational function
with poles off Kj.

If T €L(H) is an operator with (2 as a spectral set and with no normal sum-
mand with spectrum in 0(2, i.e., T has no reducing subspace MCH such that T|M
is normal and o (T|M)Cd(2, then we say that T satisfies Hypothesis (h).
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THEOREM 1.9 ([20], Theorem 3.1.4). Let TEL(H) be an operator satisfying
Hypothesis (h). Then there is a unique norm continuous representation ¥ of H*(Q2)
into L(H) such that :

(i) ¥7(1)=Iy, where Iy€L(H) is the identity operator;
(ii) ¥1(g)=T, where g(z)=z for all z€();
(iii) ¥t is continuous when H®(Q) and L(H) are given the weak*-topology.

Moreover ¥t is contractive, i.e., |1 (f)||<||fl| for all fEH®(Q).

From now on we will indicate ¥7(f) by f(T) for all fe H*((2).

DEFINITION 1.10. An operator T satisfying hypothesis (h) is said to be of
class Cy relative to (2 if there exists u € H*()\{0} such that u(T)=0.

By Theorem 1 in [15], if T is of class Cy relative to (2, then there is a quasi-
inner function mr € H®(Q2) such that ker(¥7) = mpH®(Q2) and m7 is said to be
a minimal function of T.

1.6. JORDAN MODEL.

DEFINITION 1.11. Let H and H’ be Hilbert spaces. An operator T€L(H) is
called a quasiaffine transform of an operator T'€L(H') if there exists an injective
operator XeL(H, H') with dense range in H’ such that T'X=XT. We write T <
T’ if T is a quasiaffine transform of T'. The operators T and T’ are quasisimilar
(T~THifT<Tand T' < T.

Let 6 and 6’ be two functions in H*((2). We say that 0 divides 6’ (or 6|0’) if
6’ can be written as 6'=6-¢ for some ¢ H*((2). We will use the notation 6 = ¢’ if
6]0" and 0'|6.

DEFINITION 1.12. (i) Given a quasi-inner function 6 H®((2), the Jordan
block S(8) is the operator acting on the space H(0)=H?(Q) © 6H?(Q) as follows:

(1.1) S(8) = Pyyp)S|H(6)

where SEL(H?(Q)) is defined by (Sf)(z)=zf(z).

(ii) Let ©={0;€H*(Q): i = 1,2,3,...} be a family of quasi-inner functions.
Then O is called a model function if 6;|6; whenever j < i. The Jordan operator S(©)
determined by the model function © is the Cp-operator defined as S(®)= @ S(6;),

i<y’
vy'=min{k: 6 = 1}.
We will call S(®) the Jordan model of the operator T if S(©) ~ T. From [20],
we can get following results:

THEOREM C. For every operator T of class Cy relative to (2 acting on a separable
space H, there is a unique Jordan model for T.
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PROPOSITION 1.13. Let T be of class Cy relative to (2 acting on a separable space

H and H' be R(Q)-invariant for T. If T ~ EB S(0y) and T|H' ~ @ S(6Y,), then
a<y!
67,16, for every & < min{7y,y'}.

1.7. SCALAR MULTIPLES. Let K and K’ be Hilbert spaces and ¢ H®((2,L(K,K"))
be a quasi-inner function. We set H(¢) = H?(Q,K") © pH?(,K) and denote by
S(¢) the compression of Sxs to H(¢), i.e, S(¢) = Py(y) Sx|H(¢), where Py,
denotes the orthogonal projection onto H(¢).

DEFINITION 1.14. The function p€H*(, L(K,K")) is said to have a scalar
multiple u € H®(Q), u#0, if there exists 1/;6H°°(Q,L(K’,K)) satisfying the rela-
tion ¢(z)(z) = u(z)Ix forz € Q.

THEOREM 1.15. Suppose that o€ H®(Q,L(K,K")) is a quasi-inner function and
u€H>®(Q). Then the following assertions are equivalent :
(i) u is a scalar multiple of ¢.
(i) u(S(9)) = 0.
(iii) uH?(Q,K') € ¢H?*(Q,K).

