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ABSTRACT. In this paper we prove some factorization and reflexivity results
for polynomially bounded operators; in particular, we obtain the following
theorem: Every polynomially bounded operator acting on a reflexive Banach
space such that its spectrum contains the unit circle either has a non trivial
hyperinvariant subspace or is reflexive.
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INTRODUCTION

In 2003, Ambrozie and Miiller have shown the following result: if T is a
polynomially bounded operator on a Banach space such that its spectrum con-
tains the unit circle, then T* has a nontrivial invariant subspace (see [1]).

Invariant subspace results which, as this one, use ideas and tools related to
the Brown technique or the theory of dual algebras, are often followed by results
of factorization and reflexivity (these notions will be defined later). We recall
some classical results illustrating this fact.

In [7], which is the beginning of the dual algebra theory, Brown proves the
existence of nontrivial invariant subspaces for subnormal operators and some
years later Olin and Thompson in [17] show the reflexivity of these operators.

Another important result in this field (see [10]), gives the existence of in-
variant subspaces for contractions on a Hilbert space with dominating spectrum.
Then [5] shows the reflexivity for contractions under some similar hypothesis of
dominating spectrum. Finally, in the article [11], it is proved that every contrac-
tion on a Hilbert space with its spectrum containing the unit circle has a nontrivial
invariant subspace. An “associated” result of reflexivity is obtained in [12] where,
among others, the reflexivity for contractions is proved under some factorization
hypothesis (of type (A4 y,), see Section 1 for definition).
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In fact, generally, the understanding and the improvement of the proofs of
the results of invariant subspaces (in particular the results of factorization) lead
to reflexivity theorems.

The aim of this paper is to give factorization and reflexivity results for poly-
nomially bounded operators of Banach spaces (thus the result of [1] is no excep-
tion to the above rule). In particular, we prove that every polynomially bounded
operator acting on a reflexive Banach space such that its spectrum contains the
unit circle has a nontrivial hyperinvariant subspace or is reflexive (this is a gen-
eralization of a result from [12]).

Now, we recall some basic definitions. The next sections give the tools for
the proof: some approximation sets (Section 1), a functional calculus (Section 2),
the Ambrozie and Miiller innovations (Section 3) and the notion of analytic in-
variant subspace and its use (Sections 4 and 5). The last section contains the proof
of the theorem.

In all this paper X will be a complex Banach space. For T € L(X) we
say that a closed subspace M C X is a nontrivial invariant subspace for T (re-
spectively a nontrivial hyperinvariant subspace for T) if M is nontrivial and if
TM C M (respectively M is invariant for each operator commuting with T). We
denote Lat(T) the lattice of invariant subspaces for T.

First, we define the notion of polynomially bounded operator.

DEFINITION 0.1. T € L(X) is polynomially bounded if there exists M >
0 such that for all polynomials p we have ||p(T) < M||p|lo (Where ||p|e =
{sup|p(2)| : z € D}).
We denote by PBj(X) (or PByy) the set of operators verifying this inequality
and PB(X) = PB:= |J PBy.
M=0

We will need the following class of operators:

DEFINITION 0.2. T € £(X) is in the class C.g (or T € C,) if for all x* €
X*, T*x* — 0.

H®(D) (or H®) is the space of bounded holomorphic functions in the unit
disc D, or, equivalently, the functions in L®(T) (T denotes the unit circle) with
negative Fourier coefficients equal to zero.

A(D) is the space of functions holomorphic in D and continuous on T.

These two spaces are Banach spaces for the supremum norm (||f||e :=
{sup|f(2)]: z € D}).

We recall that H® is the dual of a quotient space of L}(T), L' /H} (f € H} if
feLland f(n) = 0 for n < 0) and the duality is given by the formula:

27
(1A 1) = 5= [ F@he®)do f e Ll e He.
0

This duality will be used in the definition of the functional calculus in Section 2.
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The following definition is related to a result of Apostol.

DEFINITION 0.3. A subset A C D is called an Apostol set if the 6 € (—m, 7]
such that sup{r € [0,1) : re!? € A} < 11is at most countable.
Fore > 0,k > 1 aninteger and T € £(X), we denote

Aci(T) = Ay = {A € D/3u € X with ||ul| = Tand ||(T — A)u| < e(1—|A)F}.

The result of Apostol which will be used in Section 6 is the following (see
[3], [13] or [4] for the proof).

THEOREM 0.4. Let T € PB(X) such that o(T) D T. If there exist ¢ and k such
that A, i is not an Apostol set, then T possesses a nontrivial hyperinvariant subspace.

The last notion we define in this introduction is the reflexivity of an operator.
It seems that Sarason was the first one to consider this notion in [19] where was
proved the reflexivity of normal operators (the word reflexivity was introduced
later by Halmos). Roughly speaking, it gives an idea of the richness of the lattice
of invariant subspaces. To define it more precisely, we need some notations: given
T € L(X) we denote by AlgLat(T) the set of operators A € L£(X) such that
Lat(T) C Lat(A) and by Wr the closure for the weak operator topology of the
algebra generated by T.

We always have Wr C AlgLat(T) and we say that T is reflexive if Wy =
AlgLat(T).

1. APPROXIMATION SETS AND FACTORIZATION

In this section, B will denote a continuous bilinear application from X x Y
to Z where X, Y, Z are complex Banach spaces.

