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ABSTRACT. We develop the notion of independent resolutions for crossed
products attached to totally disconnected dynamical systems. If such a crossed
product admits an independent resolution of finite length, then its K-theory
can be computed (at least in principle) by analysing the corresponding six-
term exact sequences. Building on our previous paper on algebraic indepen-
dent resolutions, we give a criterion for the existence of finite length inde-
pendent resolutions. Moreover, we illustrate our ideas in various concrete
examples.
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1. INTRODUCTION

The crossed product construction is one of the most classical constructions
in operator algebras, and topological K-theory is one of the most important in-
variants for C*-algebras. Therefore, a very natural task is to find systematic ways
to compute K-theory for C*-algebraic crossed products.

The goal of the present paper is to take up this task in the situation of crossed
products attached to totally disconnected dynamical systems. We do so using the
central notion of independent resolutions. In our previous paper [21], we in-
troduced and discussed independent resolutions from a purely algebraic point
of view. Now, our goal is to develop a notion of independent resolutions in
the C*-algebraic setting. Building on our previous work [21], we then produce
C*-algebraic independent resolutions which allow us to compute K-theory for
crossed products. More precisely, let (2 be a totally disconnected locally com-
pact Hausdorff space and I" a discrete group acting on (2. Consider the reduced
crossed product Co(Q2) x, I'. If I' satisfies the Baum—Connes conjecture with co-
efficients and (2 admits a [-invariant regular basis in the sense of [5] (see also
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Section [2| for explanations), then the main result in [5] provides a formula for the
K-theory of Co(Q2) %, I'. However, it was also observed in [5] that in general, it
is not possible to find a I'-invariant regular basis. Still, following Remark 3.22 of
[5], what we can always do is to produce a sequence X, Xj, X», ...of totally dis-
connected I'-spaces which admit I'-invariant regular bases and which fit into a I'-
equivariant long exact sequence - - - — Cy(X3) — Co(X1) = Co(X) — Co(Q2) —
0. We call this an independent resolution of I' ~ Cy((2). Under the assumption
that I' is exact, the sequence - - - — Cp(Xp) X I’ = Co(X7) xr I’ = Co(X) X I’ —
Co(Q) »x: I' — 0 will still be exact, and we call this an independent resolution of
Co(X) ¢ I'. If, furthermore, I satisfies the Baum-Connes conjecture with coeffi-
cients, then we can apply the K-theoretic formula from [5] to each of the crossed
products Co(X) Xy I', Co(X1) X I, ...and try to compute K-theory for Co(Q) x; I’
using our long exact sequence. In general, given an independent resolution of
I' ~ Cy(Q2) satisfying a certain freeness condition for the group actions, there is
at least a spectral sequence which converges to K. (Cy(€2) %, I') in good cases.

The case where we have a finite length independent resolution (i.e., we can
choose X, 11 = @ for some n) is particularly nice. In that case, the exact sequence
0 — Co(Xn) Xy I — -0 — Co(Xz) Xy I — CO(Xl) Xy I — Co(X) Xy I —
Co(Q) % I' — 0 splits into short exact sequences which can be studied in K-
theory by means of six-term exact sequences. The point is that given a finite
length independent resolution, we only have to solve finitely many six-term exact
sequences. And if we try to solve these successively, we will always be in the
situation that we already know the K-groups for two out of the three C*-algebras
which appear in each of our sequences.

The main goal of this paper is to give a criterion which guarantees the ex-
istence of finite length independent resolutions. This builds on [21]. The bridge
between algebraic independent resolutions and C*-algebraic ones is given by the
observation that a sequence of totally disconnected dynamical systems which all
admit invariant regular bases gives rise to an algebraic independent resolution
if and only if it gives rise to a C*-algebraic one. In addition, these independent
resolutions are intimately related. For instance, the homomorphisms in the al-
gebraic independent resolution induce the ones in the C*-algebraic independent
resolution. In particular, the former one has finite length if and only if the latter
one does. Therefore, the criterion for the existence of finite length algebraic inde-
pendent resolutions in [21] gives us a criterion for the existence of C*-algebraic
independent resolutions of finite length.

We remark that finding such an independent resolution of finite length is
only the first step in the K-theory computation for our crossed product. The sec-
ond step is to go through the short exact sequences into which our exact sequence
splits and to compute all the corresponding six-term exact sequences. It might be
that we encounter serious extension problems along the way, so this second step
might require extra work.
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In order to illustrate our main result, we discuss various concrete examples.
If we want to apply our ideas to compute K-theory for a given C*-algebra, the first
step is to describe the C*-algebra as a crossed product of a totally disconnected
dynamical system, at least up to Morita equivalence. This is for instance possible
for C*-algebras of certain 0-F inverse semigroups and certain quotients of these.
This has already been observed in [26], but we present a slightly different ap-
proach which is more explicit and better suited for our purposes. In contrast to
[26], our new approach allows us to treat not only inverse semigroup C*-algebras,
but also quotients of these. This is crucial in applications. As concrete examples,
we discuss graph C*-algebras and one dimensional tiling C*-algebras, and derive
crossed product descriptions for these. This might be of independent interest. We
then use independent resolutions to compute K-theory for graph C*-algebras and
C*-algebras of one dimensional tilings. We also determine K-theory for certain
ideals and quotients of semigroup C*-algebras. In particular, our method allows
us to study the K-theory of group C*-algebras with the help of semigroup C*-
algebras. The idea is to choose a suitable subsemigroup of our group which gives
rise to a finite length independent resolution for the group C*-algebra we are in-
terested in. While K-theory has already been computed for graph C*-algebras
and one dimensional tiling C*-algebras using different methods, our K-theory
computations lead to genuinely new results in the case of semigroup C*-algebras
and their ideals and quotients. For instance, our ideas allow us to compute K-
theory for the C*-algebra of semigroups which do not satisfy the independence
condition. Such semigroups could not be treated using the original method of
[5]. Interestingly, in our example, we again encounter the phenomenon that the
K-theories of the left and right reduced semigroup C*-algebras coincide.

The central idea of this paper is to use tools from homological algebra, in
particular group (co)homology, for K-theory computations. This idea is also at
the heart of the Baum—Connes conjecture. However, we point out that our ap-
proach and the one via the Baum-Connes conjecture are of different flavours.
We really work on the C*-algebraic level, producing explicit C*-algebraic exact
sequences which allow us to apply homological tools, whereas K-theory compu-
tations using the Baum—Connes conjecture typically involve more geometric or
topological ideas, analysing the “left hand side” of the Baum-Connes conjecture
based on a good understanding for classifying spaces. It would be very interest-
ing to compare these two approaches.

2. INDEPENDENT RESOLUTIONS

The notion of independent resolutions has already been introduced in [21]],
but in a purely algebraic setting. We now discuss C*-algebraic independent reso-
lutions.
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Throughout this paper, every group is supposed to be discrete and count-
able, and every topological space is assumed to be second countable, locally com-
pact and Hausdorff. Given a dynamical system I" ~ 2 with a group I' acting on
a totally disconnected space (2, we want to introduce the notion of an indepen-
dent resolution of I' ~ Cy(£2). Once we have done that, we can also talk about
independent resolutions for dynamical systems of the form I' ~ D where D is a
commutative C*-algebra generated by projections since C*-algebras of the form
Co(Q) for a totally disconnected space (2 are precisely those commutative C*-
algebras which are generated by projections.

First of all, a semilattice is by definition a commutative idempotent semi-
group, i.e., a commutative semigroup in which every element e satisfies ee = e.
All our semilattices are supposed to have a zero element. Given a semilattice E,
the C*-algebra of E is the universal C*-algebra

Ppe are projections, pg = 0, )
E > e — p. is a semigroup homomorphism

CA(E) = C* ({peleee

By an action of a group I on a semilattice E we mean a group homomorphism
from I to the semigroup automorphisms of E. Such an action obviously induces
an action of I on C};(E).

It turns out that every C*-algebra of the form Cy((2) for a totally discon-
nected space (2 is isomorphic to the C*-algebra of a suitable semilattice. Namely,
by Proposition 2.12 of [5], we can always find a regular basis V for (2 in the sense
of Definition 2.9 in [5]]. Since the compact open sets in V' are closed under inter-
section, they form a semilattice. And as explained in Remark 3.22 of [5], we have
the isomorphism C} (V) = Cyo(Q2), py +— 1ly. Here py is the projection in the
C*-algebra of our semilattice V corresponding to V € V (as in the definition of
C(V)), and 1y is the characteristic function of V.

Now given a totally disconnected dynamical system I ~ (2, we can ask for
a semilattice E, together with an action of I', such that we have a I'-equivariant
isomorphism C}(E) = Cyp((2). It is easy to see that such a system I' ~ E exists
for I' ~ (2 if and only if (2 admits a I'-invariant regular basis in the sense of Def-
inition 2.9 of [5]. In general, this does not need to be the case, as was remarked in
Proposition 3.18 of [5]. However, Remark 3.22 of [5] shows that given an arbitrary
totally disconnected dynamical system I" ~ (2, we can always find semilattices
E, Eq, Ey, ..., together with I'-actions on these semilattices, and a I'-equivariant
long exact sequence

2.1) -+ = CH(Ey) — Ci(E1) — CH(E) — Co(Q2) — 0.

