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ABSTRACT. We present a semi-Fredholm theory for Wiener-Hopf plus/minus

Hankel operators acting between L? Lebesgue spaces, and having piecewise
almost periodic Fourier symbols. This means conditions to ensure the Fred-
holm property and one-sided invertibility of these operators. This is based on
some mean values of the representatives at infinity of the Fourier symbols as
well as on the discontinuities of certain auxiliary functions. A formula for the
sum of the Fredholm indices of these Wiener-Hopf plus and minus Hankel
operators is also obtained, and interpreted upon different cases of symmetries
of the discontinuities of the Fourier symbols. Several examples are presented,
and the (both-sided) invertibility of the operators in study is also discussed.
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INTRODUCTION

Motivated by the known semi-Fredholm theory for Wiener-Hopf operators
with piecewise almost periodic Fourier symbols (see Theorem 3.1 below, and [6],
[7], [34]), and by the attention that has been devoted to Wiener-Hopf plus/minus
Hankel operators (cf. [2], [4], [9], [11], [12], [14], [17], [18], [19], [20], [21], [23], [25],
[26], [27], [28], [32]), in the present paper we obtain a semi-Fredholm theory for
both Wiener-Hopf plus Hankel and Wiener-Hopf minus Hankel operators (with
such kind of Fourier symbols).

We will call Wiener—Hopf~Hankel operators both Wiener—-Hopf plus Hankel
and Wiener-Hopf minus Hankel operators (cf. also [23], [24], [33]).

Most of the interest in Wiener-Hopf-Hankel operators is due to the mathe-
matical physics applications where these operators arise (cf. [12], [13], [24], [33]).
Although we may say that the theory of Wiener-Hopf-Hankel operators is well
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developed for some classes of Fourier symbols (like the case of continuous or
piecewise continuous functions), this is not the case for elements in the piecewise
almost periodic class.

In Section 3, Theorem 3.2, conditions are provided to ensure the Fredholm
property, and the lateral invertibility of the operators in study. This may be
viewed as a generalization of the Sarason’s type theorem for Wiener-Hopf plus
Hankel operators. To achieve that result, we make use of several types of oper-
ator relations, a Fourier symbol decomposition, and appropriate mean motions
and geometric mean values.

In this way, after the first section where several necessary notions are in-
troduced, Section 2 presents a relation between Wiener-Hopf-Hankel operators
and Wiener-Hopf operators, while in Section 3 we develop the above mentioned
semi-Fredholm criterion for Wiener-Hopf-Hankel operators with piecewise al-
most periodic Fourier symbols. In the last section, a formula for the sum of the
Fredholm indices of those Wiener-Hopf plus Hankel and Wiener—-Hopf minus
Hankel operators is obtained (based on some geometrical concepts). Moreover,
the initial formula is also interpreted and simplified in three distinct cases (de-
pending on the discontinuities of the Fourier symbol of the operators). Examples
are provided in the last section to help in the interpretation of such index formula.
At the end, a condition that ensures the invertibility of the operators in study is
also exhibited.

1. PRELIMINARIES

In this section the formal definitions of our main objects are introduced.

We will consider operators defined in the framework of the L?(R) Banach
space (of complex-valued Lebesgue measurable functions ¢ on R for which |(p|2
is integrable). The Wiener—Hopf plus/minus Hankel operators in study have the form

Wy £ Hy : L7 (R) — L*(Ry)
where Wy and Hy are Wiener—-Hopf and Hankel operators defined by
(1.1) Wy i=r  F ¢ F: L2 (R) — L*(Ry),
(1.2) Hp:=r F ¢ - FJ: L3 (R) — L*(Ry),

respectively. Here L2 (R) denotes the subspace of L?(R) formed by all the func-
tions supported in the closure of Ry := (0,+o0), r1 represents the restriction
operator from L2 (R) into L2(R..), F denotes the Fourier transformation, | is the
reflection operator given by the rule Jo(x) = ¢(x) := ¢(—x),x € R, and ¢ belongs
to the algebra of the piecewise almost periodic functions on R. For defining this
algebra we first need to introduce several notions.

Let AP be the algebra of almost periodic functions (see [3], [5], [16]), defined as
the smallest closed subalgebra of L (R) that contains all the functionse) (A € R)
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where e, (x) := e**, x € R. Consider the C*-algebra of all (. bounded) piecewise
continuous functions on R := RU {co} (usually denoted by PC or PC(RR)) as being
the algebra of all functions ¢ € L®(R) for which the one-sided limits

P(xp —0) := lim Ot,b(x), P(xo+0) := lim o(x)
xX—xp— x—x0+0
exist for each xy € R. By convention, we take
P(oo—0) = p(+o0) = Tim (x), P(e0+0) = p(—o0) = lim p(x).

Since we identify functions which differ only on null measure sets, for p € PC we
can assume that ¢(x — 0) = ¢(x), for all x € R. This means that it is enough to
consider piecewise continuous functions which are always continuous from the
left. Furthermore, we will also use the sub-class PCy := {¢ € PC : y(+o0) = 0}.

The C*-algebra of piecewise almost periodic functions on R (denoted by PAP)
is by definition the collection of all functions of the form

(1.3) ¢ = (1—u)pr + uge + ¢o,

where ¢, ¢ € AP, ¢pg € PCyand u € C(R) satisfying u(—o0) = 0and u(+c0) = 1.
C(R) denotes the set of all (bounded) continuous (complex-valued) functions on
R with a possible jump at co. From the definition of piecewise almost periodic
functions, it can be shown that PAP is the algebra generated by AP and PC, i.e.,

PAP = alg(AP, PC).

Since the functions ¢ and ¢, given by (1.3) belong to AP, they are called the almost
periodic representatives of ¢ at —oco and 400, respectively. Having in mind that
some of the further results will be obtained due to certain characteristics of the
almost periodic representatives of the Fourier symbol of the operators, we need
to introduce some additional well-known notions about AP functions. Namely,
for ¢ € AP, the Bohr mean value of ¢ is defined as

M(¢) := lim / P(x

I

n— 00

where {Ix}ynea = {(Xa,Ya) }aea is a family of intervals I, C R such that |I,| =
Ya — Xo — 00, as @ — oo (for an unbounded set A C R,). The Bohr mean value
of a function in AP exists always, is finite, and is independent of the particular
choice of the family {I},ca.

From now on, we will use the notation GB for the group of all invertible
elements of a Banach algebra B. By Bohr’s theorem, for each ¢ € GAP there exist
a real number x(¢), and a function ¢ € AP such that

4) = eK(¢) elp.
The real number x(¢) is uniquely determined, and usually called the mean motion
of ¢. The number
d(¢) := M)
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is called the geometric mean value of ¢. If x(¢) = 0, we may represent d(¢) as
d(¢) = eM(log9)

where log ¢ is any function in AP for which ¢ = e!°8¢.

