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ABSTRACT. In this paper we study the invariant subspaces of the shift op-

erator acting on the vector-valued L? space of an annulus, following an ap-
proach which originates in the work of Sarason. We obtain a Wiener-type
result characterizing the reducing subspaces, and we give a description of all
the invariant and doubly-invariant subspaces generated by a single function.
We prove that every doubly-invariant subspace contained in the Hardy space
of the annulus with values in C" is the orthogonal direct sum of at most m
doubly-invariant subspaces, each generated by a single function. As a corol-
lary we prove that a doubly-invariant subspace that is also the graph of an
operator is singly generated.
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1. INTRODUCTION

The purpose of this paper is to study the shift operator (multiplication by
the independent variable) on certain Hardy spaces, consisting of vector-valued
analytic functions on the annulus A = {ry < |z| < 1}, where ry is a positive real
number less than unity. In the scalar case, significant contributions to the theory
have been made by several authors, including Sarason [9], Royden [8], Hitt [4],
Yakubovich [10] and Aleman—Richter [1].

The vectorial case has not been much considered, and presents difficulties
of its own. We shall consider questions to do with reducing subspaces and singly
and doubly-invariant subspaces, which are defined below. One important special
case is when the functions take values in C?, and there is then the question of
characterizing graphs of closed (possibly unbounded) shift-invariant operators.

We now introduce some necessary definitions and notation, after which we
shall summarise the main contributions of the paper.
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The boundary dA of A consists of twocircles T = {z € C: |z| =1} and r(T.
We let D denote the open unit disc {z € C: |z| < 1} and Q) theset {z€C : rp <
|z| }U{o0}, so that A=DN2y. For 1 < p < oo, let LA(dA) be the complex Banach
space of Lebesgue measurable functions f on dA that are pth-power integrable
with respect to Lebesgue measure, the norm of f being defined by

1/p

27 27
1£1p = (5= 0/ Fe) Pt + 5 0/ [Flroc™) Patt)

The complex Banach space L*(0A) is the set of bounded Lebesgue measurable
functions f on dA. Obviously, for 1 < p < oo, we have:

LP(dA) = LP(T) & LP(ryT),

where L?(T) and LP(roT) are endowed with normalized Lebesgue measure. For
1 < p < oo the Hardy space H”(0A) denotes the closure in L (0A) of R(A), the
set of rational functions with poles off A = {z € C : rp < |z| < 1} (itis convenient
to employ an abuse of language by saying that a function in L (dA) “belongs to
R(A)” if it is a restriction of a function in R(A)). These functions are analytic in
A, and so we shall also use the notation H” (A) when we wish to emphasise this.
A useful characterization of functions in H”(0A) is the following (see Lemma 1
in [9]): a function f € LP(dA) belongs to HP (dA) if and only if, for all n € Z:

21 27
(1.1) /f(roeit)e_i"tdt:rg/f(eit)e_i”tdt.
0 0

As for the Hardy spaces on D, there exists an inner-outer factorization for func-
tions in the Hardy spaces defined on A. Following Royden [8], the inner functions
in H?(A) are the holomorphic functions u such that |u| is constant on each circle,
whereas the outer functions in H? (A) are the holomorphic functions ¢ such that

log I9()| = 5 /1 0 %8& D as(q)

for z € A, where g is the Green’s function (normalized so that the constant 277 is
correct). The units are the functions that are both inner and outer, e.g. z*. Con-
trary to the case of the unit disc, if f € H?(dA), we cannot always find an outer
function ¢ with |¢| = |f| on dA. The best we can do is to define v on A in the

following way:
9
o(z) = 5 [ 1ogl£(6)| B as(c).
0A

Now v is real and harmonic so that we can find a constant ¢ and a real harmonic
function & such that (z) := v(z) — clog|z| + ih(z) is holomorphic (we need the
log |z| term as the annulus is not simply connected). Now ¢(z) := exp(¢(z)) is
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an outer function whose non-tangential boundary values satisfy |¢(&)| =

and then % is inner since |u| is constant on each circle.

As usual supp(f) denotes the support of the function f.

Denote by S the operator of multiplication by z on LP(dA). A closed sub-
space M in L?(dA) is said to be invariant for S if SM C M, doubly invariant for S
if M is both invariant for S and S~ and reducing for S if M is both invariant for S
and 5*.

For f € L?(3A),

(i) Is[f] will denote the smallest closed subspace M in L?(dA) containing f
and invariant for S.
(ii) Ds[f] will denote the smallest closed subspace M in L?(dA) containing f
and doubly invariant for S.
(iii) Rs[f] will denote the smallest closed subspace M in L?(dA) containing f
and reducing for S.

In other words
Is[f] = Span{S"f : n > 0},
Dg|f] = Span{S"f : n € Z},
Rs[f] = Span{p(S,S*)f : p € Clz1,22]},

where Span is the closed linear hull.

If N is a set of functions Is(N), (respectively Ds(N) and Rg(N)) denotes the
smallest closed subspace containing Is(f) (respectively Dg(f) and Rs(f)) for all
f €N.