The purpose of this section is to prove that under approximation assump-
tion we have in fact a factorization result. The approximation sets defined below
were introduced for a particular bilinear application on Hilbert space in [14]. This
generalisation follows the ideas of [6] where some other approximation sets are
defined (see also [18] where the proofs are given in the Banach space context).

DEFINITION 1.1. We say that B has the ElC property if there exist C € (0,1),
and two positive constants M and M’ such that, forall L € Z, all z € X, all finite
family wy,...,wp € Yand all 6 > 0, we can find u € X and v € Y verifying

1) 1B(u+2,0)~ L] < CJL],
(12) 1w <&,
(13) Jull < ML,

(1.4) o]l < M'||L||Y/2.
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REMARK 1.2. (i) If necessary, to avoid ambiguity, we will of course write
E! for El
C, MM’
(if) We can also define some E{- property, changing the first two inequalities to

(1.5) [B(u,v+y) —L|| < C|[L],
(1.6 1B(xj0)] <4,
where y € Y and x4, ..., x) are vectors in X.

The first proposition shows that, in fact, the approximation property ex-
pressed by the definition extends to a finite family of vectors, at the expense of
increasing the constant C.

PROPOSITION 1.3. Suppose that B possesses the E property, and let c € (C,1).
Then, given wy, ..., wy € Y,z € X,6 > 0and Ly,... LN,N elements in Z, we can
findu € Xand vy, ..., vy € Y such that, for M and M’ as in the definition,

(1.7) B(u+z,09;) = Lil| <c|Lj]| j=1,...,N,
(19) 500l <3 =1,
(1.9) lJull < MZ(”Lk” 2 ol < ML |2

Proof. We take wy,...,w, € Y,z € X,6 > 0and Ly,...,Ly € Z. We fix
0;>0(j=1,...,N)such that, for all j,5; < 6/N and C|[L;|| + ¥ < c||L;||. We
k

will show by induction that, for all j € {1,..., N} there exists u; € X and v; € Y
such that:

||B(u]' FUuj e+ —I—Z),U]‘ — Lj|| < C||Lj||,

|B(uj,wp)|| <6 forl=1,...,p,

||B(u]',vl)|| < 5] forl < b,

lujll < MIIL;|Y2 and o] < MY[IL; 2.

For j = 1 we only use the definition of the E property. From the rank

j — 1 to the rank j, we apply once more the E- property towy, ..., wp, vy, ... /01
(instead of wy, ..., wp), uj 1+ - +u;+z (mstead of z), min(4; ,5) (instead of ¢)

and L;. It is simple to check the four conditions needed. We denote u=uy-+
-+ +ujy. Then, forallj € {1,...,N}:
1B(u+2,0j) = Lill < 1B(uj+ -+ +2,00) = Lill + ) [|B(u, vy) |
k>j

< CILiI+ 32 8 < el L]l
k>j

Besides, forallj € {1,...,p}

|| B(u,w;)| ZHBuk,w] <Y 6 <6
k
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Finally, we have
lull < MZ ILeID'2.

Now, we are going to define the factor1zat10n properties.

DEFINITION 1.4. Letn,m < Xj. We say that B possesses the (A, m) property
if for every n x m matrix (L; ;)i<p, j<m, there exist x1,...,x, € Xand y,...,ym €
Y such that:
LZ’]:B(Xl,y]), 1<]§1’l,1 g]gm

We will write (A,) instead of (A,,). We say that B possesses the (A,(r))
property for r > 0 if for all s > r and every matrix (L;;)i<y,j<m, there exist
X1,...,% € Xand yq,...,Ym € Y such that:

Lij=B(xpy;), 1<j<nl<j<m

and
/2 n 1/2
il < (ZIILUII) ;=T gl < (s lLgl) ", =1
i=1

In [6] or [18] it is shown that, under some stronger approximation property
than the EIC one, B has the (Ay,) property. Here, we will see that ”EIC implies
(A1y,)”, and even more.

We begin with a fundamental lemma which initializes the process. We take
7 € (c,1) (where c is given in the previous proposition).

LEMMA 1.5. We suppose that B verifies the Ei- property. Let Ly, ..., Ly € Z,x €
X, y1,--,yn €Y, and p; > 0 (forj=1,...,N) such that

IB(x,y;) — Ljll <pj, j=1,...,N.
Then there exists ¢ € Xandy,...,nN € Y such that

IB(S,nj) — Lill <vpj, j=1,...,N
and forallj€1,...,N:

18— [l < MZ\/Ta I = yjll < M'\/pj.

Proof. We denote A; = L;j — B(x,y;). We choose 6 > 0 such that c||A;|| +
p < 7pj for all j and we use the previous proposition with x,y1,...,yn,6 and
Aq,...,AN: thereexistu € X,vq,...,uN € Y such that:

ILj = B(x,yj)) = B(u+x,0))[| <cll4jl, j=1,...,N,
[B(u,yj))|| <6 forj=1,...,p,

N
lojll < MY A" and lull < M Y (Jlag )2
k=1
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N
We denote ¢ =u + x and 77; =y; + v;. Then we have ||{ — x|| <M ¥ /ox,
k=1
ln; — y;ll <M’ /pj and
1B(S,mj) = Lill S[ILj = BCx,yj) = B(u +x,0)) |+ B, yj)l| <cl|Ajl[+0 <ypj. 0
The following result gives an (A ) property (starting with arbitrary data).