We call such a long exact sequence an independent resolution of I' ~ Cy(Q2). Of
course, the requirement that the sequence is I'-equivariant is crucial here. More-
over, we define the length of such an independent resolution to be the smallest
integer n > 0 with E, 1 = {0}, or equivalently, C}(E,+1) = {0}. If no such
integer exists, then we set the length to be oo.
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An independent resolution of I' ~ Cy((2) for which the stabilizer groups
are all trivial (I' acts freely on E* and E,* for all k) is a J-projective resolution for
Co(Q) in the category KK', in the sense of Section 2 in [23]. Here we take for J
the K-theory functor from the category KK' to Z/2Z-graded ZI'-modules. As ex-
plained in Section 3 of [23]], every J-projective resolution embeds into a phantom
tower, which in turn induces the so-called ABC spectral sequence ([23], Section 4).
In [23]], the reader may find conditions under which this ABC spectral sequence
converges to K, (Co(2) x, I') (see for instance Proposition 4.1 of [23] or Section 5
of [23]). The reader may find more details in [23] and [24]. But at least in prin-
ciple, an independent resolution with trivial stabilizer groups helps to compute
the K-theory of our crossed product. In the case of finite length resolutions, we
elaborate on this computational aspect in Section 5]

Now let us assume that our group I' is exact. In that case, every independent
resolution as in gives rise to a long exact sequence of the form

(22) - > CHE) %y I = Ci(Ey) X T = CEHE) % T — Co(Q) xr I’ — 0.

Here we take the crossed products with respect to the I'-actions provided by our
independent resolution. We call such a long exact sequence an independent res-
olution of Cy(Q2) xr I'. As remarked at the beginning, we can also talk about
independent resolutions for dynamical systems of the form I ~ D or for D ;. I’
where D is a commutative C*-algebra generated by projections.

If I' ~ Cyp(Q) admits an independent resolution of finite length, then we
get the following exact sequence:

0= CiEy) Xe I = -+ = CiHE)) X I’ = CHE) % T = Co(Q) x I’ — 0.
This exact sequence can be split into several short exact sequences of the form

0— Ci(Ey) ¥ I — CE(Eyq) Xr I’ — ker,, o — 0,
0— kern_z — Ci;(En—Z) X — kern_g — 0,

0 — ker; — C(E1) % I’ — kerg — 0,
0 — kerg = CL(E) x, I — Co(Q) X I — 0.

Now consider the corresponding six-term exact sequences in K-theory, and as-
sume that I” satisfies the Baum—Connes conjecture with coefficients. In the first
six-term exact sequence, the K-theories for C(E,) X I and C;;(E,;—1) % ' can
be computed using Corollary 3.14 of [5]]. If it is possible to compute the K-theory
for ker,,_, from this six-term exact sequence, we could plug in the result into the
next six-term exact sequence, apply Corollary 3.14 of [5] to C(E,—2) x: I', and
try to determine the K-theory of ker,,_3. In this way, we could compute K-theory
step by step until we come to the C*-algebra of interest, namely Cy(2) x, I'. Of
course, the extension problems which we have to solve along the way might be
difficult.



168 XIN L1 AND MAGNUS D. NORLING
3. FROM ALGEBRAIC INDEPENDENT RESOLUTIONS TO INDEPENDENT RESOLUTIONS

Let us now build the bridge between algebraic independent resolutions and
C*-algebraic ones.

Let A be a C*-algebra generated by a multiplicatively closed family of pro-
jections P, and let Z be the sub-Z-algebra of A generated by P. Assume that E
is a semilattice with a semilattice homomorphism E — P, which induces homo-
morphisms 7tz : Z[E*] — Z (denoted 7 in [21]]) and 77 : C;;(E) — A. Let E' be a
semilattice of projections in Z[E*], let I = Z-span(E’) (denoted I in [21]) and I
be the ideal of C}(E) generated by I7.

LEMMA 3.1. Ifker ty, = Iz, then ker t = 1.

Proof. Let F be the collection of finite subsets of E’ which are closed un-
der multiplication. F is obviously inductively ordered with respect to inclusion.
Moreover, set for F € F : Cf(E) := C*({e:e € F}) C C}(E). We obviously have

Ci(E) = U C{(E). Since Ci(E)/I = U (Ci(E)/Ip) with Ir = CE(E) N1, all
FeF FeF
we have to prove is that the homomorphism induced by restricting 77 to Cy(E),

mlp : CE(E)/Ir — A, is injective for all F € F. Given F € F, we can or-

thogonalize the projections in F and obtain a new set of non-zero projections

Florth) But since F is multiplicatively closed, we have F(°'h) C Z-span(F). Since

Cy(E) = 6(9 Y C- f, 7| is injective if and only if for all f € Fth) 7(f) =0
feF ortl

implies f € Ir. But 71(f) = 0 means that 7tz (f) = 0, so that f € kermy. By

assumption, f must lie in I,. Hence f € INCE(E) = If, as desired.

COROLLARY 3.2. Let I' ~ 2 be a totally disconnected dynamical system. As-
sume that E, Eq, Ep, ...are I'-semilattices and that

-+ = Z[ES] = Z[E]] = Z[E*] = Co(Q,Z) — 0
is an algebraic independent resolution. Then
<o = Cu(E2) — Ci(Er) = CL(E) = Co(2) = 0
is an independent resolution. The homomorphisms in this sequence are induced by the

ones from the algebraic independent resolution.

In the following, we give a criterion for the existence of finite length in-
dependent resolutions. The previous corollary reduces our investigations to the
algebaic setting, so that we can use Section 4 of [21]]. We first introduce some no-
tation. Let E be a semilattice. A finite cover for e € E* is a finite subset {f;};cj of
E* (] is a finite index set) with the property that

o fi<eforallje],
e forevery f € E* with f <, there exists j € ] such that ff; # 0.
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Given a finite cover {f;};c; for e € E*, we can write, in a unique way, \ f; =

i€l
Y_nyex where the gy are pairwise distinct idempotents in E* and the 1y are non-
k

zero integers. Here \/ f; is the smallest projection in Z[E*] which dominates all
j€]
the f;. We set

VAfities:=\ fi, and
j€]
EN/{fi}jey) == E<\/]’e]ff) = {ex 1 np #0}.
Moreover, given another element d € E*, we write
d~{f]'}j€] = {df] jeJr= {fj}jej-d, and
@-{fitje))™ = (d-{fi}je)) NE* = ({fi}jes - d) VE™ = ({fj}jes - )"
Now let E be a semilattice, and let I be a group acting on E via semigroup
automorphisms denoted by e — T¢(e) (¢ € I'). Let us assume that we are given a
collection of finite covers Z for E, i.e., for every e € E* a set Z(e) of finite covers
for e. Let I, be theideal ({e—\VR:e € EX, R € #(e)})z <Z[E*]| of Z[E*], and
assume that the I'-action on E or rather Z[E*] induces a I'-action on the quotient
Z|E*]/Iz. Furthermore, let I be the I'-invariant ideal ({e —\/R : e € EX, R €

Z(e)}) ACL(E) of CE(E). Iis the ideal of C(E) generated by Iz. Consider the
I'-action on the quotient C};(E)/I induced by the I'-action on E.

THEOREM 3.3. In the situation above, assume that the following conditions are
satisfied:
(i) For d, e in E* with de # 0 and R € %(e), either de € (d-R)* or (d-R)* €
Z(de).
(ii) For e € E*, pairwise distinct Rq,..., Ry in #(e) and ¢; € E(\/ R;) for 1 <i <
r r

T
r, we have for every 1 < j < r:If [I & # 0, then [Te; < I ¢ Note that for

-

i=1,i#] i=1 i=1,i#]
r
r =1, we set the product [] e;ase.
i=1,i#]
(iii) For every g € I and e € E*, we have 14(%(e)) = %#(74(e)).
Then Theorem 4.11 in [21] gives rise to an algebraic independent resolution of
I' ~ Z|E*|/ Iy, and hence also to an independent resolution of I ~ C(E) /1.
If we have, in addition to the assumptions above, that
(iv) sup[Z(e)| < co,
ecE”
then the independent resolution of I' ~ C}(E)/I from above is of length at most

sup | (e)|.

ecEX

The proof is an immediate consequence of Theorem 4.11 in [21]] and Corol-

lary
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4. QUOTIENTS OF INVERSE SEMIGROUP C*-ALGEBRAS

Reduced C*-algebras of 0-F-inverse semigroups which admit gradings in-
jective on maximal elements (in the sense of [26]) can be described up to Morita
equivalence as crossed products of totally disconnected dynamical systems which
admit an invariant regular basis. This was observed in [26]. Now we consider
quotients of such inverse semigroup C*-algebras, for instance tight C*-algebras
of these inverse semigroups. We show that if the quotients are given by relations
which satisfy conditions analogous to the ones in Theorem then these quo-
tients are Morita equivalent to crossed products which admit finite length inde-
pendent resolutions. This will be an application of Theorem This extension
of the results in [26] to quotients of inverse semigroup C*-algebras is crucial in
applications, because many C*-algebras arise naturally not as inverse semigroup
C*-algebras as such, but as quotients of these.

The general framework for the study of these inverse semigroup C*-algebras
and their quotients is given by the notion of partial actions of groups on semilat-
tices. We show that such partial actions can be dilated to ordinary actions on
enveloping semilattices. Moreover, relations for our original semilattice satisfy-
ing conditions analogous to the ones in Theorem [3.3| give rise to relations of the
enveloping semilattice which satisfy conditions (i) to (iv) from Theorem [3.3|with
respect to the dilated action. Since we will use reduced partial crossed products in
this section, we refer the reader to [22] for more details about these constructions.

Let E be a semilattice, let E! be E if E already has a unit and the unitalization
E U {1} otherwise.

DEFINITION 4.1. A partial automorphism of E is given by the following data:
(i) a projection d € E! (the domain),
(ii) a projection r € E! (the range),
(iii) a semigroup isomorphism 6 : dEd = rEr.

We will usually write 8 for the partial automorphism.

