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ABSTRACT. In this paper, we introduce operator-valued weighted bi-shifts on

the Hilbert space 2 (N, H), of all square-summable sequences whose elements
are in a complex Hilbert space H, and study their spectral and local spectral
properties. We determine the spectrum and its parts of such bi-shifts, and
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bi-shift to enjoy the single-valued extension property.
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INTRODUCTION

Let £L(H) denote the algebra of all bounded linear operators acting on a
complex Hilbert space H, and let K stand either for the set of all integers Z or the
set of all nonnegative integers N. Let I?(KK, H) be the usual Hilbert space of all
square-summable sequences (x;),cx Whose elements are in H. The correspond-
ing inner product is defined by

((n)nek; (Yn)nex) = ZK<xn;yn>, ((¥n)nexw, (yn)nex € (K, H)).

Let A := (An)n>0 be a sequence of uniformly bounded invertible operators of
L(H). The corresponding unilateral operator-weighted shift is defined by

SA X = (0, Agxg, A1x1, Arxa, .. .), X = (xn)@o S lz(N, H),
and its adjoint is given by

St x = (Afxy, Afxo, A3x3,...), x = (xp)ns0 € I2(N,H).
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Throughout this paper, we assume in addition that A1 := (A;1),>¢ is also
a uniformly bounded sequence. The operator-weighted bi-shift, B 4, with the weight
sequence A = (Ay),>0 is the operator on I?(N, H) defined by

BA = SA + SZ*,l.
This operator has the following tridiagonal operator matrix representation

0 Ay ! o0 0

Ap 0 Alil 0 o
0 A 0 Al 0
0 0 Ay 0 Azl

Clearly, the adjoint of B 4 is nothing but the weighted bi-shift with the weight
sequence A* "1 = (A,*),0, and therefore has a similar tridiagonal operator
matrix representation.

Note that when H = C, since in this case each A, is a multiplication op-
erator on C by a nonzero scalar «, € C, these bi-shifts are exactly the scalar
weighted bi-shifts which have been introduced and studied, in [8], by A. Atz-
mon and M. Sodin. They gave the complete description of their spectrum and
point spectrum, and considered these bi-shifts mainly in the case where each «;,
is positive and lim a, = 1. They showed that if the weight sequence (&, ),>0

n—-—+00
satisfies certain adaitional growth conditions, then the spectrum of every part of
either the corresponding bi-shift B, or its adjoint B; equals the whole interval
[—2,2]; a part of an operator is its restriction to a closed invariant subspace. In
this case, such bi-shifts are said to be completely indecomposable. The question
whether any scalar weighted bi-shift has a proper closed invariant subspace was
affirmatively answered later by A. Atzmon in [7].

In this paper, we study the spectral and local spectral pictures of operator-
valued weighted bi-shifts. In Section 2, we use elementary methods to determine
the spectrum and its parts of an operator-valued weighted bi-shift. In Section 3,
we characterize those bi-shifts who enjoy the single-valued extension property.
While in Section 4, we aim at determining the local spectra of operator-valued
weighted bi-shifts.

1. PREMIMINARIES

In this section we gather together some usual notations and basic facts from
spectral and local spectral theory. We shall also collect some basic facts about the
spectra of the unilateral operator-weighted shift S 4. Our references are the books
of Aiena [1] and of Laursen and Neumann [21], and the papers [12] and [20].



SPECTRAL PICTURES OF OPERATOR-VALUED WEIGHTED BI-SHIFTS 195

1.1. BASIC FACTS FROM SPECTRAL THEORY. For an operator T € L(H), we de-
note as usual by r(T) its spectral radius given by

r(T) := nEToo | T"|V" = max{|A| : A € o(T)},

where 0(T) := {A € C: T — Aisnotinvertible} is the spectrum of T. We also
denote by m(T) := inf{||Tx|| : ||x|| = 1} the lower bound of T, and recall that
the sequence (m(T")/"),~1 converges and its limit, denoted by r(T), coincides
with its supremum and satisfies
ri(T) := ngToom(T”)l/” =min{[A|: A € 0ap(T)},

where 0, (T) := {A € C: m(T — A) = 0} is the approximate point spectrum
of T; see [22]. The point spectrum of the operator T is defined by o}, (T) :=
{A € C: T — Aisnot injective}, while the surjectivity spectrum of T is defined
by 0su(T) := {A € C: T — Ais not surjective }. Both the approximate point spec-
trum and the surjectivity spectrum of T are nonempty closed subsets of ¢(T), and
are dual to each other, in the sense that 04 (T) = 0su(T*) and o5y (T) = 0ap(T*);
see Theorem 2.42 of [1]. Here, T* denotes the adjoint of T.

The following result summarizes some well known facts about the spectrum
and its parts.