The C*-algebra of the semi-almost periodic functions on R (denoted by SAP) is
by definition the smallest closed subalgebra of L*(R) that contains AP and C(R).
For the case of invertible elements in PAP, we can find in Proposition 3.15 of [6]
the following alternative representation to (1.3) (cf. also Section 9.26 of [7]): If ¢ €
GPAP, then there exist ¢ € GSAP and ¢ € GPC satisfying ¢p(—o0) = p(40c0) =1
such that

(1.4) = oy,
On the other hand, taking into account the characterization (1.3) of ¢ € PAP,
we define by

(15)  m(p):=x(¢), x(@):=x(gr), di(@):=d(d), de(¢):=d(¢r)
the left and right mean motions, and the left and right geometric mean values of ¢,
respectively.

2. RELATIONS BETWEEN WIENER-HOPF-HANKEL AND WIENER-HOPF OPERATORS,
AND SOME OF THEIR CONSEQUENCES

In this section, following the spirit of the Gohberg—Krupnik—Litvinchuk iden-
tity (cf. [19], [21], [22], [28]), we will describe some relations between Wiener—
Hopf-Hankel operators and Wiener-Hopf operators (based also on certain paired
operators). In the next section these relations will be very important in obtaining
the semi-Fredholm criterion for the Wiener—-Hopf-Hankel operators in study.

We will first recall different types of operator relations.

Let us consider two bounded linear operators T : X1 — Xpand S: Y7 — Y>,
acting between Banach spaces. The operators T and S are said to be equivalent,
and we will denote this by T ~ S, if there are two boundedly invertible linear
operators, E : Y, — Xp and F : X1 — Y7, such that

(2.1) T = ESF.

It directly follows from (2.1) that if two operators are equivalent, then they be-
long to the same regularity class [8], [10], [31]. Namely, one of these operators
is invertible, one-sided invertible, Fredholm, n-normal, d-normal or (only) nor-
mally solvable, if and only if the other operator enjoys the same property. Recall
that a bounded linear operator A : X — Y, acting between Banach spaces, is said
to be normally solvable if ImA is closed. In this case, the cokernel of A is defined as
CokerA := Y/ImA. For a normally solvable operator A, the deficiency numbers of
A are defined by

n(A) :=dimKerA, d(A):= dimCokerA.
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If at least one of the deficiency numbers is finite, the (normally solvable) operator
A is said to be a semi-Fredholm operator. A semi-Fredholm operator is said to be
a Fredholm operator if n(A) and d(A) are finite, n-normal if n(A) is finite, and
d-normal if d(A) is finite. In the case where only one of the deficiency numbers
is finite, the (normally solvable) operator A is said to be a properly semi-Fredholm
operator. In this case, the operator A is said to be properly n-normal if n(A) is finite
and d(A) is infinite, and properly d-normal if d(A) is finite and n(A) is infinite. If
A is a Fredholm operator, the Fredholm index of A is defined by
IndA :=n(A) —d(A).

Concerning additional operator relations, in [10] was introduced the so-
called A-relation after extension for bounded linear operators acting between Ba-
nach spaces, e.g. T : X; — Xp and S : Y7 — Y. Namely, we say that T is A-related
after extension with S if there is a bounded linear operator acting between Banach
spaces Ty : Xip — Xpa, and invertible bounded linear operators E and F, such
that

e HEEIHRE

where Z is an additional Banach space and I represents the identity operator in Z.
In the particular case where T, : X154 — Xpp = Xj, is the identity operator, we
say that T and S are equivalent after extension operators, and we will denote this by

T < S (cf. [1]).
LEMMA 2.1. Let ¢ € GL®(R). The Wiener-Hopf plus Hankel operator Wy + Hy
is A-related after extension with the Wiener—Hopf operator Wq) =t

Proof. We start by extending Wy + Hy on the left by the zero extension op-
erator £ : L>(R;) — L2 (R), and therefore obtaining
(2.3) Wy + Hy ~ lo(Wy + Hy) : L3 (R) — L% (R).

Choosing the notation Py = {ory and P_ = Ij2) — Py, we will now extend

to(Wyp +Hp) = PLF 1@ +¢ - 1) Fip, 12(m)

to the full L?(R) space by using the identity in L% (R). Here and in what follows,
L% (R) will denote the subspace of L?(R) formed by all the functions supported
in the closure of R_ := (—00,0). Next, we will extend the obtained operator to
[L%(R)]? with the help of the auxiliary paired operator

(2.4) Tp=F Y¢-—¢ - )FPL +P_: [*(R) — L*(R).
Altogether, we have
lo(Wy + Hyp) 0 0
(2.5) 0 Ip r2gy | 0 | = EEWIR
0 0o 1%
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with
1 ILZ(]R) ]
E =5 7
1 2 [ILZ(R) _]
ey )] [lew) —P-F ¢ —¢-1)FPr 0
Fi= ,
L] -] 0 Ia(g)
[Fle-F 0 1 Flo-Fl, [1 Flo-Fl, -4
W= Fg. F 1:|P++|:0 ]__1(5.]__}P_— [0 Fg. F (F7'Y-FP.+P_)
1 Fle-F _
:_0 fﬁli ]__} (P, Fly. FPi + P_)Ijpgyp + P-F ly. rp,),
where in this definition of operator W, we are using Py defined in [L?(R)]? and
— b1
Y= 0 4 .
1 ¢!

We point out that the paired operator
2y + P-F Y- FPy: [L2(R)]? — [L(R))?
used above is an invertible operator with inverse given by
[ay2 — P-F ¥ - FPy - [L(R)]* — [L2(R)]%.

Therefore, we have just explicitly demonstrated that Wy + Hy is A-related after
extension with

Wy = F1Y-F L [LL(R))? — [LP(R4))
Furthermore, we have

[WWKO 0 1=W‘f'501’+7:_1 [4’11 é} Flo: [L2(R)? — [L2(R4)]?