Note that for f = f1 @ fo € L>(T) @ L2(rT),

Sf = g1 ® go where g1 (e') = €' f1(e) and go(roe') = roe' fo(roe'),
S~1f = hy @ hy where hl(eit) = e"itfl (eit) and ho(rqeit) = %g’itfo(rge“),
S*f = k1 ® kg where kq (elt) = eiltfl (elt) and kg(l’oelt) = Ygeiltfo (V()elt).

It follows that the operators S, 5* and 51 commute and then
Rs[f] = Span{S"S*" f : n,m > 0}.

We employ an analogous notation for subspaces of L2(dA, C™); in general
we use lower case letters for scalar functions and capital letters for vector-valued
functions.

The characteristic function associated with a measurable set E will be de-
noted by x.

In Section 2 we obtain a Wiener-type result (Theorem 2.3) characterizing the
reducing subspaces M C L?(dA,C™). In Section 3 we give a description of all the
invariant and doubly-invariant subspaces M C L?(dA, C™) generated by a single
function. Some tables at the end of this section summarise our results. Finally,
in Section 4 we establish the main result of this paper, Theorem 4.7. We prove
that every doubly-invariant subspace M C H?(dA,C™) is the orthogonal direct
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sum of at most m doubly-invariant subspaces, each generated by a single func-
tion. As a corollary we prove that a doubly-invariant subspace in H2(dA, C™)
that is also the graph of a (not necessarily bounded) operator is singly generated
(Theorem 4.8). The use of analyticity is essential in the proof of our main result
and hence the description of doubly-invariant subspaces of L?(dA, C™) remains
open. We give a partial result in this direction (Theorem 4.9) for operator graphs.

2. REDUCING SUBSPACES

In the scalar case, Sarason characterized reducing subspaces for S on L?(dA)
by making use of the Wiener theorem that every doubly-invariant subspace of
L%(T) has the form xpL?(T) for some measurable set E C T (see [3], [6], [7]).

THEOREM 2.1 ([9], p. 52). A closed subspace M of L?>(dA) is reducing for S if
and only if M = xpL?(0A) for some measurable set E C dA.

We now move on to a discussion of the vector-valued case. Instead of a
function taking values in the set {0, 1} almost everywhere, we now need to deal
with functions whose values are orthogonal projections. Accordingly, we say
that P : rT — L(C™) is a measurable projection-valued function if it satisfies the
following:

(i) P(re'”) is the orthogonal projection onto some closed subspace Z(rel”) of
C™ for almost all rel” € rT.
(ii) The mappings w — (P(re'”)x,y) are measurable for every x,y € C™.

Since P(rei™) can be regarded as an m x m matrix-valued function, the sec-
ond property just says that P € L®(rT, L(C™)). The vectorial version of the
Wiener theorem is the following (see for example Theorem 3.1.6 of [7] and [3]).

LEMMA 2.2. Let r > 0, let M be a closed subspace of L?(rT,C™) and let S be de-
fined by Sf(ret) = relt f(relt) on L2(rT,C™). Then M is doubly invariant or reducing
on L2(rT,C™) if and only if M = PL?(¢T,C™) where P is a measurable projection-
valued function on rT.

Proof. The space L?(rT) is unitarily equivalent to L?(T) by a simple change
of variables, from which the operator S on L?(rT) is seen to be unitarily equiv-
alent to the operator 7S on L?(T). This has the same reducing subspaces as the
bilateral shift on L?(T), and the result follows from Wiener’s theorem. &

We obtain the following result for L2(dA, C™).

THEOREM 2.3. A closed subspace M of L?>(dA, C™) is reducing for S if and only
if M = PL*(dA,C™), where P is a measurable projection-valued function on dA.
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Proof. 1t is clear that PL?(dA,C™) is a reducing subspace for S. Now, note
that, for F; @ Fy € L?(T,C™) @ L?(roT,C™), we have:

r2ld — §5* $s* —1d

0 0

In other words, Ppa( cmy ©0and 0 Ppa, r comy (Where Pra,p om) is the orthogo-
nal projection from L2(dA, C™) onto L?(rT,C™), for r € {ro, 1}) are linear combi-
nations of Id and S5*. In particular Pp2(,p cn)M is also a reducing subspace for S

on LXrT,C™), for r € {rg, 1}. It follows that if M is a reducing subspace for S then
PLZ(T,(C"’)M @ PLZ(Y()T,(C”’)M C M

Since the converse inclusion is true for any subspace M, it follows that if M is a
reducing subspace for S then

Ppa(p,cmyM @ Praor,cmyM = M.

By Lemma 2.2, for r = roand r = 1, P2y cnyM = P,L*(rT,C™) for some mea-
surable projection-valued functions P, defined on rT. Therefore M = PL?(dA)
where P(re®) = P,(rel”) forr = rgandr = 1. 1
COROLLARY 2.4. Let F € L?(dA,C™). Then
Rs(F) = {G € [*(dA,C™) : G(&) € CF(¢) fora.e. & € 9A}.

Proof. This follows from Theorem 2.3, on observing that the range of P(¢)
must equal the subspace spanned by F(¢), for almostall . 1

3. INVARIANT AND DOUBLY-INVARIANT SUBSPACES GENERATED BY ONE FUNCTION

The log-integrability of the functions that we consider is at the centre of our
classification.