PROPOSITION 1.6. We suppose that B verifies the Ei- property. Let Ly, ..., Ly €
Z,xeX,y1,-..,yn €Y, and p; >0 (forj=1,...,N) such that

IB(x,y;)) = Lill <pj, j=1,...,N.
Then there existi € X, v1,...,vy € Y such that forallj € {1,...,N}:

MY /ox M’ /p;
— < ——/= VvV = ol < ) = L:.
lu—x|| < -y 1y v]||\l_ﬁ and  B(u,v;) = L;

Proof. We will prove the proposition by induction. By the lemma, there exist
N

xpin Xand yp; € Y (j=1,...,N) such that [[xo — x|| < M 21 VPp: o = yjll <
p:

M'\/p; and |B(xo,y0; — Ljll < pj, for all j. We suppose that, for an integer
k, we have x;in X and y;; € Y(j = 1,...,Nand! = k — 1,k) such that ||x; —

N
Xl < M Zl oY V2 |y s =y jll < M oy * Y72 and || B(x, vk, ) —
p:

Lif| < 'ykpj. Then we apply the lemma (to x; and yj ; instead of x and y;), and
there exist x 1 in X and yx 41, € Y(j =1,..., N) such that

IB(xkr1,yks1j) — Lill <+*'pj j=1,...,N,
and for all j

N
k k
51 — el S MY Ve yesr — visll < M /o2
p=1

The last two inequalities imply that (xi)x and (yy;)x (forj =1,...,N) are
Cauchy sequences, so they converge. We denote respectively u and v; their limits
and we verify all the properties we want. 1

The following result is a generalisation of the (A1 y,) property; it is inspired
by a similar result obtained for contractions on Hilbert space in [12]. We introduce
a dense set which will be useful for a concrete subset later.

PROPOSITION 1.7. We suppose that B verifies the E- property. Let N be a dense
subset of Z,x € X, (Yn)n>1 a sequence in Y, some real numbers 6, > 0 such that

Y. ny/o, < oo, a sequence (€,)y>1 of real numbers strictly decreasing to 0 and a se-
n=1

quence (Ly),>1 in Z such that, for all n, ||L,|| < dy.
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Then there exist u € X, two sequences in'Y, (v,) and (z,) and three constants C1, Cy, C3
such that, for all n:

Ly =B(w,04), ol <C1 Y. Vou, |u—x]|<C ) n\/by,
n=1 n>1
B(u,zn) €N, ||zn — yu| < Csép.

Proof. We take a sequence of positive numbers (a,),>1 such that 2 a, <1

and for all n, we put a0, = min{dy, an€y, ..., anen }. Using the density of N we can
find K; € N such that ||B(x,y1) — K1|| < ay; furthermore, ||B(x,0) — K| < 61.
By the previous proposition, there exist x; € X,v; 1,211 € Y such that:

M5y
1-v7

B(x1,v11) = L1, B(x1,z11) =K1, %1 — x| <

M M \/e1a1 I < M'\/&
1-7 ! S 11— Naa
By induction, we will prove that for all n > 1 there exist Ky,..., K, €
N, x,_1,x, in X and Uik, Zjk N Y(forj=n—-1,nandk=1,...,j)such that:
(Ap) B(x]-,vj,k):Lk j=n—1,nk=1,...,j;
(Bn) B(xj,zjx) =Ky j=n—1nk=1,...j

ly1 —

7

(Cn) Hxn_xn—1H< _f,
(Dn) 2ok — k=1,...,n—1;
\/—
(En) llyn — <M hf
(Fy) fons = weaall < {0 k=
. M'\/3,
(Gn) ||Un,n|| < 1— n.
VT

In the beginning of the proof, we have seen that all these properties are true
for n = 1 (if we note x( := x and see that (D7), (F;) are empty). Let us suppose
the properties are true for n. Since N\ is dense, there exists K, 11 € A such that

I1B(xn,zn,n) = Ky || <ty
Furthermore,
[B(x1,0) — Ly41 < On1
and using (A,) and (B,), we have:

[ B( xnlvnk_LkH Xpt1, HB(xn,an K| <appr k=1,...,n
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We apply the previous proposition and we obtain immediately the proper-
ties (Ap41), --., (Gyq1). Since ¥ nv/6, converges, using (Cpip), ..., (Cui1), we
verify that (x;,),>1 is a Cauchy sequence. Similarly, for any k < 1, (v, x),>¢ and
(2nk)n>k are Cauchy sequences. So, we note respectively u, vy and zj their limits.
Then u, (vy) and (zx) verify all the required properties. 1

REMARK 1.8. In all the proofs, we can see that everything remains true un-
der the weaker assumption that B is closed.

2. FUNCTIONAL CALCULUS

The functional calculus (on H*) will be very useful in the next sections, but
right now we will already see the link between Section 1 and operator theory.

We take T € PB(X). It is easy to see that it means that the morphism f —
f(T) is continuous from A(D) to £(X). In the beginning of this paragraph, we
give conditions to extend this functional calculus (for T*) to H*.