Proof. Assume (i), and let € H*(Q,L(K’,K)) such that qo( )P (z): (z)- Igs
for z€Q. Then u(S(9))H(9)=Py(g)u(Sx')H(¢) C Py(puH*(QK') C Py(y)e
H?(Q,K). Thus u(S(¢))=0. Thus (i)—(ii).

Next, assume (ii). Then u(Sg/)H(@)=uH(p)C@H?*(,K). It follows that
uH?(Q, K') =uH(¢)+upH?*(Q,K)CoH?(Q,K). Thus (ii) — (iii).

To prove (iii)— (i), let M={ f € H?(Q,K):ug=¢f for some g H*(2,K’) }. Then
M is R(Q)-invariant for Sk. By Theorem 1.5, there is a Hilbert space K; and a
quasi-inner function ¢1€ H*(Q,L(K{,K)) such that M=¢; H?((,K7). From Theo-
rem 2.2.4 in [20], u=0F where 0 is a function such that |6| is constant almost ev-
erywhere on each component of 02 and F is an outer function in H®((2). By the
definition of M, 6H?(Q, K")=0FH2(Q, K')=uH?(Q, K')=pM=¢pM=p@, H*(Q,K1).
Since 6 is quasi-inner, 01 € H* ((2,L(K’)) is also quasi-inner. (Note that (61x/)(z)
= 6(z)Ix). Then by Corollary 1.7, there exist p,€H®(Q,L(K',Ky)) such that

Ol = @@1¢2. Then ulyr = @(Feq¢2),1ie. u(z)Ig = ¢(z)(F(z)p1(z)p2(z)). Since
Fp192 € H®(Q, L(K',K)), u is a scalar multiple of ¢. &

In the next statement, adj ¢ : 2 — L(C") is defined by (adj ¢)(z)=adj(¢(z))
which is the algebraic adjoint of ¢(z) (i.e., A - adj(A)=adj(A) - A=det(A)Icn for
A e L(CM)).

PROPOSITION 1.16. Let K and K’ be Hilbert spaces with dim K = dimK' =
n (< ).
(i) If ¢ € H®(Q,L(C")) is a quasi-inner function, then 6, defined by 6(z) =
det(¢(z)), is quasi-inner.
(i) If p€ H®(Q,L(C")) is a quasi-inner function, then adj ¢ is quasi-inner.
(iii) If pe H® (Q,L(K,K")) is a quasi-inner function, then S(¢) is of class Cy.
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Proof. (i) and (ii): Since ¢ is quasi-inner, there exists m > 0 such that for
heC", m|h|| < ||@(z)h] a.e. z € 90Q2. Then

|
m" < |det(g(z))| and m" ! < |adj(g(z))| ae z€aQ.

From those facts one can conclude that (i) and (ii) are true.

(iii): By Theorem 1.15, it is enough to prove that ¢ has a scalar multiple
ueH®(Q). Let p(z)=adj(¢(z)) and u(z)=det(¢(z)). Then by (ii), pec H®(Q,L(K,
K)) and by (i), u(# 0)€H*(Q). Since ¢(z)[adj(¢(z))]=[det(¢(z))]Ix for z € O,
itis proven. 1

Let 6 and 6’ be two quasi-inner functions in H* (). If 6 = ¢’ i.e., 6 and ¢’
belong to the same equivalence class under the equivalence relation = between
H®(Q) functions introduced after Definition 1.13, then it is convenient to regard
them as the same element in H*((2), and introduce the following definition.

DEFINITION 1.17. Let F be a family of functions in H*((2). A quasi-inner
function 0 H* (2) is called the greatest common quasi-inner divisor of F if 6 divides
every element in F and if 6 is a multiple of any other common quasi-inner divisor
of F. The greatest common quasi-inner divisor of F is denoted by AF (or A f; if

i€l

FZ{fi riel }, or f1Afy if FZ{fl, fz})

2. QUASI-EQUIVALENCE AND QUASI-SIMILARITY

2.1. NORMAL FORM.

DEFINITION 2.1. A quasi-unit X of order n is a collection of # X n matrices
over H* () such that the family det(X)={det(X) : XeX} is relatively prime, i.e.
Adet(X) = 1.

DEFINITION 2.2. If A and B are m x n matrices over H*((2), then A is said

to be quasi-equivalent to B if there exist quasi-units X and Y of order m and n
respectively such that XA=BY where XA={XA : X € X} and BY={BY : Y € Y}.