DEFINITION 3.1. Let 7 > 0 and F € L?(+T,C™). We say that F is log-

21
integrable on rT if [ log ||F(rel’)|cndt exists.
0

The next propositions show how we are allowed to modify the generators
of singly generated invariant and doubly-invariant subspaces, provided that they
are log-integrable.

PROPOSITION 3.2. Let F; @ Fy € L2(T,C™) & L2(roT, C™) such that Fy is log-
integrable on T. Then we have:
B R H kK )

Is(F®R) =Is (u—l &) uT) and Ds(F; ® Fy) = Ds (LT1 @ o
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where uy is an outer function in H*(D) such that |u1(e")| = ||Fy(e!*)||cm almost ev-
erywhere on T.

Proof. Since u7 is an outer scalar function in H?(D), applying Beurling’s
theorem, there exists a sequence of polynomials (py,), such that

Tim a1 — W] 27y = 0,

where 1 is the function identically equal to 1 on dA. Since % € L®(T,C™), it
follows that

13! 13!
uipn —1)— = ‘ F——
H( 1Pn )ul e PP w2 em
tends to 0 as n tends to infinity. Moreover, lim |jup, — 1f|;2(y) = 0 implies
n—

that lim lu1pn — 1| po(ryry = 0. Now, since u; is outer, ul—l € L®(roT) and so
lim ulp nl H = 0. It follows that
n—o0 L°° r(]T)

F
Pn 0_70
uy

()
U
tends to 0 as n tends to infinity. Therefore we have

I3
Uy

LZ (ToT) ’ LZ (7’0’]1‘)

IS(%@;O)CIS(H@FO) and DS(

F
® uo) C Ds(F @ Fy).
In order to prove the converse inclusions, note that since 11 € H?(D), there exists
a sequence of polynomials (q,), such that lim [[u3 — qul|;2r) = 0. Since % €
n—o0o

L*(T,C™), we get

H(ul _q”)% LA(TCmy H ! —q uq 2 (r,cm)

tends to 0 as n tends to infinity. Moreover, lim Hu1 — qnllr2(r) = 0 implies that
n—oo

lim [Juy = gul| 2,y = 0, and then lim A ) 0 since u; is bounded
below on ryT. It follows that
— F
TEEE
uy L2(roT) ur L2(rm)

tends to 0 as n tends to infinity. This proves the converse inclusions and ends the
proof of the proposition. 1

The natural dual version of the above proposition is the following.

PROPOSITION 3.3. Let F; @ Fy € L?(T,C™) @ L?(rqT,C™) be such that Fy is
log-integrable on ryT. Then we have:
B F

F_F
Is1(F @ Fy) = Isl(u;@u—g) and Ds(F, @ Fy) = Ds(uo@?o)’
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where ug is an outer function in H2(C\roD) with |ug(roet)| = ||Fo(roelt)||cm almost
everywhere on roT.

Proof. Set Gy(e') = Fy(roe ) and Gy(rpel!) = Fy(e™). Considering the
unitary map ¥ : L?(dA,C") — L%(dA,C™) defined by ¥(F, © Fy) = G; @ Gy,
along the same lines as the proof of the previous proposition, we get the desired
equalities. 1

Combining those two first results we get the following theorem.

THEOREM 3.4. Let F; ® Fy € L*(T,C™) @ L2(roT,C™) such that Fy is log-
integrable on T and Fy is log-integrable on roT. Then there is a function Wy © Wo €
L®(T,C™)@L>®(rqT,C™) such that |[W;(elt)||cm = 1 almost everywhere on T,

€ L®(roT) and satisfying
Ds(F, & Fy) = Dg(Wy & Wy) = Hz(aA) (W1 & Wp).

Proof. Using Proposition 3.3, the doubly-invariant subspace for S generated
by F; @ Fy is equal to the one generated by % FO , where ug is a scalar outer

HWOHC'”

function in H2(C\7oD) such that |ug(rget)| = HFO(roe )||cm almost everywhere
on roT. Note that, since 1 is outer, % is also log-integrable on T whenever Fj is.
Fo
S

is equal to the one generated by W; @& Wy where Wy = and Wy w1th

uou uou 4

u1 a scalar outer function on T satisfying |u1(e'!)| = % almost everywhere

Using Proposition 3.2, the doubly-invariant subspace for S generated by E 1

on T. Since #; and ul—l belong to L*(rT), W satisfies the desired hypothesis.
It remains to prove that Ds(W; @ W) = H?(9A)(W; @ Wp). Obviously a
reformulation of (1.1) is H?>(dA) = Dg(1). Therefore
H?(dA)(Wy © Wp) C Ds(Wy @ Wo).

Now consider T : L?(dA) — L?(dA,C™) defined by Tf = f(W; @ W). Since
[[W1|lcm and ||Wp||cm are essentially bounded above and below on T and 7T, the
linear mapping T is both bounded and bounded below. Therefore TH2(0A) =
H?(0A)(W; @ W) is a closed subspace of L?(dA, C™). It follows that the previous
inclusion is, by the definition of Dg, an equality.