DEFINITION 2.1. Let T € PB(X). We say that T* has a weak* (of w*) H*®
functional calculus if there exists @7+ : H®(D) — £(X*) a continuous morphism
with the following property: If (f,), tends to f in H* for the weak* topology (of
H®), then, for all x* € X*, & (f,)x* tends to @1+ (f,,)x* for the weak* topology
(in X*).

REMARK 2.2. £(X*) has a predual (see for example [20] page 125) and one
can see that the above definition is equivalent to say that @+ is w*-continuous.

In the following, we will note f(T*) instead of @7« (5.
If T* has a w*-functional calculus, we consider, for x € X and x* € X*, the

T*
linear form on H*x[x (or, if necessary, x[x) defined by h +— (x, h(T*)x*). Ob-
viously, it is w*-continuous, so it can be identified with an element of the predual
of H®, L1/ H& (also denoted by xUx*). Then we have the identity:

(xOx*, 1) = (x,h(T*)x*), x € X,x* € X*,h € H®

One sees that the map (x,x*) +— xOx* is bilinear, and we have the following
definition:

DEFINITION 2.3. Let T € PB(X) such that T* has a w*-functional calculus.
Let n,m < Xj. We say that T* possesses the (A, ) property if the bilinear map
O defined above has the same property, in the sense of the Definition 1.4.

By the definition of the functional calculus, it is obvious (but quite useful
for the next lemmas) to see that if T* has a w*-functional calculus and if (fy)n is
a sequence in A(D) tending weak* to 0, then, for all x € X and x* € X*, we have
(fu(T)x,x*) — 0. In fact, by a result of Eschmeier (in [16]), we have the following
theorem:
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THEOREM 2.4. Let T € PB(X). The operator T* has a w*-functional calculus if
and only if we have the following property: if (fy)n is a sequence in A(D) tending weak*
to 0, then, for all x € X and x* € X*, we have (f,,(T)x,x*) — 0.

Proof. It is easy to adapt the proof of Lemma 1.1 from [16] in our context.
The Riesz representation on a Hilbert space is replaced by this simple result: if ¢
is a continuous bilinear form on X x X* then there exists A € L(X*) such that,
forx € X, x* € X*

d(x,x*) = (x, Ax™). 1

The next corollary is very important in our context. It is a particular case of
the previous theorem.

COROLLARY 2.5. If T € PBp(X) N C.g then T* has a w*-functional calculus.

Proof. We take x € X, x* € X* and (f,)» a sequence in A(ID) tending weak*
to 0. We can assume that || f||e < 1,||x]] < 1and |[x*|| < 1. Lete > 0. We assume
that e < 2M. We take an integer k such that ||T**x*|| < ¢/4M. Using the Cauchy
formula, and since (fy)x converges pointwise to 0 and is bounded, we see that,
for all j > 0, the sequence (f,gj) (0)),, tends to 0. We write f,(z) = gu(z) 4 2Fh,(2)
where g,(z) = L (f,gj)(o)/j!)zj. Since (f,gj)(O))n tends to 0 there exists N € N

j<k
such that, foralln > N and all z € D, |gx(z)| < &/2M. So, ||hnlc < ||fnlloo +
lgn|lc < 2. Then, foralln > N,

|{fu(T)x, %) < [(gn(T)x, %) 4 | (n (T)x, T )|

<
< Mlgnlleo + Ml lloo [ T*x*|| <.

We end this section with three technical lemmas which will be useful when
we will see the link between analytic invariant subspaces and reflexivity (Sec-
tion 5). The notations and assumptions are the following:

(i) T € PB(X) such that T* has a w*-functional calculus;
(i) A € L(X);
(iii) M € Lat(T);
(iv) NV € Lat(A);
(v)wenote S := T|pq and B := Ay
LEMMA 2.6. S* has a w*-functional calculus.

Proof. Taking f € h®,x* € M* and f, € A(D) such that f, v, f, we define
the functional calculus by:

f(§H)x* = livrgfn(s*)x*.

fn(S*) is well defined because T is polynomially bounded, so S € PB(M). First

we see that the definition is correct: if g, € A(D) verifies gy, Y, f, then hy, :=
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fn — &n tends weak* to 0. We take x € M and x* € M*. By the Hahn-Banach
theorem, there exists ¢ € X* such that ¢|\+ = x* and ||¢|| = ||x*||. Then

(1 (T)x") = (ha(T)x, @) = (x, 1a(T7) )

where the right term tends to 0 since T* has a w*-functional calculus. To verify
all the properties of this functional calculus, we use again the equality:

{x, f(S7)x") = (x, f(T")¢) and |[¢]| = [lx7]|

(with x, x*, f and ¢ as above). 1
If x** belongs to M** we denote by x** the element of X** defined by
<x*,x1*> — <X*|M,X**>, x* GX*.

Using the Hahn-Banach theorem, one can see that the application x** —
x** is a linear isometry. Then, except in some particular cases, we will assume
that M™* C X** and we will forget the notation ™.

LEMMA 2.7. For h € H®,x* € X* and x** € M™** we have h(S*)(x*| ) =
(h(T*)x*)| pq and h(S*)*x** = h(T*)*x™**. We have also B* (x*|xr) = (A*x*)| .

