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ABSTRACT. For a an ordinal, we investigate the class .”Z; consisting of all op-
erators whose Szlenk index is an ordinal not exceeding w®. We show that each
class .7 is a closed operator ideal and study various operator ideal proper-
ties for these classes. The relationship between the classes .’Z; and several
well-known closed operator ideals is investigated and quantitative factoriza-
tion results in terms of the Szlenk index are obtained for the class of Asplund
operators.
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INTRODUCTION

For Banach spaces, the Szlenk index is an isomorphic invariant introduced
by W. Szlenk in [38], where an ordinal-valued index is used to show that there
is no separable reflexive Banach space containing all separable reflexive Banach
spaces isomorphically. Since then, the Szlenk index has found various applica-
tions in the study of the geometry of Banach spaces. For example, it has proved
to be useful in the study of universality problems, linear classification of separa-
ble C(K) spaces, renorming theory and the Lipschitz and uniform classification
of Banach spaces. We refer the reader to [21] for a survey on the Szlenk index and
its applications in the study of the geometry of Banach spaces. Quite recently, the
Szlenk index has also found application in fixed point theory [10], and connec-
tions between the Szlenk index, metric embeddings of trees into Banach spaces
and the uniform classification of Banach spaces are established in [4].

The notion of Szlenk index of a Banach space has a natural analogue for
operators, and this more general setting for the Szlenk index has been considered
by several authors, for example in [2], [3], p. 68 of [5], [6] and [12]. A survey on the
applications of the Szlenk index to the study of operators on spaces of continuous
functions can be found in [35].
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The last couple of decades have bore witness to substantial interest in the
relationship between the geometry of a Banach space E, on the one hand, and the
closed ideal structure of Z(E), on the other (#(E) is the Banach algebra of all
bounded linear operators E — E). One of the main tools in the study of these
relationships is the notion of a closed operator ideal. Given the increasingly im-
portant role that the Szlenk index plays in the study of Banach space geometry,
we are thus prompted to consider whether there are closed operator ideals nat-
urally associated with the notion of Szlenk index of an operator. We show here
that the Szlenk index gives rise to a family of closed operator ideals .7%;, where
« is an ordinal. We study the operator ideal properties of the classes .7%; and the
relationship of the classes .7Z; with several other operator ideals already familiar
to analysts.

We now outline the contents and layout of the current paper. Section 1
contains most of the necessary notation and background results that we shall
require. In Section 2 we formally introduce the classes .7%;, establishing them
as closed operator ideals and investigating their relationship with the operator
ideals of compact operators, Asplund operators and separable range operators.
Section 3 is a discussion of some examples involving a number of well-known Ba-
nach spaces. In Section 4 we show that every a-Szlenk operator factors through
a Banach space of Szlenk index not exceeding w**!. We go on to deduce that for
a proper class of ordinals «, 7%, possesses the factorization property. Section 5
is then devoted to establishing a similar, but negative, result. In particular, we
show that for a proper class of ordinals &, .#’%; lacks the factorization property.
In Section 6 we introduce and study a class of space ideals that are of interest in
determining whether the operator ideals .7Z, ;1 have the factorization property.
We conclude in Section 7 with discussion of possible future directions for work
related to the problems addressed here.

Throughout, we rely heavily on results and techniques developed in [7],
where a detailed analysis of the behaviour of the Szlenk index under direct sums
is carried out. Indeed, forming direct sums of Banach spaces and their operators
is important to many of the results presented here. We also note that the results
of Section 4 in particular make significant use of the interpolation techniques de-
veloped by S. Heinrich in [15].

1. PRELIMINARIES

1.1. NOTATION AND TERMINOLOGY. The class of all Banach spaces is denoted
BAN, and typical elements of BAN are denoted by the letters D, E, F and G. For

a Banach space E and nonempty bounded S C E, we define |S| := sup ||x||. The
xes
closed unit ball of E is denoted Bg, and the identity operator of E is Ig. By an

operator we mean a norm-continuous linear map acting between Banach spaces.
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The class of all operators between arbitrary Banach spaces is denoted %, and for
given Banach spaces E and F the set of all operators E — F is #(E, F). For a
Banach space F, the canonical embedding of F is the map Jp : F — l(Bp+) given
by setting Jr(y) = ((y*, ¥))y*eBp, ¥ € F. For a Banach space E, the canonical

surjection onto E is the mapping Qf : /1(Bg) — E: (ax)xep; — L axX.
x€BE
We write ORD for the class of all ordinals, whose elements shall typically be

denoted by the lower-case Greek letters «, B and . For an ordinal «, we write
cf (w) for the cofinality of . For A a set, A< shall denote the set of all nonempty
finite subsets of A. Whenever A and Y are used to denote index sets over which
we take direct sums and direct products, we assume for simplicity that A and Y
are nonempty.

Let1 < g < co. We say that p € {0} U [1, o0) is predual to q if it satisfies:

)0 ifg=1,
P= glg—1)71 if1 < g < co.

For 1 < p < 0, a set A and Banach spaces E), A € A, the £},-direct sum of
{Er : A € A} is denoted (Ppcp Er)p, and the co-direct sum of {E) : A € A} is
denoted (e Er)o. Throughout, for 1 < p,q < oo satisfying p +q = pgq, we
implicitly identify (Dyca Er)j with (Daea E})q, so that the dual of a direct sum
is the dual direct sum of the duals of the spaces E,. Making this identification

allows us to consider direct products of the form [] K,, where K, C E} and
AEA
(IKa[)aea € £4(A), as subsets of (Dpea Er)p- Similarly, (©acp Er)g is naturally

identified with (@, E} )1 throughout.

We shall often consider operators T : (BpcpEr)p — (Dpey Fv)p, where
Aand Y are sets, {E, : A € A} and {F, : v € Y} families of Banach spaces
and p = 0or1 < p < co. In this setting, for R C A we denote by Ug the
canonical injection of (P cr Ex)p into (Brcp Er)p- For S C Y, we denote by Vs
the canonical injection of (@,cs Fy)p into (Pyey Fv)p, and by Qs the canonical
surjection of (@,cy Fv)p onto (B,es Fv)p- Thus Vs and Qs act to and from the
codomain of T respectively.

We work within the theory of operator ideals as expounded by A. Pietsch
in [29]. The starting point of this theory is the following definition that we shall
refer to in the proof of Theorem 2.2.

DEFINITION 1.1 ([29], Section 1.1.1). An operator ideal .# is a subclass of %
such that for Banach spaces E and F, the components .# (E, F) := #B(E, F)N.%
satisfy the following three conditions:
Oh) Ix € 7;
(O) S+ T € #(E, F) whenever S, T € .#(E, F);
OL)U e %(D,E), Te ¥(E, F)and V € B(F, G) implies VTU € .¥.
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We otherwise assume the reader is familiar with the rudiments of operator
ideal theory, and refer the reader to Part I of [29] for any unexplained notions
regarding operator ideals. In particular, we assume the reader is familiar with
what it means for an operator ideal to be closed, injective and surjective. For a
given operator ideal .7, the closed, injective and surjective hulls of .# are denoted
#, ™ and 75, respectively. We also assume knowledge of basic notions and
facts regarding space ideals ([29], p. 53).

Well-known operator ideals that we shall be concerned with here are the
compact operators %, the weakly compact operators #/, the separable range op-
erators 2 and the Hilbert space-factorable operators I. For a Cartesian Banach
space E (that is, E is isomorphic to its square E @ E), we denote by ¥ the oper-
ator ideal consisting of all operators that admit a continuous linear factorization
through E.

For an operator ideal .#, we denote by Space(.#) the space ideal consisting
of all Banach spaces whose identity operator belongs to .#. For a space ideal I,
we denote by Op(I) the operator ideal consisting of all operators that admit a
continuous linear factorization through an element of I. For operator ideals .#
and ¢, we say that .# has the ¢ -factorization property if .# C Op(Space(_#));
evidently, this implies that .# C _#. An operator ideal .# has the factorization
property if it has the .#-factorization property.

In various parts of the paper we call upon a factorization result due to
S. Heinrich. In order to state Heinrich’s result, we require the following defi-
nition.

DEFINITION 1.2. Let .# and _# be operator ideals and 1 < p < co. We say
that (.#, #)isa Xy-pair if the following holds for any sequences of Banach spaces

(Em)men and (Fy)nen and T € B((Ben Em)p, (Dnen Fa)p): if QgTUF € S for
all F, G e N<®, thenT € ¢.

Heinrich establishes the following result in [15]:

THEOREM 1.3. Let 1 < p < coand let .7 and _# be surjective operator ideals
such that (.%, 7)is a Xy-pair and ¢ is injective. Then % has the ¢ -factorization
property.

We note that Theorem 1.3 is presented and proved in [15] under the addi-
tional hypothesis that .# = _#. This restriction is, in fact, unnecessary, and we
leave it to the interested reader to verify that Heinrich’s proof of Theorem 1.3
holds in the generality in which it is stated above (a straightforward notational
substitution in Heinrich’s proofs should suffice for the reader familiar with inter-
polation theory).

A real Banach space E is said to be Asplund if every real-valued convex
continuous function defined on a convex open subset U of E is Fréchet differ-
entiable on a dense Gs subset of U. A complex Banach space E is said to be
Asplund if its underlying real Banach space Er is Asplund in the real scalar
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sense. Of particular importance to the context of our discussion is the follow-
ing theorem that collects several useful characterizations of Asplund spaces; for
C C E*, e > 0and x € E, the w*-slice of C determined by x and ¢ is the set
{x* € C: R(x*, x) > sup{R({y*, x) : y* € C} —¢}.

THEOREM 1.4. Let E be a Banach space. The following are equivalent:
(i) E is an Asplund space;
(ii) every separable subspace of E is an Asplund space;
(iii) every separable subspace of E has separable dual;
(iv) every bounded nonempty subset of E* admits nonempty w*-slices of arbitrarily
small diameter.

Theorem 1.4 is proved for real Banach spaces in Chapter L5 of [9]. For com-
plex Banach spaces E, Theorem 1.4 follows from the real scalar case and proper-
ties of the canonical linear surjection ¢ : x* — Rx* of E* onto (Eg)*. In particular,
¢ is a norm-to-norm isometric, o(E*, E)-to-o((Eg)*, Eg) homeomorphism; this
is easily deduced from Proposition 1.9.3 of [22].

Let E and F be Banach spaces. An operator T : E — F is Asplund if for
any finite positive measure space (2, Z, ), any S € B(F, Lo(Q, X, 1)) and any
e > 0, there exists B € X such that y(B) > u(Q) —eand {fxp : f € ST(Bg)}
is relatively compact in L (€2, X, i) (here xp denotes the characteristic function
of B on (2). The class of all Asplund operators is denoted 2. We note that some
authors, for example in [29] and [15], refer to Asplund operators as decomposing
operators. Standard references for Asplund operators are [29] and [37], where it is
shown that the Asplund operators form a closed operator ideal and that a Banach
space is an Asplund space if and only if its identity operator is an Asplund oper-
ator. A further result is that every Asplund operator factors through an Asplund
space, due independently to O. Reinov [31], S. Heinrich [15] and C. Stegall [37].

1.2. THE SZLENK INDEX. We now define the Szlenk index, noting that our defi-
nition varies from that given by W. Szlenk in [38]. However, the two definitions
give the same index for operators acting on separable Banach spaces containing
no isomorphic copy of ¢ (see the proof of Proposition 3.3 in [19] for details).

Let E be a Banach space, K C E* a w*-compact set and € > 0. Define

s¢(K) = {x € K: diam(KNV) > ¢ for every w*-open V > x}.

We iterate s, transfinitely as follows: sY(K) = K, s**1(K) = s,(s*(K)) for each
ordinal « and s%(K) = N sf (K) whenever « is a limit ordinal.
B<«
The e-Szlenk index of K, denoted Sz (K), is the class of all ordinals « such that
s¥(K) # @. The Szlenk index of K is the class |J Sz¢(K). Note that Sz, (K) (respec-
e>0

tively, Sz(K)) is either an ordinal or the class ORD of all ordinals. If Sz, (K) (respec-
tively, Sz(K)) is an ordinal, then we write Sz, (K) < oo (respectively, Sz(K) < c0),
and otherwise we write Sz.(K) = oo (respectively, Sz(K) = o0). For a Banach
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space E, the e-Szlenk index of E is Sz¢(E) = Sz¢(Bg+), and the Szlenk index of E
is Sz(E) = Sz(Bg+). If T : E — F is an operator, the e-Szlenk index of T is
Sz¢(T) = Sz¢(T*Bg+), whilst the Szlenk index of T is Sz(T) = Sz(T*Bg+). For
an ordinal, SZL, := {E € BAN : Sz(E) < w"}.

It is clear that the Szlenk index of a nonempty w*-compact set cannot be
0. We also note that, by w*-compactness, the e-Szlenk index of a nonempty w*-
compact set K is never a limit ordinal.

The following proposition collects some known facts about Szlenk indices.

