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ABSTRACT. Y. Katznelson and L. Tzafriri proved that if T is a power-bounded
operator and f is an analytic function, in the Wiener algebra, of spectral syn-
thesis with respect to its peripheral spectrum then nlgrgo IT"f(T)|| = 0. Here

f(T) is given by the usual functional calculus associated with T. The analo-
gous version for bounded Cyp-semigroups of operators was obtained by J. Es-
terle, E. Strouse and F. Zouakia and independently by Q.P. Vii. We extend this
result to a-times integrated semigroups. The proof is based on an analysis of
homomorphisms from convolution Banach algebras of Sobolev type.
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INTRODUCTION

Let 2 be a regular Banach algebra. An element a4 of 2 is said to be of spectral
synthesis with respect to a closed subset F of the character space of 2 if there exists
a sequence (by,) in A such that the Gelfand transform b, vanishes in a neighbour-
hood of F for each n, and

lim |la —by|| =0;
n—oo
see [12]], [15]. Let A(T) be the convolution Wiener algebra formed by all contin-

o0 .
uous periodic functions f(t) = Y ane™, t € [~ 7], such that || f|| 41y :=
n=—o0
[e9)

Y |an|] < oo, endowed with the norm || - || o). This algebra is regular. Let

n=—co
A (T) be the convolution closed subalgebra of A(T) formed by the functions f
with a, = 0 for all n < 0. Let B(X) denote the Banach algebra of bounded op-
erators on a given Banach space X. Assume that T € B(X) is a power bounded
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operator, that is, it satisfies sup || T"|| < co. Clearly, the operator sum
n=0

0
T):=)Y a,T"
n=0

is well defined for every f € A, (T). Let 0(T) denote the spectrum of T. In [13],
Katznelson and Tzafriri proved that if f € A, (T) is of spectral synthesis in A(T)
with respect to o(T) N'T then

: n —
lim [T £(T)] = 0.

The continuous version of this theorem for bounded Cyp-semigroups is as
follows. Recall that the convolution algebra L! (R) is a regular Banach algebra.

THEOREM 0.1 ([8]], Théoreme 3.4 and [19], Theorem 3.2). Let A be the infini-
tesimal generator of a bounded Co-semigroup (T (t))i>o on X. Let o(A) denote the spec-
trum of A. If f € LY(R™) is of spectral synthesis in L'(R) with respect to ic(A) NR
then

tim | T()0(f) = 0,
where 1r9: L' (RY) — B(X) is the bounded Banach algebra homomorphism defined by

f)x —/f Hxdt, (x€X, feLY(RT)).

We extend here Theorem-to the setting of a-times integrated semigroups.
Recall that, for every & > 0, an a-times integrated semigroup on X is a family
(Ta(t))e>0 in B(X) satisfying:

(a) Tw (0 ) 0.

s s
(b) Ta(t (f f) (t+s— 1) 1 Ty(r)(dr/T()), st > 0.
()t T,X( )x € X is continuous for every x € X.

Such a notion arises in relation with the Abstract Cauchy Problem associ-
ated with the operator A:

u'(t) = Au(t) t>0,
u(0) = x x € D(A).
Namely, in many important cases A turns out to be the generator of an integrated

semigroup of exponential type; that is, there exists a family T, as above and such
that || T, (¢)|] < Ce“! (+ > 0), for some constants C,w > 0, for which (see [3]):

(A—A)Tx = /\“/e’AtTa(t)x dt (RA>w, x € X).
0
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There are certain convolution Banach algebras of Sobolev type, which are
defined by fractional derivation and are well-suited for the study of integrated
semigroups: Let CZ°[0,c0) be the space of functions gx(g ) Where g is any C*
function of compact support in R. For « > 0 and a function f € C[0, %) we put
W f to refer to the Weyl derivative of order a (whose definition will be recalled
in Section |1|below). Then we define the Banach space T+('X) (t*) as the completion
of C[0, o0) in the norm given by

wl(f) = [IWE O] dt, f e C2l0,e).

0

Endowed with the usual convolution product on R*,
feg) = [ flx—v)gW) dy (ae.x>0f,ge T (),
0

and the above norm, the space T_&a) (t*) is a Banach algebra. Similarly, we intro-
duce the convolution Banach algebra 7@ (|¢|*) as the completion of C¥(R) with
respect to the norm (which in the sequel will be denoted by vy)

Ve (h) = / IWER(E)| |E*dt, e C2(R).

Here W* is a suitable fractional derivation operator defined on all of R (see def-
inition in Section . One has that 7@ (|¢|%) is a regular Banach algebra and that
Tf‘) (t*) is a closed subalgebra of 7 (¥ (|t|*). All the above properties are proved
in [9]. Some additional structure of fo)(t“) and 7@ ([t|*) as Banach algebras
has been recently studied in [11]], [10]. The link existing between the above alge-

bras and integrated semigroups relies upon the following fact. Let us assume that
(Ta(t))>0 is an a-times integrated semigroup of homogeneous growth t%, that is,

such that sup t || Ty (t)||<oo. Then the mapping 7, : 7;(“) (t*)—B(X) defined by
>0

0.1) e(f)x == /wif(t) Tu(Hxdt, xeX, feT®u),
0

is a bounded Banach algebra homomorphism [17]. (The fractional algebras
Ti“)(t"‘) extend the corresponding Banach algebras introduced in [2] for inte-
ger «).
Recall that a Cy-semigroup (T (t))¢>o in B(X) satisfies in particular
lim T(t)x =x (x € X).

t—0+
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Analogously, we define here a Cy-integrated semigroup on X as an a-times inte-
grated semigroup (T, (t));=0 which, in addition to the former properties (a)-(c),
satisfies

(d) tlir(§1+ Fa+1)t*Ty(tH)x =x (x € X).

The main result of the present paper is the following extension of Theo-

rem [0.T]

THEOREM 0.2. For a > 0, let (Ty(t))s=0 C B(X) be a Cy-integrated semigroup
with generator A such that

sup £ || Ta(t)[| < co.
t>0

Suppose that f € Tﬁ“)(t“) is of spectral synthesis in T (®) (|t|*) with respect to ic(A) N
R. Then

lim £ Tu(t) 7a(£)]] = 0.

To prove the above theorem, we carry through a detailed analysis of the
homomorphism 7, along the same lines as it is done for the homomorphism 7y
in the case of Cyp-semigroups considered in [8]. The procedure followed in the
present paper has to deal with a number of new and fairly non-trivial techni-
calities with respect to the proof given in [§]. The stuff needed is organized in
sections as follows.