Proof. Let x € M and h, € A(D) such that h, tends to h for the weak*
topology. Then we have the following equalities:

(0, h(S) (" [ a)) = im(Ra (S)x, %7 p) = T (B (S)x, x%) = lim(x, iy (T)x7)
= (0, h(T)x") = (x, (h(T7)x") | m)-

Then, for x*€X* and x** €M™ we have (x*| g, h(S*)*x*™*)=(h(T*)x*, x**).
Forgetting the ~ this is exactly the equality h(5*)*x** =h(T*)*x**. The last equal-
ity is obtained in the same way. 1

LEMMA 2.8. For x € M and x* € X* we have
T* s*
x0Ox* = x0O(x* | ).
Proof. Using the previous lemma, for i € H*, we have:

(e, )= (o, (T )" =, (BT ) )= (5°) (3 L)) =D L) ) 8

3. THE TOOLS OF THE AMBROZIE-MULLER THEOREM

We recall quickly some important results from the paper of Ambrozie and
Miiller which will be used in Section 6.
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3.1. ZENGER LEMMA. We recall a new Zenger lemma proved in [1]; but before,
we need the following definition:

DEFINITION 3.1. Let (X, | - ||) be a complex Banach space and uy, ..., u, €
X. Let L > 0. We say that the vectors are L-unconditional if we have

n n
| e < 2 3 i
j=1 j=1

whenever B, 7; are complex numbers with |8;[ < |y (j=1,...,n).

REMARK 3.2. Using the equivalence of the norms in finite dimensional
spaces, one sees easily that every finite family of linearly independent vectors
are L-unconditional for some L.

PROPOSITION 3.3. Let || - || be a norm on C*,y,...,a, some positive numbers
n

such that Y, aj =1, let e1,...,e, be a basis C",L. > 0 such that the basis is L-
j=1

unconditional, and let s = ) sje; € C". Then there exists w = Y wje; € C" and
a linear form such that ||| < Lv/2,||w —s|| < 1and p(wiej)) =waj,j=1,...,n

We give now a dual version of this result.
PROPOSITION 3.4. Let X be a complex Banach space, s € X, ¢1,...,¢n € X*

n
L-unconditional and «, . . ., &, some positive numbers such that ) aj = 1. Then there
j=1

exist By, ..., Pn n complex numbers and w € X such that ||{w —s|| < 2,

A <
]
LvV?2 and (w, Bi®;) = w; forall j.

Proof. Wenote E = vect{¢, ..., ¢}, E isisometric to Q* where Q = X/*E.
The dimension of Q is finite. So, there exist ey, ..., ¢, € Q such that @'/ Pr) = ik
where Jj is the Kronecker symbol. We can verify (see [1] for the proof) that since
¢1,...,¢n € X* are L-unconditional, then e, ..., €, are also L-unconditional. If
we denote 7t the canonical surjection from X to Q, then we can apply the Propo-
sition 3.3: There exist w = Y wje; € Q and ¢ = Y B;p; € E linear forms
such that ||| < Lv2,||@ — 7(s)|| < 1 and (wjej, ) = a;, (j = 1,...,n). But,
(wjej, p) = (@, Bj¢;). We can find w € X such that 7(w) = w and [|w —s|| < 2.
By the definition of Q, we have:

(w, Bijpj) = (m(w), Bjgj) = wj. N
3.2. APPROXIMATION IN L!. Another innovation of [1] is the approximation of
positive L! functions by some particular linear combination of Poisson kernels.

DEFINITION 3.5. For A = rel’ we denote I, = {elf : |t — 0] < 2(1—71)}. A
subset F of D) is called a-separated if for all A,y € F (A # p), wehave I, NI, = @.
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PROPOSITION 3.6. There exist C € (0,1) and b > 0 with the following property:
if f is a positive function in L' and if A is an Apostol set, then for n large enough, there
exist a finite and a-separated subset F C A and positive numbers ) (A € F) such that:

@) A" —1| <1/9and |A| > 3/4for A € F;
i) T < flly
A€F

(i) _f | N (t) - £(0)|at < cz_f F(Hdt.

' A€F
Furthermore, if A = Agp(T), with 0 < € < 1/2Mbrm, for T € PBp(X), then there
exist vectors uy € X, 2Mb-unconditional such that ||uy| < 1and |[(T — A)u,|| <
e(1—|A))? (A € F).

4. ANALYTIC INVARIANT SUBSPACES

The notion of analytic invariant subspace is used in operator theory since
[17]. In [8], Brown gives a definition of this notion in a general context; our def-
inition is not exactly the same; in fact, we are trying to generalize to the Banach
space case the definition of invariant analytic subspaces given in [12].

DEFINITION 4.1. Let T € £(X) and M € Lat(T). We say that M is an
analytic invariant subspace of T if there exists a non zero analytic function from D
into M*,e : A — ¢, such that

(T|M —/\)*6/\ =0, AeD.

Furthermore if e satisfies
\/ ey = M*
AeD
then M is called a full analytic invariant subspace for T.

REMARK 4.2. In the Hilbert space context we suppose that e, is a conjugate
analytic function, since the duality is replaced by the inner product.

The following proposition is obvious.