PROPOSITION 1.5. Let E and F be Banach spaces.
(i) If E is isomorphic to a quotient or subspace of F, then Sz(E) < Sz(F). In partic-
ular, the Szlenk index is an isomorphic invariant of a Banach space.

(ii) Sz(E) < oo if and only if E is Asplund.

(iii) If K C E* is nonempty, absolutely convex and w*-compact, then either Sz(K) =
co or there exists an ordinal « such that Sz(K) = w®. In particular, for T € 2 either
Sz(T) = oo or Sz(T) = w* for some ordinal «.

(iv) If E is separable, then E* is norm separable if and only if Sz(E) < wy, if and only
ifSz(E) < oo.

(v) Sz(E @ F) = max{Sz(E), Sz(F)}.

(vi) SZLy is a space ideal for each ordinal w.

We briefly indicate the origins of the various assertions of Proposition 1.5.
Part (i) is well-known; see, for example, p. 2032 of [14]. Part (ii) follows from
Theorem 1.4(i) <= (iv) above. Part (iii) is due to G. Lancien [20]; note that al-
though Lancien’s proof is given for the case where K is the closed unit ball of a
dual Banach space, his argument works equally well in the more general setting
presented above. We mention also that the first occurrence of a statement like
(iii) is a similar result for the Lavrientiev index of a Banach space due to A. Ser-
souri [36]. For (iv), see Theorem 3.1 of [23] and its proof. Part (v) follows from
Lemma 2.6 of the current paper (which is due to P. Hjek and G. Lancien [13]). Fi-
nally, (vi) is a consequence of (i), (v) and the well-known fact that a Banach space
is finite-dimensional if and only if it has Szlenk index equal to 1 (this is noted in
p. 211 of [21], but see also Proposition 2.4 below).

2. «-SZLENK OPERATORS

Here we consider the Szlenk index of an operator and show that this index
can be used in a natural way to define a class of closed operator ideals indexed
by the class of all ordinals.

DEFINITION 2.1. For each ordinal &, define .¥%;, := {T € % :Sz(T) < w"}.
An element of .”%, shall be known as an «-Szlenk operator. For each ordinal « and
pair of Banach spaces (E, F), define %, (E, F) := #B(E, F) N Y%,
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Itis trivial that /%, C .23 whenever a and B are ordinals satisfying « < p.
In fact, SZ, C /25 whenever a < B. Indeed, it is shown in Proposition 2.16 of
[7] that for each ordinal & there exists a Banach space E with Sz(E) = w**!; the
identity operator of such a space E belongs to .7%;1\.7%.

The following theorem is the main result of the current section.

THEOREM 2.2. For a an ordinal, /%, is a closed, injective and surjective operator
ideal.

For & = 0, the assertion of Theorem 2.2 follows from the following proposi-
tion and the well-known fact that " is closed, injective and surjective.

PROPOSITION 2.3. %) = .

Proposition 2.3 is a consequence of Schauder’s theorem and the following
general result:

PROPOSITION 2.4. Let E be a Banach space, K a nonempty w*-compact subset of
E*. Then K is norm-compact if and only if Sz(K) = 1.

Proof. We use the fact that K is norm-compact if and only if the relative norm
and w* topologies of K are the same (see, e.g., Corollary 3.1.14 of [11]).

First suppose that Sz(K) = 1. Let (x;);c; be a w*-convergent net in K; the
norm-compactness of K will follow if (x;);c; is necessarily norm convergent. Let

x = w*limx; € K and note that, as x ¢ | s¢(K), for every ¢ > 0 there exists
i e>0
w*-open Uy 3 x such that diam(U; N K) < e. For each ¢ > 0let jo € I be such

that jo < j' implies x; € U N K. Then je < j" implies [[x — x;|| < e Ase > 0is
arbitrary, ||x — x;||—0.
Now suppose Sz(K) > 1. Then there is x € K and ¢ > 0 such that x € s.(K),
so for each w*-open U > x there is xi; € U N K such that ||x — x| > &/2. Since
Il

R
xy % xand x;; = x (here, the set of w*-open sets containing x carries the usual
order induced by reverse set inclusion), the relative norm and w* topologies of K
are not the same. Hence K is not norm-compact. 1

We now prove the general case.

Proof of Theorem 2.2. Let a be an ordinal. We must first show that %, satis-
fies OI;-OI; of Definition 1.1. To see that .%; satisfies Ol;, note that by Proposi-
tion 2.3 we have

Ix € # =% C SZ,.

Next we show that .#%, satisfies Olz. Let D, E, F and G be Banach spaces
andU € #(D, E), T € SZ(E, F)and V € #(F, G) operators. We want to show
that VTU € #%; this is clearly true if either U or V is zero, so we henceforth
assume that U and V are nonzero. It suffices to show separately that TU € /%,
and VT € #%,. The fact that TU € .”%, will be deduced from the following
generalization of Lemma 2 of [14].
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LEMMA 2.5. Let D and G be Banach spaces, S € %(D, G) a nonzero operator,
K C G* a w*-compact set, x an ordinal and e > 0. Then sy (S*K) C S*(Sg/(ZHSH) (K)).

Proof. We proceed by induction on a. The assertion of the lemma is trivially
true for « = 0. Suppose that f > 0 is an ordinal such that the assertion of the
lemma is true for all ¥ < f; we show that it is then true for « = . First suppose
that B is a successor, say B =  + 1. Let x € sP(S*K). Then there is a net (x;);c; in

s¢ (S*K) with x; 5 x and ||x; — x|| > e/2 for all i (for example, let I be the set of
all w*-neighbourhoods of x, ordered by reverse set inclusion). By the induction
hypothesis, for each i there is y; € sz/ @18l (K) such that S*y; = x;. Passing to
a subnet, we may assume that the net (y;);c; has a w*-limit y € s” (K).
Then S*y = x and for all i we have ||y; —y|| = ||x; — x||/||S|| > €/(2||S]|), hence

e/ (2[ISI)
y € sf /2181 (K). It follows that the assertion of the lemma passes to successor

ordinals.

Now suppose that f is a limit ordinal. Let x € SE(S*K) = (N s¥(S*K). For
each o < B thereis y, € S?/(2HSH)(K) with S$*y, = x. The net (Z?Kﬁ admits a
subnet (y;)jey with w*-limit y € aDﬁ S?/(ZHSH)(K) = Sf/(ZHSH)(K)' Since S*y = x,
we are done. 1

By Lemma 2.5,

Sz(TU) = SgliIODSZg((TU)*BF*) < s;igszﬁ/(z\lu\l)(T*BF*) =S5z(T) < ",

hence TU € .¥Y%,.

As VT = (||[V|"'W)T(|V||Ig) and T(||V||Ig) € SZ (take U = ||V| g
above), to show that VT € .”%, we may assume that ||V|| < 1. Then

(VT)*Bg+ = T*(V*Bg+) C T*Bp-,

hence Sz(VT) = Sz((VT)*Bg+) < Sz(T*Bp+) = Sz(T) < w", as desired. We have
now shown that .#%, satisfies OI3.

To show that .7%; satisfies Ol;, we make use of the following lemma of
P. Héjek and G. Lancien (see equation (2.3) of [13]). The author is grateful to
Professor Lancien for communicating to him a corrected proof of Lemma 2.6
(the proof of Lemma 2.6 in [13] seems to be slightly incorrect); the proof of Sub-
lemma 5.12 of the current paper uses some similar arguments.

LEMMA 2.6. Let Eq, ..., E; be Banach spaces and let Ky C Ef,..., Ky, C E; be

n
w*-compact sets. Consider ] K; as a subset of (B}, E;);. Then, for all ¢ > 0 and
i=1
ordinals «,
o LI
2.1) (1) < U [Ts<" % (k).

i=1 Q1@< w, g1++gn=11=1
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Let E and F be Banach spaces and let S,T € #(E, F) be operators such
that S+ T ¢ #%,. Define operators Q : E - E®Eand R : E®1 E — F by
setting Qx = (x, x) forx € E, and R(y, z) = Sy + Tz for (y, z) € E @1 E, so that
RQ = S+T ¢ Y%, Then Sz(Q*(R*Br+)) > w"*, hence Sz(R*Bp+) > w" since
%, satisfies Ol;. We have R*Bp = {(S*x, T*x) : x € Bp+} C S*Bp+ X T*Bp+,
hence Sz(S*Br+ x T*Bp:) > w. Lete > 0 be such that s (S*Bp« x T*Bp+) is
nonempty. By Lemma 2.6, either s¢" (S*B+) or s (T*Bp+) is nonempty, hence
either Sz(S) > w" or Sz(T) > w*". In other words, either S ¢ .2, or T ¢ .7%,.
Thus 7%, satisfies Ol,, and is an operator ideal.

The injectivity of 7%, follows from the fact that for Banach spaces E and F
and an operator T € #(E, F), the Szlenk indices of T and JrT are determined by
the same set, namely T*Bp« = (JrT)*By,,(p,. )+

The surjectivity of .#Z; is only slightly more difficult. Notice that for Ba-
nach spaces E and F and T € #(E, F), the restriction of Qf to T*Bg: is a norm-
isometric w*-homeomorphic embedding of T*Bp+ into ¢1(Bg)*. It follows then
that Qf (s¥ (T*Bp+)) C s&(QpT*Bp+) = s ((TQg)*Bp+) for all ordinals « and e > 0
(the proof is a straightforward transfinite induction), hence Sz(T) < Sz(TQg). In
particular, 7% is surjective.

Finally, we turn our attention to showing that .’Z; is a closed operator ideal.
Recall that for a Banach space E, a nonempty, w*-compact set K C E* and x € E¥,
there exists y € K such that ||x — y|| = d(x, K) (here d(x, K) denotes the norm
distance of x to K, defined as d(x, K) := inf{||x — z|| : z € K}). Our proof that
2, is closed will be a straightforward application of the following lemma.

LEMMA 2.7. Let D be a Banach space, ¢ > 0 and K, L C D* nonempty, w*-
compact sets with sup{d(x, L) : x € K} < &/8. Then Sz¢(K) < Sz¢/4(L).

Proof. Tt clearly suffices to show that for all y € Sz¢(K),

(2.2) sh4(L) #@ and  sup{d(x, s (L)) :x € s/ (K)} <

| ™

The assertions of (2.2) hold trivially for v = 0. Suppose that p € Sz¢(K) is
such that (2.2) holds for all y < B; we will show that (2.2) holds for v = B.

First suppose that 8 is a successor, say f = { + 1, and let x € s (K). Then
there exists a net (x;);c; in sg(K) with x; ¥ x and lx; — x|| > ¢/2 for all i (for
example, take I to be the set of all w*-neighbourhoods of x, ordered by reverse
set inclusion). By the induction hypothesis, for each i € I thereis y; € sg / 4(L)
with ||x; — y;|| < &/8. Passing to a subnet, we may assume (y;);c; has a w*-limit,
y say, in 55/4(L). By w*-lower semicontinuity, ||x — y|| < hr}éilnf Ilx; — yil] <€/8.

Thus, foralli € I,
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hence y € 58/4(55/4(L)) = 55/4(L). In particular, 55/4(L) is nonempty. Moreover,
d(x, 55/4(L)) < |lx — y|| < e/8. Thus, since x € SE(K) is arbitrary, we conclude

that sup{d(x, 55/4(L)) (X E SE(K)} < &/8. We have now shown that (2.2) passes
to successor ordinals in Sz, (K).
Now suppose that § is a limit ordinal. Then sf /4(L) is nonempty by the

induction hypothesis and w*-compactness. For the second assertion of (2.2),

we again let x € sg (K). By the induction hypothesis, for each { < B there is

y; € 55/4(L) such that [|x — y.|| < &/8. Let (z;)jc be a w*-convergent subnet
of (y7);<p, with w*-limit y, say. Theny € N 55/4(L) = 55/4(L) and ||x —y| <
i<p

limi]anx—sz < ¢/8, hence d(x, 55/4(L)) < |lx—yl <e/8 Asx € SE(K) is
je

arbitrary, the second assertion of (2.2) holds for v = B. This completes the proof
of the lemma. 1

Let E and F be Banach spaces and T € Z(E, F) an operator such that
T ¢ #%. Then there is ¢ > 0 such that Sz,(T) > w®. LetS € HAB(E, F) be
such that ||T — S|| < /8. Taking K = T*Bg- and L = S*Bg+ in the statement of
Lemma 2.7 yields w® < Sz¢(T) < Sz/4(S) < Sz(S), hence S ¢ .#Z;. In particu-
lar, the open ball in #(E, F) centred at T and of radius /8 has trivial intersection
with .#%, (E, F). It follows that .”’Z, (E, F) is closed in #(E, F), and the proof of
Theorem 2.2 is complete. 1

We now describe the relationship between the classes .”%; and the class
of Asplund operators. For this we shall call on the following characterization
of Asplund operators that follows readily from work of C. Stegall, in particular
Proposition 2.10 and Theorem 1.12 of [37].

PROPOSITION 2.8. Let E and F be Banach spaces and T : E — F an operator.
Then T is Asplund if and only if for every separable Banach space D and every operator
S:D — E, the set S*T* Bp+ is norm separable.