PROPOSITION 1.1. For an operator T € L('H), the following assertions hold:
@) U(T) = Usu(T) U ‘Tp(T) = Uap(T) U Up(T*)'
(ii) 90 (T) C ap(T) Nosu(T) C o(T).
(iii) The set 0 (T)\oap(T) is open, and o (T)\oap(T) C int(op(T*)).
(iv) The set o(T)\osu(T) is also open, and o(T)\osu(T) C int(op(T)).
(V) If T is invertible, then m(T) = 1/|| T~
(iv) m(Ty)m(T2) < m(Ty T2) < || Ty [|m(T2) for all Ty, T, € L(H).

1.2. BASIC FACTS FROM LOCAL SPECTRAL THEORY. The single-valued extension
property was first introduced by N. Dunford [16], [17] and has, successively, re-
ceived a more systematic treatment in Dunford-Schwartz [18]. It plays an impor-
tant role in local spectral theory; see the monograph of Laursen and Neumann
[21].

DEFINITION 1.2. An operator T € L(H) is said to have the single-valued
extension property provided that for every open set O C C there exists no nonzero
analytic H-valued function ¢ on O such that

(1.1) (T—A)p(A) =0, (Ae€O).

Recently, there has been a flurry of activity regarding the localization of the
single-valued extension property in the sense of ] K. Finch [19] which has been
widely studied in recent papers [2], [4], [3], [6], [5]. The recent monograph by
P. Aiena [1] contains further details.
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DEFINITION 1.3. An operator T € L(H) is said to enjoy the single-valued
extension property at a point Ay € C if for every open disc O centered at Ay, the
equation (1.1) has no nontrivial analytic solution ¢ on O.

The set of all points on which T fails to have the single-valued extension
property will be denoted by 3(T'). It is an open subset of C contained in int(c;(T)),
and is empty precisely when T has the single-valued extension property.

In [5], P. Aiena and O. Monsalve showed that operators that do not have
the single-valued extension property at a given point in C may be characterized
by means of some typical tools of the local spectral theory. To state their useful
characterization, we recall that the local resolvent set, p,.(x), of an operator T €
L(H) at point x € H is defined to be the union of all open subsets U of C for
which there is an analytic function ¢ : U — H which satisfies (T — A)¢p(A) =
x, (A € U). Evidently, it is an open subset of C which contains p(T) the resolvent
set of T. The local spectrum of T at x is defined by

oy (x) := C\or (%),
and is a closed subset (possibly empty) of o(T).
We shall make use of this useful characterization quoted from Theorem 1.9
in [5].

THEOREM 1.4. An operator T € L(H) does not have the single-valued extension
property at a point A € C if and only if there exists a nonzero x € ker(T — A) such that

o (x) =@.

Finally, we recall that the local spectral radius of an operator T € L(H) ata
vector x € H is defined by
rr(x) := limsup || T"x| /",
n—-+oo
and equals max{|A| : A € or(x)} provided that T has the single-valued extension
property; see Theorem 2.21 of [1].

1.3. SPECTRA OF S 4. Throughout this paper, we let (B,),>0 be the sequence
given by
B, = { A, 1A - A1Ap 1f1’l >0,
1 ifn=0,
and set
R(S4) :=sup{1/limsup ||B; 'x||"" : x € H, ||x| = 1}.
The following known result summarizes the complete description of some
parts of the spectrum of a unilateral operator-weighted shift.

LEMMA 1.5. The following assertions hold:

(i) r(S4) = lim [sup ||B, kB, '[]/".
n—-—+o0o k>0

(i) ra(S.0) = lim[inf{1/[BeB, L, )],
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(iii) 0(S4) = osu(Sa) = {A € C:|A| <7(S4)}, and 0p(S4) = @.
(AV){A € C: [A] < R(S4)} Cop(S4") C{A€C:|A| < R(S4)}-
(V) R(SA™) = {2 € C: A <R(S4)}-

For the proof see [12] and [20].

2. SPECTRA OF By4

In what follows, we denote by ¢ the function defined on C\{0} by
9(2)=2+¢71, &eC\{o}.

In the proofs of the main results of this section, we need some lemmas. The
first one is quoted from Lemma 3.1 in [8], and is in fact easy to prove.

LEMMA 2.1. If Ty and T, are operators in L(H) such that T, Ty = 1, then

e({p(T1) Np(T2) }\{0}) C p(T1 + T2).

Proof. Since T,T; = 1, for all { € C\{0} we have the next relation and the
desired statement follows:

(21) (@) ~T—To) =¢ (¢~ T)(E~T)- W
The spectrum of B 4 is described in term of the following quantity:
6 1= max{r(S4),r(S g--1)}.
LEMMA 2.2. We always have 6 > 1. Moreover, if § = 1 then

r(Sq) = r(SA*,l) =1.
Proof. For every positive integers n, k, we have

_ _ -1 _
1< A - Akl At - A 1= 14w - Al A7 - AR IS A IS g1 -

From this it follows that 1 < 7(S4)7(S 4.-1) < 82, and the proof is therefore
complete. 1

2.1. POINT SPECTRUM OF B 4. We describe the point spectrum of the bi-shift B 4.
For this, we need to fix some notations and make some useful observations.