In Section [1} we present definitions, basic properties and some technical

results about the algebras Tia)(t”‘) and 7@ (|t|%), as well as the Riesz kernels
associated with them. These kernels play a key role in the paper. In Section
we collect results about the relationships between duality and convolution in the
above algebras of Sobolev type. Section [3| contains a couple of results involv-

ing extensions of Laplace transforms of functionals (of the algebras 7'_5“) (t*) and
T (|¢|*)) through open subsets of the imaginary axis. The analysis of bounded

homomorphisms of Tf‘) (t*) is carried out in Section |4} First, we establish some
formulae for Laplace transforms, of functionals associated to such bounded ho-
momorphisms, which are natural extensions of those given in Section 2 of [8]].
Then we give the main result of the section, Theorem which relates homo-

morphisms of T_&a) (t*) to functions of spectral synthesis, Finally, the results of
previous sections are translated in terms of integrated semigroups to prove the
main theorem of the paper, Theorem[0.2] in Section

There is also an Appendix, written as Section [} where some remarks about
the stability of integrated semigroups are pointed out. It is worth mentioning
that, in the conditions of Theorem an integrated semigroup is ergodic pro-
vided ¢(A) NiR = @ (Proposition[6.3).
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1. CONVOLUTION SOBOLEV ALGEBRAS

Fora > 0and f € C|0,c0), the Weyl fractional integral of f of order a on
R* = (0, 0) is defined by

1 [ee]
(1.1) v s—t)"1f(s)ds (t=0),
T

F(zx

and then the Weyl fractional derivative of f on R is defined as

WEF(E) = (-1 SSWE R (> 0),

where 1 := [a] + 1 and [«] is the integer part of a.

The operator W * : C[0,00) — C°[0,00) defined by is one-to-one
(and continuous for the usual topology of C[0,00)) and then the fractional de-
rivative W} can be seen as the inverse operator of W, *. These operators satisfy
the group law W, L = Wi Wﬁ for any a, 8 € R where WY is defined to be the
identity operator.

We define 71(“) (t*) as the completion of CZ[0, o) in the norm v, given by

w(f) = [IWSFDlaL f € CE0,e0).

0

For 0 < B < a, we have Tia)(t“) - Tiﬁ)(tlg) — TJEO)(tO) = LY(R*), where —
denotes continuous inclusion.

The operator W, * extends as a surjective isometry W, *: L}(#*) — Tla) (%)
where L!(#*), endowed with the usual norm, is the Banach space of integrable
functions on R with respect to the weight t%; see Section 2 of [11]. Thus the
mapping W : ’TJS“)(t"‘) — LY(t*) is defined as the inverse of W, *: L1(#*) —
7'4@ (t*), so that a function f in L'(R*) belongs to T_éa) (t*) if and only if there
exists F € L(#*) such that

flx) = F(lzx) /(y —x)* 1F(y)dy forae. x > 0.

We have in fact that 7;(“) (t*) is a commutative Banach algebra possessing
bounded aproximate identities, with respect to the convolution product on R*.
These facts can be found in Proposition 1.4 of [9] and Proposition 2.3 of [11] (the

presentation of the algebra 71(“) (t*) done in [11] is slightly different from that one
done in [9] but they are both equivalent). Also, the character space of TJEU() (t*)

coincides with {z € C : Rz > 0} and the Gelfand transform of T+(“) (t*) is the
Laplace transform [10].
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We further consider a copy of Tﬁ) (t*) on the negative real half-line. The
Weyl fractional integral and derivative of a function f in C®(—co, 0] are given by

t

W (8) ::F(l) [=9f5)ds, t<0, and

[44

WE F(f) = %wﬂ”f"‘) £(1), t<o,

respectively. Let 7™ ((—1)") be the convolution Banach algebra obtained as the
completion of C°(—oo0, 0] with respect to the norm

0
va(f) = / IWEF(B)] (=) dt,  f e CZ(—00,0].
Of course, T*) ((—1t)") enjoys properties similar to those of T_é“) ().
Now we define 7(®)(|t|*) as the completion of C¥(R) with respect to the
norm

va(f) = / (WEFB] 18 dE, - f e CT(R),

where Wi f:= WEf_ + WSy, f = fX(_eo and f+ = fX[gc0)- In fact,
T = T (-0 o T (),

and 7@ (]¢|*) is also a convolution Banach algebra, this time for the convolution
on all of R; see Theorem 1.8 of [9].

Other properties of 7@ (|¢|*) are that its character space is isomorphic to
R and its Gelfand transform is equal to the Fourier transform. Moreover, for
every ¢ € S(R) such that [ ¢ = 1 the family (e 'g(e ™! - ))o<e<1 is a bounded
approximate identity in 7@ (|¢|%) (the proof of this fact is similar to the one given
in Theorem 1.11(ii) of [9]). Also, 7@ (|¢|*) is regular on R since it contains the test
functions.

Next we pay attention to a couple of distinguished families of functions
related to the algebras TJSD‘) (%) and 7@ (|¢]%).

1.1. RIESZ KERNELS. For B > O and ¢ > 0, the Riesz kernel R on [0,0) is

defined by
(t—s)P1 if
RFL(s) = { e 0

<
0 ifs > t.

Then Rtﬁ_1 € Tﬁ“)(t“) whenever 8 > & and, though R¥~! ¢ T+'X)(t“), R&1

defines a multiplier of the algebra T_&“)(t"‘) by convolution. This means that



KATZNELSON-TZAFRIRI TYPE THEOREM FOR INTEGRATED SEMIGROUPS 65
R:1xfe T_&“) (t*) forall f € Ti“)(t“) and t > 0, and the inequality
(1.2) Ve (R % £) < Co t% vy (f)

holds. This estimate follows from the formula

S

WERE e £)6) = X [ gt )
(1.3) — X(l(j'&()s) /(r +t—s)  TWEF(r)dr,

valid for all s > 0, which is also the base to prove that the mapping
0,00) = TV (1), 1 RETsf

is norm continuous; see pp. 17, 34 of [9].
(a)

Moreover, the convolution product in 7. (#*) can be expressed in terms of
Riesz kernels ([11], Lemma 4.2):

(14) freg= [WiFOR Tgdt fige TIV(E).
0

As a consequence of the above integral representation one gets that for a
given closed subspace I in 71(“) (t%), I is an ideal of ’71(“) (t%) if and only if R*! x
felforall fecl and t> 0 ([11], Proposition 4.3).

Therefore closed ideals of Tﬁ“)(t"‘) are characterized as those closed sub-

spaces of 7'_5“) (t*) which are invariant under the action by convolution of kernels
R%"L. Thus the family of Riesz kernels plays a similar role to the one that the
translation semigroup (J¢)~o, formed by the Dirac masses on R, has with re-

spect to L' (R*). This fact seems to be of interest because the algebras Tﬁ“) (%)

are not invariant under translations ([11], p. 5).
To finish this section we show that the family I'(a + 1)+ *R*™1,t > 0,is a

summability kernel for Tﬁx) ().