In the case where we only have information on F;, we have the following
result on the smallest closed invariant subspace for S generated by F; & F.

PROPOSITION 3.5. Let F; @ Fy € L*(T,C™) @ L?(roT,C™).
(i) If Fy is log-integrable on T, then
F _F
_ 12 1 0
Is(F®&k)=H (}D))(—u1 g —ul),

where uy is a scalar outer function on T satisfying |uq(el)| = ||Fi(e')|cn almost
everywhere on T.
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(ii) If Fy is not log-integrable on T, then
Is(F & Fy) = Rs(F) & Is(Fy).
Proof. (i) We have Is(F; & Fy) = Is (% @ 5—?) by Proposition 3.2. Since

% € L*(T,C™") and f),,r € L*(roT) whenever f € H?(D), I (% @ 5—?) contains

h
uy

the invariant subspace for S defined by H?(ID) ( & %) . Moreover, the subspace

uq

H?(D) by the bounded-below operator T defined by T : H?(D) — L?(3dA,C™),
Tf = f(% @ 5—?) It follows that
— (B _pop(hgh
Is(h® k)= Is(u1 © ul) =H (D)<u1 @ ul)'
(i) Let Hy @ Hp in L2(T,C™) @ L?(roT,C™) be orthogonal to Is(F; @ F). In
other words,

(3.1) (Hy,e™F)p + (Ho, rje™ Fo),r = 0, n > 0.

H?*(D) (5 ® 5—?) is closed in L2(dA,C™) as the image of the closed subspace

Therefore, (Hy, e F)r = O(r2), n > 0. If one denotes by f; the scalar function
on T defined by (F;, Hy)T, then f; extends to a function in H'(T U rT) where
ro < r < 1. Indeed, denote by f, the function in L?(rT) (and thus in L!(rT))
defined by f,(relt) = ¥ r"f(n)e'™. Then f; @ f, € H'(T UT) using (1.1). This
nez

implies that fi = (Fj, Hy)t is log-integrable, and therefore, since log |f1(e!)| <
log || F1 (e!)||cm + log || Hy(e'")||cm, this forces F; to be log-integrable, a contradic-
tion. So fi is identically equal to 0 and then

<H1,ZnF1>']I‘ =0, nez.

By (3.1), we have also (Hy, z"Fy)r = 0 for all n > 0. Thus H; ¢ Hy is orthogonal
to Rg(F;) @ Is(Fy), and then Rg(Fy) @ Is(Fy) C Is(F; @ Fy). Since the converse
inclusion is always true, we get the desired equality. &

The natural dual version of the above proposition is the following. We omit
the proof, which can be deduced along the same lines as Proposition 3.5 via the
changes detailed in the proof of Proposition 3.3.

PROPOSITION 3.6. Let F; @ Fy € L*(T,C™) @ L?(roT,C™).
(i) If Fy is log-integrable on T, then

~\ = (F F
Is-1(FL @ Fy) = H*(C\ oD) (*1 ® *0),
Up U
where uy is a scalar outer function on ry'T satisfying |ug(roet)| = ||Fo(roel*)||cm almost

everywhere on roT.
(ii) If Fy is not log-integrable on ryT, then I+ (F; & Fy) = Ig-1(F;) & Rs(Fp).
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We are now ready to describe the invariant subspaces for S generated by a
single function.

THEOREM 3.7. Let Fy € L2(T,C™) and Fy € L?(roT,C™). Then we have:
(i) If Fy is not log-integrable on T and if Fy is log-integrable on roT, then

Is(F, ® Fy) = PL*(T,C") @ Hz(rOID))?
0

where ug is an outer function in H*(roD) with |ug(roe)| = ||Fo(roel)||cm almost
everywhere on roT and where Py is a measurable projection-valued function on T.
(if) If Fy is not log-integrable on ryT and if Fl is log-integrable on T, then

1571 (P1 ©® FO) Hz((C \ D) EB P2L2(1”0T (Cm>

where uy is an outer function in H(D) such that |ui(e")| = ||Fy(e")||cn almost ev-
erywhere on roT and where P, is a measurable projection-valued function on ryT.

(iii) If neither Fy nor Fy are log-integrable, then

Is(F, ® Fy) = PL?(3A,C™) = I+ (F, © F)
where P is a measurable projection-valued function on dA.

Proof. (i) The second assertion of Proposition 3.5 implies that Ig(F; @ Fy) =
Rs(F) @ IS(FO) By Lemma 2.2, Rg(F;) = P;L?(T,C™) where P is a measurable
projection-valued function on T. Since F is log-integrable, then Is(Fy) = IS(uO)
where g is an outer function in H4roD) such that |ug(rgel’)|=||Fy(roel*)||cm al-
most everywhere on ryT. Since Ig (5—3) contains HZ(To]D) and since this last
subspace is closed as the range of a bounded-below operator it follows that

F
Is(£1) = H2(roD) 2.