For every x € H, we let x(") := (8, (X)rck, (n € K), where 8, ; is the usual
Kronecker-Delta symbol. Let x be a nonzero fixed element of , and let By be the
restriction of B4 on My := \V{B4"x(?) : n > 0}. For every n > 0, we put

v = (Byx)™ /|| Bux| and &y = |[Byiax[|/||Bux]-
We have BAx(O) = B4vp = vy, and

-1
BAvn = anUpi1 +0p-1 Up-1
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forall n > 1. From this, we see that (v, ),>0 is an orthonormal basis of My, and By
is a scalar weighted bi-shift with the weight sequence (&, ),>0 and is cyclic with
a cyclic vector vy = x(0).

PROPOSITION 2.3. The point spectrum of B 4 is given by o (B4) = U 0p(By).
x#0

More precisely, the following assertions hold:
(i) If R(S gu-1) < 1 and (BuX)uzo & 1*(N,H) for all nonzero x € H, then
Op(BA) =Q.
(i) If R(S y.-1) < 1and (Bux)n>o € I*(N,’H) for some nonzero x € 'H, then
(—2,2) Cop(By) C [-2,2].
(iii) If R(S gu-1) > 1, then

{a+ibeC:a?/E+b?/c5<1} Cop(Ba)C{a+ibe C:a*/c}+b*/c3<1},
where 1= R(SA*’l) + R(S‘A*q)il and Cy 1= R(S‘A*q) — R(S‘A*q)il.

Proof. We trivially have op(Byx) C 0p(B4) for all nonzero element x € H,
and U 0p(By) C 0p(By).

x#0

Conversely, suppose that A € C is an eigenvalue for B4 and (x,),>0 €

I2(N,H) is a corresponding eigenvector. We have (Ao~ 'x1, Apxg + A1 1xp, A1x
+A2_1X3, Arxy + A3_1X4, .. ) = (/\xn)n>0. Then
x1 = ABixg, x2=(A*—1)Byxg, x3=A(A*—2)Bsxq,
In fact, by induction one shows that there is a sequence of polynomials (px)n>0
such that
Xn = Pn(A)Buxo
for all n > 0. This shows that xg # 0, and (x4);>0 € My. Thus, A € 0p(By,), and
0p(B4) C U 0p(By), as desired.
x#0

Note that, since SZ*,ls A =1, we have

(9(A) =Ba) =21 (1 =28, 1) (1= AS4) = A1 (A = 8%, 1)(A = S4)
for all nonzero A € C. From these identities, we see that if ¢(A) € o;,(B4) for
some nonzero A € C, then both A and A~! are in ap(SZ*,l ). Therefore,

22) 0p(B4) C 9(0p(S% 1) Nop(ST) ™)-

(i) Assume that R(S 4.-1) < 1 and that (Byx),>0 & I?(N, H) for all nonzero
x € H. By Lemma 1.5(iv), we have 05 (5%, 1) C {A € C: |A] < 1}. In view of
(2.2), we see that (B 4) = @, and the first statement is established.

(i) Assume that R(S A**l) < 1 and that there is a nonzero x € H such that

Y. ||Bux||*> < +4oo. In this case, we in fact have R(S 4.-1) = 1, and by Lem-

n=0

ma 1.5(iv), we see that UP(SZ*,I) = {A € C: |A| < 1}. In view of (2.2), we see

that o}, (B 4) is contained in [—2,2].
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Since Y ||Byx||? < oo, the function ky(8) := (Buxe i("+1)0) 4 is well
n=0
defined for all 6 € [0,27t]. Moreover, for every 6 € [0,27], we have

(2c0s0 — B)k(0) = (7 — S% 1 )kx(60) + (e — S 4)ky(0) = 0+ x(0).

Changing 6 by —8, one also gets that (2cosf — B4)ky(—6) = x(©) for all § €
[0,277]. Thus, for every 6 € (0,27), we have

(2cosf — By)(sin((n+1)0)Byx)y>0 = (2cos0 — B 4) (kx(—0) — kx(6)) = 0.
This shows that (—2,2) C 0p(B4), as desired.

(iii) Suppose that R(S ;.-1) > 1. By (2.2) and Lemma 1.5(iii), we have
0p(Ba) C {a+1ib € C : a*/c2 +b?/c3 < 1}. For a nonzero element x € H
with rsA(x(O)) < 1, weset Oy := {A € C: rsA(x(O)) < A < rsA(x(O))’l},
and let ky(A) := (Byx/A"1),50, (A € Oy). Just as before, one can verify that
(@(A) = Ba)(kx(A) —ky(A71)) = O forall A € Oy, and ¢(Ox) C 0p(By). Since
x is an arbitrary nonzero element in H for which rg A(x(o)) < 1, we infer that
{a+ib e C:a*/ci +b*/c3 <1} C 0p(B.4). The proof is therefore complete.