PROPOSITION 1.1. Leta > 0. Forall f € T\ (),

lim I'(a+ 1)t “RE s f = f.

t—0t
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Proof. Let f € cl™ [0,00) and t > 0. By using the formula and the
S
equality at=* [ (r+t—s)*"dr = 1, we obtain that

s—t
v (M(a+1) (R % f) — f)
<at® // YT W £ (r )|s“drds+/|Wﬁ'ﬁf 5)[s*ds
0 s

batt [ [ (et W £lr) - w5 s

By Fubini’s theorem and the dominated convergence theorem, it readily fol-
lows that the first integral on the right-hand member of the above inequality con-
verges to zero as t — 07. The second integral also tends to 0 as t — 0" by a
straightforward argument. For the third integral we apply again Fubini’s theo-
rem to get

" / / (r 4+t — )L [WE £(r) — WE f(s)|s* drds
t s—t

t r+t

=at™" . (r+t—s) HWrF(r) — WEf(s)|s* dsdr
0/ / d d

oo r+t

+zxt_‘"/ / (r+t—s)* WL f(r) — WEf(s)]s" dsdr.

r+t
Now, taking into account that W} f € Cém) [0,00) and the fact that [ (r +
t —s)* 1s® ds < C, t2* for some C, > 0, we get that
tor+t

o [ [t =) W £(r) = WA F(5)ls*dsdr < Co|WE £ oot !
0 t

and therefore the integral tends to zero as t — 0.
oo 1+t
As regards the double integral | [, setting C := sup[supp(W¢ f)], we have
tor

oo r+4t

ar“/ /(r+t—s)”"1|Wj'ﬁf(r) — W8 £(s)[s" dsdr

r+t

C
<at™ [ sup [WEF() = WEF(S)| [ (rt =) Nds (r )
p sE(rr+t)
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C
= [(r+0% sup [WEF(r)— Wf(s)|dr,
¢ se(rr+t)

for 0 < t < C. Since WY f is uniformly continuous, given any & > 0 there exists
6 > O such thatif 0 < t < J then

C C
/(r—i—t)”‘ sup |WEF(r) — WE £(s)|dr < s/r—i—t“dr
t

' se(r,r+t)

zc)aJrl
x+1

Thus putting all the above bounds together, we have shown that

lim F(a+1)¢t “RE s f=f

t—0t

in the norm v,, for every f € CZ[0,00). To conclude the proof, we only have to
apply the density of C°[0, c0) in Tﬁa) (t*) and the estimate . 1

As noticed before, we must deal with convolution on the whole real line.
Thus a version of Riesz kernels on all of R is needed, which extends the family of
Riesz kernels R*~! defined previously for t > 0. We maintain the same notation
for such an extension.

Fora >0andt € R, put

Ta if0<s<t,
RiTHs) = CH2 e <s <o,
0 otherwise.

The above family satisfies similar properties to those summarized prior to
Proposition[1.T} see [9] and [11]]. In particular we have:

() R 1% f € T@W(|t]%) for every t € Rand f € TW([t[*), with
va(RE™ 5 f) < Ca [t v (f).
(i) For any f,g € T@(|t]*),

[e9)

frg= [ W (R xg)at,

—00

where the integral converges in the norm topology of 7 (|¢[%).

We shall also need to consider duality in 7(® (|¢|*) and 71( (t*), as well as
its relationship with convolution. This matter is developed in the next section.
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2. DUALITY AND CONVOLUTIONS IN THE SOBOLEV ALGEBRAS

On account of the isomorphism between fo) (t*) and L!(#%), the dual Ba-
nach space T_&“) (t*)* of 7’_&") (t*) is automatically identified with the set of almost
everywhere defined functions ¢ : Rt — C which satisfy t *¢ € L®(R"). The
duality is implemented by the formula

Ly(f) = Ly, ) / Wif(Dg(d, f e T (1),

forevery ¢ = Ly € 7]{“) (t*)*. Analogous facts hold about duality in 7 ((=1)%)
and functions ¢, now supported on (—oc0,0). Then we shall represent the dual
T @ (|4)* as the (topological) direct sum 7 (¢ (|t| =T (=) @ T_IE“) (tY)*,
so that the continuous linear functionals of 7 (* (|t\ ) correspond to functions ¢,
defined almost everywhere on R, such that |f|~ "‘(p € L“(R). An important ob-
servation here is that every functional L, of T@(|t[*)* can be considered as a
tempered distribution on R since the Schwarz class S(R) is continuously and
densely contained in 7(® (|¢|%) ([11], Proposition 2.3).
The following result translates to our setting the well-known property that
¢ * g € Cpl0,00) provided ¢ € Cy[0,0) and g € LI(R*). It will be used in the
proof of Theorem [4.4]below.

PROPOSITION 2.1. If Ly € Tﬁ)(t"‘)* is such that t=*¢ € Cy[0,00), then, for
every g € Tia)(f“),
lim +*(Ly, R} xg) = 0.

t—o0

Proof. Let ¢ be as above and let g € Ti“) (t*). Using the formula and
then applying Fubini’s theorem, we obtain that

t r+t
<L¢1R’X 1, r+t_s x— 1W+g( )(P(S)dsdr
to toorH
+F(oc)t/ / (r+t—s)* "Wig(r)¢(s)dsdr
e L
_fox)o/ O/ (r+t— )" TWig(r)¢(s)dsdr
B Ft@c) / O/ (r+t—s)" "W g(r)¢(s)dsdr.
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First, let us see that the first of the above four integrals tends to 0 as t — c.
Since s *¢ € L*(R™), we have
r+t
£ / (r+t—s)""Yp(s)|ds <a12%s*¢[lor® (0 <7 <t).
t
On the other hand, the change of variables s = (r + t)x gives us, for 0 < r <
t and some C(r) > 0,

r—',:t
£ /(r+t—S)"‘_llsb(S)ldS <C(r)  sup  ((r+8)x)"*¢((r +1)x)|
Y (t/r+t) <x<1
SC(r)  sup ((r+1)x)"|p((r +t)x)],
(1/2)<x<1
Moreover,

im sup  ((r+ %) |p((r +Hx)| = 0

= 1/2)<x<1

since s~%¢ € Co(R™). The claim then follows from the dominated convergence
theorem (taking sequential limits ¢, — o), since |[W¥ g(r)|r* is integrable on R,
For the second integral, it is straightforward to check that, as in the preced-
ing case, there exists some C > 0 for which
rt
£ /(r+t—s)"‘*1|cp(s)]ds <Cr* (r>t>0),
r

and from here it is clear that the second integral converges to 0 as t — oo.
Now note that the third and fourth integrals are bounded respectively by

o)

r<ac+1>b/’“<0/f>(”[(“:)a—lﬂwigm'”dr and r<c+1>/ [(r+)" =] | W g (r) dr,

which in turn go clearly to 0 as t — co. The proof is over. 1

In the remainder we introduce several convolutions relating functions and
functionals of the algebras 71(“) (%) and T@ ([t]*).
The dual space 7]@ (t*)* becomes a (dual) Banach T_&“) (t*)-module through

the action of Tﬁ) (t*) on itself as a Banach algebra. We denote the dual Banach
module product by e, so that