We also require the following result concerning metrizable w*-compact sets;
the proof is essentially contained in the proof of Proposition 1.5(iv).

LEMMA 2.9. Let K be a w*-compact set that is metrizable in the w* topology and
nonseparable in the norm topology. Then Sz(K) = oo.

The following proposition asserts that the class of Asplund operators coin-
cideswith U Y%.
«€ORD
PROPOSITION 2.10. Let E and F be Banach spaces and T : E — F an operator.
The following are equivalent:
(i) T is an a-Szlenk operator for some ordinal «.
(ii) T is an Asplund operator.
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Proof. First suppose that T is Asplund. By the Reinov-Heinrich-Stegall fac-
torization theorem for Asplund operators (c.f. Section 1), there exists an Asplund
space G such that I; factors T. By Proposition 1.5(iii), there is an ordinal « such
that Sz(G) = w*, hence Sz(T) < Sz(Ig) = Sz(G) = w". Thatis, T is a-Szlenk.

Now suppose that T is not Asplund. By Proposition 2.8, there exists a sep-
arable Banach space D and an operator S : D — E such that S*T*Bg+ is nonsep-
arable in the norm topology. As D is norm separable, we have that 5*T*Bpx is
w*-metrizable, hence by Lemma 2.9 it follows that Sz(TS) = Sz(S*T*Bp+) = 0.
That is, TS fails to be a-Szlenk for any ordinal . As the classes .%; are operator
ideals, T fails to be a-Szlenk for any a. 1

For every pair of Banach spaces (E, F), there is an ordinal a such that if
T € A(E, F) is B-Szlenk for some ordinal B, then T is a-Szlenk. Indeed, we
may take « to satisfy w* = sup{Sz(T) : T € #Z(E, F) for some ordinal 8}. By
Proposition 2.10, with « so defined we have Z(E, F) = .#Z4(E, F).

We now determine the relationship between the operator ideals .#%; and
the operator ideal 2" of operators having separable range. In what follows, 2™*
denotes the operator ideal of operators T with T* € 2. The following result is
essentially an operator-theoretic generalization of Proposition 1.5(iv).

PROPOSITION 2.11. We have:

2*=2n2=2n ) Z=20 S%=2N5%,.

«€ORD a<wq

Proof. First note that /%, C U %, Indeed, for T € /%, we have

a<wiq
cf(Sz(T)) = cf(sup{Sz1,,(T) : n € N}) < w, whereas cf(w“!) = w;. We
thus deduce that Sz(T) < wj, hence T € |J Z;. By this observation and

a<wiq
Proposition 2.10 we have

2NI%y=2n ) samcarn |y S%4=2n2,

a<wq a€ORD

and so it now suffices to show that 2 N2 C 2™ and 2™ C 2" N.SZ,,.

To prove Z° N2 C Z'*, we first note that Heinrich [15] has shown that
(2, 7) is a Xp-pair for every 1 < p < co. We claim that (2, 2") is also a X-pair
forall 1 < p < oo. To verify our claim, we note that if (E;;,),en and (F,) e are
sequences of Banach spaces, 1 < p < coand T € B((DBen Em)p, (Bnen Fu)p)
is such that T ¢ 27, then the set U{QgTUr(Pen Em)p : F, G € NS} is non-
separable since its uniform closure contains T (&, Em)p- As N< is countable,
it follows that are 7, G € N<* such that Qg TUr(,,cn Em)p is nonseparable.
That is, QgTUr ¢ % . This completes the proof of the claim, and it follows that
(ZND, 2 N7P)isaXy-pair forall 1 < p < co. Moreover, 2 N 2 is injective
and surjective since the same is true for 2" and 2. Thus, by Theorem 1.3, every
element of 2" N 2 factors through a separable Asplund space. By Theorem 1.4,
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this implies that every element of 2" N & factors through a Banach space with
separable dual, and the inclusion 2" N 2 C 2™ follows.

We now show that Z* C 2" N.7%,,. The inclusion Z* C 2 is well-
known (see, for example, Proposition 4.4.8 of [29]), so we need only show that
2" C SZ,,. To this end, note that similar arguments to those used above show
that (27", 27*) is a Xp-pair for every 1 < p < co. Moreover, 2 * is injective and
surjective, hence Theorem 1.3 implies that every element of 2™* factors through
a Banach space with separable dual. By Proposition 1.5(iv), this means that every
element of Z* factors through a Banach space of countable Szlenk index; the
inclusion 27 C .7Z,, follows. 1

To conclude the current section we mention two sequential variants of the
Szlenk index that have appeared in the literature. Sequential definitions are often
advantageous from a utilitarian point-of-view, but, as we shall now see, they do
not seem to be sufficient for the development of a general theory of operator
ideals associated with the Szlenk index such as that that initiated here.

For E a Banach space, K C E* and ¢ > 0, we define derivations

me(K) := {x* € K: 3(x}))y CK, x, v x*, ||xy — x*|| = eforalln € N}
and
ne(K) := {x* € K:3(x}) CK, 3(xa) C B, xt % %, x, 250, Tim| (x5, )| > e}

on K. As with s, we may iterate m, and 7, to obtain derivations m} and n{ for
¢ > 0 and « an ordinal, with corresponding indices Mz, (K), Mz(K), Nz (K) and
Nz(K). Analogously to the definition of the classes .7’%;, for each ordinal a we
define /%, :=={T € # :Mz(T) < w*} and #Z; :={T € B :Nz(T) < w"}.

The main obstacle to proving that the classes .#%, form operator ideals
is that we do not seem to have an analogue of Lemma 2.5 for the derivations
mg (since it need not be the case that every sequence in K has a w*-convergent
subsequence). However, we may form operator ideals from the classes .#Z%; by
taking their intersection with the class .# consisting of all operators having w*-
sequentially compact adjoint. That is, an operator T : E — F belongs to .# if and
only if T*Bp« is w*-sequentially compact. Standard arguments, similar to those
used to show the same for .7, show that .# is a closed, injective, surjective opera-
tor ideal. A proof similar to that of Theorem 2.2 shows that .ZZ; N .# is a closed,
injective, surjective operator ideal for every ordinal a. Moreover, it is elementary
to show that the indices Sz and Mz coincide for operators T : E — F with the
property that T*Bps is w*-metrizable; this is the case precisely when the range of
T is norm separable. Thus, when dealing with operators having separable range,
one may usually work with Mz in place of Sz if it is more convenient.

We now discuss the index Nz and the associated classes .#%,. The index
Nz is in fact that introduced by Szlenk in [38], and it coincides with Sz and Mz
for operators whose domain is a separable Banach space containing no subspace
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isomorphic to ¢ ([19], Proposition 3.3). However, the index Nz lacks sufficiently
good permanence properties for the classes .#%; to be operator ideals over the
class of all Banach spaces. We illustrate this claim by way of the following simple
example. Let U : ¢/, — { be an isometric linear embedding. As observed by
J. Bourgain, p. 88 of [6], if E is a Grothendieck space with the Dunford-Pettis
property, then Nz(E) = 1. In particular, Nz({s) = 1. We thus have I, € 4Zj.
On the other hand, I, /U ¢ 4% since Nz(I; U) = Nz(Byy) = w > w®. In
particular, 4% fails to satisfy condition OI3 of Definition 1.1. Similar examples,
based on the spaces defined by the construction of Szlenk (see Example 3.6 of the
current paper), show that 4%, fails to satisfy Ol3 for every & < wy.

Despite the apparent deficiency of the index Nz from the point of view of
developing a theory of operator ideals associated with the Szlenk index, we wish
to emphasize the importance of the index Nz in the study of the structure of op-
erators acting on spaces C(K), where K is a metrizable compact space. Indeed, a
number of authors have studied the connections between the Nz index of oper-
ators acting on C(K) spaces and “fixing” properties of such operators; we refer
to [35] for a survey, and to the work of I. Gasparis [12] for more recent results.
In fact, we believe that both of the indices Sz and Nz are of interest in the study
of operators in #(C[0, 1]). For example, the following question is of interest in
studying the closed ideal structure of the Banach algebra #(C[0, 1]):

QUESTION 2.12. LetR € 27*(CJ0, 1]). Does there exist S € #/(C|0, 1]) such
that Sz(R + S) = Nz(R + S)?

Question 2.12 asks whether the indices Sz and Nz coincide on .2 *(C|[0, 1])
up to a weakly compact perturbation. The motivation for Question 2.12 is the fact
that # is a closed operator ideal and that, for T € %#(C|0, 1]), Nz(T) is minimal
(that is, is equal to 1) if and only if T is weakly compact; this latter fact regarding
minimality of Nz(T) for T € #(C|0, 1]) is due to D. Alspach ([2], Remark 2).

3. EXAMPLES

In this section we discuss the algebras .#%, (E) for a number of well-known
Banach spaces E. In particular, we study the place of the ideals .7Z;(E) in the
lattice of closed, two-sided ideals of #(E) by relating them to other well-known
closed ideals (for example, the ideal of weakly compact operators).

EXAMPLE 3.1. Our first example is the Banach space Lo = Lo[0, 1]. We
will show that the operator ideals 7/, %72, 9, Y% and Z* coincide on L. For
this purpose, we state the following impressive result of H. Jarchow [16]:

THEOREM 3.2. Let A be a C*-algebra and F a Banach space. Then

—=inj

# (A, F) =Ty (A, F).
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We also require the following lemma.

LEMMA 3.3. Let H be a Hilbert space and E a Banach space such that every weakly
compact subset of E is norm separable. Then 28(H, E) = 4,,(H, E).

Proof. Let T € %(H, E). The reflexivity of H implies T € # (H, E), and
the norm separability of T(By) implies T € 2. Thus, by the (separable) DFJP
factorization theorem ([8], Lemma 1(xi)), there is a separable, reflexive Banach
space F and operators A : H — F and B : F — E such that T = BA. Since
F* is separable, we have that A*(F*) is isometric to a separable closed subspace
of H*, hence isometric to a closed subspace of /. Thus A* € ¥%,,. Making the
identifications H = H** and F = F** via the canonical injections of  and F into
their second duals, we have A = A** € %; =%, henceT =BA €%9,. 1

The inclusion 2 (Le) C # (Leo) holds since Lo is a Grothendieck space,
and # (Le) € 2 (L) since weakly compact subsets of Lo, are norm separable
([32], Proposition 4.7). Thus 2 (Le) = # (Ls). As Sz(H) = w for H a Hilbert
space (see p. 106 of [23]), and since L is both a C*-algebra and an injective Ba-
nach space, Theorem 3.2 yields 2" (L) = # (L) = I'2(Leo) € Y% (Leo) C
9 (Le). We have 27 = 2" N 2 by Proposition 2.11, hence 2*(Leo) = 2 (Leo).
Thus, to show that 7, ?gz, 9, % and 2" coincide on L, it now suffices to
show that Z(Le) € # (Leo) and I3(Leo) € 9, (Leo). The first of these inclusions
is justified by the fact that nonweakly compact operators on L fix a copy of the
non-Asplund space Lo (see Proposition 1.2 of [33] and the main result of [25]).
The second inclusion follows from Lemma 3.3 and the fact that every weakly
compact subset of L« is norm separable.

EXAMPLE 3.4. For our next example, we consider the space L; = L0, 1].
Similarly to the previous example, we will show that the operator ideals %/, 4,,,
2, Y% and Z* coincide on L.