2.2. SPECTRUM OF B 4. The following result is an extension of Proposition 3.3
in [8] to the general setting of operator-valued weighted bi-shifts. We provide a
simple and direct proof.

THEOREM 2.4. If § = 1 then the spectrum of B 4 is the interval [—2,2].

Proof. Since § = 1, it follows from Lemma 1.5(iii) and Lemma 2.2 that
0(S4) = 0(S go-1) = {A € C: [A| < 1}. Thus,

S 4 =1, it follows from Lemma 2.1 that
c(By) C [-2,2].

Now, suppose for the sake of contradiction that A — B4 is invertible for some
A € [—2,2]. Take a real number 6 for which 2 cos § = A and note that

(A—By) =e (e’ = 5%, 1) (e = Sy).

It follows from this equation that el® — S;*,l is right invertible and e — S 4 is

As S}_l

left invertible and therefore e ¥ ¢ (S 4+-1) and el & 0.p(Sa). We have a
contradiction and the proof is complete. 1

With a little more effort, a proof similar to that of Theorem 2.4 yields the
following result.

THEOREM 2.5. If § # 1, then the spectrum of B 4 is the solid ellipse
{a+ib e C:a%/62 +1%/5,2 < 1},
where 6y =6+ 0 Land 6y = 6 — 6~ 1.
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Proof. By Lemma 1.5(ii) and Lemma 2.1, we have
o(B4) C {a+ibe C:a?/6%+1b%/86,% < 1}.

Note that, since Bj‘4 =B +-1, We may and shall assume without loss of
generality that 6 = (S ,.-1). So, to prove the reverse inclusion, we only need
to show that ¢(A) € 0(By) for all max(1,R(S 4.-1)) < [A| < 6 = 7(S 4.-1); see
Proposition 2.3. Assume that there is A such that max(1, R(S 4.-1)) < [Ao| <6 =
7(S g«-1) and @(Ag) — B4 is invertible. Since

(9(A0) = Ba) = Ay (Ao — ST 1) (Ao — Sa),

we note that (Ag — S* ,_,) is right invertible, and Ay & 054 (S . From this, we

have

‘L )
Ao € ‘7(52*71)\‘7511( 1*71) - int(Up(SZ*,l));

see Proposition 1.1(iv). And so, [Ag| < R(S 4.-1); see Lemma 1.5(iv). This contra-
dicts the hypothesis and finishes the proof. 1

2.3. APPROXIMATE POINT SPECTRUM AND SURJECTIVITY SPECTRUM OF B 4. The
description of the approximate point spectrum of B 4 depends on the one of the
approximate point spectrum of S 4 which is not yet settled, and is still an open
problem.

PROPOSITION 2.6. The following assertions hold:
(A) IfR(S4) <1, then oap(B4) = (B 4).
(ii) If (S 4o-1) < 1, then ap(Ba) = @(0ap(Sa))-
(iii) If (S ju-1) > Tand R(S 1) > 1, then

ap(Ba) U@({A & Oap(Sa) @ < [A] <b}) = @(0ap(S.4) U (S 4u1)),
where a = max (1, R(S 4.-1)), and b = min(r(S 4.-1), R(S4))-

Proof. (i) If R(S4) < 1, thenint(oy,(B%)) = ©; see Proposition 2.3. By Propo-
sition 1.1(iii), the desired identity holds.
(i) Assume that r(S A**l) < 1. We always have

23) (9(A) = Ba) =AM A —§%, )(A—S.)
for all A # 0. In view of Proposition 1.1(vi), we see that
(2.4) @(0ap(S4)) C Oap(Ba)-

Assume that there is y € 0ap(B4)\@(0ap(S4)), and let A € C such that [A] > 1
and y = ¢(A). We claim that A — SZ*,I is invertible. Of course, the claim is trivial
provided that 7(S ,.-1) < 1. So, we may assume that (S 4.-1) = 1. In this case,
we have {¢ € C: [{| = 1} C 0ap(S4) asr1(S4) = 1/7(S 4.-1) = 1; see Lemma
1.5(i)~(ii). This implies that |A| > 1 = (S 4,-1), and the claim is proved in both
cases.
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From this claim, (2.3), Proposition 1.1(v)—(vi), we have

_ AT m(A=S4)
(A=)t
This shows that m(A — S 4) = 0, and contradicts the fact that A € 0ap(S4). The

reverse inclusion of (2.4) is therefore proved.
(iii) Assume that 7(S 4.-1) > 1and R(S4) > 1. We trivially have

(2.5) Jp(BA)) C (Tap(B_A)-
From (2.3) and Proposition 1.1(vi), we get that

26 9(03p(5.4)) C Tapl(Ba) € @03 (S4) Uap(S7y. 1)):
Note that, since oap (S 4.-1") =0su(S 4o-1) =0su(S 4.-1) =0(S 4.-1), (2.6) becomes

(2.7) @(0ap(Sa)) C Tap(Ba) C @(0ap(Sa)U U'(SA*—I))-

In view of Proposition 1.1(i), we have o (B 4)\0p(B4*) C 0ap(B4). By Proposi-
tion 2.3 and Theorem 2.5, we get

(2.8) ¢({A € C:R(S4)) < |A[ < 6}) C 0ap(Ba)-

Moreover, just as in the proof of (i), we see that if A € C such that 7(S 4.-1) <
|A] < 9, then @(A) € 0ap(By) if and only if A € 04p(S4). From this fact, (2.5),
Proposition 2.3, (2.7) and (2.8), one derives the desired identity. 1

0=m(pu—Ba)=m(p(A)=Ba) > [A"|m(A=S" . .1)m(A—Sx)

The following is a dual formulation of what has been shown above.