A matrix E over H® () is in normal form (or simply normal) provided

D 0
(2.1) E:(O 0)

where D is a diagonal matrix of nonzero quasi-inner functions and each one ex-
cept the first divides its predecessor.

DEFINITION 2.3. Let Di(A) be the greatest common quasi-inner divisor of
all minors of rank k of A (k is no larger than min{m,n}) and Dy=1. Then the
invariant factors for a m x n matrix A over H*((2) are defined by

G(4) = 26A)

=—""72_ fork>1
Dy_1(A)
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such that some minors of rank k are not 0.
The following result is proved as Theorem 3.1 in [14].

PROPOSITION 2.4. Every nxn matrix over H* () is quasi-equivalent to a nor-
mal matrix. In fact, for any nxn matrix A over H*®(Q), A is quasi-equivalent to the
normal matrix formed by the invariant factors of A.

The following result is proved as in the case of the open unit disk [6].

COROLLARY 2.5. Let ¢ be a quasi-inner function in H* (Q,L(C")). If ¢ is quasi-
equivalent to a normal matrix N whose diagonal entries are 6y, . . .,0,_1, then det ¢ =
00 60p_1.

Let f1 and f, be in H®(Q). If M is the w*-closure of f{H®(Q) +fH>®(Q),
then by the same way as Theorem 1 in [15], we can get M=(f1/Af,) H*(Q).

PROPOSITION 2.6. Let ¢1, p2€ H®(Q2) be functions such that g1 @y = 1. If
feL?(0Q,C") and @1 f, pof €H?(0Q,C"), then fEH?(3Q2,C").

Proof. Since g1 A@=1, the w*-closure of p1 H* (00Q)+¢, H* (0Q2) is H®(d(2).
Thus there are nets { f, } and {g. } in H*(9Q2) such that =1 fa+ @29+ converges
tol,ie.

2.2) / (ha — 1)hdm — 0
o0
for any h€L!(d2). We will prove that h, f— f weakly in L?(9Q2, C"), i.e. ((haf-
f), §)—0 for any g€L?(9Q,C"). Indeed, if f=(f1,..., fn) and g=(g1, ..., 8n), then
(hof — f,8) = | (ha—1)hdm where h = ¥ f;3; € L}(9Q). From (2.2), we have
o0 i

hof — f weakly in L?(902).
Since a subspace of a Banach space is norm closed if and only if it is weakly closed

[9], H?(9Q,C") is weakly closed. Since @1 f, ¢»f€H?(3Q,C"), hy fEH?(00Q,C").
If follows that f€ H?(9Q2,C"). 1

The following results are proved as in the case of the open unit disk [6].

PROPOSITION 2.7. Let ¢y and ¢, be quasi-inner functions in H®(Q,L(C")). If
@1 and ¢y are quasi-equivalent, then S(¢1) and S(¢2) are quasisimilar.

COROLLARY 2.8. Let ¢ be a quasi-inner function in H*(Q,L(C")). If ¢ is quasi-
equivalent to a normal matrix N whose diagonal entries are 6y, ...,0,_1 (6;11]6; for

-1
i=0,1,...,1— 1), then S(¢) ~ @ S(6;).
i=0

-1
Proof. Since S(N) ~ n@ S(6;), by Proposition 2.7, S(¢) ~ € S(6;), because
i=0 i=0

~ " is an equivalence relation. &
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COROLLARY 2.9. Let ¢q and ¢, be quasi-inner functions in H*(Q,L(C")). If
S(¢1) is a quasi-affine transform of S(¢2), then @1 and @, are quasi-equivalent.

COROLLARY 2.10. Let ¢ be a quasi-inner function in H®(Q,L(C")). If S(¢) ~
n—1
@ S(6;), then detgp =6y -- -6, _1.
i=0

Proof. Let N be a normal matrix whose diagonal entries are 6y,...,6,_1.
n—1
Since S(N) ~ @ S(6;), S(¢) ~ S(N). By Corollary 2.9, ¢ and N are quasi-
i=0
equivalent. Then by Corollary 2.5, det ¢ =6y ---0,,_1. 1

2.2. MAIN RESULTS. In this section, first of all we show how to use Theorem 1.5
and Corollary 1.7.

THEOREM 2.11. Let F and F' be two separable Hilbert spaces and ¢ be a quasi-
inner function in H*®(Q,L(F, F")).