Let Q : Ly < L]* denote the canonical embedding and let P : L7* — L
be a projection (that L; is complemented in its bidual is well-known; see, for
example, Proposition 6.3.10 of [1]). It is clear that, since Sz({;) = w, we have
“,(L1) € % (L1) € 2(Ly). Moreover, since 2™* and Z coincide on separable
Banach spaces by Proposition 2.11, it suffices to show that Z(L;) € #'(L;) and
# (L) € 9,(L1). The first of these inclusions is justified by the fact that non-
weakly compact operators into L; fix a copy of ¢ ([26], Theorem 1), and therefore
fail to be Asplund. For the second inclusion, let T € #/(L;). Then, by Gant-
macher’s theorem, T* is a weakly compact operator on the (up to isomorphism)
C*-algebra L]. Moreover, L] is an injective Banach space, hence Theorem 3.2 en-
sures the existence of a sequence (S,,) in I;(L}) satisfying ||T* — S,|| — 0. It fol-
lows then that, since T = PT**Q, we have ||T — PS;;Q| = ||P(T** — S;;)Q|| — 0.
In particular, T € T>(L1) since S} € I for all n. As L, is separable, it follows that
T €%, (L1).
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EXAMPLE 3.5. We now consider the ideals .#%;(C[0, 1]). The lattice of
closed, two-sided ideals in A(C[0, 1]) contains the following linearly ordered
chain, where 0 < 8 < wy:

{0} € #(Clo, 1)) = #2(Clo, 1)) € #/(Cl0, 1]) € 2 (Cl0, 1]) € -+

< U 72,(Clo, 1)) € 725(C[0, 1]) & #231(C0, 1]) C
1<p
c U #z(Clo, 1) =2(Clo, 1])=27(C[o, 1]) & #(C[0, 1))
a<wq

Note that the ideal 2™*(C[0, 1]) is the unique maximal ideal in #(C|0, 1]) since
each element of A(C[0, 1]) \ 2*(C|0, 1]) factors the identity operator of C[0, 1].
Indeed, combining theorems of H. Rosenthal ([34], Theorem 1) and A. Pelczynski
([27], Theorem 1), for any T € Z(C[0, 1]) \ 2*(C[0, 1]) there exists a closed
subspace E C C[0, 1] such that T|f is an isomorphism, E is isomorphic to C[0, 1]
and T(E) is complemented in C[0, 1]. Let R be an isomorphism of C[0, 1] onto E,
let P : C[0, 1] — T(E) be a continuous projection and set V = (TR)~!P. Then

Icq = VTR.
We now justify the other claims above regarding the lattice of closed ideals
in #(C[0, 1]). With A : C[0, 1] — ¢; a surjective operator and B : ¢, — C|[0, 1]
noncompact, BA € #/(C[0, 1]) \ 2#(C[0, 1]). That #'(C[0, 1]) C Z1(C[0, 1])
follows from Theorem 3.2 and the fact that, since Hilbert spaces have Szlenk in-
dex w and .#% is closed and injective, T’ C .%;. Any projection of C[0, 1]
onto a subspace isomorphic to ¢y (of which there are many) belongs to the dif-
ference %, (C[0, 1]) \ #'(C[0, 1]) since ¢ is nonreflexive and of Szlenk index w.
Similarly, the difference .23 1 (C[0, 1]) \ .-#Z3(C|[0, 1]) contains any projection of

C[0, 1] onto a subspace isomorphic to C(w*’ +1) (here, w*" + 1 is equipped with

its (compact) order topology; see [13] for a proof that Sz(C (w“’ﬁ +1)) = wP*! for
B < wi). That the operator ideals |J %4, 2 and 2™* coincide on C[0, 1] fol-

a<wiy
lows from Proposition 2.11.

EXAMPLE 3.6. Let V denote the complementably universal unconditional
basis space of Pelczyriski [28]. Then, as in the case of C[0, 1] above, we have
S2(V) C S2511(V) for every B < wi. To show this, it suffices to find, for
each p < wy, a Banach space Gg having an unconditional basis and Szlenk index
wP*1. Indeed, the existence of such a space ensures the existence of a projection
of V onto a complemented subspace isomorphic to Gg, and such a projection
clearly belongs to .25, 1(V) \ -#23(V). For the existence of the desired spaces
Gg, we turn to Szlenk’s construction in [38] of a family of separable, reflexive
Banach spaces whose Szlenk indices are (collectively) unbounded above in wj.
The construction is as follows: Let Ey = {0}, Eyy1 = Eq @1 {5 for & < wj and,
if & < w; is a limit ordinal, Ey = (@<, Eq)2. A straightforward transfinite
induction on &« < wy shows that E, has a 1-unconditional basis for all nonzero & <
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w1. Moreover, a slight modification of arguments in proof of Proposition 2.16 of
[7] show that for each B < wy there exists a(B) < wy such that Sz(E,g)) = wPt1,
Taking Gg = E, g gives the desired spaces Gg (f < w1).

Finally, note that U Y2/(V) = 2(V) = 2*(V) C #(V) by Proposi-

a<wiq
tion 2.11 and the existence of P € #(V) \ 27*(V) with P> = P and P(V) isomor-
phic to 41.

4. QUANTITATIVE FACTORIZATION OF ASPLUND OPERATORS

An important, basic question in operator ideal theory is whether a given op-
erator ideal .# has the factorization property; that is, whether every element of .#
factors through a Banach space whose identity operator belongs to .#. The most
well-known and widely applied result in this direction is the celebrated Davis—
Figiel-Johnson-Petczynski factorization theorem [8] asserting that every weakly
compact operator factors through a reflexive Banach space. In the absence of
the factorization property, one may then ask whether .# satisfies some nontrivial
“weak” factorization property. For example, W. Johnson has shown in [17] that
there exists a separable, reflexive Banach space E with the property that every
approximable operator (= uniform limit of finite-rank operators) factors through
E with approximable factors. In this and subsequent sections of the current paper
we study factorization properties of the operator ideals .”Z;.

Our main task in this section is to establish the following weak factoriza-
tion result for the operator ideals .”%,. In light of Proposition 2.10 and Propo-
sition 1.5(ii), this result can be considered a quantitative refinement of the inde-
pendent efforts of Reinov, Heinrich and Stegall (c.f. Section 1) showing that the
operator ideal of Asplund operators possesses the factorization property.

THEOREM 4.1. For « an ordinal, #%; has the 7%, -factorization property.
That is, each T € %, can be factored through a Banach space whose Szlenk index
is no larger than w**1.

Before embarking on a proof of Theorem 4.1, we mention a similar result
due to B. Bossard. It is shown in Theorem 3.9 of [5] that there is a universal
function ¢ : w; — wq such that for any separable Banach spaces E and F and
any Asplund operator T : E — F, there exist a Banach space G and operators
A:E— Gand B : G — F such that G has a shrinking basis, Sz(G) < ¢(Sz(T))
and T = BA. It will be shown at the end of Section 5 that ¢ necessarily exceeds
the identity function of w; at uncountably many points of w;.

We shall deduce Theorem 4.1 from the following proposition.

PROPOSITION 4.2. Let Aand Y be sets, {E) : A € A} and {F, : v € Y} families
of Banach spaces, p = 0or1 < p < 0o, T : (@BprecanEr)p — (DBpey Fv)p an operator
and & > 0 an ordinal. The following are equivalent:
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(i) Sz(T) < w".
(i) sup{Sz¢(TUr) : F € A<®} < w* for every e > 0.
(iii) sup{Sze(QgT) : G € Y=} < w” for every e > 0.
(iv) sup{Sze(QgTUr) : F € A<®, G € YS®} < w* for every € > 0.
Let us now see how Theorem 4.1 follows from Proposition 4.2. We begin
by letting 1 < p < co. By Theorem 2.2 and Theorem 1.3, it suffices to show
that (.72, #%,11) is a X,-pair. To this end, let (E;;)n and (Fy,), be sequences

of Banach spaces and suppose T € ZB((Den Em)p, (Buen Fn)p) is such that
QgTUr € % forall F, G € N<®. Then

Ve >0 sup{Sz(QgTUr):F, G N~} <" <,

hence T € #%, 11 by Proposition 4.2, and we are done.

To prove Proposition 4.2, we draw on several preliminary results. The first
of these is the following variant of Proposition 2.2 in [13], which can be useful for
obtaining an upper estimate on the Szlenk index of an operator.

PROPOSITION 4.3. Let E and F be Banach spaces, T : E — F an operator and
an ordinal. Suppose that for every e > 0 there exist Be < wP and &, € (0, 1) such that

sP*(T*Bp+) C 8:T*Bp+. Then Sz(T) < wP.

Proof. Fixe > 0. We claim thats.*" (T*Bp:) C 8/ T*Bg- forall n € N. Indeed,
it is true for n = 1 by assumption, and if is true for n < k then

s'k 1 * e * e
(T Bp) © S (65TBR) = o

(T*Bp-) C 6FsP*(T*Bp) € 8FF1T* By
so that the above claim holds by induction on #.
For each € > Olet N; € N be large enough that s;* " (T*Bp+) C (¢/2)Bg-.

(
Then sP ™ (T*B.) =@ for each £ >0, hence Sz(T )<sup (Be - Ne+1)<wP. 1
e>0

~Ng(

The next two lemmas concern the action of the e-Szlenk derivations on w*-
compact sets contained in the dual of a direct sum of Banach spaces. The first is a
discrete variant of Lemma 3.3 of [13] and is proved in Lemma 2.6 of [7].

LEMMA 4.4. Let Abeaset, {Ey: A € A} afamzly of Banach spaces, 1 < q < oo,
p predual to q and K C (@©xep Er)jy a nonempty w*-compact set. Let a be an ordinal,
R C Aande > 6> 0. If x € sg(K) is such that || U x||7 > |K|7— ((e —6)/2)17, then
Uy x € s§(Ux, K).

LEMMA 4.5. LetY be a set, {F, : v € Y} a family of Banach spaces E a Banach
space, 1 < q < oo, p predual to q, K C (Bjea E)\) a nonempty w*-compact set,
T : E = (@yey Fv)p a nonzero operator and e > 0. Let « be an ordinal and let
x € s¥(T*K). Then thereis y € Ss/(ZHTH)( K) such that T*y = x. Further, if S C Y is
such that [|Q5Vgy||7 > |K|T— (e/ (8||T|))7, then T*Q5V3y € s¢,,(T*Q5V5K).
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Proof. The lemma is clearly true for # = 0. We now assume it true for
some & = 7, and show that it is also true for « = 9 + 1. To this end, let
x € SVH(T*K) = s¢(s{ (T*K)). Then there exists a net (x;);c; in s¢ (T*K) such

that x; Y, x and |lx; — x|| > e/2 forall i € I (for example, take I to be the set of
all w*-neighbourhoods of x, ordered by reverse set inclusion). For each i € I let

y; € sz/ @Il (K) be such that T*y; = x;. Passing to a subnet, we may assume
that (y;)ic; has a w*-limit y € Sz/(2I\TH)( ), and then T*y = x. Moreover, as
lvi =yl = |lx;i — x||/||T|| > ¢/(2||T||) for all i, we have y € s (ZHTH)(K)' Now

suppose that || Q5 Vsy||7 > |K|7 — (e/(8]|T||))7, where S C Y. Passmg to a subnet,
we may assume || Q5 V35y; |7 > |K|T— (e/(8||T||))1 for all i. Then for all i,

lyi — Qs Vil = (lyill” — 1Q5 VEw YT < (IK|T — || Q5 Vw17 < W

hence ||y — Q5V3sy|l < e/(8[|T||) by w*-lower semicontinuity. Thus, for all 7,

1T QsVsyi=T Qs Vsyll Z [T yi= Ty = [IT"y=T" Qs Vsyll - IT"yi = T" Qs Vsl
IIxi — x| - ||T|| ly = Qs Vsyll = ITll1ly: — Qs Vsyill
€
=2|T]- 1

8||T|| T4
Since T*Q%Vsy; € sz/ 4(T*Q%VEK) for each i by the induction hypothesis, and
since T* Q5 Vsy; Yo QsVsy, we have T*Q5Vsy € sg/zl(T* Q5VSK). Thus, in
particular, the assertion of the lemma passes to successor ordinals.

Finally, let ¥ be a limit ordinal and suppose that the assertion of the lemma

holds whenever « < . Let x € s7 (T*K) = ) s*(T*K) and for each a < 7 let
a<y

Ya € % /1Tl (K) be such that T*y, = x. By w*-compactness, there is a directed
set ] and a mapping f : ] — 7 such that (y¢(j)jej is a w*-convergent subnet of
(Ya)a<y- Let y denote the w*-limit of (y(;))je;- Then T*y = x, and since f(]) is

cofinal in 1y (by definition of a subnet), y € ﬂ s/ K) = SZ (2\|T|\)( ). Now

Lo

suppose that || Q5 Viy||7 > [K|T — (e/(8||T||))‘7 where § C Y. Passing to a subnet,
we may assume || Q5 Viy;||7 > |K|‘7 — (¢/(8]|T|))1 for all j, hence by the induction

hypothesis T*Q5Vsys(j) € s{ /4 (T*Q5V3K) for all j. Again, by the cofinality of
f(J) iny,
T*Q5Viy = w*— hmT QsVsyy(j) € Ns 58/4 (T*Q5V3K) = 5], (T*Q5V5K).
j€]
The assertion of the lemma thus passes to limit ordinals, and we are done. 1

The final step in our preparation to prove Proposition 4.2 is to state the fol-
lowing definition and lemma.
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DEFINITION 4.6. For real numbersa > 0,b > ¢ > 0and 1 < d < oo, define

o(a,b,c,d):=inf{n e N: (b—c)¥(n—1) > (2a) — b7}

LEMMA 4.7 ([7], Lemma 2.8). Let Abeaset, {E; : A € A} a family of Banach
spaces, 1 < q < oo, p predual to g, K C (P,ca E A);‘, a nonempty, w*-compact set
and € > & > 0. Suppose 15 is a nonzero ordinal such that SZ‘S(U;_—K) = @ for every
F € A<®. Then SZJ'U(‘K"E’(S”J) (K) = @, hence Sz¢(K) < 15 - 0(|K],¢,6,9).