(Lo f) s Losf, TR @) < TH () = T (1)
is defined by (Ly ® f)(g) := Ly(f x g) forall g € fo)(t"‘).
PROPOSITION 2.2. Forany Ly € Tia)(t“)* and f € Tﬁ)(t”‘), we have
Lyef=Ly wherep(t) :=Ly(RE 1 xf), t>0.
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Proof. Let 1 be as in the statement. By properties of the Riesz kernels pointed
out formerly, we obtain that t*¢ € L®(R™) and therefore Ly € 'TJS'X) (t“)*. More-
over, for every g € Tﬁ) ("),

Ly(g) = Ly( [ Wig(t) Ri™V s fdt) = Ly(f 8) = Ly e £(g),
0

where (1.4) has been used in the next-to-last equality. 1

For a complex function F defined a.e. on R we put F(x) = F(—x). Now
from the distribution theory we borrow the convolution product of tempered dis-
tributions and functions and define, for L, € 7 (|t|*)* and f € T (|t|*), the
functional Ly, * f by

(Lo *f)(8) = Lo(f*g), g€ TW(H")
Clearly, L, * f € T(®)(]t|*)* and the mapping f — L f, T ([t[*) — T @) (|t[*)
is linear and bounded. Also, it is readily seen that Ly x f = (Lg * f f), that s,
(Lo*f)(8) = Lg(f x&), g€ TW(lt").
From here and we get that

[e9)

(2.1) Ly f(g) = / Wog(s) L(F(R‘:l  f)ds,

forevery f € TW(|t|%), Ly, € T@([t|*)* and g € T@W (]t]*).

DEFINITION 2.3. For f € T® (|t|*) and L, € T®)(]t|*)*, we set

Lq,Of:: Ll/Jf and Lq;<>f2: L¢+,

where () i= Ly(R¥1 5 £),5 € R, - = Y (g B+ = P00

By the growth rate of ¢ it follows that L, o f and L, © f are elements of
7 ((—t)*)* and '7;(“) (t*)*, respectively. Moreover,

Loxf=Lpof+Lpof inT®W(|t]"),

sothat Ly o f = (Ly * f) | 0 (- t)a)andL(POf:(L(P * f) ’71(“)(”).

Thus we have that 1ff € 7'+('X) (t*)and Lg € Tﬁ“)(t"‘)* then Lyo fand Lg e f
are elements of 7%/ ((=£)*)* and ’71(“) (t*)*, respectively, which are related by

L(pOf:Lw, L(";Of:[@

where §(s) := Lg;(R‘:l  f) fors < 0.
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PROPOSITION 2.4. For any sequences (fy)5_; € T. a)(t"‘) and (Lg, )
7]&1) (t*)*, we have that
nli_r}r;oL% o f, =0 ifand only if V}i_r}r;oL(Pn ofn=0.

IN

Proof. For n € N, Ly, o fu = Ly, and Lg, ® fu = Lj where Pu(s) =
L(;(R"igl % fn) for s < 0, as in the remark prior to this proposition. Then, for
any g € T,(“)((—t)“),

0 © )
Ly, (g)= [ Wg(®n(t) dt= [Wog(=s)gu(s) ds= [WIg(s)u(s) ds=Ly, (3)-
0 0 0

We conclude the argument by noticing that ¢ € T ((—#)*) if and only if § €
T ). a

3. LAPLACE TRANSFORM OF FUNCTIONALS

Recall that every element in 7 (¥ (|¢|*)* is a tempered distribution. In par-
ticular, if we set e; := e™“’, then the Laplace transform of a functional L, €

T_ﬁa)(t"‘)* is given by
L(Ly)(2) 1= Lyles) = [ WE(e)(B) plt) dt = 2*L(g)(2), z €T,
0

since e, € Ty)(t"‘) whenever z € C™ and W{ (e;) = z%; on R*. As a matter
of fact, £(L(P) is analytic on C™. On the other hand, the Laplace transform of an

element L, € T,(“)((—t)“)* is well defined and analyticonC™ :={z € C: Rz <
0}. Now, we have that W (e;) = (—z)%e; for z € C, so that
L(Ly)(z) = Ly(ez) = (=2)*L(g)(z), z€C".

In the sequel, we denote by F the Fourier transform.

PROPOSITION 3.1. Let L, € TJS“) (t*)* such that L(L,) extends continuously to

C* U U, where U is some open subset of iR. For any ¥ € T W (|t|*) such that F(¥)
has compact support contained in —iU, we have that Ly+x'¥ € C*(R)NL* with, in fact,

LP*‘F(t):% / FE)(y) L(Ly)(iy) ¥ dy (¢ > 0).

suppF(¥)
Proof. For every x > 0, let exL, denote the functional given by

(exLp, g) = (L, exg), g€ TW(H").
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Let ¥ satisfy the assumptions of the proposition. Then YsxheTl (|t| )
forany h € S(R), and F(¥ * h) = F(¥)F(h) € L>(R) N L' (R) because F(¥) is
of compact support. We can then apply the Fourier inversion formula to get that

Tt =5 [ FO@FOy (>0,

suppF (¥)
so that

- 1 L
(Eh)() = o / F(¥)(y) F(h)(~y) e ) dy.
suppF (¥)
The last integral converges in TJE“) (t*) since ey 1y € 7'(“) (t*). Therefore,

(e Fxhy = [ FOGFO9)Lolery) dy

suppF(¥)

= [ FOOF0) ()LL) (x +iy) dy.
suppF(¥)
Since £(L,) is continuous on the subset isupp/(¥) of iR, the dominated
convergence theorem applies and we get

. 5 1 :
lim{exLy, # <) = o [ FE))F ) (-y)L(L,) i) dy.
suppF (¥)
On the other hand, lin}) exg=gin TJE“) (t*) forevery g€ TJS‘X) (t*) (see Lemma 3.6(ii)
X—
of [11]]). Therefore, N _
chiir(l)(epr, Y xh) = (Lo, ¥ xh).
Applying Fubini’s theorem, we finally obtain that

ey = [ (= [ FOWLL) e dy) ) de

R suppF(¥)
for all 1 € S(R). Then the statement follows automatically. &

REMARK 3.2. An analogous statement to the one of the above proposition

holds for elements L, € T ((—t)*)* whose Laplace transform extends continu-
ously to C~ U U.
PROPOSITION 3.3. Let U be an open subset of iR. Let Ly, € T ((—=t)*)* and

Ly, € 71(“) (t*)* be such that L(L,, ) and L(L,,) have continuous extensions to C~ U U
and CT U U, respectively, and verify L(Lpy,) [u= —L(Ly,) |u. Then,

(Lo + Lpy) *¥ =0,
for every ¥ € T @ (|t|*) such that suppF (¥) € —ill.
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Proof. Take ¢ € S(R) such that its Fourier transform has compact support
inRand [ ¢ = 1. Then the family ¢, := ng(n-), n € N, is a bounded approxi-
mate identity in 7(*)(||) (see Section 2, prior to the definition of Riesz kernels).
Hence ¥ = li£r1 ¥ % ¢, in T@W([t|*) in particular.

n—,oo

Now, F (¥ * ¢,) is a compact subset of F(¥), so it is a compact subset of
—ilU. By PropositionB.1} (Ly, + Ly,) * (¥ * ¢,) = 0 for all n. Then, as n — oo, the
weak* continuity in (7(®)(|¢|*))* implies that (Lo, + Ly,) *¥ =0. &

4. BOUNDED HOMOMORPHISMS FROM Ty) (t*) AND FUNCTIONS OF SPECTRAL SYNTHESIS

For any element f € Tf) (t%), let o (f) denote its spectrum in Ty) (t*). Letu
be the function e; in T+('X) (t%). The spectrum of uiso(u) = {(1+z)~1:z€ Ct}uU
{0}, and its n-th convolution product is u*"(t) = (1/(n —1))t" et (t > 0). It

is shown in Proposition 1.1 of [10] that T_ﬁa) (t*) is polynomially generated by u;

thatis, 7\*) (t*) = span{u*" : n € N}.