PROPOSITION 2.7. We have the following indentities:
(1) IfR(SA*fl) < 1, then Usu(B,A) = O'(BA),
(i) If r(S.a) <1, then osu(B4) = @(0ap(S 4o-1))-
(iii) If (S 4) > 1and R(S 4.-1) > 1, then
Osu(BA) U @({A & 0ap(S g.1) 0" < [A] <D7}) = @(0ap(S 4o-1) Uo(Sa)),
where a* = max(1, R(S 1)), and b* = min(r(S 1), R(S 4.-1)).
2.4. ESSENTIAL SPECTRUM OF B 4. In the rest of this section, we assume that H =
C" and shall describe the essential spectrum of B4. Here, r is a fixed natural

number.
For a nonzero subspace V of C’, we associate two quantities:

ke (V)= lim {sup{[(|Bussx|l/||Bex[)]/" : k>0, x €V, x # 0}},
k- (V)= lim {inf{[([|Bysrx ||/ | Bix|)]'/" k>0, x € V, x #0}}.
When V = {0}, we set by convention

k. ({01):=0 and &_({0}) := +co.

These are called the discrete upper and lower Bohl exponents of S 4 corresponding to
the subspace V, respectively.
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DEFINITION 2.8. (i) A projection P of C’ is said to be splitting projection for
S 4 if
k4 (ranP) < x_(ker P).
(ii) A canonical set of splitting projections for S 4 is a maximal set (P;)o<;<; of
splitting projections for S 4 such that

rank P; <rank P;;; (0<i<I[-—1).

In [9], A. Ben-Artzi and I. Gohberg proved that a canonical set (P;)<;<; Of

splitting projections for S 4 is unique, and the following inequalities always hold:
0 = x4 (ranPy) < x_(ker Py) < k4 (ranP;) < - --
< k_(kerP, 1) < ky(ranP) < x_(ker ;) = +oo, [ <.

The following result gives the complete description of the essential spec-
trum of B 4. Recall that an operator T € L(H) is said to be Fredholm if ranT is
closed and both ker T and ker T* are finite dimensional. The essential spectrum,
0e(T), is the set of all A € C for which T — A is not Fredholm. It is a closed subset
of 0(T), and is, in fact, the spectrum ¢ (7t(T)) in the Calkin algebra £L(H)/K(H)
of 71(T), where K(H) is the closed ideal of all compact operators on H and 7 is
the natural quotient map from £(H) onto L(H)/K(H).

PROPOSITION 2.9. If (P;)o<i«; is a canonical set of splitting projections for S 4

then
-1

0e(Ba) = |J 9({A € C: k_(Ker Py) < |A] < (ranPin) ).
i=0
In particular, if H = C, then
Te(Ba) = 9({A € C:r1(S4) <A <7r(S4)})-
Proof. Let P € L(I>(N,H)) be the finite rank projection defined by
P((xn)nz0) = (x0,0,0,...),  ((xn)uz0 € (N, H)).

Note that, since SZ*,ISA = 1 and SAS;*,1 = 1 — P, the element 71(S4) is in-
vertible in the Calkin algebra £(H)/K(H), and its inverse is 71(52*_1). By the
spectral mapping theorem, we have

0e(Ba) = 0(7t(B4)) = 0(7(S) + 7(S4) 1) = p(ce(S))-
The result now follows from Chapter 2, Theorem 1.6 in [9].

3. THE SINGLE-VALUED EXTENSION PROPERTY FOR B 4

In this section, we give a necessary and sufficient condition for B 4 to enjoy
the single-valued extension property. The arguments of the proof are influenced
by ideas from [14].
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THEOREM 3.1. The following statements are equivalent:
(i) The bi-shift B 4 has the single-valued extension property.
(ii) Each By has the single-valued extension property.
(iii) rSA(x(O)) > 1 for all nonzero x € 'H.
(iv) R(S 4o1) < L.
Moreover, if B4 does not have the single-valued extension property, then

R(By) ={a+ibeC:a*/ci+b%/c;5 <1},
where c1 1= R(S 4.-1) + R(SA*,l)*l and ¢ := R(S 4.-1) — R(SA*A)*l.