DEFINITION 4.2. A partial action § of a group I' on E is given by partial
automorphisms of E,

Og - d(g)Ed(g) =1(g)Er(g)

one partial automorphism for every group element ¢ € I', such that we have
d(1) =r(1) = 1,6, = id for the identity 1 € I, and g 0 0, < Oy,

This last inequality means the following: By definition, the composition 6, o
0 of 0, with 6y, is given by

6, (r(n)Er(h) Nd(g)Ed(g)) — 05 (r(h)Er(h) Nd(g)Ed(g)), e O5(0u(e))-

Note that r(h)Er(h) Nd(g)Ed(g) = (r(h)d(g))E(r(h)d(g)). Therefore, 6, o 6}, is
again a partial automorphism of E in our sense, with domain 6, Y(r(n)d(g)) and
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range 6 (r(h)d(g)). We observe that
6, (r(n)d(g))E6, " (r(h)d(g)) = {e € E:e < d(h) and 6)(e) < d(g)}.

So the projections in 6, Yr(n)d( g))E6, L(r(h)d(g)) are precisely those projections
for which it makes sense to apply 6, and then 6. The condition 6 0 6, < 0
means that for every e € 9;1 (r(h)d(g))EG;l (r(h)d(g)), we want to have 6, (6),(e))
= Og1,(e). For this to make sense, we need to have Qh_l (r(h)d(g)) < d(gh). This is
part of the requirement when we ask for the condition 0 0 6, < .

It is obvious that a partial action 6 of I" on E induces in a canonical way a
partial action of I" on C}(E), and we again denote this partial action by 6.

Given a partial action 6 of a group I' on E, we construct the enveloping
semilattice and the dilated action. First, we introduce the following equivalence
relationon I" x E:

(§:d) ~ (he) < 6,1,(d) =e.
More precisely, the equation 6),-1,(d) = e includes the requirement that d <

d(h='g). Tt is clear that ~ indeed defines an equivalence relation. The equiva-
lence class of (I, e) will be denoted by [I, e]. Moreover, it is easy to check that the
formula

(8] - [h,e] = [g,d0, 1, (ed(g~"h))]

defines a producton I X E/ ~ so that (I' x E/ ~, -) becomes a semilattice.

DEFINITION 4.3. We define a semilattice Env (E) by setting Env (E) := (I" x
E/ ~,-).

It is easy to see that for every ¢ € I', the map [h, e] — [gh, e] is a well-defined
automorphism of Env (E).

DEFINITION 4.4. We let T be the action of I' on Env (E) given by 1g[h, e] =
[gh, €], and we denote the induced I'-action on C};(Env (E)) by T as well.

It is easy to see that the map E — Env (E), e — [1,e] defines an injec-
tive homomorphism of semilattices. Moreover, the partial action 8 of I' on E
induces a partial action 8! of I' on E! with 651, = g if d(g),7(g) € E and where
9; is the unique unital extension of 0, if d(g) = r(g) = 1. Our construction ap-
plied to E! and 6! yields another semilattice Env (E!) with a I'-action. Again
E' sits as a subsemilattice in Env (E'). Also, Env (E) sits canonically as a I'-
invariant ideal in Env (E'). Let 1 be the unit of E!. Then 1(Env (E))1 is the
subsemilattice of Env (E) corresponding to E. On the level of C*-algebras, we
have that C}(Env (E)) is an essential ideal of C;(Env (E')), so that we can think
of 1 € C(Env (E')) as a multiplier of C;(Env (E)). In addition, we can canoni-
cally identify C};(E) with 1(C};(Env (E)))1.

REMARK 4.5. It is straightforward to check that (7, C}(Env (E))) is the en-
veloping action of (6, C};(E)), in the sense of Definition 2.3 in [1]. Therefore, by



172 XIN L1 AND MAGNUS D. NORLING

Proposition 2.1 of [1], the dual action (7, EE(\E)) of (t,Ci(Env (E))) is the en-

)
veloping action of the dual action (8, E) of (8, C(E)). In particular, (6, E) admits
an enveloping action on a Hausdorff space.

With this remark in mind, the following lemma is not surprising.

LEMMA 4.6. We have an isomorphism C}(E) g, I' =2 1(C}(Env (E)) x¢, I')1
determined by eVy — e - (1Ugl) = elgl forall e € E and g € I', and the latter C*-
algebra is a full corner of C;(Env (E)) X< I'. Here Vg is the canonical partial isometry
in the multiplier algebra of C;;(E) xq, I corresponding to g € I', and U is the canonical
unitary in the multiplier algebra of C;(Env (E)) x. I forg € T.

Proof. This is an immediate consequence of the observation that
(t,C(Env (E))) is the enveloping action of (6,C/(E)) and of the construction
of reduced crossed products (see for instance [22]).

Given a faithful, non-degenerate representation v : C;(Env (E)) — L(H),
we extend 71 to C;(Env (E')) so that we can form 71(1). Let 7 be the twisted
representation C(Env (E)) — L(H ® ¢2T') given by

() (E ®@ey) = m(T,-1(x)) () @ ey

Since 77 is again non-degenerate, we can extend it to C;(Env (E')) and form
7t(1). Let A be the left regular representation of I on ¢?I" and form 1® A : ' —
U(H ® ¢2T'). The reduced crossed product C}(Env (E)) x¢, I is by definition
the C*-algebra generated by 77(x)(1® Ag) for x € C;(Env (E)) and ¢ € I'. Now
7tles gy + CL(E) — L(m(1)H) is a faithful representation of C;j(E), and the rep-
resentation (7[c:(g))” (using the notation from Section 3 of [22]) is just the cut-
down of 7t|c. () by 7(1). Moreover, for every g € I', 77(1) (1 ® Ag)7t(1) is just the
partial isometry used in the definition of reduced partial crossed products in Sec-
tion 3 of [22]]. The first part of our lemma follows. That 1(C};(Env (E)) X, I')1lisa
full corner follows immediately from the obvious fact that Env (E)= UFTg (E). 1
g€

Now let us consider relations.

LEMMA 4.7. Assume that 0 is a partial action of a group I on E. For every e €
E*, let %(e) be a finite set of finite covers for e such that the following conditions hold:
(1p) For d, e in E* with de # 0 and R € % (e), either de € (d-R)* or (d-R)* €
Z(de).
(2p) For e € E*, pairwise distinct Rq,..., R, in #Z(e) and ¢; € E((VR;)) for
r r r

1<i<r,wehave foreveryl < j<r:If [ € #0,then [Te; < [I &. As
i=1,i#j =

1ij i=1 T i=l,i#)
before, we define the product ﬁ g to be e in the case r = 1.
i=1,i#]
(3p) For every g € I and e € E* with e < d(g), we have T4(#(e)) = Z#(6g(e)).
(4p) sup |Z(e)| < co.

ecE*
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If we now set for [h,e] € Env (E)* : Z([h,e]) := 1,(#(e)), then Env (E) and % (x),
x € Env (E)* satisfy the conditions (i) to (iv) from Theorem 3.3

Proof. 1t is easy to see that for every x € Env (E)*, Z(x) is a well-defined
finite set of finite covers for x. Moreover, conditions (ii), (iii) and (iv) are easy to
check. It remains to check condition (i). Let x = [g,d]| and y = [h, ¢] be elements
in Env (E)* with xy # 0. We have to show that for all R € #(e), either xy lies
inx-1(R)or (x-1,(R))* € Z(xy). First, let us see that we can without loss
of generality assume that x lies in E. Namely, x = 1¢([1,d]), and we have xy =
([ dtg'y), x - w(R) = (1, d]ty '5,(R)) and Z(xy) = 2(7e([1,d]g 'y)) =
T (2 ([1,d|Ty 1y)). This means that once we prove our claim for [1,d] in place of
xand T, 1y in place of y, we are done. In other words, we can assume that g = 1.

For [1, f] € R, we compute [1,d|7,[1, f] = [1,d][h, f] = [1,d6,(fd(h))].
Condition (1p) tells us that either ed(h) € R -d(h) or that (R - d(h))* € Z%(ed(h)).
In the first case, we conclude that xy = [1,d][h,e] = [1,d6)(ed(h))] = [1,d]|7;[1, f]
(for some f) lies in x - 7,(R). In the second case, it follows that (6, (R - d(h)))* €
(0, (ed(h))) by condition (3p). Now, condition (1p) again says that we either
have d6y(ed(h)) € d(6,(R -d(h))) or (d(6,(R -d(h))))* € Z(d(6,(ed(h)))). In
the first case, we have xy = [1,d0,(ed(h))] € x-1,(R). In the second case, we
conclude that (x - 7,(R))* € Z(xy) since xy = d(6;,(ed(h))). 1

PROPOSITION 4.8. In the situation of Lemma(4.7} set
Ii=({e=VR:ec B, Re #(e)}) < Ci(E),
Env (1) i= ({x = \/R:x € Bnv (E)*, R € 2(x)} ) < Ci(Env (E)).
Let (I) := (I)cs(E)ng, 1 be the ideal of C(E) X, I generated by I and

(Env (1)) := (Env (I)) s (Env (E)) sl

be the ideal of C;(Env (E)) X I generated by Env (I).

Then I = 1(Env (I))1, (I) = 1(Env (I))1, and the isomorphism from Lemma4.6]
induces an isomorphism (C}(E) g, I')/(I) 2 1((C};(Env (E)) x, ')/ (Env (I)))1.
If furthermore I is exact, then the isomorphism from Lemma [4.6|also induces an isomor-
phism (C4(E) g, T')/{I) 2 1((C}(Env (E))/Env (I)) xr I')1. Here 1 is the image
of 1 in the multiplier algebra of the corresponding quotient, and 1 gives rise to a full
corner (regardless whether I is exact or not). In addition, I ~ C}(Env (E))/Env (I)
admits a finite length independent resolution.