Proof of Proposition 4.2. We prove (i)=(ii)=(iv)=-(iii)=-(i), assuming T # 0
(the result is obvious otherwise).
To see that (i) = (ii), suppose that there is ¢ > 0 such that

sup{Sz:(TUr) : F € A=} > w".
We want to show that Sz(T) > w*®, so to this end note that by Lemma 2.5 we have
SZE/z(T) = SZ€/2(T*B(®U@/ FU);‘,) = Sup{SZg(U}T*B(EBUGY Fv);)  Fe A<00}
= sup{Sz.(TUr) : F € A%} > w".
As Sz /5(T)F cannot be a limit ordinal, it follows that Sz(T) > Sz, /»(T) > w*.
We now show (ii) = (iv). Let F € A<®. Then for G € Y<* we have
UrT Q5 B,y ) € U}T*B(@UGYFU);, hence Sz,(QgTUr) < Sz:(TU) for all
G € Y<%®and ¢ > 0. Thus, for each ¢ > 0,

sup{Sz:(QgTUF) : F € A<%®, G € Y=} <sup{Sz.(TUF) : F € A=%},

and the implication (ii) = (iv) follows.
Suppose that (iv) holds and fix G € Y<*. An application of Lemma 4.7 with
K= T*QZB(GBUEY Fv);‘,/ 0= 5(8) = 8/2 and

o) = Sup{Sze/p(QGTUF) : F € A<, G € Y™} (< ")

yields
5z¢(T*QgB(@,cy F)3) < Moe) 0 (ITl, & €/2, 9).

As G € Y= was arbitrary and 1) and o(||T||, ¢ €/2, q) do not depend on our
choice of G, we deduce that

sup{Sz¢(QgT) : G € Y=} <115¢) - o (ITll, & €/2, q) < w®,

hence (iv)=-(iii).

Suppose that (iii) holds. The implication (iii) = (i) will follow from Propo-
sition 4.3 if we can show that for every ¢ > 0 there is B¢ < w® and J; € (0, 1) with
SE(T* B,y 1)) € 8T B(gp If ¢ > 2||T|, then s:(T*B(g _, £,y;) = @,

vey Pv);' ;

hence B = 1 and any & € (0, 1) suffice. So it remains to find suitable B, and &
fore € (0, 2||T||). For each e € (0, 2||T||), let ¢ = sup{Sz¢(QgT) : G € Y==}.
As T"QgB(g, o r); = T"QGViB(@,ey i)y for each G € Y=<, it follows that

sup{Sz¢(VgQgT) : G € Y<®} = . foreach ¢ € (0, 2||T||). Lete € (0, 2||T||)
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be fixed and let x € 558/4(T*B(@U6Y F)y) Gf 558/4(T*B(€Buey £);) = @, then taking
Be = /4 and any &, € (0, 1) will do). Since sf%(T*QZVgB(@UGY F);) = @ forall

G € Y=%, an appeal to Lemma 4.5 gives us y € 557(42|\T\|) (B(@,ey FU);;) such that

T*y = x and
€ q
T= sup ||QcVey||T<1— (=) -
Iyl = sup_1Q5Vgyl (s777)

In particular, since x € sfs/ HT*B(g,., Fu);é) was arbitrary,

gs/4 * € q 1/'7 *
seH(T B(@Ueva);) < (1 - (8HTH) ) T B(@uevFu)Z?'

Taking B = & 4 and &, = (1 — (e/(8|T]|))9)/7 for each e € (0, 2||T||) completes
the proof. 1

COROLLARY 4.8. Let a be an ordinal of uncountable cofinality. Then /% has
the factorization property.

Proof. By Theorem 2.2 and Theorem 1.3, it suffices to show that (.72, %)
isa Xy-pair (1 < p < o). To this end, let (E;; ), and (F; ), be sequences of Banach
spaces and let T € ZB((Ben Em)p, (Bren Fu)p) be such that QgTUr € L%
for all 7, G € N<%. By Proposition 1.5(iii), for each pair (F, G) € N<® x N<*
there is «(F, G) < a such that Sz(QgTUr) = w*79). However, since

cf(@(F, G)) < cf (@) = cf (supSz1/4(QgTUF) ) = w < wi < cf (a),
neN
it must be that a(F, G) < a for each (F, G) € N=® x N<®. Consider the ordinal
o = sup{a(F, G) : F, G € N°®}. We have a/ < a and, since N<® x N<* jg
countable, cf (a’) is countable also, hence a’ < a. As « is of uncountable cofinality,
it is also a limit ordinal, hence &’ + 1 < «. Moreover,

Ve >0 sup{Sz(QgTUr):F, G € N} <o < w1,

and so Proposition 4.2 yields T € %1 C .#%,. We have thus shown that
(ﬂ%, S%) is a Zp-pair, which completes the proof. 1

The following is open:

PROBLEM 4.9. Let a be an ordinal. Are the following equivalent?
(i) « is of uncountable cofinality.
(ii) L% has the factorization property.

With Corollary 4.8 we have already just established the implication (i)=-(ii)
of Problem 4.9. The remainder of this paper is motivated by the search for a proof
of the reverse implication (ii)=(i). Although we do not obtain the full answer, we
obtain some partial results and anticipate that further development of the ideas
presented here may eventually lead to a complete solution. Note that Theorem 1.3
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does not yield any further information on the classification of those ordinals « for
which .#%, has the factorization property since, as noted later in Remark 5.13,
(%, SZy) fails to be a XZ-pair for any 1 < p < oo whenever « is an ordinal of
countable cofinality.

5. COUNTEREXAMPLES TO THE FACTORIZATION PROPERTY

Our goal in this section is to prove the following theorem.

THEOREM 5.1. Let B be an ordinal of countable cofinality. Then 7%, s does not
have the factorization property.

One of the main ingredients in our construction of counterexamples to the
factorization property is the following result concerning the submultiplicity of
the e-Szlenk index of a Banach space, due to G. Lancien.

PROPOSITION 5.2 ([21], p. 212). Let E be a Banach space and ¢, ¢ > 0. Then
Sz (E) < Sz¢(E) - Sz (E).

Some remarks concerning the use of Proposition 5.2 are in order. Suppose
that E is an infinite-dimensional Asplund space and let « denote the unique ordi-
nal satisfying Sz(E) = w". The submultiplicity of the e-Szlenk index seems to be
of use in analysis of E only in the case that the ordinal w* is closed under ordi-
nal multiplication, which is true if and only if « is closed under ordinal addition,
which is true if and only if &« = wP for some ordinal B. Indeed, suppose that « is
not a power of w; then there is v < « such that 7 -2 > «. Let € be so small that
Sz¢(E) > w”. Then for 0 < ¢,¢"” < e we have

Sz (E) < w* < w’? < Sz, (E) - Szgn (E),

so that submultiplicity of the e-Szlenk index of E is essentially trivial in this case.
In particular, in this case the submultiplicity of the e-Szlenk index of E does not
yield any information regarding the growth of Sz.(E) as ¢ goes to zero. By con-
trast, if « = wP for some B, then it is possible to use the submultiplicity of the
e-Szlenk index to obtain a certain growth condition on Sz, (E), and similar growth
conditions on the ¢-Szlenk indices of operators in Op(SZL,) (see Proposition 5.4
below). By constructing an element of .#.Z; that cannot satisfy any such growth
condition, we will show that the containment Op(SzL,) C .#% is proper.

DEFINITION 5.3. Let 8 be an ordinal of countable cofinality. A sequence
(Bn)nen in wP is called a superadditive cofinal sequence for wP if {B, : n € N} is
cofinal in w? and By + Bny < Buytn, forall ny, ny € N (including when ny = ny).

It is easy to see that each ordinal B of countable cofinality admits a super-
additive cofinal sequence for wf. Indeed, for such an ordinal 8 we have that w?
is also of countable cofinality, and so we may choose a sequence (V) men in WP
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such that {y,, : m € N} is cofinal in wP. It is then straightforward to inductively
define a strictly increasing sequence (1, ),cn in N such that (B, = Ym, )nen is a
superadditive cofinal sequence for wP.

For a nonzero ordinal § of countable cofinality, the following proposition es-
tablishes a necessary condition for membership of the operator ideal Op(SZL ),
and will be used in the proof of Theorem 5.1. The proposition asserts that ele-
ments of Op(SZL,s) must possess a certain restricted-growth property defined
in terms of arbitrary superadditive cofinal sequences for w”.

PROPOSITION 5.4. Let B be a nonzero ordinal of countable cofinality. For each
T € Op(SzL, ) and superadditive cofinal sequence for wP, (By)ucn say, there exists
nog € N such that

SZl/zn (T) < w'B”O'"
foralln € N.

Proof. The result if trivial if T = 0, so we assume henceforth that T # 0. Let
D, E and F be Banach spaces and A € #(E, D) and B € #(D, F) operators such
that D € SzL s, T = BA and, without loss of generality, ||B|| < 1. The bound
|IB|| < 1and Lemma 2.5 ensure that

(51) Ve>0 SZE(T) < SZE(A> < SZS/(ZHAH)(D) .

Lets € {1’1 e N: SZl/(ZHAH)(D) < cuﬁ"}, e {Tl eN: SZl/z(D) < wﬁ"} and
set ng = s + t (our assumption that g > 0 guarantees the existence of such s and
t). By Proposition 5.2 and (5.1), for each n € N we have

521 /an1) ) (D) < Sz1/(2)a) (D) - (Sz1/2(D))"

SZl/zn (T) <
< wbBs - b < (oPs+in < wProm

For the remainder of this section, let ¥ = Oor 1 < r < oo be fixed. We
now detail a construction (inspired by Szlenk’s construction in [38] of a family
of Banach spaces whose Szlenk indices are unbounded in w1) that takes a given
operator T and yields an operator T, for each ordinal « in such a way that Tp = T
and T, is obtained via direct sums of predecessors in the construction. For Banach
spaces D and G and an operator S € #(D, G), we write S,; = (@}, S)1 for each
n € Nand S+ = (®HEN S[n])r

CONSTRUCTION 5.5. For Banach spaces E and F and T € #(E, F), define
To = T, Toy1 = (Ta)+ for each ordinal @ and Ty = (D¢, T¢)r whenever a is a
limit ordinal.

With respect to Construction 5.5, note that || T, || = ||T|| for all ordinals «.
Our counterexamples to the factorization property shall be obtained as direct
sums of operators obtained via this construction. For this we shall require some
estimates on the Szlenk and e-Szlenk indices of the operators T, in terms of Sz(T).
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For a noncompact Asplund operator T, let ar denote the unique ordinal
satisfying Sz(T) = w®T. Then we may write a1 = 1 + w®T, where {7 is uniquely
determined by the Cantor normal form of at and 7 = inf{y : ar = 7 + w®T}.
The following result gives the required estimates of Sz(T,) and Sz¢(T,), « € ORD.

PROPOSITION 5.6. Let T be a noncompact Asplund operator.
(i) Suppose € > 0 is so small that Sz¢(T) > w'T. Then Sz¢(Ty) > Wt for every
ordinal .
(ii) Sz(Ty) = Sz(T) for all & < 7.
To prove part (i) of Proposition 5.6, we require the following lemma.
LEMMA 5.7. Let Ey,. .., E, be Banach spaces and Ky C Ef,..., Ky, C E;; w*-
n
compact sets. Consider T] K; as a subset of (@1 E;)] = (D1 E;)co. Then for all

i=1
e>0,ordinals wand 1 < j < n,

n

(52) Kl X X Kj—l X S?(K]) X Kj+1 XX Ky C S?( i—1 KZ)

It follows that for all € > 0 and ordinals «,

(5.3) [Tst(ki) € se™([T, Ko)-
i=1

Proof. We prove (5.2), with (5.3) then following from n applications of (5.2).
Trivially, (5.2) holds for « = 0. We now suppose that f is an ordinal such that (5.2)
holds for « = p, and show that (5.2) then holds for« = g+ 1. Fixj € {1,...,n}.

I B+1 o Bl .
Let (kq,...,kn) € I K; be such that k; € s¢ " (K;) (if sz " (K;) is empty then
i=1

we are done) and let V' 5 (ky,...,k,) be w*-open. Then there are w*-open sets

V; CEf,1<i<nsuchthat (ky,...,ky) € Vi x---xV, CV.For1<I<m<n
m m

we shall write K" = [] K; and W»™ = T](V;NK;). Assuming 1 < j < n (the

i=l i=l
argument for the other two cases being similar), we have

diam(V N SS’B( ?:1 K)) > diam((n?:l V)N (Kl,f—l % S/S(K]) % Kj—l—l,n))
= diam(WI =1 x (V;nsP(Kj)) x withn)
> diam(V; NP (K;)) > e.

It follows that (kq,...,k,) € SEH( 1K), thus (5.2) holds fora = g + 1.
Now suppose that § is a limit ordinal and that (5.2) holds for every a < .
Assuming once again, for notational convenience, that 1 < j < n, we have
K;)) x Kithn

KV sB(Kj) x KT = KVI=1 s () :

= (KM x s¥(K;) x KIThm)

a<p

114
0(<ﬁ SS(
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C ) s(IT k) = sE(IT K-

x<pB

The inductive proof is now complete. 1

REMARK 5.8. The reverse inclusion to (2.1) also holds; this is achieved by
substituting w® in place of « in (5.2) (see the statement of Lemma 2.6).