PROPOSITION 4.3. Let T € L(X) and M be an analytic invariant subspace for
T, with the associated map e, then there exists (fu),cn a sequence of linear forms in M*
such that e has an absolutely convergent power series expansion:

(4.1) ex=Y A'fy AeD.
n=0

Furthermore, the f, satisfy:

1 d'e
“2) fu = i aa o’
(4.3) T"fo=0, T'fu=/fu1 n=1;
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(4.4) limsup || £V < 1;
(4.5) \/ exr = \/ fn-
AeD neN

REMARK 4.4. (i) If there exists (f)en in M*, where M € Lat(T), satisfy-
ing (4.3) and (4.4) we can define by (4.1) a map e which turns M into an analytic
invariant subspace for T.

(ii) (4.3) implies that f, # 0 for n large enough.

We denote by H(DD) the space of holomorphic functions on D and by M, the
operator of multiplication by A, acting on H(D) : f(A) — Af(A).

PROPOSITION 4.5. Let T € L(X) and M be an analytic invariant subspace for
T, with the associated map e. We define the linear map F : M — H(ID) such that:

(F(x))(A) = {x,ex).
This application satisfies
Fo(T|pm)=M,oF.
Furthermore, if M is full analytic, then F is one-to-one.
Now, we are going to show the reflexivity of polynomially bounded opera-

tors in some particular cases (it was shown in the Hilbert space context in [12]).
We begin with a remark, which is a particular case of Lemma 2.7.

REMARK 4.6. Let T € PB(X) with a w*-functional calculus. We take M €
Lat(T),A € D and x* € M such that (T|p)*x* = Ax*. If ¢ € X* satisfies
¢|pm = x*, then, for all h € H® we have

(H(T*)p) [ pm = (R(A)P) |-

PROPOSITION 4.7. Let T € PB(X) such that X is full analytic for T. Then T is
reflexive.

Proof. Let e : A — e, be an analytic map such that X* = \/e,. Since
T*ey = Aey, we have T € C., then T* possesses a w*-functional calculus. Let
A € AlgLat(T). If M, € Lat(T*) then * M, € Lat(T) and if x € + M, and
x* € M,, then:

(x, A*x*) = (Ax,x*) = 0.

It means that A*x* € (- M,)+ = M, . Since Ce, is weak* closed (it is a finite
dimensional space), A*e) € Ce,, for A € D'\ A, where A denotes the set of A such
thate)y = 0. So we can write,

A*E)\ = h(/\)(?)u

where 1 is some function defined pointwise for A € D\ A. Clearly, |h(A)| < || A
for A € D\ A. Furthermore,

(4.6) (F(Ay))(A) = h(A)(F(y))(A), A eD\A,
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fory € X\ {0}. Since F(y) # O for any such y, AN A’ is a countable set with no
point of accumulation in D, where A’ denotes the zeros of F(y). Furthermore (4.6)
shows that & is a bounded holomorphic function on D\ AN A/, so we can extend
h on a function in H*. Since T* has a w*-functional calculus, one can verify that,
forhe D\ANA,

h(T*)e,\ = h(A)E)\ = A*E)\.
So, A* =h(T*)on \/ e.But,

AeD\ANA!
\/ e\ = \/ €).
AreD AeD\ANA

Indeed, if ¢ € X** satisfies (ey,¢) = 0 for A € D\ AN A’ then the holomorphic
function A — (e), ¢) is the zero function; and since X is full analytic, we have
¢ = 0. Finally, we have shown that A* = h(T*). Then, for x € X, x* € X* and
(hu) a sequence in A(ID) tending weakly* to 1, we have:

(Ax, x*) = (x,h(T")x*) = 1i11}1<x,hn(T*)x*> = 1i£n<hn(T)x,x*>.
We conclude that A € Wr. &

We denote by CF(T) the set of all x € X such that \/ T"x is full analytic for T.
n=0
PROPOSITION 4.8. Let T be a polynomially bounded operator such that T* has a
w*-functional calculus. We suppose that CF(T) is dense in X. Then T is reflexive.

Proof. Let A€ AlgLat(T) and x; and x, in CF(T); we denote M; = \/ T"x;,
n=0
i = 1,2. We apply the previous proposition to T; := T/, and we can find /; and
hy in H® such that h;(T;) = A}, where A; := A| y, (i =1,2).
In the first part of the proof, we will see that iy = hy.
As it was said in Section 2, we assume that M ™" is a subset of X**; in partic-
ular, for x* € X* and ¢; € M7*, we have (forgetting the ~ defined in Section 2):

(", i) = ("m0 i)
If M7* N M3* # {0}, we take y** # 0 in this intersection and we denote by e
the analytic map associated to M;. Using the Hahn-Banach theorem, for each
A € D, we extend ¢, in ¢4 € X*. Then, using the Lemma 2.7 and the previous
remark, we have:

hi(A)(er, y™) = (m(Aea, y™) = (i (17 )er, y™)
Afey,y™") = (Aepy™)

Az (erlmy), y™) = (ha(T3) (ealmy), ¥™)
= ((h2(T")er) | My y™) = ha(A)(en|my y™)
= ha(A)(er, ™) = ha(A)(er, y™).

Since A — (y, e, ) is a nonzero analytic function, it follows that h; = hj.