Proof. The equation I = 1(Env (I))1 follows from (1p) and (3p). That (I) =
1(Env (I))1is an immediate consequence. The rest follows from Lemmaf4.6} Lem-

mal4.7land Theorem ]

Now let S be an inverse semigroup with zero element. For s € S let A(s) be
the partial isometry on /25> defined by A(s)ey = &gy if s*sx = x and A(s)es = 0
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otherwise. By definition, C;(S) is the C*-algebra generated by A(s), s € S. Note
that we consider partial isometries on /2S* to make sure that A(0) = 0.

Let S be 0-F-inverse, and let G be a group and ¢ : (S')* — G a morphism
injective on the set of maximal elements M(S') as in Section 1 of [26]. Let sq
be the maximal element of o~ 1(g) if the latter set is non-empty, and let s¢ := 0
otherwise. We denote by E the semilattice of idempotent elements in S. In such
a situation, a partial action 6 of G on E is given as follows: For ¢ € G, we set
d(g) := sgsg, 1(g) = sgsg and Oy : d(g)Ed(g) — r(g)Er(g), e — sgesy. First of all,
let us prove the following

LEMMA 4.9. We have an isomorphism C}(E) xg, G = C;(S) determined by
eVy — Alesg) foralle € Eand g € G.

Proof. The map S* — E* x G, s (ss*,0(s)) is injective since s = s5"s, ).
Using this map, we view S* as a subset of EX x G, and welet P € L({*E* ® (>G)
be the orthogonal projection onto S* C (?E* ® (2G.

Let 7t : Ci(Env (E)) — L({?Env (E)*) be the left regular representation of
the semilattice Env (E) viewed as an inverse semigroup. As before, we extend
7 to Ci(Env (E')) so that we can form 7t(1). It is clear that we can represent
Ci(Env (E)) X7y G faithfully on £2Env (E)* ® £2G by sending x € Env (E) to
m(x) ®1and Ug to Ty ® Ag for ¢ € G, where Ty (ex) = €, (v) for x € Env (E)*.
Using the isomorphism C};(E) Xg, G = 1(Cj;(Env (E)) X1, G)1 from Lemma 4.6
we obtain a faithful representation of C;(E) g, G on (1) (¢?Env (E)*) ® £2G =
PPE* @ (°G given by eV, — (7m(e) ® 1)(7(1) ® 1)(Ty ® Ag)(m(1) ® 1). An
obvious computation shows that both 7(e) ® 1, e € E, and (7(1) ® 1)(T; ®
Ag)(m(1) ® 1), g € G, leave the subspace (25* C (?E* @ (>G invariant. More-
over, we have P(7t(e) ® 1)(71(1) ® 1)(Tg ® Ag)(m(1) ® 1)P = A(esg). Therefore,
cutting down by P gives rise to a surjective homomorphism C}(E) x5, G —
C;(S). This homomorphism is injective since it fits into the following commu-
tative diagram

Ca(E) %9 G ——=C7(9)

| |

Ci(E) ——cy(E)

where the vertical arrows are given by the canonical faithful conditional expecta-
tions. 1

Combining Lemma [4.6|with Lemma[4.9} we obtain the following
COROLLARY 4.10. C}(S) is isomorphic to the full corner
1(Ci(Env (E)) X¢r G)1
of Co(Env (E)) X G via Alesg) — e~ (1Ugl) = ellgl.
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This makes the observations from Section 2 of [26] a bit more explicit.
Again, we turn to relations and the corresponding ideals. The following is
an immediate consequence of our discussions:

PROPOSITION 4.11. Let 0 be the partial action of a group G on a semilattice E
attached to a 0-F-inverse semigroup S and a morphism o : (S1)* — G injective on
M(S') as above. Assume that for every e € E*, we are given a finite set % (e) of finite
covers for e such that conditions (1p) to (4p) from Lemma hold. Setl:={({e—VR:
e € EX, R € Z(e)}) aCy(E), let (I) be ideal of C}(S) or C5(E) X, G, respectively,
which is generated by I, and let Env (I), (Env (I)) be as in Proposition

If G is exact, then the isomorphisms from Lemma [.9]and Proposition [4.8|give rise
to isomorphisms

Ci(S)/(I) = CL(E) xg, G/(I) 2 1((Ci(Env (E))/Env (I)) xrr G)1.
The latter C*-algebra is a full corner, so that all these C*-algebras are Morita equivalent to
(Ci(Env (E))/Env (I)) X G.
And finally, G ~ C};(Env (E)) /Env (I) admits a finite length independent resolution.

REMARK 4.12. The dual system (EH/VE), G, 7T) in our setting can be canon-
ically identified with the dynamical system ((2, G, T) from Section 2 of [26].

REMARK 4.13. Assume that in Proposition we can choose relations
Z(e), e € E* in such a way that the spectrum of C}(E)/I identifies with the
tight spectrum Eﬁght in the sense of [11]. Then Proposition gives a way to
describe the tight (reduced) C*-algebra of S as a crossed product which admits a
finite length independent resolution.

5. COMPUTING K-THEORY IN THE CASE OF FREE ACTIONS

Let E be a fixed I'-semilattice with a fixed system % of covers satisfying
(i)—(iii) of Theorem Suppose also that I" acts freely on E*. This situation
was also discussed in Section 5 of [21] where we found methods for comput-
ing Hi(I', Z(E*)/Iz). If we also suppose that I is exact and satisfies the Baum
Connes conjecture with coefficients we can use information about these homol-
ogy groups to describe the K-theory of (C}(E)/I) %, I

LEMMA 5.1. Continue with the assumptions introduced in the beginning of the
section. For each k > 0, let ¢y denote the x-homomorphism ¢y : Ci(Ex) X¢ I —
Ci(Ex—1) X¢ I in the independent resolution obtained from Corollary[3.2l Then by ap-
plying the Ko functor to the sequence

B CH(By) e T P25 CH(Ey) 5e T 2% CE(E) %0 T — 0
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one obtains the chain complex
C=(--—=Z['\ES] = Z[T'\E{] = Z[T \E*] = 0)

defined in Section 5 of [21]]. Moreover there is a I'-equivariant isomorphism Ko(Cy;(E) /1)
> Z(E*)/ Iy, and so we have H,(C) = H..(I', Ko(C:(E)/1)).

Proof. By definition, the restriction of ¢ to Z[E;‘] is the map induced from
the inclusion Ey — Z[E; ,]. Moreover, Corollary 3.14 of [5] gives us that
Ko(C(Ex) x: I') ~ Z[I'" \ E/]. In this isomorphism the Ko-class of e € Ej (identi-
fied as an element of C};(Ey)) is sent to the class [e] € Z[I'\ E;]. Thus (omitting
the isomorphism) (¢ )« maps [e] to [f] € Z[I'\ E* ], where f € Z[E," ,]is the in-
clusion of e. Then by definition [f] = 9([e]), where 0y : Z[I' \ E] — Z[I' \ E;" ]
is the k’th boundary map in C.

The last statement, that H.(C) = H,(I',Ko(C:(E)/I)) follows as in Sec-
tion5of [21]. &

PROPOSITION 5.2. Continue with the assumptions introduced in the beginning
of the section. Let n = sup |#(e)|. Let D = C{(E) /1. Then:
ecE~
(i) Ifn =1, Ko(D »: ') = Hy(T, Ko(D)) and K1 (D x, T') = Hy (T, Ko(D)).
(ii) If n = 2, Ko(D 0 T') = Ho(I, Ko(D)) @ Ha(I', Ko(D)) and Ky(D x, T') =
Hy (I, Ko(D)).
(iii) If n = 3 and H3(I', Ko (D)) = 0, there is an extension

0 — Ho(I',Ky(D)) = Ko(D % I') — Hy(I',Ko(D)) — 0,
and K1(D x; I') = Hy(I', Ko(D)).

Proof. Foranymap f : X — Y betweensets X, Y, let f° denote the restriction
f°: X — f(X). Assume n > 0 and look at the short exact sequence

0= CA(E) e T 25 CE(Ep 1) 900 T P Kery_n — 0

where ker,_, = im¢,_; = ker¢,_». Using Lemma we get that this short
exact sequence induces the six-term exact sequence

ZIM\ By —2 2T\ B ) P Ry (er o)

| |

K (ker,_») 0 0

So Ky (ker,_») = coker 0, with (¢, _; )« being the quotient map, and K; (ker,,_») =
kerd, = H,(C). Assuming for a moment that n = 1 we get ker,_» = D X, I
Moreover, Hy(C) = cokerd,. As shown in Lemmal5.1] H.(I',Ko(D)) = H.(C),
so the first point is proved. Continuing the above computations with n > 1 we
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look at the next short exact sequence

0 = kery 5 23 C(En_s) %o T Y% kery 5 — 0
where f,,_, is the inclusion ker ¢,_» < C;i(E;;—2) X I'. This induces the six-term
exact sequence

coker 9y, M ZIL'\E; ] %4_2); Ko(ker,_3)

| |

Ky (kery,_3) 0 H,(C)

Since py—1 = fu—2,_1 we get dy_1(x) = (fu—2)x(¢y_1)+(x) = (fu—2)«(x+
ima,). This gives us Kj(ker,_3) = ker (f,—2)« = kerd,_1/imd, = H,_1(C).
As H,(C) = ker 9y, is free over Z we get Ko(ker,_3) = H,(C) @ coker (f,—2)« =
H, (C) ® cokerd,_;. Here (¢, _,)« is the quotient map onto cokerd,_. If we as-
sume for a moment that n = 2, then ker,,_3 = D %, I'. Moreover, cokerd,,_| =
Hy(C), so the second point is proved. Continuing the computations for n > 2 we
get the short exact sequence

0 — kerp_3 23 CX(En_3) %e T — kery_4 — 0
and the associated six-term exact sequence

H,(C) & coker an,({”% Z[I' \ E,;_s] — Ko(ker,_4)

| |

Kl (kern74) 0 anl(c)

Using a similar argument as for (f,_p). we get that (f,_3)«(x,y +imad,_1) =
g(x) 4+ 9,_2(y) for some map g. Now if H,(C) = 0, K;(ker,_4) = ker (f,—3)« =
H,_»(C). We also see that there is an extension

0 — coker (f,—3)+ — Ko(ker,_4) = H,_1(C) — 0.