Let B be a Banach algebra with a unit e and let 7 be a bounded algebra
homomorphism 7: Tia)(t“) ® Céyp — B such that 71(6y) = e, where ¢ is the
Dirac mass at the origin. Let 2 be the closure of the image n(Ty)(t‘)‘)) in 8.
We denote by 77* the adjoint mapping of 7: Tia)(t“) — 2, so that 7* : A* —
Tﬁ) (t*)*, and by o (7t(u)) = 0w (7t(u)) the spectrum of 7t(u) in B.

Set Zi(mr) == {z € C : (z+1)"! € o(n(u))} and denote by Z(7) the
complement of the connected component of C\ Z; (71) which contains C~. Notice
that Z () is well-defined since Z;(7r) C C+.

PROPOSITION 4.1. Under the above assumptions and notations, the following
hold:
() (e— (z+1)m(u))~t € A® Ceforall z € C\Z(m).
(ii) Let Lg := 77" (T) where T € A*. Then the mapping

(4.1) 2 (T, m(u)(e — (z+1)m(u))™Y), C\Z(n) = C

is an analytic extension of L(Ly) to C\ Z(7t), which we continue denoting by L(Ly).

Proof. (i) Put A = A(z) := (z+1)"L Clearly, if z € C\ Z(r) then A €
C\ o(rt(u)). Moreover, {—1} € C~ C C\ Z(m) and therefore A(C \ Z(m))
is contained in the unbounded connected component of C \ o(7r(u)). Since the
boundary of ogac.(7(1)) is included in the boundary of o(7t(1)) we obtain that
AC\ Z(m)) € C\ ogece(r(u)), as claimed.
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(i) Letz € C™ := {w € C: Rw < 0}. Since (z+1)~! ¢ o(u), we have that
8o — (z+ 1)u is invertible in fo) (t*) ® Cdyp. Indeed, if v4((z + 1)u) < 1 then

Go—(+Du) " =d+ Y, +1)"u™",

n=1
so that

xTe ¥

% (00— (z+Du) Hx)=e >+ i (z+1)" =,

n=1

n!

Now, let T € 2* and set L = 7*(T). Since Ly € T,(a)((—t)“)*, the Laplace
transform of L, is well-defined and it is analytic on C™. Moreover,

z) = / W (e;)(t) 7Wj‘f_ (e—z)(s) ¢(s)ds = Lg(e—z)
0

for any z € C~. In particular, if |z + 1| < v, (u) ! we have

L(Lg)(z) = (*(T),u (8o — (z+1)u) ")
= (T, 7t(u* (b — (z+ Du)™1)) = (T, w(u) (e — (z + rr(u)) ™).

By the identity principle for analytic functions, the above equality holds on
the whole left half-plane C~. Now, observe that the mapping

= (T, w(u)(e — (z+ 1)m(u))~t), C\Z(n)—C
is analytic, so it is an analytic extension of £(L,) to C\ Z(7). 1

A first consequence of the proposition is an analytic extension result for the
Laplace transform linked to 7 and the product o.

COROLLARY 4.2. If Lg = 7t*(T) € 7*(A*) then L(Lg o f) extends to an ana-

Iytic function on C\ Z(7) for every f € 71(“) (t*). In particular, for z € C* \ Z(7r) we
have

L(Lyo f)(z) = (T, 7(f)m(u)(e — (z+1)m(u)) ™).

Proof Let L = 7*(T) for some T € 2*. Recall that Lyo f = Ly with
tp(s() ; Ls(RY i’ * f), s € R (see Definition . Next, we show that Ly €
T (A*

For every g € 7-(“) (1),

/ SR f)dt:L(;(/Wj‘ﬁg(t)R’;‘*l*fdQ
0 0
= Lg(g* f) = (n"(T),g* f) = (T, m(g)7(f))-
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Let T7t(f) denote the element of 2A* defined by (T7(f),a) = (T,an(f)) for all
a € 2. Then one has that

Ly (8) = (T, mn(g)m(f)) = (T (f), m(g)) = (7" (T7(f)),g)
and therefore Lz = *(Trt(f)) € *(A*) as claimed.

=
The statement follows now from Proposition In addition, we have

L(Lyof)(z) =(T, n(f)m(u)(e— (z+1)m(u)) ") if zis takenin C* \ Z(rr).

Now we relate the products o and ¢ for functionals associated with the ho-
momorphism 7. The result extends Proposition 2.5 of [8].

COROLLARY 4.3. Forevery Ly € 70" (") and f € Tla)(t"‘),
4.2) L(Lyof)+L(Lyof)=L(Ly) L(f) inC"\Z(n).

Proof. Let L; € " (A*) and z € C* \ Z(71) be fixed. By Propositionand
Corollary the mapping & : 7;(“) (t*) — C given for each f € TJEO‘) (t*) by

O(f) := L(Lg o f)(z) + L(Lg © f)(2) = L(Ly)(2) £(f)(2)
is well-defined and linear. Furthermore, it is continuous. To prove that we note

firstly that f — L(f)(z) is clearly continuous. Secondly, recall that L, o f =
Ly, € T (#)* with g(s) = Ly(R*;" # ), s € R. Hence,

|L(Lpo f)(2)] = |Ly. (e2)] < \4“/67% |Lg(RY 1 f)| dt
0

< Cu(f) |z|"‘/t”‘e*mZ dt = C(z)va(f).
0

Finally, by Corollary .2l we have that

L(Lgo f)(z) = (T, 7(f)m(u)(e — (z+ D)m(u)) ™)
forall z € C*\ Z(7r). Thus [£(Lyo f)(z)| < C'(2)va(f). In conclusion, @ is

bounded on TJS“) (t%).