(ii) If Fy is not log-integrable, the second assertion of Proposition 3.6 implies
that 1571 (Fl ) Fo) = 1571 (Fl) ©® Rs(Fo) Since F; is log—integrable, 1571 (Fl) =
H2(C \ﬁ)%, where 17 is an outer function in H2(C \ D) such that |u;(e't)| =
|| F1(el*)||cm almost everywhere on T. Since I5—1 (%) contains H2(C \ ﬁ)%, and
since this last subspace is closed as the range of a bounded below operator, it
follows that Is-1(Fy @ Fy) = H*(C\ D)3+ @ P,L2(reT,C™"),

(iii) Since Fj is not log-integrable, Is(F; @ Fy) = Rg(F;) @ Is(Fp). It remains to
prove that if Fy is not log-integrable then Is(Fy) = Dg(Fp). To prove this, it is
sufficient to check that whenever Hy L Is(Fp), then Hy L Dg(Fp). Now, Hy L
Is(Fy) implies that the negative Fourier coefficients of the scalar L! (roT)-function
fo := (Fo, Hp) are equal to 0. Therefore, fy extends to a function in H'(roD)
and thus fy is log-integrable. This forces Fj to be log-integrable, a contradiction.

Thus we have fj identically equal to 0 and then Hy L Dg(Fy). By Lemma 2.2,
Ds(Fy) = Rs(Fy) = PyL?(roT,C™) where Py is a measurable projection-valued
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function on ryT. Now, taking P = P; ® Py, we get the desired result. Using
similar arguments we easily prove that Ig1(F;) = Dg(F;) whenever F; is not
log-integrable. The last equality follows. 1

It remains to describe the doubly-invariant subspace for S generated by F =
F; @ Fj in the case where F; or F is not log-integrable.

THEOREM 3.8. Let F; € L*(T,C™) and Fy € L*(roT,C™). Suppose that F or
Fy is not log-integrable. Then

Ds(F; @ Fy) = Ds(F;) @ Ds(Fy) = PL*(9A,C™)

where P is a measurable projection-valued function on dA.

Proof. Suppose that F; is not log-integrable. The second assertion of Propo-
sition 3.5 asserts that Is(F; & Fy) = Ds(F;) & Is(Fp). In particular 0 & Is(Fy) C
Is(F; & Fy). Therefore Ds(F; & Fy) contains 0 @ Is(Fy) and then contains 0 &
Dg(Fy). Then we get Dg(F; @ Fy) = Ds(F;) @ Dg(Fy) since Dg(F; @ Fy) is always
contained in Dg(F;) @ Ds(Fy). If Fy is not log-integrable, the second assertion
of Proposition 3.6 asserts that I 1 (F; & Fy) = Is1(F;) & Dg(Fy). As previously,
since Dg—1 (L& Fo) = Ds(FL & R), we get Ds(FL & Fo) = Dg(F,) ® Ds(F). The
vector-valued Wiener theorem implies the existence of P a measurable projection-
valued function on 0A such that Ds(F;) @ Ds(Fy) = PL?(dA,C™). ¥

We may summarise the structure theorems that we have derived, by means
of the following tables.

Description of I5(F) and Is-1(F), where F = F; ® Fy :

F Fy is log-integrable :
log-int. Yes No
Yes Is(F) = H3(D)F/uy I+ (F) = H(C\D)(£) @ P,L2(rT)
Is-1(F) = HA(C\ roD)F/ug Is(F) = H*(D)F/uy
No | Is(F) = PL*(T,C") & H(roD)(£2) Is(F) = Is-1(F)
Is-1(F) = H2(C \ roD)F /ug = PL%(9A,C™)

Description of Dg(F; & Fy) :

F Fy is log-integrable :

log-int. Yes No
Yes | H?(dA)(W; & W) | PL*(9A,C™)
No PL?(9A,C™) PL?(dA,C™)
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The following result is a simple consequence of the above classification the-
orem. We write 0, (T) for the point spectrum of an operator T, i.e., the set of
eigenvalues.

COROLLARY 3.9. For each doubly-invariant subspace M C L*(dA, C™) one has
Proof. This is equivalent to the statement that (S — AId)M is dense in M

whenever A ¢ A, which follows since then Dg((S — AId)F) = Dg(F) for all F €
M. 1

4. DOUBLY-INVARIANT SUBSPACES

4.1. COMPLETELY NON-REDUCING SUBSPACES.

DEFINITION 4.1. A closed subspace M in L?(dA,C™) is called completely
non-reducing if it contains no trivial reducing subspaces.

LEMMA 4.2. Let M be a doubly-invariant subspace for S and let M be a reducing
subspace for S. Then My := M N Mj- is doubly invariant for S.

Proof. First we check that M, is invariant for S. Indeed, for F; € M; and

F, € M, we have:
(SF, F) = (F,,S*F) =0,

since M is reducing. Therefore SMy; C Mj. Now we check that M; is invari-
ant for S7!, that is that M, L (S™1)*M;. Since M; is reducing for S, using
the vector-valued Wiener theorem, there exists a measurable projection-valued
function P such that for almost all { € dA, P(&) : C" — Z(&) where Z(¢) =
{F(Z) : F € M1}. Since (S~1)*F(e'') = e!'F(e'') € P(e")C™ and (S~ !)*F(rpe) =
%F(roeit) € P(rpet")C™, (S™1)*F € PL?(dA,C™) = M; for F € My, and thus we
get the desired result. 1

Using Lemma 4.2, in the sequel we study the doubly-invariant subspaces
that are completely non-reducing.