If H,(C) = 0, then coker (f,_3)+ = cokerd,_p. In particular, if n = 3 and
H3(C) =0, coker (f,—3)« = Ho(C). This finishes the proof. &

REMARK b5.3. As noted in Lemma the homology groups
H.(I',Ko(C(E)/I)) may be computed as the homology groups of the chain com-
plex C of Section 5 in [21]. If the system of covers Z also satisfies the conditions
(A)—(C) of Section 5 in [21]], one may due to Remark 5.6 of [21] replace the chain
complex C with the chain complex C in the situation of that remark. The chain
complex C is also defined in Section 5 of [21].



178 XIN LI AND MAGNUS D. NORLING
6. EXAMPLES

6.1. GRAPH C*-ALGEBRAS. We show that using independent resolutions, it is
easy to compute K-theory for graph C*-algebras. We use the same notation as in
Section 5 of [26]: Let £ = (£°, €1, 7, p) be a graph, and let S¢ be its graph inverse
semigroup. S} is strongly 0-F-inverse with universal grading (S;)* — F , where
F is the free group on £!. The semilattice E of idempotent elements in Sg can be
identified with £* U {0}, where £* is the set of finite paths of £. Multiplication in
Eisgivenby p-v:= pif v = pv' for some v’ € £*, y-v:=vif u = vy’ for some
p € & and p - v := 0 otherwise. Here v’ stands for concatenation of paths.

The partial action of IF on E attached to S¢ in the sense of Section[d]is given
as follows: We view £* as a subset of IF in a canonical way. For paths y and v in
&* with length at least one and o() = o (v),letd(uwv=') =v-E, r(uv™') = u-E
and 9#1/ 1(v-¢) := p-¢. For the identity 1 € F, we set 6; := idg, and all the
remaining ¢ € I do not lie in the image of our grading.

As observed in Section 5 of [26], C;(S¢) is canonically isomorphic to the
Toeplitz algebra of £. The graph C*-algebra of £ is the tight version of C; (S¢), i.e.,
a quotient by a certain ideal. To describe the graph C*-algebra of £, we consider
the following relations: Let & be the vertices v of £ for which 0 <#{x € ! :
v=p(x)} < oo, and let 0 1(&])) be the set of paths u with o(u) € £). For every
peo—1(EY), we let R (i) be the finite cover {px : k€€, o(p)=p(x)} for y, and we
set Z(p) :={R(u)}. For the remaining y€E* which are not in o~ 1(&J), just set
X (p):=D. Let ey, be the projection in Cj;(E) corresponding to u€E. If we now set

[:= <{ey Vg @ € a*l(gg)}> acx(E),

then it is clear by construction that the graph C*-algebra C*(£) is canonically
isomorphic to C; (S¢)/(I). Moreover, it is easy to see that the partial action F ~ E
and Z(p), p € E*, satisfy conditions (1p) to (4p) from Lemma[4.7]

Proposition4.10|implies that C; (S¢) (and hence the Toeplitz algebra of £) is
isomorphic to a full corner in Cj;(Env (E)) %, F, and Proposition[4.11]implies that
C(Sg)/(I) (and hence the graph C*-algebra of £) is isomorphic to a full corner
in (C(Env (E))/Env (I)) x, F.

Let us now come to K-theory. Since the stabilizer groups for the action of IF
on Env (E)* are trivial (see [26]) we could utilize Proposition but in this case
it is more illuminating to do the computations directly to illustrate what goes on.
Lemma{4.7] E and Proposition 4.1 of [21] yield the semilattice

Ep = { -V R(gu):g€F, ne 0*1(58)} U {0} C Proj (C;(Env (E))),
where R([g, ) = (R ( )) (7 is defined in Definition . By Theorem
e

8
since we have sup |R(e)| = 1, we obtain a short exact sequence
ecEX

(6.1) 0—Ci(Ey) »0; F— Ci(Env (E)) 30, F— (C:(Env (E)) /Env (I)) % F—0.
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With Corollary 3.14 of [5] (see also [26]), we compute
K.(C}(Env (E)) % F) = € K.(C),

ve&l
with generators for Kg given by [e,], v € £°, and K, (C(E1) % F) &2 @ K.(C),
we&d

with generators for Ky given by [e, — Ve, &), w € &J. Using V R([g, u]) =

(g, ux], we obtain that i, : Ko(C;(E1) % F) — Ko(Ci(Env (E)) %, F)
k€€, o(p)=p(x)
sends [ew — Vyer,, ev] t0 [ew — Liegt, wop(x) [€o(x)]]- Thus we see that i, can be de-
scribed using the vertex matrix Ag, i.e., the 0 x £ matrix given by A¢ (v, w) =
#{x € &' ¢ p(x) = v,0(k) = w} € NoU {co}. Under the decomposition
EV =80 (&% &), Ag is of the form (/}P 4 ) where the entries in * are 0 or co.

Using Ap and A; from the vertex matrix, i, identifies with the homomorphism

[1__ A?O] . 78 — 7£°. Plugging this result into the six-term exact sequence
attached to (6.1I), we obtain for the K-theory of the graph C*-algebra C*(&):

I— ftlg} '

—At

t

Ko(C*(€)) = coker F_ A?O} and Ky (C*(€)) = ker {

This reproves Theorem 3.1 of [10]. Note that the chain complex
028 15 78 0
is easily identified with the chain complex C discussed in Section |5} with i, = 9.

QUESTION 6.1. Is a similar analysis possible for higher rank graph C*-algebras?

6.2. C*-ALGEBRAS OF ONE DIMENSIONAL TILINGS. We will see how indepen-
dent resolutions can be used to compute the K-theory of the C*-algebras associ-
ated to one dimensional tilings. A tile in R is a closed interval. A tiling T of R
is a set of tiles with pairwise disjoint interiors and union R. As in Section 4.2 of
[14] we describe the connected tiling inverse semigroup as the inverse semigroup
associated to a factorial language. Let X be a finite alphabet (i.e. a finite set). A
language L on X is factorial if for every x € L every substring of x also belongs to
L. Assume also that every element of X occurs in L. In our setting we imagine T
as a bi-infinite string on a finite set X of prototiles and L as the factorial language
consisting of all finite substrings of T.

Let 51, be the inverse semigroup associated to the factorial language L. Then
the semilattice E of idempotent elements in S; consists of 0 as well as all strings
on the alphabet X U {i : a € £} on the form xiy where x,y € Z* and xay € L. In
other words, the nonzero elements of E are elements of L with a check above one
of its letters. Multiplication is defined as follows: Let e,d € E* and place e above
d such that the checked letter of e is above the checked letter of d. If they match
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on the overlap, glue e and d together on their overlap. If the resulting element
belongs to E define this element to be e - 4. Otherwise e - d is defined to be 0.

It was shown in [14] that Sy, is strongly 0-F-inverse with universal grading
(SL)* — F where F is the free group on the set {(a,b) € ¥ x X : ab € L}. For
higher dimensional tilings the connected tiling semigroup is in general not 0-F-
inverse. The partial action ' ~ E in the sense of Section ] becomes as follows:
With ¢ € F on the form ¢ = (ay,a2)(az,a3) - - - (an—2,8,-1)(ap_1,an), a1,...,an €
2 we get

d(g) = {xala2 ceelp_qdny X, Y € X, xaay - - - Ap—1anYy € L}/
r(g) = {xdiap - - -ay_1any : x,y € X", xa1ap - - - a,_1a,y € L},
Gg(xal‘h T ﬂn—lﬁn]/) = xd1ay - - - Ay—1anY.

Moreover, 6,1 = 6 l'and 6; = idg. No other g lies in the image of the grading.

For each e € E* set Ry(e) := {ae : a € Z,ae € E}, Ry(e) := {ea : a €
X,ea € E} and let Z(e) := {R1(e),Ra(e)}. These covers are chosen to make
C(St)/(I) isomorphic to the tiling C*-algebra At of [15]. It is easy to see that
the partial action F ~ E and Z(e), e € E*, satisfy conditions (1p) to (4p) from
Lemma[4.7} Since every x € L is a substring of T we have that ax € Land xb € L
for at least one a € X and one b € X. Thus |#(e)| = 2 for each e € E*.

Let p(e) € C};(Env (E)) stand for the projection corresponding to e € E and
similarly let p([g, e]) stand for the projection corresponding to [g, ¢] where g € F.

We get the semilattice E; consisting of 0 and the elements

p(lg.ell1) := p(g.e]) = \/ Ri(lg.e]) = p(lg.e]) — Y. p(lg ae]),

acX,aecE

p(lgelll2) == p(lg,e)) =V Rallg.e]) = p(lgel) — Y, pllg eal),

acX,eacE
p((g€]l11,2) := p([g.el[[1)p([g.€]|[2),

for each ¢ € F and e € E. We also get the semilattice E, consisting of 0 and the
elements

p((g.ell1]2) = p([g.elll1) — p(lg.elll1,2) = ). p(lg ealll1),

acX,eacE

p(lg eli21) = p(g ell2) —p(g.elll1,2) = ) p(lg aelll2),

acX,eacE
foreachgc Fande € E.
Theorem [3.3|gives an exact sequence
0 — Ci(Ep) x:F — Ci(Ep) %, F,
— CHEnv (E)) Xy F — (Ci(Env (E))/Env (I)) x;F — 0.
As seenin [26], F acts freely on Env (E)*, so with Corollary 3.14 of [5] we compute

K. (Ci(Env (E)) x; F) = @ K.(C), with generators for Kj given by [e], where
x€L
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e € E and the first letter of ¢ is checked. Similarly we compute K, (C};(E;) . F) =
@D (K« (C) & K«(C) & K, (C)) with generators for Ky given by [p(e||1)], [p(e]||2)],

xeL
[p(el]1,2)] and
K. (Ci(E2) x: F) = P(K+(C) © K, (C))
x€L
with generators for Ky given by [p(e||1|2)], [p(e||2|1)] where e € E and the first
letter of e is checked. Applying Ky to our long exact sequence we thus get the
chain complex

c=(0-@P,. 2o B, 2oz02) L@, 2-0).