0 I 2 (R +)
which shows an explicit equivalence after extension relation between W‘M’ 1 and

Wy . This together with the A-relation after extension between Wy, + Hy and Wy
concludes the proof. 1

From the definition of A-relation after extension, we already know that be-
ing Wy + Hyp A-related after extension with W¢¢ 1, there will be a transfer of

regularity properties from the Wiener-Hopf operator W¢¢ to the Wiener-Hopf

plus Hankel operator Wy + Hyp, and to the operator 7,. Additionally, from an
equivalence after extension relation between 7, and Wy — Hy, it is also possi-
ble to transfer regularity properties from the Wiener—-Hopf operator W_—; to the

Wiener-Hopf minus Hankel operator Wy, — Hy as it is stated in the next result.
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-1

COROLLARY 2.2. Let ¢ € GL®(R). If the Wiener—Hopf operator W(M)w is in-

vertible, left-invertible, right-invertible, Fredholm or normally solvable, then the Wiener—
Hopf plus Hankel operator Wy + Hgp and the Wiener—Hopf minus Hankel operator Wy —

Hy have the same property as W et

Proof. As a direct consequence of the A-relation after extension between
the Wiener-Hopf plus Hankel operator Wy + Hy and the Wiener-Hopf operator
W¢ o (presented in Lemma 2.1), we have that Wy, + Hy and 7;/, are invertible, left-

invertible, right-invertible, Fredholm or normally solvable if the Wiener-Hopf
operator W _—~ has the same property. To complete the proof, it is enough to

show that 7, and W, — Hy, are equivalent after extension operators (as mentioned
above), and so they will have the same regularity properties. To do that, we start
by observing that 7y = F (¢ —¢ - [)FPL +P_and Py F (¢ —¢- ]) FPs + P_
are equivalent operators:

Tp= (P+F ¢~ ) FPr + P_)(Ip2m) + P-F (¢ —¢- ]) FPs).
In fact, this is the case because the operator
L)+ P-F (¢ =9 ))FPy : LA(R) — LA(R)
used above is an invertible operator with inverse given by
2y — P-F H¢-—¢- ))FPy : L*(R) — L*(R).
Attending now to the direct sum L?(R) = L2 (R) & L% (R), we may write
PLF M- —¢-])FPy +P-: [*(R) — [*(R)
in the matrix form

P.F ¢ —¢-])FPr 0
0 P_

Using P— = Ip j2(p): L% (R) — L2 (R), it follows that

(L2 (R) @ L2 (R) — L3 (R) @ L2 (R).

PLF N ¢-—¢-)FPy : [A(R) — L5 (R)
is equivalent after extension to
PLF ¢ —¢-))FPr +P-: L*(R) — L*(R).

Recalling that P, = {yr, and taking into consideration the space where the op-
erator P F (¢ - —¢ - ]) FP; is acting, we have

PyF ¢~ [)FPe = Lors FH (- —¢ - ) F : LA (R) — L (R).
Finally, due to the fact that ¢ is invertible, it follows that
bor+ FH¢-—¢-))F : L2 (R) — LL(R)
is equivalent to

reF N —¢-)F =Wy — Hp: L2 (R) — L*(Ry).
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Altogether, it holds the announced equivalence after extension relation:

(2.6) Tp ~ Wy — Hy.

3. AFREDHOLM AND ONE-SIDED INVERTIBILITY CRITERION

From now on, consider [c1, ¢3] to be the line segment in the complex plane
between (and including) the endpoints ¢, c; € C.

For Wiener-Hopf operators with semi-almost periodic symbols, Sarason de-
veloped a semi-Fredholm theory — known as the Sarason’s Theorem [29]. In the
recent times, several generalizations of this result have been made. For instance,
in [6] we find the following generalization of Sarason’s Theorem for Wiener-Hopf
operators with piecewise almost periodic symbols:

THEOREM 3.1 (cf. Theorem 3.16 in [6], and Section 9.27 in [7]). Let ¢ € PAP
and suppose ¢ is not identically zero.
() If ¢ € GPAP, x1(¢) = xr(¢) = 0 and we have the following, then Wy is a
Fredholm operator:

0¢ [d(¢ Ju e (x +0)].
xeR

(i) If € GPAP, 11(¢p) - k:(¢p) = 0, k1(¢p) + x:(¢) > 0 and we have the following,
then Wy is properly n-normal and left—invertible:

0¢ Jlo ¢(x +0)].

xeR

(iii) If ¢ € GPAP, 11(¢) - k:(¢) = 0, x1(¢) + x:(¢p) < 0 and we have the following,
then Wy is properly d-normal and right—invertible:

0¢ Jlg (x+0)].
x€eR
(iv) In all the other cases, the operator Wy is not normally solvable.

Motivated by this last result, we obtain here a semi-Fredholm theory for
Wiener-Hopf-Hankel operators with piecewise almost periodic symbols ¢ (based
on the values of x;(¢) and «(¢)). As we will see below, the addition and the sub-
traction of the Hankel operator to the Wiener—-Hopf operator introduce several
changes in the regularity properties of the Wiener-Hopf-Hankel operators.

THEOREM 3.2. Let ¢ € GPAP.

) I x(¢) + Ke(¢) = O and

ai(9) de(9) - _
°¢ [3:0) aig) O Ulep =0 (497 (x4 O

then Wy + Hy and Wy — Hy are Fredholm operators.
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(i) If 1 (¢) + xe(¢) > 0 and
0¢ Ulge)(x—0), (¢pp~1)(x +0)],
xeR
then Wy + Hyp and Wy — Hy are left-invertible. Moreover, at least one of these operators
is properly n-normal.
(ifi) If 1 (¢) + rex () < 0 and
0¢ Ulgp)(x—0), (¢p1)(x+0)],
xeR

then Wy + Hy and Wy — Hy are right-invertible. In addition, at least one of these oper-
ators is properly d-normal.

(iv) In all the remaining cases, at least one of the operators Wy + Hp and Wy — Hy is
not normally solvable.

Proof. From the definition of PAP we have

¢ = (1—u)p + udr + o,

where ¢, ¢ € AP, ¢ € PCyand u € C(R) satisfying u(—o0) = 0and u(+o0) = 1.
Additionally, since ¢ € GPAP, it follows that ¢, ¢ € GAP. Consequently, tak-
ing into consideration Bohr’s Theorem and the definition of the geometric mean
value, we may represent ¢ and ¢, as

1= ex(g) d(gr)e,  ¢r=e K (¢r) d(¢r)e®
with wy, wy € AP and M(w;) = M(wy) = 0. Thus,

¢ = (L —u)d(¢r)e(g)e" + ud(Pr)egqg, e + o

In view of the transfer of regularity properties from the Wiener—-Hopf opera-
tor W ; to the Wiener—Hopf plus Hankel operator Wy + Hyp and to the Wiener—

Hopf mmus Hankel operator Wy, — Hy (stated in Corollary 2.2), we will now
study the Wiener-Hopf operator W¢¢ . Since

¢ = (1— ) d(r)e_ (e + Td(Pr)e_c(p)e + o,
we have

— (1 —u)d(¢r)eg(g)et + ud(dr)ec(q, e + ¢o
3.1 -1 = 1 — —.
CD = e e ¢ A (gDe (g + o