Proof. First of all, let us prove that if x is a nonzero element of H, then

(3.1) 0B, ((xn)n=0) = 0B, ((Xn)n=0)

for all (x,)n>0 € My. Fix an element (x,),>0 € My, and note that this inclusion
08, ((Xn)n=0) C 0B, ((xn)nz0) always holds. Now, let ¢ = (¢ )n>0 be an [*(N, H)-
valued analytic function on some open set U C pp, ((x1)n>0) such that (B4 —
A)p(A) = (xn)n>o for all A € U. We have

Ao Y1 — Ago = x0;  Ap1Pn1+ An Pus1 — APy =x, ifn > 1

For every n > 0, let F,(A) := Py¢n(A), (A € U), where P, is the canonical
projection from H onto M, := CB,x. As AyM,, = M, +1 and ||E,(A)]| < ||pn(A)]|
foralln > 0and all A € U, we see that the function F(A) := (F,(A)) ez, (A € U),
is an My-valued analytic function on U, and that

Ay 'F— AFy=xp; Ap_1Fi_14+ Ay 'Fuy1 —AF, =x, ifn>1.

From this it follows that (By — A)F(A) = (xn)n>0, (A € U). This shows that
U C pB,((xn)n=0), and o, ((xn)n=0) C 0B, ((xn)n>0). Thus the desired identity
is established.

Obviously, the equivalence (iii)<=>(iv) always holds. To prove the first
part of the theorem, we shall establish the following equivalence (i)<=>(ii) and
(if) <= (ii).

The implication (i)==-(ii) is obvious. Conversely, assume that B 4 does not
have the single-valued extension property. By Theorem 1.9 of [5], there are Ay € C
and a nonzero element (x,,),>0 € 12(N,H) such that (B4 — Ag)(xy)n>0 = 0 and
08, ((xn)n=0) = @. Just as in the proof of Proposition 2.3, we see that xy # 0 and
(Xn)n=0 € My,. Hence, (x,),>0 is, in fact, an eigenvector of By,. By (3.1), we have

OBy, ((xn)n=0) = 0B, ((xn)n=0) = @.

By Theorem 1.9 of [5], we note that By, does not have the single-valued extension
property. This shows that the implication (ii)==-(i) always holds.

Let x be a nonzero element of H such that rs , (x(9) > 1. By Proposition 2.3,
we see that int(0p(By)) = @, and By has the single-valued extension property.
Thus the implication (iii)==(ii) holds true.
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Conversely, assume that there is a nonzero element x € H such thatrs , (x(0)
<1 SetOy := {A € C: rSA(x(O)) < Al < rsA(x(O))’l}, and let ky(A) :=
(Bux /A" 1,50, (A € Oy). For every A € Oy, we have
(3.2) (@(A) = Ba) (kx(A) = ke(A71)) =0

for all A € Oy. Set Uy := ¢(Oy), and pick ug = ¢(Ag) € Uy such that Ay #
+1 and |Ag| < rSA(x(O))’l. As ¢'(Ag) = 1—1/A¢%> # 0, there is small open
neighbourhood O of A such that ¢g := ¢|¢ is a bijective bianalytic function from
O onto U := ¢(O) which is an open neighbourhood of . Set

(i) = ke(po (1)) — kx(Lpo ' (w)), (€ U).

It is an My-valued analytic function, and satisfies trivially the equation

(4 —BA)Px(4) = (4 — Bx)@x(1) =0, (nel);

see (3.2). This shows that pg € %(Bx), and Ux\{0} C R(By) C R(B4). As By is
a cyclic operator, the set :(By) is simply connected; combine Theorem 2.2 of [10]
and Proposition I1.7.12 of [15]. Thus, 0 is also in R(By), and

Uy = ¢(Oyx) C R(Bx) C R(B4).

This shows that B4 does not have the single-valued extension property, and es-
tablishes the implication (ii)==-(iii).

Assume that B 4 does not have the single-valued extension property. By
what has gone before, we have

R(B4)=J{R(Bx):x € H\{0}, r5,(xV) < 1}
={(Ox):x € H\{0}, s, (xV) <1} ={a+ibeC:a® /3 +b* /3 <1}.
This finishes the proof. 1

4. LOCAL SPECTRA OF B 4

In this section, we aim at giving a complete description of the local spectrum
of B4 at most point of ZZ(N,H). For this, we need to fix some notations, and
provide a useful model representation of a weighted bi-shift.

Throughout the rest of this paper, let S be the bilateral operator-weighted
shift defined on I?(Z, H) by

Sx:= (. ..,Al_lx,g,,Aalx,z, [x_1], x0, Agx1, A1x2,...),

where for an element x = (..., x_5,x_1,[x0], x1,%2,...) € I*(Z, H), we denote by
[x0] the Oth coordinate of x. This bilateral operator-weighted shift is invertible,
and its inverse is defined on I?(Z, H) by

1 (xn)nGZ = ( ., A1Xx 9, Apgx_q, X0, [X1],A61XQ, Aflx;:,, .. )
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We shall now see that B 4 is similar to S 4+ S~! when restricted to one of its proper
closed invariant subspaces. Indeed, let

K= {(xn)pez € 12(Z,H) : x_ = —x, forall n > 0},

and note that K is a nontrivial closed invariant subspace of S + S~1. Now, let
V : K — I2('H,N) be the invertible operator given by

V(xn)nez = (Xns1)nz0,  (Xn)nez € K.
A simple computation shows that
(4.1) BAV=V(S+S )k,

and the claim is proved.