We can now apply Proposition We get kerd; = 0, and H;(C) = Z, generated
by (L.ex([p(@[|1)] — [p(d]|2)])) +im9;. Let 1, be the generator of the x’th copy
of Z in @ Z and let H be the subgroup of @ Z generated by

L L

{1x - Zan,axeL lox:x € L} U {1x - ZﬂGZ,xaGL lyg:x € L}

We then get Ko(Ar) = cokerd; = (@, Z)/H and K1 (Ar) = H;(C) = Z.
With some work one can see that this is an affirmation of the observations
about the K-theory of one-dimensional tiling C*-algebras found in [14].

6.3. BOUNDARY QUOTIENTS OF SEMIGROUP C*-ALGEBRAS.

6.3.1. RIGHT-ANGLED ARTIN MONOIDS. Let P be a right-angled Artin monoid
and G the corresponding Artin group. We refer to [3] and [4] for details. It is
known that P embeds as a subsemigroup into G. The left inverse hull I;(P) is an
inverse semigroup of the type studied in Section[d] The corresponding semilattice
is given by J = {pP : p € P} U {®@} with intersection as multiplication, and
the partial action 6 of G on 7 attached to I;(P) in Section []is given by d(g) =
(7'-P)NP e J,r(g) = PN(g-P) € J and b : d(g)Td(g) — r(8)T(3),
X — g+ X. We have canonical isomorphisms C; (P) = C} (I;(P)) = Ci(J) Xg, G.
Here C;(P) is the semigroup C*-algebra of P, discussed in [16], [17] in a general
context and in [3]], [4] in the particular case of Artin monoids.

Let us now assume that the underlying graph of our right-angled Artin
monoid P is irreducible and finite. Let S be the set of generators of P corre-
sponding to the edges of the graph. In this situation, let us describe the bound-
ary quotient of C;(P) with the help of relations. For each p € P, let R(pP) be
the finite cover {psP : s € S} for pP € J, and set Z(pP) := {R(pP)}. With
I:= ({ex = Vyer(xyey : X € J*}) <Ci(J), Lemma 3.8 and Corollary 6.6 of
[4] tell us that C;(P)/(I) is the boundary quotient of C;(P). Moreover, the par-
tial action 6 of G on J and the relations #Z(X), X € J*, satisfy conditions (1p)
to (4p) from Lemma Conditions (2p), (3p) and (4p) are obviously satisfied.
Condition (1p) also holds because given p, ¢ and x in P with pP NgP = xP,
we have that x € pP = {p} U U psP. If x lies in psP for some s € S, then

seS
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psPNqP = psPNpPNgP = xP,and if x = p, then pP C ¢P, thus psPNqP = psP
for all s € S. The enveloping semilattice of J is given by Jpcg = {gP : g €
G} U{®}, and G acts by left multiplication. Setting R(g¢P) := {gsP : s € S}
and Z(gP) := {R(gP)}, Lemma [£.7] tells us that G ~ Jpcc and Z(Y), Y €
J pxg ¢ satisfy conditions (i) to (iv) of Theorem Since G is exact by Proposi-
tion [4.10| of [12], and Proposition [4.11]imply that C;(P) ~um Cii(Jpcg) ¥r G and
Ci(P)/(I) ~m (Ci(Tpcc)/Env (I)) x;r G. Theorem 4.11 of [21] yields the semi-
lattice E1 = {egp — Vyer(gr)ey : § € G} U{0} C Proj(Ci(Jpcc)), and since
sup |Z(Y)| =1, we obtain the short exact sequence
YeTpeg

0 — Ci(E1) % G - Ci(Ipcg) ¥x G = (Ci(Tpcc)/Env (1)) x G — 0.

Corollary 3.14 of [5] yields K. (C(E1) xr G) = K, (C), with the generator of Ky
given by [ep — \/scs esp), and Ky (C(Tpcg) Xr G) = K, (C), where the generator
of Ky is given by [ep]. Since i, sends [ep — V/scg €sp] to x - [ep], where x is the Euler
characteristic of the underlying graph of P in the sense of [4] and [13]], we obtain
for the K-theory of the boundary quotient C;(P)/(I):

() if x = 0 : Ko(Ci(P)/(1)) = Ko((Ci(JTpcg)/Env (1)) : G) = Z and
Ki(Cr (P)/(D) = Ki((Cy(Tpcg) /Env (1)) %1 G) = Z,

(i) if x # 0: Ko(C; (P)/(I)) = Ko((Ci(Tpcc)/Env (1)) %: G) = Z/|x|Z and
Ri(Ce(P) /(1)) = Ki((Ca(Tpcg)/Env (1)) »r G) = {0}

We point out that the K-theory of the boundary quotient has already been

computed in [13] using different methods.

6.3.2. GROUP C*-ALGEBRAS AS BOUNDARY QUOTIENTS OF SEMIGROUP C*-ALGE-
BRAS. Under the same assumptions as in Section 6 of [21]], we obtain independent
resolutions for group C*-algebras. In special cases, for instance in the situation of
Section 6.2 in [21]], these resolutions have finite length and hence can be used to
compute K-theory for group C*-algebras of particular groups. For example, for
the group G generated by two elements 4 and b satisfying the relation a> = b?,
we get Ko(Cf(G)) = Z and Ky (C; (G)) = Z & Z/2Z. This follows from the obser-
vation that G is amenable, as well as Example 6.3 of [21] and Proposition

6.3.3. RING C*-ALGEBRAS FOR RINGS OF INTEGERS. We consider the same par-
tial action 0 : G ~ J asin Section Let P be the set of non-zero prime ideals
of R. Consider the following relations:

Z((r+a)xa®)={{(r+s+p-a)xa”:s€y-a}:peP}

With I := ({ex — Vyepey : X € T, R € Z(X)}) <Ci(T), C*(R x R*)/(I) is
the boundary quotient of C*(R x R*), hence isomorphic to the ring C*-algebra
of R from [7]. It is straightforward to see that 0 : G ~ J and Z((r + a) X a*),
(r4+a) x a* € J*, satisfy conditions (1p) to (3p) from Lemma but (4p) does
not hold because P is infinite. This problem can be solved as follows: Enumerate
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the prime ideals, i.e., write P = {p1,p2, p3,...} and set P, := {py,...,pn}. More-
over, set ZP) ((r +a) x a¥) := {{(r+s+p-a) xa* :s € 5abtp € Put.
In this way, we have enforced the finiteness condition (4p), and all the remaining
conditions are still satisfied. Let I(P#) be the ideal ({ex — Vycgey: X € T, R €
% Pr)(X)}) of C(J) corresponding to P,. The quotient C*(R x R*)/(I) can be
identified with the inductive limit lim C*(R x R*)/(I (Pn)). Therefore, by conti-

nuity of K-theory, it suffices to understand the K-theory of C*(R x R*)/(I(Pn)).
Again, we may apply our results in Section [8|and Section [#and proceed as in the
previous examples. Although this in principle leads to the K-theory of ring C*-
algebras, there are lots of extension problems to be solved along the way, which
makes this approach very complicated. Recently, the K-theory for such ring C*-
algebras has been completely determined in [8], [9] and [20], but these compu-
tations follow a different route. The key role is played by the so-called duality
theorem from [8§].

In a similar fashion, one can also treat the Bost-Connes algebra from [2].
However, as far as we can see, this approach does not give a direct computation
of the K-theory of the Bost-Connes algebra, unless there is a good understanding
of the group homology Hy(Q>0, Ko(Co(Af))) = Hn(Qs0, Co(Af, Z)).

6.4. MINIMAL NON-ZERO PRIMITIVE IDEALS OF C*(R x R*) AND THEIR QUO-
TIENTS. Let K be a number field with ring of integers R. Consider the ax + b-
semigroup P = R x R*, which is a subsemigroup of G = K x K*. Again, con-
sider the partial action 8§ : G ~ J attached to the left inverse hull of P as in
Section[6.3.11 We have

J={(r+a)xa*:reR, (0) #a<R}U{D}.