By the definition of piecewise almost periodic function, we know that <p<;—v1
is of the form

pp1 = (1—0) (o~ 1) +0(pp~1)r + (PP~ 1),

where v € C(R) is such that v(—c) = 0 and v(+o0) = 1, ((/)g;—vl)o € PCy
and (p¢p—1);, (p¢p~1), are the almost periodic representatives of ¢p¢—1 at +-00, and
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given by

1 d W —Wr d( ) wr—&Tl
(CP(P 1)l: dgii;eK(¢1)+K(¢r)e ’ (4)4) ) ((4;)1) ¢1)+K(¢r)

(cf. (3.1)). Because w, wy € AP are such that M(w;) = M(wy) = 0 (which addi-
tionally implies M(w;) = M(w;) = 0), it results that

6.2 k(@9 ) = k(@9 1)) = x(¢r) + (),
©3) (e = $2, a9 -

d(gn)

According to the definitions of left and right mean motions, and left and
right geometric mean values of the piecewise almost periodic functions, one ob-
tains

(3.4) ka(pp 1) = re(pp1) = r1(9) + xe (@),
di(¢) d:(¢)
3.5 ’
(35) o) = g 409 =G
Applying now Theorem 3.1 to the Wiener-Hopf operator W -~ 4r1’ it follows

from (3.4) and (3.5) that: (a) if «;(¢) + xr(¢) = 0 and

d1(¢) dr(QD) — B — i
°# [0y arig) U ltgo =0}, (497 (x-+0),

then an is a Fredholm operator; (b) if x)(¢) + r(¢p) > 0 and

0¢ [J[(@g~1)(x—0), (¢g~1)(x +0)],

xeR

then ijl is properly n-normal and left-invertible; (c) if «(¢) + #r(¢p) < 0 and
0¢ U [(gb(?*vl)(x —0), (474/)?1)(9( + 0)], then W(M)fi is properly d-normal and

right—Jicre\LSertible; and finally, (d) in all the other cases, the operator Wwfl is not
normally solvable. Applying now Corollary 2.2, we obtain that: Wy + Hy and
Wy — Hy are Fredholm operators, under the conditions of case (a); Wy + Hy and
Wy — Hy are left-invertible, for the conditions of case (b); Wy + Hyp and Wy — Hy
are right-invertible, for the conditions of case (c). To arrive at the final asser-
tion, we can interpret the A-relation after extension between the Wiener-Hopf
plus Hankel operator Wy, + Hy and the Wiener-Hopf operator Wtf’fP 1 (presented

in Lemma 2.1) as an equivalence after extension between diag[Wy + Hyp, 7] and
W<P et In this way, we get in cases (b) and (c) that diag[W,, + Hy, 7y is properly

n-normal or properly d-normal, respectively. This means that at least one the op-
erators Wy + Hy and 7, is properly n-normal or properly d-normal, in the case
(b) or (c), respectively. Considering now (2.6), the last proposition tells us that at

least one the operators Wy, + Hy and Wy — Hy is properly n-normal or properly
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d-normal, if in the conditions of case (b) or case (c), respectively. In case (d), we
have that diag[Wy + Hyp, 7p] is not normally solvable, which implies that at least
one the operators Wy + Hy and 7 is not normally solvable. From the equivalence
after extension (2.6), it therefore follows that at least one the operators Wy + Hy
and Wy — Hy is not normally solvable (in this case (d)).

REMARK 3.3. We would like to point out the following details concerning
the last result: -
(i) Since d;(¢¢p—1) and d;(¢¢p—1) are inverses of each other (cf. (3.5)), the con-
dition

di(¢) di(¢)
°¢ ap) aie))
is satisfied if and only if d;(¢) /d;(¢) is such that Re(d;(¢)/dr(¢)) # 0.
(i) From the above theorem and from Theorem 3.1, it follows that if ¢ € GPAP
is such that x)(¢) - x:(¢p) < 0, k1(¢) + () # O,

0¢ Jlp(x=0),¢(x+0)] and 0¢ Jl(gg~")(x = 0),(pp~1)(x +0)],
xeR xeR

then the Wiener-Hopf plus Hankel operator Wy + Hy and the Wiener-Hopf mi-
nus Hankel operator Wy — Hj are normally solvable although the Wiener-Hopf
operator Wy is not normally solvable. In particular, this exemplifies the changes
in the regularity properties of the Wiener-Hopf plus/minus Hankel operators by
adding or subtracting the Hankel operator to the Wiener-Hopf operator.

(iif) Theorem 3.2 may be called a Sarason’s type theorem for Wiener—-Hopf-
Hankel operators since it describes the Fredholm nature of Wy + Hy and Wy, — Hy
based on the values of x;(¢) and «;(¢) when ¢ € GPAP and

02 U l(¢p1)(x—0), (pp~1)(x +0)].

xeR

4. INDEX FORMULA, EXAMPLES AND INVERTIBILITY

4.1. INDEX FORMULA. In Example 3.25 of [18], T. Ehrhardt gave an example of
a Toeplitz plus Hankel operator and a Toeplitz minus Hankel operator, with the
same Fourier symbol but having different Fredholm indices. Considering the
complex unit circle T, and the usual isometric isomorphism By from L*(R) onto
L*®(T), given by
(Bog)() =9 (i), teT\{1),

it is possible to directly construct the corresponding examples in the framework
of Wiener—-Hopf-Hankel operators. This happens because it is possible to relate,
through an equivalence relation, Toeplitz minus Hankel operators with Wiener—
Hopf plus Hankel operators (cf., e.g., [25]), and similarly one can also relate
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Toeplitz plus Hankel operators with Wiener-Hopf minus Hankel operators. In
this way, considering

— (*= i\F —ipm
Pplx) = (x+i) e
defined for all x € R and with B € C such that 1/4 < ReB < 3/4, the Wiener—
Hopf minus Hankel operator Wy, — Hy, is a Fredholm operator with Ind(Wg, —
H¢ﬁ) = —1, and the Wiener-Hopf plus Hankel operator Wy, + Hg, is invert-
ible (and therefore Ind(Wg, + Hg,) = 0). In particular, this example shows that
Fredholm Wiener-Hopf plus Hankel and Fredholm Wiener-Hopf minus Hankel
operators may have different Fredholm indices.