Now we want to prove that @ = 0. Clearly, it will be enough to show that @
vanishes on C¥(R™). So take f € C&°(R¥). Then we have that L, = f € C®)(R)
and supp(Ly * f) € supp(Lgy) + supp(f) C (—oo,a] where a := sup(supp(f)) >
0 ([18], Theorem 6.30 b) and Theorem 6.37 b)). Hence, L(L, * f) exists and it
is analytic at least on C~. Moreover, L(Ly * f) = L(Ly)L(f) on C~, where all
factors have sense simultaneously. On the other hand, we have by definition that
Ly*xf =1Lyof+Lyof, where Lyo fand Ly o f are supported on (—oo,0] and
[0, 00), respectively. Since supp(Ly * f) C (—o9,4], it follows that supp(Ly o f) €
[0,a], so that its Laplace transform is an entire function. Therefore, L(Ly * f) =

L(Lyof)+ L(Lyof)onC™. Then, L(Lyo f)+ L(Lyof) = L(Ly)L(f) on
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C~. Indeed, this equality holds on C \ Z(7) by the identity theorem for analytic
functions. This concludes the proof. 1

Next, we give the key result on functions in fo) (%) € T@(|¢|%) which are
of spectral synthesis with respect to (—iZ(7r)) N R. Such a result is in the spirit
of Théoréme 2.7 of [8].

THEOREM 4.4. Let (Ty)en be a bounded sequence in A* and denote L, =
™ (Ty), n € N. If f € ’7]9)(:%“) is a function of spectral synthesis with respect to
(—=1Z(m)) NR then

lim +, %Ly, o (Rf 1 xg) o f =0,

n—o0

in the weak* topology ofT_ ((—t)“)*,for every g € TJE“)(t“) and (tp)yeny C R such

that lim t,, = oo.
n—o0

Proof. For g € T_éa)(t“) and (t,) as above, set g, := i‘;"‘R‘t"n’l xg (n € N).
Note that v4(g,) < Cvy(g) for all n. We want to prove that nlgr(}o Ly,08n0f =0
weakly* in 7\ ((—t)%)*.

The fact that (T,),en is uniformly bounded implies that both sequences
(Lg, © gn) and (Lg, © gx) are uniformly bounded in T ((=t)*)* and 7;(“) (t)*,
respectively. Indeed, for all n,

ILg, © gnll, g, ©gnll < Csup |7 (Tn)[[va(g)-
n
Also, since 7@ ((—t)*) and TJE“) (t*) are separable Banach spaces their bounded

subsets are weak™ metrizable and then by the Banach—Alaouglu theorem there
exist (taking subsequences if necessary) the two weak* limits

(4.3) lim L, 0gn =: Ly, € T ((~t)*)* and
(4.4) lim Ly, o gn =: Lp, € T ()",

On the other hand, the family (L£(Ly, o gx)) is a normal family of analytic
functions in C\Z(7t): By Proposition L(Lgy, o gn)(z) extends holomorphically
toze C\ Z(m)as

L(Lg, ©gn)(z) := (T, 7(gn)7(u)(e = (z + 1)7r(u)) 7).

Since the sequences (T},) and (v4(gx)) are uniformly bounded and the mapping
z € CY\Z(n) — m(u)(e — (z+1)7r(u))~! € 2 is analytic in C\Z(7), we have
that (£(Lg, © gx)) is uniformly bounded on compact subsets of C\Z(7r) as well.
In other words, (£(Lgy, © gn)) is a normal family on C\ Z (7).

Therefore, by the Montel theorem we can assume (by passing to a subse-
quence if necessary) that there exists an analytic function H in C\Z(7r) such that
(4.5) lim £(Ly, ogn) = H

n—o0
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uniformly on compact subsets of sets of C\Z(7r). Also, it is readily seen that
(L(Lg, ©8n))nen converges to an analytic function on C* uniformly on compact

subsets.
Now, we are going to prove that lgn L(gn)(z) =0 for any z€ C*. Note that
n—oo

L(g)(=) = [gu()e*dt = [ Wigu (D *(e) (1)t
0 0

for every z € C*, where

t
—u _ ' _ oya—1
D)) = Frg /(t s)*le,(s)ds, > 0.
0

Then t~*D~%(e;) € Cy([0, c0) and so nlgn L(gn)(z)=0(zeCT), by Proposition2.1

Applying formula to ¢, and g,, and then using and (£.4), we
obtain

H = }}i_f&ﬁ(]:cpn °gn) = _}}i_I};oﬁ(L(pn ogn) = —L(Lyp,)

in C*\Z(7). Hence, the function given by

F(z) H(z) ifz e C\Z(n),
T -L(Lpy)(z) ifzeCH,
is well-defined and analytic on C\(Z(rr) NiR). In addition, F |c-= L(L,,) by

and (4.5), and also F |¢+= —L(Ly,).

Denote U := iR\ (Z(7r) NiR). Recall that f is assumed to be a function of
spectral synthesis with respect to (—iZ(7r)) NR. Thus there exists a sequence
(fa)nen © T@(|t|*) such that supp F f, € —ill and lim v, (f = fu) = 0. Clearly,

n—oo
}}i_r}r;o(Lpl +Lg,) * fa = (Lo, + L, ) * f in the weak* topology of 7®) (|¢|*)*. On the
other hand, £(L,,) can be continuously extended to U as H, and so we get that
L(Lp,) lu= —L(Lp,) |u- Then, by Proposition.3we have that (L, + Lp,) * fn =
0 for every n € N . Therefore, (Ly, + Ly,) * f = 0in T@ (|t|*)*. In particular, if
h e TW((=)) then

(Lo, * f)(h) = —(Lg, x f) (h) = *Lpz(f*h) =0

since supp(Ly,) C [0,00) and supp(f * 1) C (—c0,0]. In other words, Lo, of =0.
In conclusion, we have proved that any weak™ cluster point of the sequence
(Lg, ©8n© f)nen is 0. This implies (recall again the Banach-Alaouglu theorem

and the metrizability of bounded weak* subsets of 7 ((—=t)*)*) that nlgn ty“Lo,

o(R‘;‘n_1 % g) o f =0, as we wanted to show. 1



78 JOSE E. GALE, MARIA M. MARTINEZ AND PEDRO J. MIANA
5. KATZNELSON-TZAFRIRI THEOREM FOR INTEGRATED SEMIGROUPS

On the base of what has been established in previous sections, we go on to
prove the main result of the paper. This is the extension to the setting of inte-
grated semigroups of the Esterle-Strouse—Zouakia and Vii's theorem referred to
in the Introduction (Theorem [0.2).

From now on, we will denote by X an arbitrary Banach space. Given an
a-times integrated semigroup (T, (t)):>0 on X, we will say for simplicity that it is
sub-homogeneous of growth « if

supt || Ty (t)|| < oo.
£>0

Recall that we have defined in the Introduction a C,-semigroup as an a-
times integrated semigroup on X such that

IimI(a+1)*Ty(H)x=x (x € X).
t—0

The following result tells us that the sub-homogeneous C,-semigroups on
X are in a one-to-one correspondence with bounded Banach algebra homomor-

phisms 7, : Tﬁx) (t*) — B(X) for which 7T,,<(TJ£“) (t*))X is dense in X. The corre-
sponding result for « = 0 can be seen in [5]], [8], [14] for instance.