We view J as a semilattice with multiplication given by intersection of sets. For
a non-zero prime ideal (0) # p of R, let R((r + a) x a*) be the finite cover

{(r+s+p-a)xa”:sef-a}

for (r+a)xa* e J*, andset Z((r+a) x a*):= {R((r+a) x a*)}. The ideal
Iy = <{e(r+u)><a>< - VYER((rJra)Xax) ey : (1’ + Cl) X a* € jx}> is the minimal
non-zero primitive ideal of C; (P) attached top. 6 : G ~ J and Z((r +a) x a*),
(r+a) xa* € J*, satisfy conditions (1p) to (4p) from Lemma This is proven
in Lemma 3.5 of [18]], but in a slightly different language. Using our results in Sec-
tion [Bland Section 4} the same procedure as in Section[6.3.T|gives a description of
the quotient C;(P) /I, as a full corner in a (reduced) crossed product which ad-
mits an independent resolution of length one. The corresponding six-term exact
sequence can be used to study K-theory. This is worked out in detail in [18],
where these ideas lead to a classification result for the semigroup C*-algebras
CH(R x R*).
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6.5. THE MULTIPLICATIVE BOUNDARY QUOTIENT OF THE C*-ALGEBRA OF N x Q.
A similar, but easier example as in Section [6.3.3]is the following: Let p1, pa, ...be
the prime numbers (in any order). Foragivenn > 1,set Q = (p1,..., pn) tobe the
multiplicative semigroup generated by py, ..., p,. We form the semidirect prod-
uct P := N x Q with respect to the multiplicative action of Qon N = {0,1,2,...}.
Weset G := Z[ - L., pln} (p1,-..,pn) and consider the partial actionf : G ~ J
as in Sectlon j is givenby {(j +mN) xmQ : j € N,m € Q} U {QD}. We

introduce the relatlons
Ri((j+mN) x mQ) := {(j+ mr +mp;N) x mp;Q :0<r < p; — 1}
and Z((j + mN) x mQ) := {R;((j + mN) x mQ)}"_,. Let

L= (o~ Vyeger X 0%, R €200} 4 602)

be the corresponding ideal. A similar analysis as in the previous examples de-
scribes the quotient C;(P)/(I) as a full corner in a crossed product which admits
a finite length independent resolution. Moreover G acts freely on Jp, G\ Jp
is a singleton, and Z satisfies conditions (A)—(C) of Section 5 in [21] with i#j = j
foralli # j. We can now use Proposition[5.2]to describe the K-theory of C; (P) /()
for 1 < n < 3. First we see that the matrices M; : Z[G \ Tpc ] — Z[G \ Tpc ] de-

fined in Section 5 of [21] are given by [X] — ¥ [Y]. Since Z[G \ Tp-] = Z,
YeR;(X) -
we then get M;x = p;x for each x € Z. As noted in Remark [5.3| we can use the

chain complex C defined in Section 5 of [21] for homology computations. We get
forn=1(p = p1),
c=C=(0-2"%z 0

and so by Proposition [5.2|and the following remark,

Ko(Ce (P)/(1)) = 2/ (1 = p)Z, Ki(Ci(P)/(I)) = 0.
For n = 2 we get

C=0-22202 270

with

-1
dz— |:f2_l91:| d1: [1—]71 1—]72}.

If we let ¢ = ged(py — 1, p2 — 1) this gives us Hy(C) = 0, H;(C) = Hy(C) =
Z7/gZ, so

Ko(Cr(P)/ (1)) = Z/8Z, Ki(C;(P)/(I)) = Z/gZL.

Moving on to the case n = 3 we get

C=0-2Z"% 20202 Z 20202 27 > 0)
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with

17p3 pzfl p371 0
d3: p2—1 , d2: 1—p1 0 p3—1 , dlz[l—pl 1—p2 1—p3].
1-pg 0 1—-p1 1—p2

Let g = ged(p1 — 1, p2 —1,p3 — 1). Then H3(C) = 0, H»(C) = Ho(C) = Z/gZ

and Hy(C) =Z/gZ & Z/gZ. So
Ki(CE(P)/ (1)) =Z/gL &L/ gL
and there is an extension

0— Z/gZ — Ko(Ci(P)/(I)) — Z/gZ — 0.

6.6. C*-ALGEBRAS OF SEMIGROUPS WHICH DO NOT SATISFY INDEPENDENCE.
We show that our methods allow us to compute K-theory for semigroup C*-
algebras in the case where the independence condition is not satisfied. Let us
start with a general observation.

Assume that D is a commutative C*-algebra generated by projections. This
means that there exists a semilattice E and a surjective homomorphism 7: C};(E)
— D. Further assume that for every e € E*, we are given a finite set Z(e) of finite
covers of e such that for every e € E* and R € Z(e), we have 7t(e) =7(\/ R) in D.

LEMMA 6.2. Assume that condition (i) from Theorem 3.3 holds for E and %(e),
e € EX. If for every e € E* and {e;}!' | C E, m(e) = m(ViL,e;) in D implies that
there exists R € % (e) with R C {e;}}_, then

ker (77) = <{e—\/R cec EX, R € ,@(e)}><1c;;(E).

Proof. Write [ := ({e—VR : e € EX, R € Z(e)})<C;(E). We obvi-
ously have I C ker (7). To show I = ker (1), we show that the homomorphism
Ci(E)/I — D induced by 7 is injective. By Lemma 2.20 of [16], we have to show

n
thatforalldand dy,...,d,in E, n(d) = rt(\V}L, d;) in D implies thatd — \/ d; lies
i=1

1
in I. Let us suppose that we are givend and dy, . . ., d, in E with t(d) = (V! d;)
in D. By assumption, we can find Q € %(d) with Q C {d;}! ;. Let us prove that
n
V d; —V Q lies in Z-span({e —\V R : e € EX, R € #(e)}). We proceed induc-
i=1
tively on the number of elements in {d;} ; \ Q. The base case {d;}!' ; = Qs

n—1
trivial. Now assume that we have Q C {di}?;ll and \ d; —V Q liesin
i=1

Z—span({e— \/R:ecEX,R¢e %’(e)})
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This means that \/ di—\V Q =Y. Ae(e —VR) for some (finitely many) integer

coefficients A,. We compute

n—1

Ydi—vgz \_/di+dn—dn-(\/di)—\/g

i=1

_ C\_/lldi_\/g) oy —dy- (\/Q—l—z/\e(e—\/R))
_ (rll\_/ldi\/g) + (dw = da \V/ Q) = LA (e —dn \/ R).

Since E and Z(e), e € E* satisfy condition (i) from Theorem [3.3 . we know that
—d,VQ=dyd—d,\ Qanddye—d,\/ R are either 0 or of the form (d,d) —

V Q' or (dye) — \V Q" for some Q' € #(d,d), Q" € Z(dye). As n\_/l di—\V Qisin
i=1

Z—span({e —\/R:e€E,Re %g})
by induction hypothesis, we are done.
We have shown that {1/ d;i —\ Qliesin I. Thus also d — \n/ di=d-\VQ-

i=1 i=1

<i\:r}1di -V Q) liesinI.

Now let us come to concrete examples of semigroups which do not satisfy
independence. Consider the ring R := Z[i\/3]. Its quotient field is given by
Q = Q[iV/3]. R is not integrally closed in Q. Let & := }(1 +1iv/3). a is a primitive
sixth root of unity. The integral closure of R is given by R := Z[a]. We have
Q = Q[a]. The multiplicative units in R are given by R* = {41}, whereas the
multiplicative units in R are given by R~ = («). A straightforward computation
shows that the fractional ideals of R are givenby {yR : y € Q*}U{yR:y € Q*}.
This is explained in Example 4.2 of [27]. As in [18], we set Z(R C Q) := {(x -
R)N---(xy-R) : x; € Q*}. As explained in [18], every element of Z(R C Q)
is a fractional ideal. But in our special case, we have R = Z[a] = JRN4R €
Z(R C Q). Thus, the set of fractional ideals coincides with Z(R C Q). Moreover,
note that (R : R) = {x € Q : xR C R} = 2R. It turns out that Z(R C Q) is not
independent. Indeed, it is straightforward to see the following

LEMMA 6.3. (i) We have R = R U &R U a®R.
(ii) We have RN aR = RN a’R = aR N a’R = 2R, and 2R is a proper subset of R,
aR or a’R.

(iii) If R = U I; for fractional ideals I; with I; C
C{L:1<i < n}

R, then we must have {R, aR, a’R}

=
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(iv) Let I be a fractional ideal. IF N R = yR for somey € Q*, thenyR € {INR,IN
aR,INa’R}. IfFINR = yR for somey € Q%, thenyR € {INR,INaR,INa’R} or
{INR,INaR,INa’R} = {yR,yaR,ya’R}.

Let us turn to semigroup C*-algebras. We start with the multiplicative semi-
group R*. The constructible ideals of R* are given by J(R*) = {aR* : a
€ R*}U{2cR : ¢ € R}U{®}. R* is a subsemigroup of the multiplicative
group Q*, and the constructible R*-ideals in Q* are given by J(R* C Q*) =
{yR*,yR* : y € Q*}U{®}. J(R* C Q) is a semilattice under intersec-
tion (XY := X NY). Let us set fory € Q% : Z(yR*) := @ and R(yR™) :=
{yR*,yaR*,ya®R*}, Z(yR ") := {R(yR™)}. Using Lemma|6.3} it is easy to see
that R(yR ™) is a finite cover for yR *, and that Q* ~ J(R* C Q%) and Z(Y),
Y € J(R* C Q), satisfy conditions (i) to (iv) of our Theorem 3.3|and the as-
sumptions in Lemma Thus, if we write E for the semilattice 7 (R* C Q)
from above, and if D is the canonical commutative sub-C*-algebra of /*(Q*)
corresponding to J (R* C Q) (see Definition 3.4 of [17]), then Lemma [6.2|tells
us that D = Cj(E)/I. Here I is the ideal of C};(E) corresponding to our re-
lations Z(Y), Y € J(R* C Q*). We are now able to compute K-theory for
the reduced semigroup C*-algebra C;(R*). We denote the projection in C};(E)
corresponding to X € J(R* C Q) by ex. Also, we let E; be the semilattice
{ex = Vyegpey : X € J(R* CQ*), R € Z(X)} U{0}. E; is a semilattice of pro-
jections in C;;(E). Theorem [3.3|yields that the following sequence is exact (and
Q*-equivariant):

0— Ci(E;) = C4(E) = D —0.
Here, the first homomorphism is induced by the canonical inclusion E; — C;;(E),
and the second homomorphism is the canonical projection determined by ex
Ex. Since the group Q* is amenable, hence exact, the following sequence is also
exact:

(6.2) 0 — C5(E1) ¥ Q° == CA(E) x: Q* 5 D % Q* — 0.
Here, : and 7t are induced by the homomorphisms from above.