In the present subsection we will achieve a formula for the sum of the in-
dices of such kind of Fredholm Wiener-Hopf plus/minus Hankel operators. Re-
call that from Theorem 3.2, we have that if ¢ € GPAP is such that x;(¢) + x;(¢) =
0and

dl(‘l’) dr(QD) . B — i
"¢ (4.0 arg)) o U ll99)(x=0) (99 ) (x-+0))

then Wy, + Hy and Wy — Hy are Fredholm operators. In this case, we will obtain
a formula which relates the Fredholm index of the Wiener—-Hopf plus Hankel
operator Wy + Hy with the Fredholm index of the Wiener-Hopf minus Hankel
operator Wy — Hyp based on the winding number of a piecewise almost periodic
function (constructed from the initial Fourier symbol of the operators). In addi-
tion, we will be able to simplify the formula of the winding number of this piece-
wise almost periodic function accordingly with the following three situations:
(1) ¢ has no symmetric discontinuities; (2) ¢ has symmetric discontinuities and ¢
is continuous at 0; and finally, (3) ¢ is discontinuous at 0. We say that ¢ € PAP has
symmetric discontinuities if ¢ has discontinuities at xop and —x( for some xo € R.
Thus, a piecewise almost periodic function ¢ has symmetric discontinuities if and
only if ¢ and ¢ have common discontinuities. Moreover, ¢ € GPAP has symmet-

ric discontinuities if and only if ¢ and ¢—! have common discontinuities.

For having all the necessary instruments to the Fredholm index formula, we
will start with the definitions of Cauchy index and winding number of a continu-
ous and piecewise continuous function, and the definition of winding number of
a semi-almost periodic function (in the context of corresponding Wiener—-Hopf-
Hankel operators having such functions as their Fourier symbols). Additionally,
we will introduce a generalization of the known definition of winding number of
a piecewise almost periodic function from the context of Wiener—-Hopf operators
to the framework of Wiener-Hopf-Hankel operators.

For ¢ € GC(R), the Cauchy index of ¢ is defined by

@) indg := 5 ((arg)(+20) — (arg o) (~9)),
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where arg ¢ is any continuous argument of ¢. The winding number of ¢ (windo)

is given by the number of times that the curve traced out by the point o(x) sur-

rounds the origin counter-clockwise, as x moves from —co to 4-c0. If o € GC(R),

then windg = indo. Here C(IR) denotes the space of all (bounded) continuous

(complex-valued) functions on R for which both limits at +-cc exist and coincide.
For all ¢ € PC, one defines the function ¢* : R x [0,1] — C by

" (x, 1) == (1= )ip(x = 0) + pp(x +0).

The range of ¢* is a continuous closed curve with a natural orientation induced
by the orientation of R from —oco to +c0. Basically, ¢* is obtained from ¢ by
joining, in each jump of ¢, the points i (xp — 0) and 1(xo + 0) with a line segment.
In this way, the line segment [(xg — 0), ¥(xo + 0)] is oriented from ¢ (xy — 0) to
¥(xg +0). If ¢*(x, 1) # 0 forall (x,u) € R x [0,1], the winding number of 1 is
defined as the number of times that the curve ¢*(IR, [0,1]) surrounds the origin
counter-clockwise. Consider now ¢ € PC having finitely many jumps, denote
by Ay C R the set of points at which ¢ is discontinuous, and let © be the set
of all connected components ! of R\Alp. For each I € ©, we define ind;y as

(27r) ! times the increment of the argument of ¢ on L. If ¢*(x, ) # 0 for all
(x,1) € R x [0,1], we define the Cauchy index of i by

. R e 1 o1 1 y(x+0)
indy '_lgmdllp +x6§\w ( 2 + {2 + 27 '8 P(x —0) })
. 111 pxt0)
_lgmdllp+x€/‘zw\w(2 {2 27Targ1[)(x—0)}>’

where {x} denotes the fractional part T € [0,1) of the real number x = n + 7, with
n € Z. Considering arg(y(x +0)/¢(x —0)) € (—m, ), we have

. . 1 P(x+0)
indy = ind; ¢ + — arg .~ 7|
v l§9 v anEAZ(p\oo & l/)(x - 0)

The Cauchy index of ¢ is therefore (2 71)7l times the increment of the argument
of z when z moves along the curve ¢*(R, [0,1]) from ¢(—o0) to ¢(+o0). If ¢ € PC
has countably many jumps and ¢*(x, ) # 0 forall (x, 1) € R x [0,1], we can also
define the Cauchy index of . For this purpose, we can uniformly approximate ¢
by ¢, € PC with finitely many jumps and such that ¢ (x, u) # 0 for all (x, u) €
R x [0,1], with 1, (00) = 1(%00). Then the Cauchy index of ¢ is defined by

indy := lir}rl indyy,.
n—-—+0oo
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Considering the definitions of winding number and Cauchy index of a piecewise
continuous function, we have

windy = indy — = —|— {; + ZL lpglz; }
1 —00 1 —o00

where the last equality is valid if and only if arg (y(—o0) /p(+0c0)) € (-, 7).

In [25], one needed to introduce an appropriated definition of winding num-
ber of semi-almost periodic functions in the context of Wiener-Hopf plus Hankel
operators (which also applies to the Wiener-Hopf minus Hankel case). There, if
@ € GSAP is such that k(@) = k(¢r) = 0and 0 ¢ [d(¢,), d(¢,)] orif ¢ € GSAP
is such that x(¢;) + x(¢r) = 0 and Re(d(¢;)/d(¢r)) # O (cf. Remark 3.3 (i)) then
the winding number of ¢ was defined as

o 1 (1 1 dle)y . 1 (1 1 d(e)
wind¢ := ind¢ — 5 + {E + 77 18 d(gr) } = ind¢ + 5~ {5 ~ 5 T8 (o) }
Similarly to the case of the Cauchy index of a piecewise continuous function, if
we consider arg(d(¢;)/d(¢r)) € (—m, ), we have

d(¢1)
d(er)

Such generalization of winding number of a semi-almost periodic function
will help to the generalization of the existent definition of winding number of a
piecewise almost periodic function, in the sense of the following definition.

. . 1
windg = indg + o arg

DEFINITION 4.1. For ¢ € GPAP, consider that ¢ is represented as in (1.4),
¢ = ¢y, and with ¢* (x, ) # 0 for all (x, 1) € R x [0,1]. If x;(¢p) = #,(¢) = 0 and

0 ¢ [di(¢),de(p)] orif x1(¢p) +x:(¢p) = 0and 0 ¢ {dl 4’; dré"b;] then the winding

number of ¢ is defined by
wind¢ := wind¢ + wind.
After having the winding number notion in the framework of Definition 4.1,
we are now able to present a Fredholm index formula for the sum of Fredholm

Wiener-Hopf plus Hankel and Wiener-Hopf minus Hankel operators with piece-
wise almost periodic Fourier symbols.

THEOREM 4.2. If ¢ € GPAP, x1(¢) + x:(¢p) = 0 and

di(¢) dil¢) — .
°¢ a9 a @) 2 Ulep =0 (497 (x 0,

then
Ind(Wy + Hp) + Ind(Wy — Hy) = —wind(¢p¢p—1).