This representation of the bi-shift B 4 as a part of the operator S + S~! to-
gether with some lemmas will be used to determine the local spectrum of B 4 at
most points of [2(N, H).

LEMMA 4.1. If (xn)nez € K, then 05, s-1((xn)nez) = 0B, ((Xn41)n>0)-
Proof. We always have
‘TS—&-S*l((xn)neZ) C U(S-&-S*l)l,c((xn)neZ) = UV*lBAV((le)nEZ)
=08, (V(xn)nez) = 08, (Xn11)n>0)-

Conversely, let ¢ = (¢,) ez be a 1>(Z, H)-valued analytic function on some
open set U C pg,s-1((xn)nez) such that

(S+ST1=N)P(A) = (xn)nez, (A€U).

We have
Anp w1+ Ay ipn3—Appa=—Xny2 ifn>0,
(4.2) Al po+ o — Ap_1 = —xy,
¢_1+¢1— Apo =0, o+ Ay — Ay = x1,
AnPpy1 + A;_|1_1¢n+3 — APpi2 = Xni2 ifn > 0.
Now, we set
% — %, (n>1),

and note that ¢ = (¢,+1)n>0 is a I>(N, H)-valued analytic function on U. In view
of (4.2), we have

Ayl — A1 =x1;  AuPuir + A L Pnis — APpiz = Xpio ifn > 0.

From this it follows that (B4 — A)(¢n41(A))ns0 = (Xui1)us0, (A € U),and U C
PB4 ((Xu11)n=0)- Thus, as desired,

(TBA((xn-f-l)n}O) - 0—S+5*1((xn)n€Z)' 1
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Before stating the next lemma, we shall fix some notations. For the sake of
completeness of the reader, we shall sketch its proof.

Assume that T is a bilateral operator-weighted shift on [2(Z, H) with a
weight sequence (T,),cz of uniformly bounded invertible operators of L(H).
For every n € Z, we set

1 ifn=0,

T,AT, L THT-) ifn <.

T, 1Ty_p---T1Ty ifn >0,
T, =

For x € 'H, we set
Hr(x) == \/{(Ti)™ :n € 2},
and define

n(T,x) = lggigofnf,nxﬂ_l/n, p(T, ) = limsup T ]| 2/7.
n—-—+00

For every element y := (yn)nez € I2(Z, H), we define
R™(T,y) := limsup HT:%y_nHl/”, R+(T,y) :=1/limsup ||?n_1yn||1/”.

n——+o0o n—-—+o0o

LEMMA 4.2. Let x be a nonzero element of H, and let y = (yn)nez € Hr(x). If
R™(T,y) < n(T,x) < p(T,x) < R™(T,y), then

or(y) = {A € C:n(T,x) <[A[ < p(T, %)}

Proof. The proof is an immediate consequence of Theorem 4.7(a) in [13],

once one observes that or(z) = o7 " (z) for all z € Hr(x); see Lemma 2.1 of

[11]. o

LEMMA 4.3. If6 =1, then s, ((xn)n>0) = 1 for all nonzero element (xy)n>0 €
I2(N,H).

Proof. First, we fix a nonzero element x € H, and prove that s, (x(my =1
foralln > 0. Since S A”(Bn_lx)(o) = x(" it suffices to prove this identity for
n = 0; see [23].

Indeed, for every integer k, we have || x||
And so, ||x||V/* < ||S’j4*,1 |1/ %|| Bx||** for all k

1B IHIBexll < 11S* o 11 By
1. From this it follows that

VoA

1< 7’(SA**1)7’SA (x(o)) < F(SA*fl)T’(SA).
As =1, it follows from Lemma 2.2 that 7(S 4) =7(S 4.-1)=1,and s , (x)=1.
Now, assume that x := (x;),>0 is a nonzero element of I?(N, ). So, there
—+00
is an integer k > 0 such that x; # 0. Since, ||S"x||> = ¥ ||B,4:B; 'xi[|?, (n > 0),
i=0

we have
1Bk B il < (1S, (n > 0).



SPECTRAL PICTURES OF OPERATOR-VALUED WEIGHTED BI-SHIFTS 207

By taking limsup as n — 400, we get rg A(x,((k)) < 75, (x). From this and what

has shown above, we infer that r5 , (x) = 1. The proof is therefore complete. &
For every y = (yn)u>0 € I2(N, H), we define
R(y) := 1/ limsup ||B; Ly, ||}

n—-+o00

Now, we are able to state and prove one of the main results of this section.