We can now compute K-theory for D x, Q* using the six-term exact se-
quence for (6.2). Consider the homomorphisms

* (P *
C*((w)) — C3(E1) xr Q%) ug > (egx — (erx +eqrx + €apx — €ypx ) )lg,

C*(R*) Y& Co(E) %, Q%,  ug v+ epeuig,
C*((a)) Py Ci(E) X Q7,  ug > eqxilg.
By Corollary 3.14 of [5], ¢ induces an isomorphism in K-theory, and also (¢g+ )« +
(h(a) )+ + Ki(CT(RY)) & Ki(C*((w))) — Ki(CH(E) xr Q%) is an isomorphism.
Letres R : K, (C*((a)) = K. (C*(R")) andind |t/ : K, (C*(R*)) = K. (C*(«)

be the canonical restriction and induction maps. As a direct computation shows,
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we have
((pre )« + (4}<“>)*)_1 o 0P, = (— res< > 1r1d< %) ores&)

as homomorphisms Ko (C*({(«))) — Ko(C*(R*)) @& Ko(C*({«))). Further compu-
tations show that on the whole, we have

Ko(Cf(R™)) = Ko(D xr Q) = coker (— res< > mdlg*> ores< >) 7872 = 78,
Ki(Ci(R™)) 2 Ky(D %y Q) = ker (—res W mdlgx> ores <a>) A

Let us now discuss the right reduced semigroup C*-algebra of R x R*. The
constructible left ideals of R x R* are given by J,(R x R*) = {Rx X : X €
J(R*)}. R x R* is a subsemigroup of the ax + b-group Q x Q*, and the con-
structible left R x R*-ideals in Q x Q* are given by

Jp(RxR*CQOxQ")={X-g:Xe€ Jp(RxR*),gcQxQ*}U{D}.

Jp(RXR* CQxQ*) is a semilattice under intersection (XY := XNY). Let us set
forge Qx Q*: Z(RxR*)-g) := @and Z(Rx2R")-g):={R((Rx2R™)-¢)},
where R((R x 2R™) - g) := {(R x 2R*) - g, (R x 2aR*) - g, (R x 2a2R*) - g}.
Using Lemma it is easy to see that R((R x 2R™) - g) is a finite cover for
(R x2R™) - g, and that Q x Q% ~ J,(R x R* C Q x Q%) and %y, Y € J,(R
R* C Q x Q%), satisfy conditions (i) to (iv) of our Theoremand the assump-
tions in Lemma Hence, writing E for the semilattice J,(R x R* C Q x Q*)
and D for the commutative C*-algebra corresponding to J,(R x R* C Q x Q*)
as above, Lemma [6.2] tells us that D = C}(E)/I. Here I is the ideal of C}(E)
corresponding to our relations. Again, this allows us to compute K-theory for
the right reduced semigroup C*-algebra C; (R x R*). We let E; be the semilattice
{ex = Vyerey : X € Jp(RXR* C QxQ%), R € Z(X)}U{0} C Proj (Cy(E)).
The same argument as for the multiplicative semigroup R* yields that the fol-
lowing sequence is exact:

0 — Ci(E1) % (Qx Q%) == CH(E) %: (Qx Q%) 5 D (Qx Q%) =0

Here, 1 and 7t are the canonical homomorphisms. We can now compute K-theory
for D x; (Q x Q) using the six-term exact sequence for this short exact sequence.
Consider the homomorphisms

C* (2R x (&) 5 C(Ex) »r (Q 0 Q),
”g = (einx - (€R><R>< +€R><1XRX +eR><a¢2R>< - eszﬁx))”gr

lP % *
ok Cu(E) Ay (Q A QX)/ ug = eRxRXugr

C*(R*) =

C*(2R % () 4" CH(E) % (Q % Q%),  ig e iy,
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By Corollary 3.14 of [5], ¢ induces an isomorphism in K-theory, and also
(PRxR )t (Y3750 () ) Ki(CT(RURT) BK (CT (2R % (@) =K (G (E) 3 (Q 2 Q7))

is an isomorphism.

Let res 5%:15»» : Ko (C*(2R % () — Ko (C*(2R % R¥)),ind 22K K. (C*(2R
2R

XR*)) = K.(C*(R» R*)) and ind 2x " &)+ K, (C*(2R % R*)) — K.(C*(2R x («)))
be the canonical restriction and induction maps. Moreover, let v : C*(2R x
(a)) = C*(2R x (a)) be the homomorphism induced by the group homomor-
phism 2R % (a) — 2R x (&), (z,y) — (2z,y). As a direct computation shows, we
have

((I/JRXJR*)* + (lPZRx(a))*)_] Oly O 47*

.1 RxR* 2RxR* . 1 2Rx(a) 2RxR*
= (— — —_ (] . (@] iy —
(—ind )z 5. O TeS R (o) 1d F Vs 0indop poTes 2R («) Vi)

as homomorphisms Ko(C*(2R % («))) — Ko(C*(R x R*)) & Ko(C*(2R x {(a))).
Further computations show that all in all, we have

Ko(C;(R % R*))

= Ko(D i, (Q % Q%))
N ] X TogR* . . 12R RxR*
= cober (-ind 35 ores AR i v oind 287 ores K v
> 719/7* >~ 7'? and
K1(Cj (R x R¥))
= Ky(D i, (Q % Q%))
N . % ¥l * . 2R R * [a=s
>ker (—ind 5%51{* ores g%:ﬁyld"'v* oind 2§:1<§i> ores i%:f@ —v,) =Z8.

Finally, we discuss the left reduced semigroup C*-algebra of R x R*. The
constructible right ideals of R x R* are given by Jy(R x R*) = {(r+1) x I* :
I € Z(R)}, where Z(R) is the set of integral fractional ideals of R. R X R* is a
subsemigroup of Q x Q*, and the constructible right R x R*-ideals in Q x Q* are
givenby 7)(RXR* CQxQ*)={g-X:g€ QxQ*, X e JH(RxR*)}U{D}.
Jr(R x R* C Q x Q) is a semilattice under intersection (XY := X NY). Let us
setforg e Qx Q" : Z(g- (RxR¥)):=Q@and Z(g- (RxR")) := {R(g- (R x
R™))}, where

g (RxR*),g- ((x+R) x R¥),
R(g-(RxR")):=<¢ g (aRxaR™),g-((14+aR) x aR™),
g (&?R x a®R*),g - ((14 a®R) x a*R*).
Again, using Lemma it is easy to see that R(g- (R x R™)) is a finite cover
for ¢+ (R x KX), and that Q x Q* ~ JH(Rx R* C QxQ*)and Z(Y), Y €
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Jr(R x R* C Q% Q*), satisfy conditions (i) to (iv) of our Theorem and the
assumptions in Lemma Hence, writing E for the semilattice J, (R x R* C
Q x Q*) and D for the commutative C*-algebra corresponding to J) (R x R* C
Q x Q) as above, Lemma [6.2| tells us that D = C};(E)/I. Here I is the ideal of
Ci(E) corresponding to our relations. We let E1 be the semilattice {ex — \/ycr ey :
XeH(RXR*CQxQX), R eZX)}U{0} C Proj(C(E)). As before, we
obtain that the following sequence is exact:

0 — CH(Ep) %r (Qx Q%) == CH(E) r (Qx Q%) 5 D x: (Qx Q%) — 0,

where 1 and 7t are the canonical homomorphisms. We can now compute K-theory
for D x; (Q x Q) using the six-term exact sequence for this short exact sequence.
Let € be given by

= €RxR* T €(a+R)xR* T €aRxaR* T €(1+aR)xaR* T €x2Rxa2R* T €(1442R)xa2R*

x +e —_x t+e

~ (Comuar T C1aR)xaR” T ClaraR) 2R (1a-+2R) %2R )

Consider the homomorphisms

C* (2R x () &5 CH(Ex) e (QXQ%), g =+ (e o — )it

* * PRxR* *
C*(R*) "5 CAH(E) % (Q X Q%), g = epygxllg,

= WN o *
CH(Rx {a)) % CH(E) % (Q % Q%),  ttg > eg poxlig.

By Corollary 3.14 of [5], ¢ induces an isomorphism in K-theory, and also

(YRR )5 + (PRyq () )+ :
K. (C*(Rx R")) @ Ko (C*(R % () = K. (CG(E) xr (Q 2 Q7))

is an isomorphism.
Let

resgjﬁz‘) : Ko (C*(R % (&) = K, (C*(R x R*)),

resgjjj; . K. (C*(R % (a))) = K.(C*(2R x R*)),

res 20180 Ku(C (R (w) = K.(C* (2R = &), and

ind R K, (C*(R % RY)) — Ko (C*(R # (a))),
be the canonical restriction and induction maps. Moreover, let u : C*(2R x
R*) — C*(R x R*) be the isomorphism induced by the group isomorphism
2R x R* - Rx R, (z,y) — (27'z,y),and let ' : C*(2R x (a)) — C*(R x (a))
be the isomorphism induced by the group isomorphism 2R x (a) — R x {(a),
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(z,y) = (271z,y). As a direct computation shows, we have

((PRsaRe ) + (W) ) 0 1 0 s
Rx{a) 2RxR* 2R><(zx))

RXR*
= (—resy ()’ id+ind ¢ o O pi oTes T —y*oresRNW

as homomorphisms Ko(C*(R x («))) — Ko(C*(R x R*)) & Ko(C*(R x ())). Fur-
ther computations show that on the whole, we have

Ko(CA(R3R*))=Ko(D > (Q > Q%))

coker (-res 1 icbind £ cpores 8 —ores )

%Z16/Z4 o le,
Ki(CR(RxR™))=K1(D »: (Q % Q%))

>ker (— resBXR 1d—|—ind <>oy*ores

IRxR* 2§><1(:x>)
Roxa(e)”

Rox ) 1TSS 7 )
=~ 79,
REMARK 6.4. As in Section 6.4 of [5], we see that the K-theories of the left
and right reduced semigroup C*-algebras of R x R* coincide.
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