Moreover:



WIENER-HOPF-HANKEL OPERATORS WITH PIECEWISE ALMOST PERIODIC FOURIER SYMBOLS 17

(i) If ¢ does not have symmetric discontinuities, then
Ind(Wyp + Hy) + Ind(Wy — Hy) = —2windé.
(ii) If ¢ has symmetric discontinuities and ¢ is continuous at 0, then
Ind(Wy + Hy) + Ind(Wy — Hy) = —2(windg + windpy),
considering ¢ = @ (cf. the representation (1.4) of ¢), and
43) py(x) = {zégi(wl)(x) Z’[ i i gi

(iii) If ¢ is discontinuous at 0, then

Ind (W Hy)-+Ind (Wy— Hy)=—2(wind-+ind (1)) —5arg (A0 )°),

considering ¢ = @ (in the sense of the representation (1.4)),

o) (.2 [ @O0, P(0+0)y2
(py 1;(3(),_{(1/”/7/1)(0_0) x>0, and arg((m))e(—ﬂ,n).

Proof. Under the hypothesis, Theorems 3.1 and 3.2 ensure that W¢ e Wy +

Hy and Wy — Hy are all Fredholm operators. Recalling now that Wy, + Hy is A-
related after extension with W _—~ (cf. Lemma 2.1), it holds that

¢¢
Ir1dW47¢f1 = Ind(Wy + Hyp) + Ind7y.

From the relation 7, ~ Wy — Hy (see (2.6)), we have

Ind7y = Ind(W, — Hy).
Combining the two last identities, it results that
(4.4) Ind(Wyp + Hp) + Ind(Wy — Hp) = IndW(P(;;i.
Applying the index formula presented in Theorem 3.16 of [6], it follows
(4.5) IndW, = —wind(p¢p1).
Thus, combining (4.4) and (4.5), we have
(4.6) Ind (W, + Hy) + Ind(Wy — Hy) = —wind(¢p¢1).

Having in mind the representation (1.4) of ¢ (ie., ¢ = @ with ¢ and 1 in the
indicated classes), it follows ¢pp—1 = @¢~1 ypip~1 where pp~1 € GSAP, and

Yy~ € GPC is such that pyp—1(—o0) = ypyp~1(+o0) = 1. According to Defi-
nition 4.1, one gets

4.7) wind(¢p 1) = wind(pg—1) + wind (py1).
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In this case, wind(go(;—vl) is well defined because:
k((pe~1n) = k({99 1)r) = m(9) + x:(¢) = 0,

0 ¢ (o) d((po ) = 18], S8

In addition, we know how to relate wind¢ with wind(¢¢~—1) in the form

(4.8) wind(pg—1) = 2windg.

Let us now look for an identity involving wmd(t[}l[) ) and windy. For this

purpose we will analyze the functions ¢*, (1,[) H#, (1/)1,[) D#: R x [0,1] — C. For
all (x, 1) € R x [0,1], we have

(1", 1) — % (0, 0) (=) (2, o)
= (1 w)pu(Pp(x +0) — p(x — 0))(p~1(x +0) — p~L(x —0)).

We will now consider three different situations: (1) ¢ has no symmetric disconti-
nuities; (2) ¢ has symmetric discontinuities and ¢ is continuous at 0; and finally,
(3) ¢ is discontinuous at 0. Since the discontinuities of ¢ arise from the factor
¥ (in the factorization ¢ = @), we are in fact facing the following cases: (1) ¢
has no symmetric discontinuities; (2) ¥ has symmetric discontinuities and ¢ is
continuous at 0; and, (3) ¢ is discontinuous at 0.

Case 1. Since in this case ¢ and ~! have no common discontinuities, we
conclude that

(p (o) = 9* () () (xp0) forall (x,p0) € R x [0,1],

Thus, observing that ¢»* and (¢—1)* are closed continuous curves away from zero,
it follows

(4.9) Wind(¢lF)# = windy® + wind(l?:l)#.

Furthermore, windy* = 1nd1/J# and wmd(t;v ¥ = ind(lF)#. Computing now
the Cauchy index of (1/) 1)# one gets

ind(p1)* =5 (arg (¢~ 1)) (+o0) — (arg(y~1)") (~o0)]
= (arg g 1) (-oo)(arg § 1) (~oo) )= |- (arg ) (~o)+{arg ) (+o)]

s
= {(arg y*) (oo) — (arg y") (~oo)] = indy",
ie.,
(4.10) wind(y—1)* = windy*.
Combining (4.9) and (4.10), it results that
wind(wtpN*l)# = 2windy".
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Applying the definition of winding number for piecewise continuous functions,
we obtain
(4.11) wind (1) = 2windp.
From (4.7), (4.8), (4.11), and Definition 4.1, we have
wind(q)F) = 2wind¢ + 2windyp = 2wind¢.
According to (4.6), it follows that
Ind(Wyp + Hy) + Ind(Wy — Hy) = —2windé.
Case 2. In this case, we may write
(4.12) p=1p 9,

in such a way that y_, ¢, € PC do not have common discontinuities. For that,
consider

1 ifx <0,

P(x) ifx <0,
p-(x) = { . and ¢4 (x) = p(x) .
0) ifx>0, < ifx>0,
where ¢_ has only discontinuities in R_ and ¢} has only discontinuities in R .
From (4.12), it follows

P = o et = (P ) (e,

Computing IP_IE and 1[J+1E, one gets

1
. plx) N —ros if x<0,
<¢¢+1><x>={"’(°)¢<—x> =1 "G
lP(O) 1fx>0, W 1 x>0

Since py = lp_lpf is a function with discontinuities in R_ and ¢, ! = Py lisa

function with discontinuities in R, we see that oy and p,, ! do not have common
discontinuities. Additionally, from the hypothesis

02 UJl¢p1)(x—0), (¢g~1)(x +0)],
x€R
it follows that - -
0¢ |JIl(pyp1)(x—0), (pyp1)(x+0)],

x€R
ie., (lplijl)#(x,y) # 0 forall (x, ) € R x [0,1]. Therefore, we have pfb(x, u) #0
-] N# o
for all (x,u) € R x [0,1] and p;l (x,u) # 0 for all (x,u) € R x [0,1], which
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means that windpy and windp,, ! are well defined. Following now the same rea-
soning as in Case 1, we obtain

(4.13) wind (1) = 2windpy.
Finally, from (4.7), (4.8), (4.13), and Definition 4.1, we have
wind(4>$jl) = 2(windg + windpy),
which, by (4.6), yields that
Ind(Wy + Hp) + Ind(Wp — Hy) = —2(windg 4 windpy).
Case 3. Since 1 is discontinuous at 0, we may identify ¢ with
= {0 e

where 1, ¢, € GPC are such that ¢ (0) # 92(0+0) and 3 (—0c0) = ¢p(+00) =1
(recall that from (1.4) we have i(—o0) = ¢p(+00) = 1). Thus, it follows that pyp—!
may be written in the form

— (W1, () ifx <0,
(4.14) D(x) =0
S {(¢11¢2)(x) if x > 0.