(
=
=
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If Mi* N Mj5* = {0}, we choose (u,),>3 a sequence in CF(T) such that
uy — x1 + xp (we take n > 3 to avoid confusion with the notation corresponding
to x1 and x). Using the previous proposition, we deduce that for each n > 3
there exists g, € H® such that A}, = ¢, (T,;) where M,, := \/ Tru,, T, := T|pm,

k>0
and A, := Al 4,; the proposition also gives ||gn|/e < [|A;]| < ||A]. By dropping
down to a subsequence, we can suppose that (g,) is weakly* convergent to a
function ¢ € H*. Since T* has a w*-functional calculus, (g,(T*)) converges to
g(T*) for the weak operator topology; furthermore, (u,) converges to x1 + xy;
then we have, for each x* € X*,
lim(x*, g (T*) 1) = (x*, g(T*)* (x1 + x2)).
In other words,
(8T (31 + 2)) = lim a0 (T*)x°) = limit, (g0(T*)2") g,

= T (i, @ (T) (7 g, ) = T G, A (27| g, ))

= lim(uy,, A*x*) = (x1 + xp, A*x™)

= {01, AT (¥, )) + (32, Az (57 )

= (x1, 1 (T*)x™) + (x, hp (T*)x™).
Since M1 N M; = {0}, we have h;(T*)*x; = g(T*)*x;, i = 1,2; using as previ-
ously the notation e) and ¢,, we deduce that
h(A)(xr,en) = (xa, m(Ti)ea) = (x1, i (T7)er) = (x1,8(T7)er) = g(A)(x1,€2)-
So hy = g; we prove in the same way that /i = g. We have shown that there exists
a function i € H* such that, if x1, x, are in CF(T), then A} = h(T;),i = 1,2. If
we take x € X and x* € X*, there exists x, € CF(T) such that x, — x and we
can verify that

(Ax,x*) = lim(Axy, x*) = lim(x,, h(T*)x*) = (x, h(T*)x*).

Then A* = h(T*)and A € Wr. 1

REMARK 4.9. In the two previous propositions, we can verify that T* is also
reflexive.

5. FACTORIZATION IN L'/ H} AND ANALYTIC INVARIANT SUBSPACES

In this section we will see that, under some assumptions of factorization
in the quotient space L!/H}, polynomially bounded operators are reflexive. We
denote by [e "] the class in L'/ H} of the function t — e~ (n € N).

For h € H®, it follows that:

(h, [e™™]) = h(n)

where hi(n) is the nth Fourier coefficient of .
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We denote by N1 the linear space algebraically spanned by the elements
[e~"], for n € N; then N7 is dense in L'/ HJ.

PROPOSITION 5.1. Let T be a polynomially bounded operator such that T* has a
w*-functional calculus. We suppose that there exist vectors x € X and (x]*) j>0 € X*
such that:

xOxj = e ], j>0; lim sup ||x]’f‘||1/j <1

J—

Then \/ T"x is an analytic invariant subspace for T.
n=0

T* (T|m)*
Proof. In this proof, we will write O for [J and ¢ for ﬁ . We denote

M =\ T"x.Since M € Lat(T), we have by the Lemma 2.8

n=0
xOx* = x0(x"|pq), x € X*.
But x* — x0x* is one-to-one from M* to Ll/Hé.
Indeed, suppose that x0x* = 0 with x* € M*. Let y € M, then there exist
polynomials (py) with y = lim p,,(T)x. Then,
(y,x") = lim{x, pu((T[0)*)x") = (pn, x0x7) = 0.
We deduce that x* = 0.
Since x{(x§|pm) # 0, then x§| pq # 0 and we obtain:
TxOxg =0;  TxOxj = [e 1= = xOxjy, j21
Besides,
TxOxj = Tx0x; [ m = xO(T|m) " xf | m-

It follows that (x]* | m) is nonzero and verifies (4.3) from Proposition 4.3.

Furthermore, ||x*|p|| < ||x*], so limsup ||x]’f|M||1/j < 1 and by the Re-
mark 4.4, M is an analytic invariant subspace. 1

PROPOSITION 5.2. Let T be a polynomially bounded operator such that T* has a
w*-functional calculus. We suppose that there exist a vector x € X and sequences (x]*)

and (y]*) in X* such that:

*Oxf =[], j>0; limsup |||/ < 1;
xy; €N, j=0; Vy=Xx"
>0

Then the cyclic subspace generated by x, \/ T" x is a full analytic invariant subspace for T.
n=0
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Proof. As in the previous proof, we use the notations [J and ¢. It follows
from the previous proposition that M :=\/ T"x is an analytic invariant subspace
for T. Furthermore, for all j, ny]’f can be written:

noo oo
xOy; = kg;‘)oc;{[e*lkt] = xﬂ(ga{{x;).

Thus, since x* — xOx* is one-to-one from M* to L1/ H},

103 .
vilm = ( Y “fcx@w/ j=0.
k=0
It follows that \/ vy C V xF|um, and then \/ x7|p = M*™.
=0 >0/ =0/
As in the previous proof, we show that (x]* | ) verifies (4.3) from Proposi-
tion 4.3; we deduce that M is full analytic. 1

6. THE MAIN RESULT

We begin this section with factorization and reflexivity results for some par-
ticular polynomially bounded operators; more precisely, we will suppose that
T € Cp and that A, (T*) are Apostol sets for ¢ small enough. It will imply that
T* has a w*-functional calculus.

We start with a simple lemma.