LEMMA 4.3. In the scalar case the doubly-invariant subspaces that are completely
non-reducing coincide with the doubly-invariant subspaces that are non-reducing.

Proof. Suppose that M is doubly invariant but contains a nontrivial reduc-
ing subspace M;. It follows, via Wiener’s theorem, that M; = xpL?(dA) where
E and its complement are of positive measure. Now for any f € M, write f =
XEf + Xaa\ef, where xpf € My C M. Then, xy4\pf € M and Ds(xa4\cf) C M
forall f € M. Since xgf and xj.\rf are not log-integrable, we get Ds(xya\rf) =
Rs(xaa\ef) and Ds(xef) = Rs(xef). Therefore the subspace M is reducing. 1
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It is easily seen by taking direct sums that the above result does not hold in
L%(dA,C™) when m > 1.

4.2. ANALYTIC DOUBLY-INVARIANT SUBSPACES. In this section we restrict our-
selves to closed subspaces of analytic functions in the Hardy spaces H?(dA, C™).
In [8], Royden proved that the nontrivial closed subspaces of Hz(aA) that are
doubly invariant for S have the form ¢H?(dA), where ¢ € H*(dA) and is in-
ner (constant in modulus on each component of dA). His proof is based on the
inner-outer factorization of functions in Hardy spaces of multiply connected do-
mains (cf. [5]). Note that it follows from Sarason’s result that every non-reducing
doubly-invariant subspace M of L?(dA) has the form H?(9A)(w; ® wy), where
w1 is unimodular on T and wy is bounded and bounded below on ryT (scalar
version of Theorem 3.4). Obviously, if M C H?(9A), then (w; ® wg) € H®(dA)
and ¢ is obtained by taking its inner factor.

First of all we prove that if M is a nontrivial closed subspace in H2(dA, C™)
(with m > 2), then there exist at most m functions in M “generating” the smallest
closed reducing subspace containing M. Recall that, in the scalar case, using
Wiener’s theorem, every function f in M \ {0} satisfies Rs(f) = M = L?(dA).

THEOREM 4.4. Let M be a nontrivial closed subspace in H*(dA, C™). Then, there
exists a set of functions G, ..., Gk in M with k < m, such that

Rs(M) = Rs(G') + - - + Rs(G").

1
81
Proof. Let G! = : be a nonconstant function in M. For any G? =
1
&m
gi
: in M, consider the H' (9 A)-functions h; = g}g% — g%g]z for2 <j<m.
2
Em

Then either every h; is identically equal to 0, and then Rs(G?) C Rs(Gh), or

else there exists a function hjo with 2 < jo < m which is nonzero almost every-

where on A, and then we consider the reducing subspace Rs(G!) + Rg(G?) =

P,L2(9A,C™), where for almost all ¢ € dA, the rank of P,(¢) is equal to 2. Either
&

Rs(M) = Rs(G') + Rs(G?), or we take a third function G* = : € M.

S

Then we consider the H?/3(dA)-functions
18 8
hi=| 8 & &
& & &
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for2 < j < m,j # jo. Then either every h; is identically equal to 0, and then
Rs(G3) C Rs(G') + Rs(Gy), or else there exists a function hi with3 < j < m
which is nonzero almost everywhere on 04, and then we consider the reducing
subspace Rs(G') + Rs(G?) + Rs(G®) = P3L?(dA,C™), where for almost all & €
0A, the rank of P5(¢) is equal to 3. We continue in this way, until either Rg(M) =
Rs(G) 4 - - - + Rs(GFK) for some k < m, or there exist m — 1 functions in M such
that Rs(G') does not belong to Rg(G!) + -+ + Rg(G'"1) forall2 < I < m — 1.
Then Rg(G') + - - + Rg(G™ 1) = P,,_1L%(0A,C™), where for almost all & € 9A,

81
the rank of P,_1(¢) is equal to m — 1. Take G™ = : € M, and consider
8m
the H?/™(9A)-functions
g o8t
h=1 &
R

Then either & is identically equal to 0, and then

RS(Gm) - RS(Gl) +oeet RS(Gmfl)/
or else the function / is nonzero almost everywhere on dA, and then we consider
the reducing subspace Rs(G!) + -+ + Rs(G™) = P,L?(dA,C™), where for al-
most all § € dA, the rank of Py, (&) is equal to m. It follows that Py, is the identity
map and thus

Rs(GY) + - +Rs(G™) = L*(9A,C™).
Note that the analyticity has been used to show that the rank of a measurable
projection-valued function of ¢ is almost everywhere independentof . 1

PROPOSITION 4.5. Let F € H?(dA,C™) \ {0}. Then there exists a positive con-
stant c and W € H®(dA, C™) satisfying [|[W()||cm = 1a.e.on T and |W(E)||cm = ¢
a.e. on ryT, such that we have

Dg(F) = H>(QA)W and Rg(F) = L2(0A)W.