To prove Proposition 5.6(i), we fix € and proceed via transfinite induction on
«. Part (i) is trivially true for « = 0. So suppose that (i) holds for some & = ; we
show that it then holds for & =  + 1. We have Sz:((Ty)[,) > «w"™*7 - n for all
n € Nby Lemma 5.7, hence

Sz¢(Ty11) = sup Sze((Ty)[,) = sup W7 g = @M+l
neN neN
As Sz¢(T,41) cannot be a limit ordinal, we conclude that Sz, (T,11) > /T t771.
In particular, assertion (i) of Proposition 5.6 passes to successor ordinals.
Now suppose that y is a limit ordinal and that assertion (i) of Proposition 5.6
holds for all &« < 7. Then
Sz¢(Ty) > supSze(Ty) = sup W = @THY,
a<y a<y
hence Sz¢(T,) > w"T™7. This concludes the inductive proof of Proposition 5.6(i).
The proof of assertion (ii) of Proposition 5.6 will take substantially more
effort. We proceed via a sequence of lemmas, giving proofs as necessary. We
must first make a note of some convenient notation. For a set A, a family of
Banach spaces {E) : A € A}, afamily {K, C E} : A € A} of nonempty, absolutely

convex, w*-compact sets satisfying sup |K,| < co,and 1 < q < oo, we define
AEA

By(Ky: A € A):= U [1arKx,

(ar)rea€Byy () AEA

and always consider By(Kj : A € A) as a subset of (@,ca Er)j, where p is pre-
dual to g. Such a set B;(K) : A € A) so defined is bounded and w*-compact.
Indeed, if for each A € Awelet T, : E, — C((K), w*)) denote the opera-
tor that sends x € E, to the w*-continuous map Ky, — K : k — (k, x), then
By(Ky: A € A) = (@rea Ta)pB(@yen cl(ky, wh));-

Our immediate goal is to establish the following lemma.

LEMMA 5.9. Let Eq, ..., E, be Banach spaces, Ky C E7, ..., K, C E}; nonempty,
absolutely convex, w*-compact sets, ¢ > 0, a a nonzero ordinal and 1 < q < oco. If
s (By(Ki : 1 < i < n)) # @, then for every 5 € (0, ¢) there is i < n such that
sy (Ki) # @.

The proof of Lemma 5.9 is similar to that of Lemma 2.5 in [7] (though neither

Lemma 5.9 above or Lemma 2.5 of [7] are strong enough to be used in place of the
other). To prove Lemma 5.9, we require the following three preliminary results;
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the first two sublemmas are proved in Lemma 3.5 and Lemma 3.1 of [7], and the
third we shall prove here.

SUBLEMMA 5.10. Let Eq,...,E, be Banach spaces, Ky C Ej,..., K, C Ej
nonempty, absolutely convex, w*-compact sets, 1 < q < coandl € N. Let L =
"N (l + nl/q)ng. Then
n k
ByKi:1<i<n)C (J TlKl

SUBLEMMA 5.11. Let E be a Banach space, Ky, ...,K, C E* w*-compact sets
and ¢ > 0. Let a be an ordmal and m < w. Then:

(1) s (UL )CUS (Ki)-
n
(ii) If a is a limit ordinal, then s¥ (U?_; K;) C U s&(K;).
i=1
SUBLEMMA 5.12. Let Eq, ..., E; be Banach spaces and Ky C Ej,..., K, C Ej
nonempty w*-compact sets. Let 1 < g < co and a1,.. ,ay = 0 be real numbers such
that Z al < 1. Let p be predual to q and consider H a;K; as a subset of (B, Ei)).-
Then for all € > 0 and ordinals «,
(5.4) s (I T, ak) € U Ha s8I (K)
818 <w, g1++gn=1i=

Proof. We give the proof for the case n = 2, the proof of the general case
being similar. To minimize the use of subscripts, let a = a;, b = a5, K = K; and
L = Kj; our goal is thus to show that for all ordinals « and & > 0:

(5.5) s (aK x bL) C (as¥" (K) x bL) U (aK x bs¥" (L)).

We fix ¢ > 0 and proceed via induction on «. To establish (5.5) fora = 0, letk € K
and [ € L be such that

(ak, bl) € (aK x bL) \ ((ase(K) x bL) U (aK x bsg(L))).

Then there exist w*-open sets U > k and V > [ such that diam(KNU) < ¢ and
diam(L N V) < e. The w*-neighborhood W := all x bV > (ak, bl) satisfies

diam((aK x bL) N W) < ((a - diam(K N U))7 4 (b - diam(L N V)9 < ¢

hence (ak, bl) ¢ s¢(aK x bL), as required.
Suppose that g is an ordinal such that (5.5) holds for « = B. For eachj € N

let m; = Z t. To establish (5.5) for « = 4 1, we first show that forall j € N,
t=

B.m
(5.6) s ™ (aK x bL) Uas“’ﬁ MK x b UM (L)
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For j =1, (5.6) is the induction hypothesis that (5.5) holds for « = B. For j € N
such that (5.6) holds, it follows by Sublemma 5.11 ((i) if § = 0, (ii) if B > 0) that

se " akxbL) CsE U (] ase M (K) x bse TP (L))
j b j+1 b
C s (as” " (K) x bsg” UML) S as™ (K) b 7M1,
h=0 j=0

hence (5.6) holds for all j € N (by induction on j).

B
By (5.6), for each (x, y) € sg"ﬁﬂ({ﬂ( X bL) = N Se m’(al( x bL) we have:
jeN

vm<w Jim)<m xesK), ye s ),

If (i(m))m<ew is unbounded in w then x € asg"ﬁH(K), otherwise (m — i(m))m<ew
is unbounded in w and y € bsg"ﬁ o (L). It follows that (5.5) passes to successor
ordinals.

If B is a limit ordinal and (5.5) holds for all « < S, then a similar argument

to that used above shows that for (x, y) € sg"ﬁ(aK X bL) = (1 s¥"(aK x bL)
x<p

we have either x € asg’ﬁ(K) ory € bs(ﬁ_"ﬁ(L). In particular, (5.5) passes to limit
ordinals. The inductive proof is now complete. &

Proof of Lemma 5.9. Fix 6 € (0, ¢). Let ] > 6n'/9(e — 6)~! be an integer and
letL=N"N(I+ nl/q)Bg:;. By Sublemma 5.10 and the hypothesis of Lemma 5.9,

. k; " .
s¢ (UU(IIHI"L’.’:1 TlKi) D s (By(K;i:1<i<n) 2.

Thus, since L is finite and w® is a limit ordinal, Sublemma 5.11(ii) ensures the
existence of (h;)""_; € L such that

e n hl
(5.7) se ([ Lo 7K) # 2.

Letp = (1+n'/7/1)~1. By (5.7) and the homogeneity of the derivations s’ (where
7 is an ordinal and ¢’ > 0), we have

(58) spe ([T pThiKi) =ps" ([T %KJ # 0.

Thus, since ||((oh;)/1)!,|] o < 1, it follows from (5.8) and Sublemma 5.12 that

there is i <n such that sf‘,": (K;) #@. As pe =6, we have s¢* (K;) 2 sp“’; (Ki))20. 1
We will now prove Proposition 5.6(ii). Let T be a noncompact Asplund

operator, with Sz(T) = w"T (c.f. the paragraph preceding Proposition 5.6). If ar
is a successor ordinal, then w®T = 1, hence (ii) holds in this case since Ty = T.



ASPLUND OPERATORS AND THE SZLENK INDEX 431

Suppose a7 is a limit ordinal. For each ¢ > 0, let B, = inf{B : Sz¢(T) < wf}
and v, = inf{Bs : 0 < § < €} (note that B, and v, exist for all ¢ > 0 since the set
{wP : B < ar} is cofinal in w*7). Our immediate goal is to show the following:

(5.9) Ve>0 Va € ORD Sz(T,) < w" ™t
We proceed by induction on «. For ¢ > 0 we have
Sz:(Tp) < whe < w¥e < w'et0F1,

hence the estimate of (5.9) holds for & = 0 and all € > 0.

Now suppose that 7 is an ordinal such that the estimate of (5.9) holds for
« = 7y and all e > 0; we will show that it then holds for « = v +1and all ¢ > 0. By
the induction hypothesis, for every ¢ > 0 we have Sz(T,) < w"* 71 1t follows
then by Lemma 2.6 that

Ve>0 VneN Sz((T))p) <@’ .
Thus, Lemma 5.9 yields
(5.10) Ve>p >0 VFEN® Sz((, (T))m)r) < w7t
Moreover, (5.10) implies that
Ve>p>0 VFeN<®
(5.11) SZS((@n€;<Tv)[n])r) < SZ(s+p)/2(<@n€f(Tfy)[n])r) < w" L

Let D denote the domain of T, and let K = T, ‘(‘ﬁ;; ;21 (U%K) is
empty for every F € N<* by (5.11) (here Ur denotes the canonical embedding
of the /,-direct sum of the domains of the operators (T,),, n € F, into the /-
direct sum of the domains of the operators (Ty),, n € N). It follows then by an

application of Lemma 4.7 with § = (e + p) /2 and 775 = w" ™77 that
(512) Ve>p>0 Sz(Typq) < WL o (|T|, 6, (e+p)/2, r(r—1)71).

Bp+, so that s

For each & > 0 there exists 7t(¢) € (0, €) such that v () = inf{v, : 0 < p < e}. We
have

5.13 = inf v, = inf inf Br= inf B, =1,
(-13) ) T a0, P pelde) Te%,p)ﬁT Pe%re)ﬁp "

and so from (5.13) and (5.12) (with p = 77(¢)) we have, for every € > 0,
Sz¢(Ty11) < W o(|T||, & (e +7t(e)) /2, r(r —1)71) < @V FUHL

In particular, the estimate of (5.9) passes to successor ordinals for every ¢ > 0.
Let y be a limit ordinal and suppose that the estimate of (5.9) holds for every
a < v and € > 0. By Lemma 5.9 we have

(514) Ve>p>0 VF e~ Sz((P, rTa)r) < Vet maxF)+l vty
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Moreover, (5.14) implies that
Ve>p>0 VFey<®

(5.15) SZS((GBIXG}_ Ta)r) < SZ(HP)/Z((EB“GI Ty)r) < w" ™7,

va +7

Let D denote the domain of T, and let K = T,’;B D+, so thats (+0)/2
for every F € N<* by (5.15) (here Ur denotes the canonical embedding of the
l,-direct sum of the domains of the operators Ty, « € F, into the ¢,-direct sum
of the domains of the operators Ty, & < 7). It follows then by an application of
Lemma 4.7 with § = (¢ 4+ p)/2 and 75 = "7 that

(5.16) Ve>p >0 Sz(T,) <wt7-o(|T|, & (e+p)/2, r(r—1)71).
With 7t(e) € (0, €) as above, taking p = 7(¢) in (5.16) yields
Ve >0 Sz (T,) < ™ - a(||T|, & (e+m(e))/2, r(r—1)71) < w¥et7HL,

This concludes the inductive proof of (5.9).

To complete the proof of Proposition 5.6, we now only need show how part
(ii) follows from (5.9). On the one hand, it is clear from the construction that T,
factors T for each ordinal &, hence Sz(T,) > Sz(T). On the other hand, if & < w®T
then by (5.9) and the fact that v + w®T < wp whenever v < ar,

(U%K) is empty

Sz(Ty) = sup Sze(Ty) < sup w” ™1 < sup Vet <W'T =Sz(T).
e>0 e>0 e>0
REMARK 5.13. It is now easy to determine precisely the Szlenk index of the
operators T, in terms of « and at. Indeed, if T is a noncompact Asplund operator
and « an ordinal, then the Szlenk index of T, is given by the equation

w“T lf o < wéT,
(5.17) Sz(Ty) = {waT+(wCT+a)+1 ifa > Wb,

where —w¢T + & denotes the unique ordinal order isomorphic to a \ w®T. To prove
(5.17), one proceeds via transfinite induction, making use of the following fact:
for a set A, a family of Asplund operators {S, : A € A} with sup||S,|| < oo,
A€A
B an ordinal such that supSz(Sy) < wPand p = 0Oor1 < p < oo, we have
A€A

Sz((Baea Sa)p) < wPTL. This fact follows easily from Proposition 4.2, also from
the results of [7]. Similar arguments show that if Construction 5.5 is applied to a
nonzero compact operator T, then for all & > 0 the Szlenk index of T, is w(Fra)+1
where —1 + a denotes the unique ordinal order isomorphic to « \ 1. Moreover, in
this case if « > 0 is of countable cofinality and («,), is a non-decreasing cofinal
sequence in g, it follows from the properties of Construction 5.5 discussed above
that (B} Ta, )1 € 2, for all n and (P,en(DBiLg Ta,)1)p €S2 (1 < p < o).
In particular, if a is of countable cofinality, then (.72, .#%;) is not a Xy-pair.

We require the following result from Proposition 2.18 of [7]:
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PROPOSITION 5.14. Let a be an ordinal of countable cofinality. Then there exists
an operator of Szlenk index w®.

At last, we are ready to prove Theorem 5.1. For simplicity we shall assume
B > 0, but note that proof in the case of f = 0 is achieved by similar arguments
to those used here. In fact, a different proof altogether for the case § = 0 will
be presented in Section 6, so there is no real loss for us in assuming 8 nonzero.
Moreover, there is a saving: we need not establish an analogue of Proposition 5.4
for the case p = 0 (though it is not difficult to do so).