(i) If M C H(g) is R(Q)-invariant for S(¢), then there is a Hilbert space K and
there are quasi-inner functions ¢1 € H*(Q,L(F,K)) and ¢, H®(Q,L(K, F')) such
that ¢(z)=¢2(z)p1(z) for zeQ and
(2.3) M = @2H*(Q,K) & 9H*(Q, F).

(ii) Conversely, if K, @1 and ¢, are as above , then (2.3) defines a R(Q2)-invariant
subspace of H(¢). Moreover, if S(¢)= ('{)1 ]{( ) is the triangularization of S(¢) with

2

respect to the decomposition H(¢)=M ® (H(¢) ©M), then Tr=S(¢y) and S(¢1) is
similar to Ty.

Proof. (i) Since M is R(Q)-invariant, the space M @ ¢H?((2, F) is also R(Q2)
-invariant subspace of H2((2, F") and so Theorem 1.5 implies the existence of a
Hilbert space K and of a quasi-inner function ¢, H®(Q,L(K, F’)) such that (2.3)
holds.

The inclusion pH?(Q,F) C @2H?(0,K) implies that for any feH?((, F)
there is ¢f6H2(Q, K) such that ¢f=@y¢s. Let M’={¢fEH2(Q,K) D of =pagr
for some feH?(Q,F)}. Since @(rf)=ga2(r¢y) for any reR(Q) and fEH?(Q,F),
M’ is also a R(Q)-invariant subspace of H?((,K), and so M'=¢3H?(Q,K') for
some Hilbert space K’ and a quasi-inner function ¢3€ H*(Q,L(K’,K)) by Theo-
rem 1.5. It follows that pH?(Q, F)=¢2¢3H?*(,K’) by the definition of M’. By
Corollary 1.7, there is a function ¢, H*(Q,L(F,K")) such that p=¢2¢3¢4.

Let p1=¢3¢94€ H*(Q,L(F,K)). Since ¢ and ¢, are quasi-inner functions, so
is ¢1. Thus ¢y is a quasi-inner function satisfying =@, ¢;.

(ii) The R(Q)-invariance of the subspace M described by (2.3) is obvious.

Since H(¢) © M=H?(Q, F") © ¢, H*(Q,K)=H(¢5), we have

T;" = S(¢)"|H(p) © M = Sp|H(¢2) = S(¢2)".
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Thus T, = S(¢y). It remains to prove similarity of T; and S(¢j). Define Y :
H?(Q,K) — ¢2H?(Q,K) by Yf = @, f. Clearly Y is onto. Since ¢, is a quasi-inner
function, Y is one-to-one. Since Y (@1 H?((2,F)) = g1 H*(Q, F) = ¢H?*((), F),
p2H?>(Q,K) = M @ ¢H?*(Q,F) and H?(Q,K)=H(¢1) ® ¢1H?(Q, F), we have
PpY(H(¢1))=M. Thus we can define a bounded linear operator F : H(¢1) — M
by Fg = Pp¢og for ¢ € H(¢q), and F is onto. Since ¢, is a quasi-inner function,
ker F = {g € H(¢1): p2g € 9H* (), F)} ={g € H(¢1) : g€ ¢1H*(Q, F)} = {0}.
It follows that F € L(H(¢7), M) is bijective. By the Open Mapping Theorem, F is
invertible and clearly Ty F = FS(¢1). &

Fixn > 1, and consider the mapping I, : L(F) — L(®"F) givenby I,(T) =
T®T®---®T,where F is a Hilbert space and T € L(F).

Define a unitary representation 77, : S, — L(®"F) where S, denotes the
group of permutations of {1,2,...,n}, defined by

(2.4) T(0) (X1 QX @+ R xy) = Xp-1(1) & Xg-1(2) K& Xo=1(n)s

aeSn,ijF,lgjgn.
The homomorphism 7, can be extended to a *-homomorphism, still de-
noted 71, from the C*-algebra consisting of all formal sums Y. a,0 (ay € C) to

eSS,
L(®"F). We will use the alternating projection a, defined by
1
(2.5) an = Y e(o)o,
oeS,

where ¢(0) is the sign of 7, i.e. ¢(0) = +1 or —1 according to whether ¢ is an even
or odd permutation. Let n > 1 be a natural number. We use the notation N'F for
7y (an) (R"F). The space \"F is called the nth exterior power of F. If B € L(F), we
denote by A" B the operator I',(B)| \"F.