LEMMA 6.1. Let (Ay,...,Ay) € C" and X be a complex Banach space with
Dim(X) > nand ¢1,...,¢u in X* and linearly independent. Then there exists x € X
such that for j € {1,...,n},

¢j(x) = A;.
Proof. We will see that the following map is onto:
X — C

y = (1Y) uy)).
Assuming the contrary, there would exist a1, ...,a,; € C such that for all

n
yeX, j;l aj¢;(y) = 0. So, the linear forms would not be independent. 1

Using the previous lemma and the Proposition 3.4, we can adapt easily the
proofs of Theorems 12, 13 and 14 of [2] (or their equivalent in [1]) to obtain the
next two results.

THEOREM 6.2. We suppose that T € PBpg(X) N C.g and that Ago(T*) are Apos-
tol sets for all & small enough. Lety € X and f > 0 in L with | f||y < 1. Then for n
large enough, there exist x € X and x* € X* such that ||x|| < 2, ||x*|| < 2Mb+/2 and
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(T"x +y)Ox* — [f]|| < ¢, where b is a universal constant and ¢ € (C,1) (C is defined
in Proposition 3.6).

REMARK 6.3. We see in the proof of Theorem 12 in [2], that e depends on y
in the following way: €||y|| < 1; so, as we want a property for all y (or all z, in the
notation of the next proposition), we need to ask that A.»(T*) are Apostol sets
for all € small enough.

We fix an integer m such that ¢ + 7m~! < 1 and a constant ¢ < 1 with
1-m(1—c—mm™) <.

PROPOSITION 6.4. We suppose that T € PBpi(X) N C.o and that A.»(T*) are
Apostol sets for all € small enough. Let wy, ..., wy, be vectorsin X, z € X, § > 0and
f € LY. Then there exist u € X and u* € X* which verify:

@) | (u +2)0u = [fII| < 'l fll1;
(if) Hqu]*H <épourj=1,...,p;
(i) |} < 2MI| /2 and [lu” || < 2MBV2] 2

The previous proposition gives that the bilinear application O verifies a
property Ei,. Applying the results of Section 1 we have the following theorem:

THEOREM 6.5. We suppose that T € PBy(X) N C.o, that Ago(T*) are Apostol
sets for all & small enough and that X* is separable. Then T has the property (Aq x,) and
T is reflexive.

Proof. Take x € X, § > 0, a sequence (&,),>1 of reals strictly decreasing to 0

and a sequence (x},),>1 such that X* = {x;}. For n > 1, we note

[e—i(n—l)t]52

[hﬂ] - 16

Then we apply the Proposition 1.7 (with 6, = 6%/n°) and deduce the existence
of y € X, two sequences in X*, (y;) and (zj;) and three constants C, C’, C” such
that, for all n:

(] = yQys, Nlyall < Co, |ly — x|l < C'6, yOz; € N, |z — x5l < Ces,

(wWhere N7 is defined in the beginning of the previous section).

Denoting t; = n°yj /4, we see that y, t}, z}; verify the hypothesis of the
Proposition 5.2. Thus, the space \/ T"y is full analytic for T. Since ||y — x|| < C'6,
such y are dense in X. Then, by Proposition 4.8, T is reflexive. 1

Now we can demonstrate the main result of this paper:

THEOREM 6.6. Every polynomially bounded operator acting on a reflexive Banach
space such that its spectrum contains the unit circle either has a nontrivial hyperinvariant
subspace or is reflexive.
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Proof. First, suppose that X is separable. We use the following notations
X1={xeX, T'x— 0}, Yy={x"eX* T"x— 0}.
Then we have one of the following cases:

(i) If Xy (respectively Y7) is non trivial, then Xj (respectively 1Y;) is a nontriv-

ial hyperinvariant subspace for T.

(i) If X3 = Y7 = {0} then (Theorem 17 of [15]), T possesses a nontrivial hy-
perinvariant subspace or T = A I and thus is reflexive.

(iii) If Y9 = X* et Ag»(T*) is not an Apostol set for one ¢, then T possesses a
nontrivial hyperinvariant subspace (this is the Apostol theorem).

(iv) If Y7 = X* and A.»(T*) are Apostol sets for all ¢ small enough, then we
can apply the previous theorem and T is reflexive.

(v) If X3 = X we can apply one of the two previous points to U = T*.

If X is not separable, we can suppose that Ker T = {0} and that T # AL
Taking x € X we denote M, := \/ T"x;itis a non trivial invariant subspace for

n=0
x #0.

If for all x # 0 we have T|, € Coand Ago(T|rq, ") is an Apostol set, then,
following the proof of Proposition 6.5, CF(T| 4, ) is dense. Thus CF(T) is also
dense and using the Proposition 4.8, we can say that T is reflexive. In the other
case, there exists x # 0 such that T|pq, & C.o or Ag2(T]},,) is not an Apostol
set; then, we can use the points (i), (ii), or (iii) given in the first part of the proof.
In the case (ii), we can have T|r, = A I, and then Ker (T — A) is a nontrivial
hyperinvariant subspace. 1

Following the results of [11], Brown and Chevreau had proven in [9] that
every contraction on a Hilbert space with an isometric functional calculus on H*
is reflexive. The corresponding result in our context would be: every polyno-
mially bounded operator with a functional calculus bounded below is reflexive.
However, it seems difficult to adapt the proof of [9], even with the innovations of
Ambrozie and Miiller.
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