Proof. Since F € H?(dA,C™) \ {0}, it follows that log ||F|| € L'(dA). Then
we define the function v on A by

92z %) 452,

o(z) = [logIF(@)llen %]
0A

Then, although A is not simply connected, there exist a constant s and a real
harmonic function # such that

$(2) = v(z) —slog |z| +ih(z)
is holomorphic. Now ¢(z) := exp(y(z)) is an outer function whose non-tangent-

ial boundary values satisfy |¢(&)| = %. Set W = g and observe that W €
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H*(0A,C™) with |[W(g)|[c» = 1a.e.on T and ||W(G)||cn = 1 a.e. on yT. Since
¢ € H?(0A), ¢ is the L2-norm limit of a sequence of trigonometric polynomials
(pn)n- Since

IE = puWI3 = [1(¢ — pu)WII3 < max(c?, 1) [l — pull3

with ¢ = rj, it follows that ||F — p,W/||, tends to 0 as # tends to co. Therefore

we have Dg(F) C Dg(W). Moreover, since ¢ is outer, there exists a sequence of

trigonometric polynomials (g, ), such that lim |g,¢ — 1| = 0. It follows that
n—oo

lguF = W3 = [[(ga¢ — W3 < max(c?, 1) lga¢p — 113,
and thus ||g,F — W||, tends to 0 as n tends to co. Therefore we have Dg(W) C
Dg(F), and then Dg(W) = Dg(F).

We can also check that Rg(F) = Rg(W). By Corollary 2.4 Rg(F) = {G €
L%(dA,C™) : G(&) € CF() forae. & € dA}. Since F = ¢pW, where ¢(&) # 0 a.e.
on dA, Rs(F) = {G € L?(9A,C™) : G(¢) € CW(¢) forae. & € A} = Rg(W).
Since W is bounded and bounded below, L?(dA)W is closed and thus equal to
Rs(W) 1

REMARK 4.6. Following Wiener’s theorem, there exists a projection-valued
function P such that Rg(F) = PL?(dA,C™). A natural choice for Pis J;;,;W ® e;
where e is the first vector of the canonical orthonormal basis of C" and where

r%Id — 55% 188" — Id))
r3—1 c ri-1//

e = (Pimen) + ¢ Pronem) (= (

The proof of the next result is based on the proof used by Sarason [9] in
the scalar case. Using Theorem 4.4, we can prove that given a nontrivial doubly-
invariant subspace M in H?(dA,C™), there exists a finite set of functions in M
“generating” M.

THEOREM 4.7. Let M be a nontrivial doubly-invariant subspace (completely not
reducing) in H?(dA,C™). Then there exists a finite set of at most m bounded functions
in M, say FY ..., F", such that

M = Ds(FY) @t - @t Ds(F").

Moreover, if Rs(M) = PL?(dA,C™) where P is a projection-valued function, the rank
of P(C) is constant and equal to r, for all § € 0A.

Proof. First we claim that there exists Ay € A such that M © (S — Agld)M #
{0}. Indeed, if not, for all A € A and all e € C", we have Py(kye) = 0, where
Py is the orthogonal projection onto M and where k is the reproducing kernel in
H?(A) at A. Since Span{(kje) : A € A,e € C™} is equal to H>(d A, C™), it follows
that M = {0}, a contradiction.

Take F! € M © (S — Aold)M. By Proposition 4.5, there exists a function
Wy € H*®(0A,C™) such that ||W;(&)||cm is constant almost everywhere on each
circle of A and such that Dg(F!) = H2(dA)W; and Rg(F') = L2(dA)W;. Now,
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consider My := M N Rs(F!) which contains N; := Ds(F'), and take N, :=

Ds- ((S* — AoId)F!). Since $*S" is a linear combination of $"~" and S$*("~")

for n # min Z, and S*"S" is a linear combination of Id and S*S, it follows that
Rs(F') € Ny + No + CS*SFL.

Since N, C Rg(F!) N M*, it follows that My C N; + M N CS*SF!. We get that
dim(M; © Dg(F')) < 1. In other words,

MNRg(F') = Dg(F') or MNRg(F') = Dg(F') + CS*SF.

Now, let us check that there exists a function G! in M such that M; = Dg(G').
If dim(M; © Ds(F')) = 0, take G' = F!. It remains to consider the case when
M = Dg(F') + CS*SF!, i.e,, when

(4.1) dim(M; © Ds(F!)) = 1.

Take G € M; © Dg(F!), with G # 0. Then Py, S*G L Dg(F'), and since
dim(M; & Ds(F')) = 1, there exists a unique y € C such that Py, S*G = 7,G;
equivalently, po € 0p((Sp,)*). By Corollary 3.9, we see that po € A.

Now Ds(F;) = H2(dA)Wj as in Proposition 4.5, and so

(4.2) dim(Ds(F') & (S — ppld)Dg(F')) =1

(note that the operator S — jld is bounded below, and so (S — yold)Dg(F;) is
closed). We also have

(4.3) dim((S — ppld)M; © (S — puold)Dg(F')) =1,

given that dim(M; © Ds(F!)) = 1.
We summarise these observations in the following diagram.