Due to the equality (l[JIIJ:Jl)(—OO) = (¢1F)(+oo), and according to (4.2), it fol-
lows that

(4.15) wind (1) = ind (pp1).

In order to compute the Cauchy index of gbi,bAjl, let us assume (without lost
of generality) that 1/)1pr1 has finitely many jumps. It is clear that the discontinu-
ities of 1/)1}51 are symmetric. Note however that 1 admits a discontinuity at 0 but
l[JlF is not always discontinuous at 0. Hence

Atpl/}w’l :{—xn,.. ., X1, X0, X1, .,xn} or Al/Jl;jl :{—xn,. e, X1, X1, .,xn},

withn € Ny := {0,1,2,3,...}, xj € Ry (forallj =1,...,n), and xo = 0. Let
us consider first the case A — = {—xy,..., —x1,%0,X1,..., X, }. Taking into ac-

count the definition of Cauchy index of a piecewise continuous function, we get

ind (1) =ind) sy, (P91 + Yoindy o ((pp)
j=1

o =\ - T 1
+Yindp (P ) Findyy, e (9 + Y 5 arg I
j=1
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ie.,

md(‘/"ﬁ) :ind]—oo,—xn[(lplp + Zlnd —x] —Xj_ (1/”/] )
j=1

(B ) +0) 1 gy )(0+0)

+
xeAw:mRﬁﬂ -0 2T gy 0-0)

1
+ —arg ———
xEAlP? NR4 21 & (lplpil)(x - 0)

+ Z ll‘Id x ~1%j (‘/’l/’ ) + ind]x,l,qtoo[(lplﬁ\_/l)/

j=1

where arg((lplﬁjl)(x + 0)/(1p1;jl)(x —0)) € (—m, ), forall x € A —. . Using
now (4.14), it follows that

ind (g 1) = ind) ey (P19 1) + Yoind) (1)

j=1
<¢1¢2 Jx+0) 1 (pp=1)(0+0)
+ -_— 4+ —ar —
xeAlp; AR_ 2” (1/; ) (x—0) 2T & (pyp=1)(0-0)
(1[11 ‘PZ)(X+O)
(4.16) + ) arg —————
veA SR, o (91 '2)(x = 0)

T 2 ind]xjillxj[(lpflllJz) +indyy, oo (1 1 2).
j=1

—~—

Noticing that (1;1:1%) (x) = (1,011;;1)—1 (x), for all x > 0, we have

(arg(y 192)) (x) = —(arg (19, 1)) (—x)

for all x > 0. Therefore, we obtain the following identities:
. o 1 1 1
(417) indpy, oo (7 ') = 5 ((@rg(yy ' 2)) (+00) — (arg(yy '2)) (xn))

= %((arg(%@))(—xn) - (arg(t’blz;z_vl))(_oo))
- ind]_oo/_xn[(lpll;;i)’
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@18) md]x,,,l,x,.[@wz) — o ((arg(yy 92)) () — (arg (97 $2))(x1-1))
o ((arg(pr; ) (i) — (arg(r; D) ()
= lnd]ij,fx]v,l[(llfll/’z ),

forallj=1,..., n. Moreover, it holds
(P92 (x+0) (972 (=x—0)  (pagpy )(—x+0)

i) (x—0) WX+ (gt (—x—0)
for all x > 0. Inserting (4.17), (4.18) and (4.19) in (4.16), we obtain

(4.19)

(4.20) ind(t/JlF):2(ind],oo/,xn[(lpll;?)+Zind],xjr,xjil[(l/)117)§)
=1

+

oy =~ +—arg
xeA 5 MR- (Y19, ") (x—0)

LoD )CH0) | L (g7 (050)
2707 (g (0-0)

Considering the function (¢1Fl )- given by

- (Y 1)(x) ifx <0, _ (¢1I,E)(x) if x <0,
e = {(W 1N(0—-0) ifx>0, {(¢1¢21)(0—0) if x>0,

we can represent the Cauchy index of 1/11;jl in the form

(¢ )(0+0)

ind (1) = 2ind((pp—1 .
(pyp1) ((pyp=1)) + g(llﬂl) H0-0)

Due to the simplification

(gp=1)(0—0) ¥(O=0)
we get
. . — 1 P(0+0)\2
(4.21) ind(yyp—1) = 2ind (Y 1)_)+Earg((lp(0_0)) )
In the case where A -—— = {—x,,...,—X1,X1,...,Xn}, 1€, 1,[)1;?1 is not discontin-

uous at 0, the last formula also holds, and so we have in this case

ind(yy1) = 2ind((yy1)-).
From (4.15) and (4.21), it follows

422)  wind(yy1) = 2ind((pyp1)) + % arg (("’J( +0) )2)
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Taking into account (4.7), (4.8), (4.22) and Definition 4.1, we obtain the formula

for the winding number of ¢p¢—1:

H—1 1 1 0+0)\2
wind(¢p~1) = 2(windg +ind((ypy~1)-)) + 7 arg ((iﬁofo?) )
Finally, from (4.6) it holds

Ind(Wy+Hy)+Ind(Wy—Hy ) = —2(Wind¢+ind((¢ﬁ%))—%arg ((M)Z)

and this concludes the proof. 1

REMARK 4.3. Although in the case where ¢ does not have symmetric dis-

continuities we have Wind(lPlF) = 2windy (and consequently wind((pﬁ) =
2wind¢), this is, in general, not true for i with symmetric discontinuities (as we
will see in Example 4.6 of the next subsection). In this sense, we need to find

another way to compute wind(lp&—vl) based on a winding number or a Cauchy
index of a function related with . The obtained formula in the case where ¢ is

continuous at 0, wind(gy~1) = 2windpy, can also be applied when ¢ does not
have symmetric discontinuities. In the case where 1 is discontinuous at 0, we
obtain a general formula that also applies to the previous first and second cases.