Let B be a nonzero ordinal of countable cofinality and fix a superadditive
cofinal sequence for wP, which we denote (B),cn. Since the necessary condi-
tion for membership of Op(SzLs) imposed by Proposition 5.4 holds for an ar-
bitrary superadditive cofinal sequence for wP, it suffices to construct an element
of SZL s that fails this necessary condition for our fixed superadditive cofinal se-
quence (By)yen- To this end, let R be an operator such that Sz(R) = w®’ (Propo-
sition 5.14) and note that Sz(m~'R) = w*’ for all m € N. For each m € N let
s(m) € Nbe so large that Sz /s (m~'R) > w® =1, and let W,, = (m’lR)ﬂS(m)2
(thatis, Wiy, is the B> th operator obtained in the application of Construction 5.5
with initial operator m 1 R). Finally, set W = (@,,cy Wi )o. To prove the theorem,
we will show that W € .72 s \ Op(SZL ).

For each m € N, let E;;; and F,, denote the domain and codomain of W,
respectively, so that W € Z((Dmen Em)o, (Bmen Fn)o)- Since B2 < wP for
every m € N, it follows by Proposition 5.6(ii) that Wy, € #Z, s for all m. For each
m € N, let Zy == Vi, myQq1,..mW € FZ,5((Dmen Em)o, (Dmen Fm)o) (here
{1,...,m} is considered a subset of the underlying index set of (B,,cn Fn)o, and
Vi,.,my and Qg are as defined in Section 1). Since

W = Zpu|| = sup | Wg|| = (m+1)"!|[R|| = 0
k>m

and .7Z s is closed, it must be that W € .7Z ;.
On the other hand, by Proposition 5.6(i) we have that for each m € N,

SZl/Zs(m) (W) 2 SZl/Zs(m) (Wm) = SZl/zs(m) ((milR)‘B 2) > CU'BS("Z)Z .

s(m)

Moreover, since ||m~!R|| — 0, it follows that {s(m) : m € N} is unbounded in N.
Thus, for any ny € N there is m € N such that s(m) > np, and for such m we have

SZ]/zs(m) (W) > wﬁS(rn)z > w‘B”O'S(”’) )

In particular, W ¢ Op(SZzL_s) by Proposition 5.4. The proof of Theorem 5.1 is
complete.

We now return to our earlier discussion regarding a universal function ¢
of B. Bossard (c.f. the paragraph following the statement of Theorem 4.1). The
proof of Theorem 5.1 begins with an appeal to Proposition 5.14 for the existence
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of an operator R having Szlenk index W’ If B < wi, then the construction
of the operator R provided by the proof of Proposition 2.18 in [7] (see Proposi-
tion 5.14 above) may be effected with the additional property that the domain
and codomain of R are both norm separable. Under this additional assumption,
the domain and codomain of the operator W constructed in the proof of Theo-
rem 5.1 above are also both norm separable. Moreover, we have Sz(W) = w’
and W ¢ Op(SzL_s), hence (p(w“’ﬁ) > w*’. Thus ¢ necessarily exceeds the

identity mapping of w; at every point of the uncountable set {w“’ﬁ (B <wr}.

6. A CLASS OF SPACE IDEALS ASSOCIATED WITH THE SZLENK INDEX

In this section we consider a family of space ideals indexed by the class
of ordinals. In particular, we shall consider the following classes, where « is an
ordinal:

PzL) := {E€BaN:3ce (0,1)Ip = 1Ve € (0, 1), s (Bg+) C (1 — ce”)Bg+}
and
PzL, := {E € BAN : E is linearly isomorphic to some F € PzL)}.

The motivation for studying these classes is the following proposition, to be
proved at the end of the current section.

PROPOSITION 6.1. Let a be an ordinal. Then at most one of the following two
statements holds:
(1) SZL4y1 = PZL,.
(if) SZ4+1 has the factorization property.

Thus, with an interest in solving Problem 4.9, we are prompted to ask:
QUESTION 6.2. Let a be an ordinal. Is PzL, = SzL,1?

For each ordinal «, the inclusion PzZL, C SZL,,; is attained via an appli-
cation of Proposition 4.3 with § = a +1, B = w" and §; = 1 — ce” (see also
Proposition 2.2 of [13]). The decision to consider the classes PZL, is not arbitrary,
for Question 6.2 is known to have an affirmative answer in the case & = 0, a result
due to M. Raja [30]. We thus obtain from Proposition 6.1 a proof that .27 lacks
the factorization property (Theorem 5.1 with B = 0). We note that prior to Raja’s
work [30], it had been shown by H. Knaust, E. Odell and Th. Schlumprecht [18]
that every separable space in SZL; belongs to PZLy.

The first result to be proved in this section is the following.

PROPOSITION 6.3. PZL, is a space ideal for each ordinal a.
To prove Proposition 6.3, it suffices to establish the following two facts:

(I) Let E € PzLY and let F be a closed linear subspace of E. Then F € PzL).
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(I) Let E, F € PzLY. Then E ®w F € PzLY.
The proof of (I) is straightforward. Indeed, let i : F < E denote the isomet-
ric linear inclusion operator and let ¢’ € (0, 1) and p’ > 1 be scalars such that
s (Bg+) C (1 — c'e”")Bg« for all ¢ > 0. By Lemma 2.5, for every £ > 0 we have

/

(61) s (i"Bee) Ci* (st (Be)) C i ((1- %SP’)BE*) = (1- ZC—;,SPI)BP* .

As 5" (Bp+) = s¢" (i* B+ ), it follows from (6.1) that F satisfies the defining prop-
erty of PzL) withc = ¢//27 and p = p/.
The proof of (II) is somewhat more involved. Let ¢’ € (0, 1) and p’ > 1 be
such that s¢“(Bg+) C (1 — c’e” )Bg« and s¢" (Bp+) C (1 — c’e” )Bp+ for all e > 0.
We introduce the following notation: fore > 0 and a € [0, 1] C R, define
A? = {(bl, bz) € [0, 1] X [O, 1] saby + (1 — Ll)bz > 8}.
We henceforth adhere to the following notational convention: for a w*-compact

set K and ordinal &, we write s§(K) = K. As the final step in our preparation to
prove (II), we state a couple of lemmas:

LEMMA 6.4. Let E be a Banach space, K1, ..., K, C E* w*-compact sets, ¢ > 0
n
and o an ordinal. Then s¢ (Ui, K;) € U sg/,(K;).
i=1

LEMMA 6.5. Let E and F be Banach spaces, a € [0,1] C R, ¢ > 0 and a an
ordinal. Consider aBg+ X (1 — a)Bp« as a subset of (E @ F)* and let 6 € (0, €). Then

s¢"(aBgs x 1—a)Bp) € | as‘gia(BE*) x (1 — ﬂ)SZ);(BF*).
(blrbZ)EAg/z
The proof of Lemma 6.4 is a straightforward transfinite induction (see, for
example, Lemma 3.1 of [7]). Lemma 6.5 follows immediately from Lemma 3.3
of [7].
Continuing towards a proof of (II), we consider the following situation: let
I € N and suppose that a1, ap € R are such that a; +a; < 1. Fori = 1, 2 let
I; denote the unique integer satisfying [; — 1 < la; < [, so that a; < I;/1. Then
li +1p—2 < I(ag +ap) <1, hence l; + I, < I+ 1. By these considerations, and
by Lemma 6.4, Lemma 6.5 and the fact that /9 < el/(4] +4) for all | € N, the
following holds for every & > 0:

[14

S¢ (B(EowF)*)
— sg""(UaE[O/” aBg- x (1 —a)Bg+)

<N sg’“< 52) (?BE* x ﬁm*))
leN

I+1
« 'k I+1—-k
< N Us(78e x ——8r)
leN k=0
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I+1

o l+1 « k l—|—1—k
lQ\TkUO " 2’*2><l+13‘g* T Br-)
l+1 b+l k I+1—k .
<= U (s Be) x =i (Be)
leN k=0 (bllbz)eAlg//éHl)
I+1 , - /
“NU U (0= < Sgra=cee)
IeN k=0 (bl,bz)eAZg(’“) +
ﬂl+1l+l U (1 C( bp l+1_kbp/))B( |
B E@eF)*
leN k=0 (p, 1 )eAZng) I+171 I+1 2
1+1’+1 k I+1—k \V
<N U (1_Cl<l+1b1+ I+1 bz) )B(E@wp)*
leN K=0 (4, by) e 4H/(1D
I+1 eV - c y
ﬂNl( (§> )B(E%P)* = (1 - (y)s )B(E@wp)*'

Thus E @, F satisfies the defining property of PzL) with ¢ = ¢//97 and p = p'.
This concludes the proof of (II), and it follows that PZL, is a space ideal for each
ordinal @. 1

We now establish several preliminary results which shall be used to show
that Op(PzL,) is never closed. In what follows, we adhere to the usual con-
vention of denoting by [a] the least integer greater than or equal to a given real
number 4.

PROPOSITION 6.6. Let a be an ordinal, E and F Banach spaces and T : E — F
an operator. If T € Op(PZLy), then there exist real scalars ¢ € (0,1),d > 0and p > 1
such that

n+d W

R e

for everyn € N.

Proof. The result is trivial if T = 0, so we assume henceforth that T # 0. As

T € Op(PzL,), there is a Banach space D € PzL0 and operators A € %(E, D)

and B € #(D, F) such that T = BA, ||A]| > 1 and ||B|| < 1. By Lemma 2.5, the
bound ||B|| < 1 ensures that Sz¢(T) < Sze(A) < Sz, 4(D) for every e > 0.

Let ¢’ € (0, 1) and p > 1 be such that s" (Bp«) C (1 — c'e?)Bp- for every

€(0,1),letc =c'(2||Al|) 7 and letd = 2+10g2 I|A||. For each e € (0, 1) define

ler=inf{l <w : Sz, )y o) (D)<w" - 1} and  me:=inf{m <w : 4[| Al[(1—ce”)"<e}.
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Fixe € (0, 1). By the argument used in the proof of Proposition 4.3, for each
m < w we have

w®-m ) L Py _ _ ep\m
st/dian (Bo) € (1€ (577) ) Boe = (1= ce?)"Bp-.

In particular,

Seratal) (Bow) € s (Bor) € seyaay (1= ce?) " Bpr)

€
S Se/(2))Al) (4HA|| BD*) =9,

hence I, < mg +1. As1— ce? € (0, 1), the definition of the logarithm yields

1 —1 —1 1 —d
e = [logl_“’(mﬂ - { e log(;g(izl_ ce;))gz HAH—‘ - {lo;zg(zle_ cgp)—"

It follows now that for each n € N we have

log, 27" —d n+d “
) 7

n < —_— = -_———
<1+ [logz(l - cz—nri)w { log,(1 — 2=

hence
" N n+d
Sz12n(T) < Sz1(2ni1)4)) (D) < @0 - yyon < 0™ [1 - log2(1——c2*”P)—" '
PROPOSITION 6.7. Let a be an ordinal, A a set and for each A € Alet D) € SZL,.
Then (B pen Di)o € PzLY.

Proof. Fix e > 0 and suppose x € sg’“(B(EBAgA DA)S)' By Proposition 1.5(v),
sg’“(U}B(@AeADA)S) = Sgﬂ(B(EBAefDA)S) = @ for every F € A<®. Applying
Lemma 4.4 thus yields ||Uzx|| <1 —¢/2 for every F € A<, hence

€
Il = sup e <1-3.
FeA<®
Asx € sfg’“(B(@AeA D,);) Was arbitrary, sg"“(B(@AeA py;) € (1—€/2)Bg,_ Dy
In particular, (5,24 D)o satisfies the defining property of PzL) with ¢ = 1/2
andp=1. 1

PROPOSITION 6.8. For w an ordinal, the class PZLy \ SZL, is nonempty.

Proof. Let T = I, the identity operator on cy. For each ordinal «, let T, be
the ath operator given by Construction 5.5 with r = 0, and let E, denote the Ba-
nach space that is the domain and codomain of Ty (so that Ty is the identity oper-
ator on E,). With 7 = 0 and {1 = 0 in the notation introduced in the paragraph
preceding Proposition 5.6 (since Sz(cyp) = w), it follows from Proposition 5.6(i)
that there is ¢ > 0 such that Sz(E,) = Sz(Ty) > Sz¢(T,) > w* for all ordinals a.
We thus have E, ¢ SZL, for all #, and so to complete the proof it suffices to show
that E, € PZL, for all a. In this endeavour, we proceed by transfinite induction
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and recall from the paragraph following Question 6.2 that PzL, C S5zL, for all
ordinals «.

For « = 0, we have Ey = ¢y € PZL, by an application of Proposition 6.7
with A =Nand D) =K forall A € A.