PROPOSITION 2.12. If A and B are quasi-equivalent quasi-inner functions in
H*®(Q, L(C")), then A\*A and \*B are quasi-equivalent, for 1 < k < n.

Proof. This is same as Proposition 6.5.17in [6]. 1

6 0 ... 0
0 6 ... 0

PROPOSITION 2.13. IfA = is normal, then S(\*A)
0 0 ... 6,

has minimal function 6961 - - - 6,1 fork =1,...,n.

Proof. Since AFA is also a diagonal quasi-inner function with diagonal en-
tries 0; 0;, - - - 0; where i, # i, for p # q ([6]), the minimal function of S( /\kA) is
0061 -0k_1- 1
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If {M;}ic; is a family of subsets of the Hilbert space H, we denote by \/ M;
i€l
the closed linear span generated by (J M;.
icl
DEFINITION 2.14. Let T € L(H) be an operator with spectrum in . A sub-
set G C H with the property that \/{r(T)m ; r € R(Q2), m € G} = H, is called
an R(Q)-cyclic set for T. The multiplicity ur of T is the smallest cardinality of an
R(Q)-cyclic set for T. The operator T is said to be multiplicity-free if pr = 1. If ur
=1, any vector x € H such that \/{r(T)x; r € R(Q2)} = H is said to be R(Q2)-cyclic
for T.
n—1
Recall that if yr < 7, then Jordan model of T'is @ S(6;) [20].
j=0
PROPOSITION 2.15. Assume that T € L(H) is an operator of class Cy relative to
!
Q such that yp =n < oo, H' is a R(Q)-invariant subspace for T, and T = (’{) ]}/,,)
is the triangularization of T with respect to the decomposition H = H' & (He& H'). If
@ S(0;), @ S(8)), and @ S(67) are the Jordan models of T, T', T", respectively, then
j<n j<n / j<n /
00100y 9{(_196/ .. 9{(’_1
for every k such that 1<k<n, and
06,1 596... ;7196/... ;1/71_
Proof. Let f € H*(Q,L(C")) be a quasi-inner function such that f is a nor-
mal matrix whose diagonal entries are 6y, ...,0,_1. By Corollary 2.8, S(f) =

n—1
@ S(0;) ~ T. Thus there is an injective operator X € L(H, H(f)) with dense
=0

range such that S(f)X = XT.
Let M be the closure of XH'. Since H' is a R((2)-invariant subspace for T,

so is M for S(f). Then by Theorem 2.11, there are quasi-inner functions f; €
H®(Q,L(C")) and f; € H®(Q,L(C")) such that

f=ffi and M= fHLH*(Q,C") o fH*(Q,C").

IfS(f) = <€1 f > is the triangularization of S(f) with respect to the decompo-
2
sition H(f) = M & (H(f) © M), then by Theorem 2.11, T is similar to S(f;) and

T, = S(f2).
Let X’ = X|H'. Then T} X' = S(f)X|H' = XT|H' = X'T" and so T} ~

n—1 n—1
T ~ EBO 5(9]{). Since Ty is similar to S(f1), S(f1) ~ @ 5(9]’-). Define X" : H(f) ©
j= =