PROPOSITION 5.1. Let X be a Banach space and let & > 0. If (T, (t))s=0 is a sub-
homogeneous Cy-semigroup on X then the bounded homomorphism 7ty : Tia)(t“) —

B(X) given by (0.1),
Ta(f)x = /wif(t)n(t)x dt (xeX),
0

is such that na(fo) (t*)) X is dense in X.
Conversely, for every bounded homomorphism 7ty : Tia)(t“) — B(X) such that
Tla (71(“) (t*))X is dense in X, the family defined by

To(t)x = mu(RE 5 @)y, (x = ma(g)y € TV (#%); £ > 0),

is a sub-homogeneous Cy-semigroup on X whose associated homomorphism defined by
formula iS 7T.

Proof. Let (Tx(t))t=0 € B(X) be a sub-homogeneous C,-semigroup. Since
the mapping f — WY (f) %, Tla)(t"‘) — LY(R") is an isometric isomorphism
of Banach spaces, we can take a sequence (e;),en C TJS“)(t“) such that I'(a +
1) IWE (e) () t* = ”X[O,%](t)/ t > 0, for each n € N. Then, for any x € X and
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neN,
1/n 1/n

x—ue)x =x—n / F(a+1)t *T,(t)xdt =n / (x = T(a+1)t *T,(t)x)dt.
0 0

From this and the fact that (Tx(t))¢~0 is a C4-semigroup, we conclude that

|x — ma(en)x|| < sup |[x —I'(a+1)t *T,(t)x|| =0, asn— oo.
te(0,7)

This shows that 77, (TJSX) (t*))X is dense in X.

Conversely, let 71, : 71“) (t*) — B(X) be an arbitrary bounded homomor-
phism such that 71,,4(’7]9) (t*))X is dense in X. Then X is a Banach (bi-)ymodule
on 'T+(“) (t*) through the action 71, such that T+('X) (t*)X = X, by the Cohen’s fac-
torization theorem, since T_ﬁa) (t*) has a bounded approximate identity, (see [9]).
It means that for every x € X there exist § € Tﬁ“)(t"‘) and y € X such that
x = 7,(g)y. For a given multiplier y of Tf‘) (t*) define

T (p)x = 70 (p % )y

The expression above does not depend on the decomposition x = 71,(g)y, it gives
rise to a bounded linear operator on X, and makes 7, a bounded algebra ho-
momorphism from the Banach algebra of multipliers of T_ﬁ‘x) (t*) and B(X) ([7],
Proposition 5.2). In particular one can define T, (t) := 7, (R}™1), t > 0, since
R%! is a multiplier of T_é“) (tY).

The fact that 77, is a bounded homomorphism and that R* ! is moreover an
a-times integrated semigroup implies that (T, (t)) satisfies properties (a), (b), ()
of the Introduction, so it is an a-times integrated semigroup. Also, (T,(t)) is sub-

homogeneous because ||R¥ || < Ct* (t > 0); see Section Now, for f € Tia)(t“)
and x = m,(g)y € X,

T (f) 7 (8)y = u(f* )y = na(/. W (DR}« g dt)y
0

= [ WO m(RE s gy dt = [ WEAOTu(O)m(2)y dt,
0 0

where we have used the representation (1.4) in the second equality and the con-
tinuity of 71, in the third one. Hence

T f)x = /wif(t)n(t)x dt vfe TW (), x e X.
0
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Finally notice that
a4+ D)t Ty () (f) = (T (e + 1)t *RE 1 x f)

for any f € Tia)(t“) and t > 0. Then, by the factorization X = na(TJE“)(t"‘))X,
Proposition[I.T|and the continuity of 77, we obtain that

lim I'(a+ 1)t *T(tH)x =x (x € X).

t—=0+
Thus we have shown that (T, ())s>0 is a Co-semigroup, and the proof is over. 1
REMARK 5.2. Given any sub-homogeneous a-times integrated semigroup

(Tx(t)) on X, there always exists a closed subspace X, of X such that the family
T (t) |x, belongs to B(X) and satisfies properties (a)—-(d) of the Introduction. In

fact, X can be taken as the closure of 7, (7;(“) (t*)) X in X, where 77, : 71(“) (1) —
B(X) is as in (0.1). Then, as a consequence of above proposition, (Ty(t) |x,) is a
Cy-integrated semigroup on Xj.

Next, we give the proof of Theorem Let us point out first the following
lemma:

LEMMA 5.3. Let A be the generator of a sub-homogeneous a-times integrated
semigroup Ty (t). Let 11, be defined as in (0.1). Then, —iZ(m,) NR = ic(A) NR.

Proof. Set B := —A and D(B) for the domain of B. Note that (B+1)~! =
[e ' Ty(t)dt = ma(u) € B(X). In particular, X = (B + I)D(B). These facts
0
imply that [I — (z + 1)7,(u)]X = (B —zI)D(B) for every z € C. As a result,
Z1(mty) = 0(B). Therefore, Z(7,) NiR = Z1(71,) NIR = —c(A) NiR. 1

Proof of Theorem[0.2} Let f € Ty)(t"‘) be a function of spectral synthesis
with respect to the subset ic(A) N R. Since T,(t) = 7, (R*1), we have to prove

that tlim 7. (£7*R1 % f) = 0 in norm. Take g € Ty)(t"‘) and (ty),eny € RT be
—00

such that nlgn ty = oo. Put g, = if;"‘R‘;‘[1 xg,n € N. Forh ¢ 7;(“)(1%"‘), by the

Hahn-Banach theorem there exists a sequence (T,),cn C 2* such that | T,,|| =1,
and

|7t (hx fx gu)ll = (T, ma(h* f % gn)), foralln.

Hence, if Lg, := 715 (T,), we have that

7l 5 )| = (L, @ gue f,h), forall .
By Propositionone has that nlgr.}o Lg, @0y e f =0 weakly™ in 7. Jﬁﬂé) (t*)* if and
only if nlgxt}o Ly, o gno f = 0 weakly* in T_(a)((—t)“)*. The latter limit holds as
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a consequence of Theorem since f is of spectral synthesis with respect to
ioc(A) N R = —iZ(m,) NR. Therefore

Tim £ (RS f g )| = Tim (s f % ga)]| =0,

that is,
Tim £, To(ta) 7t (f < F)|| =0 forevery F € T\ (),

since Tia)(t“) factorizes and Ty (t,) = na(Ri‘nfl). Finally, letting F running over

a bounded approximate identity family in 71“) (t*), we get the desired result:
Bim £, Tu(ta) ()] = 0. 0

REMARK 5.4. There are proofs of Theorem [0.1 on the basis of the Ingham’s
tauberian theorem or using the notion of complete trajectories; see pp. 84, 85 of
[4]. We wonder if such arguments admit analogues, in the setting of integrated
semigroups, which could be fruitfully employed to give alternative proofs of The-

orem

6. APPENDIX: ASYMPTOTIC BEHAVIOUR OF SEMIGROUPS

Let T(t) be a Cy-semigroup on a Banach space X. An orbit T(-)x, withx € X,
is said to be stable if tlim IIT(t)x|| = 0. The semigroup is called stable if every orbit
— 00

is stable [4].