In the next subsection we will provide some examples that illustrate differ-
ent possibilities for the Fredholm property and index of the operators in study.
Namely, Example 4.5 presents the case of Fredholm operators Wy, + Hp, Wy — Hy
and Wy such that the sum of the Fredholm indices of Wy + Hy and Wy — Hy
is not equal to two times the Fredholm index of Wy. In addition, combining
Theorem 3.1 and Theorem 3.2, we observe that the case of Fredholm operators
Wy + Hp, Wy — Hy and Wy, only occurs when «;(¢) = #:(¢) = 0, and

0 ¢ [di(9),dr(¢)]U | [¢(x —0),9(x+0)],

xeR

dl(‘l’) dr(47) — B — i
¢ [y a] © UI0s )60 g9 )+

4.2. EXAMPLES AND INVERTIBILITY.

EXAMPLE 4.4. Consider the function ¢ given by

(4.23) o(x) := (1 —u(x))(141)e*™ 4 u(x)5e =2 + ¢o(x),
where
Jer if x < * if x <0,
u(x) =4 2° ) nr O and Po(x) == ¢ nr 0
1—35e " ifx>0, arc cotx ifx > 0.

From the above results, we have that the Wiener-Hopf plus Hankel operator
Wy + Hp and the Wiener-Hopf minus Hankel operator Wy, — Hy are Fredholm



24 L.P. CASTRO AND A.P. NOLASCO

operators while the Wiener-Hopf operator W is not a Fredholm operator (since
it is not normally solvable).

FIGURE 1. The range of ¢(x) for x between —1000 and 1000.
3

ID
) -1 /} 2 3 4

'
w

EXAMPLE 4.5. Consider the function ¢ (see Figure 1) given by
(4.24) 9(x) == (1 — u(x))ie® +u(x)(1—0)e® + ¢o(x),
where

1 1(i —1)ert! if x <0,
u(x):= ~(1+tanhx) and ¢o(x):= { 2 i
2 ~(1+ E)e”‘“ if x > 0.

Since ¢ € GPAP, we may look for a representation of ¢ as (1.4). For instance,
consider ¢ and ¢ given by

and
x+1
1+ (1;;();:; ifx <0,
P(x) =1+ (pop ') (x) = (1 n i)e_xﬂ
1— W ifx >0,

respectively. In this way, we get

(4.25) ¢ = ¢ip.



WIENER-HOPF-HANKEL OPERATORS WITH PIECEWISE ALMOST PERIODIC FOURIER SYMBOLS 25

FIGURE 2. The range

FIGURE 3. The oriented
of ¢(x) for x between e oriente

—500 and 500, graph of ¢
3 1.5
2 1
1 0.5
2 1 1 2 3 4 -1.5 0.5 1 1.5

We see that ¢ € GSAP and ¢ € GPC is such that {(—o0) = ¢p(+00) = 1. Com-

puting the winding number of ¢, ¥, ¢~ and P~ (see Figures 2, 3, 4 and 5),
we have

windg =0, wind((p(;*vl) =-1 and windy = Wind(lpl:bt/l) =1
From Definition 4.1, we obtain
wind¢g =1 and wind((p&*vl) =0.
Additionally, by the index formula presented in (4.5) and (4.6), this means that
IndWy = -1 and Ind(Wy+ Hp) +Ind(Wp — Hy) = 0.

In order to exemplify the simplification for the formula of the winding num-
ber of 1 presented in the second case of Theorem 4.2, we will now present an
example of a particular piecewise continuous function ¢ (with symmetric dis-
continuities) for which we compute the winding number of ¢1h—! based on the
winding number of a piecewise continuous function which depends on ¢, but
has discontinuities only in R_.

EXAMPLE 4.6. Consider the piecewise continuous function ¢ given by

14 170 ifx < -1,
1
Ppx) =4 —x+ittL i —1<x<l,
14200 o,

53
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FIGURE 4. The range

of ((pgoAjl)(x) for x be-
tween —1000 and 1000.

1.5

FIGURE 5. The oriented
graph of (yy~1)%.
3

2.5

It is clear that ¢ is a continuous function at 0, and has symmetric discontinuities
at —1 and 1. Additionally,

%1 —i)
— if -1
B_104i TYsTh
i
if x = —1
- i—1 BEE
(pyp~1)(x) = ¢ *(i—2) +i fol<x<1
x(2—1)+1i ’
1+i ifx =1,
P +10—i
s if 1
Prai-1n 7V
and therefore we may identify I[JIF with
34,2 :
4a5(1—1)
— ifx < -1,
.
o1 - x(i-2)+i if —1 <1
(lplp )(.X') X(2—1)+1 1 <x<s 1,
P10y
x3+x2(1-1) '

From Figures 6, 7, 8, and 9, we may observe that

wind(py—1)" # wind(p* (p=1)"),



WIENER-HOPF-HANKEL OPERATORS WITH PIECEWISE ALMOST PERIODIC FOURIER SYMBOLS 27

#
FIGURE 6. The graph of ¢". FIGURE 7. The graph of (p~1)*.

0.5 1.5

FIGURE 8. The oriented —
graph of (lplF)#. FIGURE 9. The graph of y*(p—1)*.

—

ie.,

wind(v,bv,z—vl)# # windy® + wind(IF)#.

Recalling that wind (y—1)# = windy*, it follows that

Wind(l[JI]J:/l ) # 2windy®,
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FIGURE 10. The oriented graph of pz).

which gives us
wind(l[)tF) # 2windy

(by using the definition of winding number of a piecewise continuous function).
By the definition of py (see (4.3)), we have

i +x%(1-1i)

ifx < —1,
2 (x3—1)0+i e
ix(i=2)+i .
)= LXUZSTL e o x <,
Ptp() 2x(2—i)+i i <x
% if x>0.

According to Figure 10, we see that windpy = 1. Thus, from (4.13) it follows that
wind(pyp~1) = 2 (which is also confirmed by Figure 8).

We close the paper with a result that provides the invertibility of the Wiener—
Hopf-Hankel operators Wy 4= H.

COROLLARY 4.7. If ¢ € GPAP, 11(¢) + k() =0,

dl(¢> dr((P> — B — .
0¢ |:dr(cp)’d1(§b)} UxLeJR[((P(P 1)(9( O),((qu 1)( _;’_0)}

and wind(¢$*vl) = 0, then Wy, £ Hy are invertible operators.



WIENER-HOPF-HANKEL OPERATORS WITH PIECEWISE ALMOST PERIODIC FOURIER SYMBOLS 29

Proof. Under the conditions of the statement, we have a scalar Wiener-Hopf
operator W¢4;j with zero Fredholm index. Thus, from the Coburn—Simonenko The-
orem (see [15] and [30]), we derive that W¢ = is invertible. Therefore, Corol-
lary 2.2 ensures that Wy, + Hy are invertible operators. 1

From the last result we conclude now that the operators Wy, 4= Hp in Ex-
ample 4.5 are invertible Wiener-Hopf-Hankel operators (although W is not an
invertible operator).
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