Suppose that « is an ordinal such that Eg € PZLg for all < a. If ais
a successor ordinal, say a = { + 1, then since PzL; C SZL;, it follows by
Proposition 1.5(v) that (], Eg)l € SZLg 1 for all n € N. By Proposition 6.7,
Ex = (Buen(®L1E7)1)o € PZL;y1 = PZLy, as required. If a is a limit or-
dinal, then for each § < & we have Eg € PzZLg C SZLgy1 C SZLy, hence
Ev = (@p<a Ep)o € PZLy by Proposition 6.7. This completes the induction. 1

THEOREM 6.9. For a an ordinal, the operator ideal Op(PZL,) is not closed.

Proof. Our proof relies on ideas similar to those used to prove Theorem 5.1.
Let D € PzZL, \ SZL, (c.f. Proposition 6.8) and let I denote the identity operator
of D. As PZL, is a space ideal, (", D), € PZL, forallm € N.

For eachm € N, let s(m) € N be so large that Sz, ;) (m11) > w*, let

—s(m)? W

Hm) = [logz(l — 2-s(m)?)

and let J,, = m’l(EBf(:";) I); € Op(PzL,). Finally, we set | = (@ en Jm)o- To
prove the theorem, we will show that ] € Op(PzL,) \ Op(PzL,).

For each m € Nlet H, = (@f(:";) D)1, so that ] € B((B,,ey Hm)o). For
each m, let Ly = Vi1, Qqu,.,.my] € Op(PZLy) (here {1,...,m} is considered
a subset of the underlying index set of (®,,eny Hm)o, and Vg, and Qg

are as defined in Section 1). Then ||L,, — J|| = sup ||Jx|| = (m +1)~1 2 0, hence
k>m

] € Op(PzLy).
On the other hand, by Lemma 5.7 we have that for each m € N,
| —s(m)? ].
log, (1 — 2-5(m)?)

Sy jostm) (J) 2 Sy jpstm) (Jm) > w® - t(m) = w
Moreover, since ||[m~I|| — 0, it follows that {s(m) : m € N} is unbounded in N.
Thus, forany c € (0, 1), d > 0 and p > 1 there is m € N such that

—s(m)? s(m) +d
[Ing(l — 2-s<m>2ﬂ > [1 B log, (1 — CIS(M)p)W ’

and for such m we have

SZl/zs(m) (]) > CL)“ . ’71

B s(m) +d "
log,(1— 2 077)

We have now shown that ] does not satisfy the conclusion of Proposition 6.6,
hence | ¢ Op(PzL,). 1
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REMARK 6.10. Earlier in this section it was mentioned that recent work
of M. Raja [30], which removed the separability hypothesis from earlier work
of H. Knaust, E. Odell and Th. Schlumprecht [18], leads to a different proof of
the fact that %] lacks the factorization property. However, it is not difficult
to see that the greater generality of Raja’s result is in fact not needed to estab-
lish the alternative proof. To see why this is so, let SEP denote the space ideal
consisting of all separable Banach spaces. Taking D = cg in the proof of The-
orem 6.9, one obtains an operator | such that the domain of | is separable and
J € Z2 \ Op(PzLy). If it were the case that ] € Op(SzL,), then it would fol-
low from the separability of the domain of | and the main result of [18] that
J € Op(SzL; NSEP) = Op(PzLy N SEP) C Op(PzLy), a contradiction. Thus
J ¢ Op(SzLy), hence SzL; lacks the factorization property.

We conclude our results with the following proof, promised at the begin-
ning of the section.

Proof of Proposition 6.1. Trivially, Op(PzLy) C Op(SzLy11) € .#Z,+1. Note
that statement (i) of the proposition implies Op(PzL,) = Op(SZL,+1), whilst
statement (ii) of the proposition implies Op(SzZLyy1) = SZ411. As SZ, 1 is
closed and Op(PzL,) is not, the inclusion Op(PZzL,) C ., 11 is strict, hence (i)
and (ii) cannot both hold. 1

7. CONCLUDING REMARKS

We have shown that the operator ideals .7Z; fail to have the factorization
property for a large (indeed, proper) class of ordinals . However, we have not
addressed here the possibility of the operator ideals %, possessing some sort
of approximate factorization property. Noting that .”Z; is closed, injective and
surjective for every «, it is worth considering whether there is some composi-
tion of the closed, injective and surjective hull procedures that yields SzL, from
Op(SzL,) for every ordinal a. We give some possible examples of such composi-
tions via the open questions below:

QUESTION 7.1. Let a be an ordinal. Is .¥/%;, = Op(SzL,)?

QUESTION 7.2. Let « be an ordinal. Is .#/%; = (Op(SZL,X)mj)S“r?

Note that the injective and surjective hull procedures commute; that is,
(Fin)ysur = (gsun)inj for every operator ideal .# (c.f. Proposition 4.7.20 of [29]).
Evidently, Corollary 4.8 ensures that the answer to Question 7.1 and Question 7.2
is yes in both cases when « is of uncountable cofinality. We do not know if the
counterexample constructed in the proof of Theorem 5.1 provides a counterexam-
ple to either of the two questions above. It is well-known that in the case « = 0,
the answer to Question 7.1 is no and the answer to Question 7.2 is yes. Indeed, in
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this case ., is precisely the class of compact operators, whilst Op(SzL,) is the
class .# of finite rank operators; it is well-known that e Z" = _¢. However,
nothing appears to be known for Question 7.1 and Question 7.2 in the case that
0<cf(a) <w.

Besides answering Question 6.2 in the affirmative, one could possibly show
that the operator ideals .#Z} 11 (x € ORD) lack the factorization property by fol-
lowing a line of inquiry such as the following. Let « be an ordinal and E € SZL,1.
For each ¢ > 0, let m; = inf{m < w : Sz(E) < w® - m} (note that m, exists for
every ¢). We ask: What special properties do the numbers m, have? Are they
submultiplicative with respect to £? Do they satisfy some other general property
that ensures that the growth of the e-Szlenk indices of elements of Op(SZL,1)
is restricted in some useful way? The straightforward homogeneity argument
used by Lancien in [21] to establish the submultiplicity of the e-Szlenk indices of
a given Banach space does not seem to be sufficient for a useful analysis of growth
properties of the numbers 1., so a more subtle argument is likely to be required
if this direction of inquiry is to prove fruitful.

More generally, to investigate whether ..Z; has the factorization property
for a an ordinal of countable cofinality, and not of the form w? for any B, one
possibility would be to consider growth properties of a family of ordinals a,
e > 0, or perhaps of a (finite or infinite) sequence of ordinals (g, ),, defined in
terms of the derivations s! and depending in some way on the Cantor normal
form of «. It would also be interesting to know whether such growth conditions
are sufficient for factorization through a Banach space whose Szlenk index does
not exceed w*.

Acknowledgements. The author acknowledges the support of an ANU Ph.D. Scholar-
ship and thanks his doctoral advisor Dr. Rick Loy and the anonymous referee for many
valuable suggestions that have improved the presentation of the results. The author is
grateful to Dr. Matias Raja for making available a preprint of [30].

REFERENCES

[1] E. ALBIAC, N. KALTON, Topics in Banach Space Theory, Grad. Texts Math., vol. 233,
Springer, New York 2006.

[2] D. ALSPACH, Quotients of C[0, 1] with separable dual, Israel J. Math. 29(1978), 361-
384.

[3] D. ALSPACH, Operators on C(w®) which do not preserve C(w"), Fund. Math.
153(1997), 81-98.

[4] F. BAUDIER, N. KALTON, G. LANCIEN, A new metric invariant for Banach spaces,
Studia Math. 199(2010), 73-94.

[5] B. BOSSARD, An ordinal version of some applications of the classical interpolation
theorem, Fund. Math. 152(1997), 55-74.



ASPLUND OPERATORS AND THE SZLENK INDEX 441

[6] J. BOURGAIN, The Szlenk index and operators on C(K)-spaces, Bull. Soc. Math. Belg.
Sér. B 31(1979), 87-117.

[7] P. BROOKER, Direct sums and the Szlenk index, J. Funct. Anal. 260(2011), 2222-2246.

[8] W. DAvis, T. FIGIEL, W. JOHNSON, A. PELCZYNSKI, Factoring weakly compact op-
erators, J. Funct. Anal. 17(1974), 311-327.

[9] R. DEVILLE, G. GODEFROY, V. ZIZLER, Smoothness and Renormings in Banach Spaces,
Pitman Monographs Surveys Pure Appl. Math., vol. 64, Longman Sci. Tech., Harlow
1993.

[10] T. DOMINGUEZ BENAVIDES, The Szlenk index and the fixed point property under
renorming, Fixed Point Theory Appl. (2010), Art. ID 268270.

[11] R. ENGELKING, General Topology, Sigma Ser. Pure Math., vol. 6, second edition, Hel-
dermann Verlag, Berlin 1989.

[12] I. GASPARIS, Operators on C(K) spaces preserving copies of Schreier spaces, Trans.
Amer. Math. Soc. 357(2005), 1-30.

[13] P. HAJEK, G. LANCIEN, Various slicing indices on Banach spaces, Mediterr. |. Math.
4(2007), 179-190.

[14] P. HAJEK, G. LANCIEN, V. MONTESINOS, Universality of Asplund spaces, Proc. Amer.
Math. Soc. 135(2007), 2031-2035.

[15] S. HEINRICH, Closed operator ideals and interpolation, J. Funct. Anal. 35(1980), 397—
411.

[16] H. JARCHOW, On weakly compact operators on C*-algebras, Math. Ann. 273(1986),
341-343.

[17] W. JOHNSON, Factoring compact operators, Israel |. Math. 9(1971), 337-345.

[18] H. KNAUST, E. ODELL, T. SCHLUMPRECHT, On asymptotic structure, the Szlenk in-
dex and UKK properties in Banach spaces, Positivity 3(1999), 173-199.

[19] G. LANCIEN, Dentability indices and locally uniformly convex renormings, Rocky
Mountain . Math. 23(1993), 635-647.

[20] G. LANCIEN, On the Szlenk index and the weak*-dentability index, Quart. ]. Math.
Oxford Ser. (2) 47(1996), 59-71 .

[21] G. LANCIEN, A survey on the Szlenk index and some of its applications, RACSAM
Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. 100(2006), 209-235.

[22] R. MEGGINSON, An Introduction to Banach Space Theory, Graduate Texts in Math.,
vol. 183, Springer-Verlag, New York 1998.

[23] E. ODELL, Ordinal indices in Banach spaces, Extracta Math. 19(2004), 93-125.

[24] E. ODELL, T. SCHLUMPRECHT, A. ZSAK, Banach spaces of bounded Szlenk index,
Studia Math. 183(2007), 63-97.

[25] A. PELCZYNSKI, On the isomorphism of the spaces m and M, Bull. Acad. Polon. Sci.
Sér. Sci. Math. Astr. Phys. 6(1958), 695-696.

[26] A.PELCZYNSKI, On strictly singular and strictly cosingular operators. II. Strictly sin-
gular and strictly cosingular operators in L(v)-spaces, Bull. Acad. Polon. Sci. Sér. Sci.
Math. Astronom. Phys. 13(1965), 37-41.



442 PHILIP A.H. BROOKER

[27] A. PELCZYNSKI, On C(S)-subspaces of separable Banach spaces, Studia Math.
31(1968), 513-522.

[28] A.PELCZYNSKI, Universal bases, Studia Math. 32(1969), 247-268.

[29] A. PIETSCH, Operator Ideals, North-Holland Math. Library, vol. 20, North-Holland
Publ., Amsterdam 1980.

[30] M. RAJA, On weak® uniformly Kadec—Klee renormings, Bull. Lond. Math. Soc.
42(2010), 221-228.

[31] O. REINOV, RN-sets in Banach spaces, Funktsional. Anal. i Prilozhen. 12(1978), 80-81.

[32] H. ROSENTHAL, On injective Banach spaces and the spaces L® () for finite measure
W, Acta Math. 124(1970), 205-248.

[33] H. ROSENTHAL, On relatively disjoint families of measures, with some applications
to Banach space theory, Studia Math. 37(1970), 13-36.

[34] H. ROSENTHAL, On factors of C([0, 1]) with non-separable dual, Israel J. Math.
13(1972), 361-378.

[35] H. ROSENTHAL, The Banach spaces C(K), in Handbook of the Geometry of Banach Spaces,
Vol. 2, North-Holland, Amsterdam 2003, pp. 1547-1602.

[36] A. SERSOURI, Lavrientiev index for Banach spaces, C. R. Acad. Sci. Paris Sér. I Math.
309(1989), 95-99.

[37] C. STEGALL, The Radon-Nikodym property in conjugate Banach spaces. II, Trans.
Amer. Math. Soc. 264(1981), 507-519.

[38] W. SZLENK, The non-existence of a separable reflexive Banach space universal for all
separable reflexive Banach spaces, Studia Math. 30(1968), 53-61.

PHILIP A.H. BROOKER, MATHEMATICAL SCIENCES INSTITUTE, AUSTRALIAN
NATIONAL UNIVERSITY, CANBERRA ACT 0200, AUSTRALIA
E-mail address: philip.a.h.brooker@gmail.com

Received April 1, 2010; revised April 28, 2010 and September 15, 2010.