The above notion is important in connection with the asymptotic stability of
well-posed abstract Cauchy problems. Obviously, the Esterle-Strouse-Zouakia
and Vii's theorem can be regarded as a result on stability of orbits T(-)x, for x €
Im 719(f) and appropriate f in L'(R™).

Further, it is proven in [§] that the aforementioned theorem implies (in a cer-
tainly non-trivial way) the following celebrated result, due originally to W. Arendt
and C.J.K. Batty [1], and Y. Lyubich and Q.P. Vi [16].

THEOREM 6.1. If A generates a uniformly bounded Cy-semigroup (T(t))s=o such
that o (A)NiR is countable and the adjoint operator A* has no eigenvalues then (T (t))>o
is stable.

A notion of stability of once integrated semigroups has been considered in

p. 363 of [6]. This is as follows: A once integrated semigroup T;(t) is said to

be stable if tlim Ty (t)x exists for every x € X. Such a definition entails that the
— 00

generator Aq of Ty (t) must be invertible ([6]], p. 363). As a partial converse of this
property, the following version of Theorem|[6.1]is given in Theorem 5.6 of [6].

For Ay invertible, if (A1) NiR is countable and the adjoint operator A* has no
eigenvalues then Ty (t) is stable in the sense just indicated above.
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Here, we do not deal with stability of integrated semigroups. Instead, we
consider another type of asymptotic behaviour (which is of clear ergodic nature
when the integrated semigroup T, (t) comes from a Cy-semigroup T(t) as given

t
by Tu(t) = I'(a)~! [(t —35)*"'T(s) ds): An a-times integrated semigroup is er-
0
godic if tlim t~*T,(t)x exists for all x € X ([6], p. 353). This property is impor-
—00
tant because it reflects the asymptotic behaviour of solutions of (some) ill-posed
abstract Cauchy problems ([6], p. 352). The ergodicity of an a-times integrated

semigroup T, (t) such that sup t—*|| T, (t)|| < oo is characterized in [6] in terms of
=1
Abel-ergodicity or/and ergodic decompositions of the Banach space X.

DEFINITION 6.2. Given an a-times integrated semigroup (T, (t))=0 on X,
we call an orbit T, (-)x (x € X) o(t*)-ergodic if

tlLr?o || Ta(t)x|| = 0.
We say that (T (t))s=0 is o(t*)-ergodic if Ty (-)x is o(t*)-ergodic for every x € X.

PROPOSITION 6.3. Let Ty (t), A and 71, be under the assumptions of Theorem
Let p(A) be the resolvent set of A. If o(A) NiR = @ then

Jim £~ T (£)(A = A7 =0 VA€p(A).
—00
In consequence, (Ty(t))¢>0 is o(t*)-ergodic; that is,
lim t~%|| Ty (t)x] =0 Vx e X.
t—ro0
Proof. Take A with A > 0, so that A € p(A) in particular. Recall that the

function e, (t) = e M (t > 0)is in TJE'X) (t*) with Wfe, = A%e, (see Section 4, prior
to Proposition 3.1). Hence, for x € X,

/ Wier)(t) Ta(t)x dt = ma(ep)x.
0

Notice now that every function in T_ﬁ“) (t%), so e, is of spectral synthesis for the
empty set. Hence, by Theorem[0.2} one gets

lim £ T ()1 — A) 7| = lim £ Tu(6)ma(e2)]| = 0.
For arbitrary u in p(A) it is enough to apply the resolvent identity for y and
A with A > 0 to obtain lim || Ta (£) (1 — A7 =o.
—00

Finally, the o(t*)-ergodicity of T, (t) follows by factorising x = (x — A) ™! (u
—A)x if x belongs to the domain D(A) of A, and then for arbitrary x € X by the
density of D(A) in X and the uniform boundedness of + *T(t).
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REMARK 6.4. (i) The assumption c(A) NiR = @ implies that 0 € p(A) and
therefore we obtain from the above proposition that

lim +~%|| T, (t) A~ = 0.
t—o0

This extends Corollary 3.3 of [19].
(ii) For a bounded Cyp-semigroup T(t) the necessary property given in the first
part of Proposition [6.3]is in fact an equivalence:

lim £ To(£)(A = 4) [ =0 VA € p(A)  o(4) NiR = O;

see Corollary 5.2.6 of [20]. Thus we wonder if this equivalence also holds for

integrated semigroups. One of the ingredients to prove the above result is that

if f € L'(R") is such that tlim IT(t)7to(f)|| = O then its Fourier transform F(f)
— 00

vanishes on o(A) NiR. Unfortunately, the argument used in Theorem 5.2.6 of
[20] to show this property of F(f) does not work for integrated semigroups. The
()

reason is that in the latter case one cannot appeal to translations Js * f in 7,/ (t*).

The natural substitute in Tﬁ) (t%) for & is the family of Riesz kernels R¥~!, but
then by taking convolutions R¥~! * f one gets that the lower bound obtained for
semigroups in Theorem 5.2.6 of [20] fails for integrated semigroups.

(iii) An alternative way to show the o(#*)-ergodicity of T, (t) in Proposition|[6.3]
relies on an idea employed succesfully in [8] to prove Theorem [6.1| from Théo-
réme 3.4 of [8].

Let & be the set formed by all functions f € 7;(“) (t*) which are of spectral
synthesis with respect to ic(A) N R. By Theorem [0.2it follows that the subset Y
of X given by

Y:={m(f)x: fe&xeX}

defines a family of o(t*)-ergodic orbits of a Cy-semigroup (T, (f))¢>o. Trivially, if
the set Y is dense in X then the integrated semigroup is o(t*)-ergodic. From this
observation, and since the empty set is of spectral synthesis, using Proposition|5.1]
and the Cohen’s factorization theorem we obtain that tlLIEIO Y| Te(H)x|| = 0Vx €

X, whenever 0(A) NiR = @.
(Note that if one assumes additionally that the integrated semigroup Ty () is
Lipschitz continuous then that conclusion follows automatically by Theorem 2.4

of [6].)

Since Definition [6.2)is formally equal to stability of Co-semigroups (for a =
0) we would like to extend the second part of Proposition [6.3]for integrated semi-
groups, in the form of a result like Theorem One of the main points in the
proof of that theorem in [8] is that the subset Y given in Remark [6.4](iii) is dense
in X (for « = 0), when 0(A) NiR is countable, because the countable subsets of R
are of spectral synthesis for L'(R). In contrast, and even for integer &, points in R

are not of spectral synthesis for T_é“) (t*) (with the only exception of the point t = 0).



84 JOSE E. GALE, MARIA M. MARTINEZ AND PEDRO J. MIANA

Thus, if we want to establish the analogous of Theorem [6.1] for integrated semi-
groups the first task to do is to study primary ideals and weak versions of spectral
synthesis in 7;(“) (t*). This programme is in progress currently.
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