M; = M N Rg(F')
/ N1
(S — pold) My Ds(F') = H*(9A)W;
1N\, 1
(S — pold) Ds(F')
Now it follows from (4.1), (4.2) and (4.3) that
dim(Ml © (S — “Ll()Id)Ml) =1,

with G € M; © Ds(F!) and G € M © (S — pold) M;.

Hence (S — pold)M; = Ds(F'), and so F'(up) = 0; also F! is analytic,
(S — uold)~'F' € My, and then M; = Ds(G'), with G' = (S — uold) ' FL.

At this stage we have proved that there exists a function G! € M such that
M = Ds(G') @+ M/, where M’ = M N Rg(F')* is still doubly invariant, by
Lemma 4.2.

By induction we may arrive at an expression

M = Ds(G') @+ Ds(G?) @t --- @t Ds(G") @+ M,
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for functions G',...,G" € M and where M" is also doubly invariant for S. We

wish to show that this procedure terminates with M"” = {0} for some r < m.
Using Proposition 4.5, there exist functions Wy, ..., W, in H*®(dA, C™) such

that ||Wi(¢)||cm is 1 on T and equal to a positive constant c; on ryT, such that

M= H?(@A)W @+ - - &t H2(QA)W, o+ M”,
Rs(M) = L2(QA)Wy + - - - + L2(dA)W, + Rg(M").

By Remark 4.6, taking J1/c = Ppa2(cm) + %PLZ(;’O'H‘,C’")/ we have

Rs(M) = Ji/¢, (L*(QA)YW1) + - - + J1/¢, (L2(QA)W;) 4+ Rg(M").

Now we consider the operator-valued function Q defined almost everywhere on
JdA by

Q&) =1 Y2(Jiye, Wi (©), -, T1 76, Wi (€)).

By construction we easily check that Q(¢) is an orthogonal projection and then
Rs(M) = QL*(2A,C") + Rs(M"),

where the rank of Q(¢) is equal to r for almost all { € dA. Using Wiener’s the-
orem, there exists a measurable projection-valued function P such that Rg(M) =
PL%(dA,C™). Note that, by Theorem 4.4, since the rank k of P(&) is independent
of ¢ and is less or equal than m, necessarily we have r < k < m; thus the induction
must terminate with M = {0} at some stage with r < m. As a consequence we
also get Rg(M) = QL?(dA, C™), which implies thatk = r. &

4.3. OPERATOR GRAPHS. One application of the study of shift-invariant sub-
spaces is to the study of closed shift-invariant operators. For the Hardy space
of the disc, this idea is due to Georgiou and Smith [2], who gave applications
to control theory. Now for the annulus we have the following particular case of
Theorem 4.7.

THEOREM 4.8. Let M be a nontrivial closed subspace in H?(dA, C?). If M is both
doubly invariant and the graph of a (not necessarily bounded) operator, then there exists
a bounded function ® € M such that

M = Dg(©) = H%(3A)6.
Proof. By Theorem 4.7, the only case to consider is the case when there exist

two functions ( h > , ( fa > in M such that
81 82

e (f)en(5).

with | 1|2 + |g1|> and | f2|? + |£2/|? equal to 1 on T and equal to a positive constant
onrgT.
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Note that

h(ﬁ)_ﬁ<£i>:<ﬁ&8ﬁ&>eM'

Since M is the graph of an operator, necessarily

(4.4) f182 —&1f>=0.

Moreover, since Dg ( £ 1 ) 1 Dg ( g 2 >,we have also
1 2

(45) fif2 + 8182 =0.
Multiplying (4.5) by f, and using (4.4), we obtain:

filf2l* + filg2* = 0.

It follows that fi = 0 and then gy = 0 since M is the graph of an operator.
Therefore M is “singly” generated. 1

An analogous result holds for L2(dA), under slightly stronger hypotheses,
but using more elementary methods. Note that using the analyticity was essential
for us to deduce Theorem 4.7.

THEOREM 4.9. Let M be a nontrivial closed subspace of L?(d A, C?). If M is both
doubly invariant and the graph of a (not necessarily bounded) operator T whose spectrum
is not the whole plane, then there exists a bounded function ® € M such that

M = Dg(0) = L?(dA)6.

Proof. Take A € C not in the spectrum of T. Then consider the bounded
operator V = (T — AId)~! which commutes with S. Let V(1 ©0) = hy @ hy,
so V(§8"(1®0)) = S"(hy ® hy) for all n € Z. Since V is bounded it implies
that iy = 0 and h; € L®(T) because V(f ©0) = hif ©O0 for f € L*(T) (see
Chapter 3 of [7]). Similarly, there exists i}, € L®(roT) such that V(0 & g) =
(0@ Hhg) for g € L2(roT). Thus the graph of V is { < ;lcf ) . f € L2(0A) }, where
h=hy®h, € L*(dA). Now y = Tx if and only if (T — Ald) ! (y — Ax) = x, so

M= 12(34) ( ’11+Ah ) 1
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