M — Ho H' by X" = X*|H(f) © M. Then X" is injective with dense range in
Ho H and X"T,* = X*S(f)*|H(f) © M = T*X*|H(f) © M = (T")*X". Thus
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n—1 n—1
T~ T" ~ @ S(6). It follows that S(f) ~ @ S(0]). Fix k such that 1 <k <n
j=0 j=0
and note that A¥f = AF f, A A¥f1. By Proposition 2.13, the minimal function
of S(A¥ f) is 6gb; - - - 6;_1. By Corollary 2.9, there are normal matrices N; and
N, which are quasi-equivalent to f; and f,, respectively and diagonal entries of
N; (Np) are 6y,01,...,60/,_, (6,67,...,0_, , respectively). By Proposition 2.12,
NE f1 and NNy are quasi-equivalent. By Proposition 2.7, S( NE f1) and S( NE Np)
are quasisimilar. Thus the minimal functions of S(A* f1) is 836} --- 6} ,. Simi-
larly, the minimal function of S(A* f) is 66/ - - -6} ,. By Theorem 1.15, there
are functions g’, ¢ € H® (Q,L(A*C")) such that ¢'(A* f1) = 646;---6; I
and ¢ (A" f») = 60!/ -6/ 1. Combining these relations we get ¢'¢" (A" f) =
'S (N fa ¥ f1) = 040, - -6, 606 -0 | Iand this corollary follows because
0061 - - - Ox_1 is the least scalar multiple of NE f by Theorem 1.15.
n—1 n—1
Next, for k = n, since S(f) ~ @ S(6;), S(f1) ~ & 5(9]’-), and S(fp) ~
j=0 =

w1, and

-1
n@ 5(9]{'), by Corollary 2.10, det(f) = 6961 - - - 0,1, det(f1) = 6,0 -- -0,
j=0

det(f) = 607 ---0//_,. From the fact f = f,f1, we can get det(f) = (det(f2))
(det(f1)) which proves the case k = n. 1

When T € L(H) is an operator of class Cy relative to (2 and K = \/{r(T)h :
r € R(Q)}, let my, denote the minimal function of T|K. We have the following
proposition from Theorem 4.3.10 in [20].

PROPOSITION 2.16. Let T € L(H) be an operator of class Cy relative to Q2. If
@ S(6;) is the Jordan model of T, then for any k = 1,2,3, ..., there are R(Q)-invariant
j<w

subspaces M_1, My,..., My_p and hy, hy,... ,hx_q in H such that

(2.6) hi € Mi_1 and my, = myy,
fori=0,1,...,k—1,and
(2.7) KiVM; =M, and K;NM;= {0}

fori=0,1,...,k—1, where M_1 = Hand K; = \/{r(T)h; : v € R(Q)}.

THEOREM 2.17. Assume that T € L(H) is an operator of class Cy relative to (2,
H' is a R(Q)-invariant subspace for T, and T = <7(;/ 1{,) is the triangularization of
T with respect to the decomposition H = H' & (H & H'). Ifjg 5(6)), j6<97 5(67), and

D S(QJ’-/ ) are the Jordan models of T, T', T", respectively, then
i<r

B0 Ok_1100 6160 - 074
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foreveryk =1,2,3,....
Proof. Fix k > 1. Since T ~ & S(0;), by Proposition 2.16 and proof of
j<w
Theorem 4.3.10 in [20], there is a R(Q2)-invariant subspace M for T such that
Ti=T|M ~ @ S(6;). Clearly H;" = M N H' is R(Q)-invariant for T.
j<k

T, Y

Let Ty = ( 01 Tf,

composition M = H; & (M & HY). If @ S(cp;) and P S((])}’ ) are Jordan models of
j j

) be the triangularization of T; with respect to the de-

T| and Ty, respectively, then

(28) 6001 =90 Pi190 - P
by Proposition 2.15. (Note ur, < k.) Since T'|H;" = Ty, by Proposition 1.13,
¢i/|9i/ fori=0,...,k—1.

Next, let HY = M e H}, H' = HS H', and X : H;” — H" be orthogo-
nal projection. If 2 € kerX, thena € H'N(M&H)) € HNM = Hy'. Since
a € H/(= M& H}),a = 0. Thus X is one-to-one. Moreover, H' is invariant for T,
and H" is invariant for T*. Thus T*Py» = PynT*Pyn and so Pyn T = (T*Pyn )* =
(PH//T*PH//)* = PH//TPH// = TNPH//. Since PH//T{/ = PH”PMOH{T‘M © Hi =
PynTIM & Hj, T"X = XTy'. Since X is one-to-one, T}’ is quasi-similar to a restric-
tion of T” to an invariant subspace and so we can get ¢;” |0, fori =0,...,k — 1.
Thus from (2.8), we can conclude that 6y - - - 6 _1 |6 - - - 6,67 --- 6/ ;. 1
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