THEOREM 4.4. Assume that 6 = 1. Let x be a nonzero element of H, and let
v = (Yn)ns0 € V{BA"x© : > 0}. If1 < R(y), then
8, (y) = [-2,2].
In particular, if y is a finite combination of elements of {B4"x©) : n > 0}, then
o8, (y) = [-2,2].
Proof. One easily verifies that

V{BA"x® 11 >0} = \/{(Bux)™ : 1 > 0},

and that V-1(\V{B4"x(© : n > 0}) is a subspace of K which is, of course, con-
tained in Hg(x). Now, let z := V 1y, and keep in mind that z is in Hg(x). Since
0 =1, we have

p(S,x) = limsup ||B,1x||" =15, (x°) = 1;

n—-+oo
see Lemma 4.3. We also have
n(S,x)=1/p(S,x)=1, R (S,z))=1/R(y)<n(S,x)=p(S, x)=1<R*(S,z)=R(y).
By Lemma 4.2, we have o5(z) = 05(V~ly) = {A € C: |A| = 1}. Therefore, it
follows from this ([21], Theorem 3.3.8) and Lemma 4.1 that
[-2,2] = ¢(o5(V'y)) = ‘75+571(V71y) = 0p, ().
To prove the last part of the theorem, it suffices to check that if y is a finite

combination of elements of {B4"x(®) : n > 0}, then it is a finite combination of
elements of {(B,x)™ : n >0} as well,and 1 < R(y) = +co. ¥

COROLLARY 4.5. If 6 = 1, then we have for all nonzero x € H,and alln > 0
o3, (x") = [-2,2).

Proof. For every x € H and n > 0, the vector x(") is a combination of
(B;1x)©), B4(B;'x)©, B42(B;1x)(©), .., B4 (B 1x) (. n

Next theorem shows that the conclusion of the second part of Theorem 4.4
remains valid for all nonzero finitely supported elements in /?(N, ) not neces-
sary in some subspace of the form \/{B4"x(0) : n > 0}, x € H. To prove that, we
need the following elementary lemma which is easy to verify.
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LEMMA 4.6. If p is a nonconstant complex polynomial, then the next function has
no continuous extension across the unit circle T:

A) ifIA] <1,
A) = Pl ;
o= iy ST
THEOREM 4.7. If 6 = 1, then o, (y) = [~2,2] for all nonzero finitely supported
elements y € I>(N, H).

Proof. Assume that y = (yo,¥1,...,Yn,0,...) with y, # 0. We only have
to show that the function A —— (A — B4)~'y, A € C\[-2,2] has no analytic
extension across the interval [—2,2]. To do that, it suffices to show that

A (@(A) —B4)ly, A€C\T

has no analytic extension across the unit circle T since ¢ is analytic in C\{0} and
¢(T) = [=2,2].
Without loss of generality, we may and shall assume that yg # 0. Since

S* 1Spy=1land o(Sy) = o(S* ={Ar e C:|A| <1}, wehave

A*x— 1 A*— 1)

(4.3) (9(A) =Ba) ' =A(1=AS4) 11— A8 )

for all |[A| < 1. Therefore, for every |A| < 1, we have

= (1 (9(A) = B4)" " (10)”) = (v; (9(}) = Bi) " (y0) )
= (v; (p(A) = BZ)_l(yo)(°)> = (AL =28 4o1) (1= AS%) " (y0) )

— (A1 -5 1) (3o <%zx“A“ 0)@)
= ZN“ y; (B o)V ZA’“ (vi;B yo) = ZAi+l<BE Yy vo)-
=0 i=0 i=0

As ¢(A) = (A1) forall A # 0, we, in fact, have

AHL(B Y5 0) if A <1,

(@A) = BA) i (v0) ) = ,
AEOB Yy yo) Al > L

[t=L1=

n .
Since (B, 'yo; o) = ||yol|* # 0, the polynomial p(z) := ¥ z'*1(B; y;;yo) is non-
i=0
constant, and the function ((¢(A) — B4) " 'y; (o)) has no analytic extension
across the unit circle T; see Lemma 4.6. Therefore we have as desired:

UBA(y) =[-2,2]. 1
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We close this section with a similar result of Theorem 4.4 but for the case
when ¢ # 1. The proof is essentially the same as the one of Theorem 4.4, and is
therefore omitted here.

THEOREM 4.8. Let x be a nonzero element of H. The following statements hold:
() If rs (x) < 1, and if y is a finite combinations of elements of {B4"x(©) : n >

0}, then o, (y) = @.

(ii) IfrsA(x(O)) =1, and ify € V{B4"x®) : n > 0} such that 1 < R(y), then
o84 (y) = [=2,2].

(i) If1 < rsA(x(O)), and if y € V{B4"x©) : n > 0} such that s, (x9) < R(y),
then

o, (y) ={a+ib € C:a/5%, +b*/62, <1},

where 6,1 = rsA(x(O)) + l/rsA(x(O)) and by = rsA(x(O)) —1/rs, (x©).
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