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ABSTRACT. In this work we construct a C*-algebra from an injective endo-
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INTRODUCTION

In [13] Hirshberg defined a C*-algebra associated with endomorphisms of
groups with finite cokernel. A natural continuation of that paper is to construct
the same C*-algebra for endomorphisms with infinite cokernel. So in this paper
we define and study a universal C*-algebra constructed from an injective endo-
morphism ¢ with infinite cokernel of a discrete countable group. In other words,
the main difference between our work and Hirshberg’s ([13]) is that we allow

‘i‘ — o
2

In order to generalize the constructions, we also associate the C*-algebra
to a family B of subgroups of G and call it U[g, B]. Their role is to naturally
implement the multiplication rule inside U[¢, B], because here we do not have
finitely many projections summing up to one. The relations defining U[¢, B] are
dictated by the natural representations of ¢, B and G on the Hilbert space I*(G).
The group elements are represented by unitaries, the elements of B are associated
with projections and an isometry represents ¢. All these operators generate a
concrete C*-subalgebra of £(I12(G)). We prove that, in some cases, this concrete
C*-subalgebra is isomorphic to the C*-algebra Ulg, B].
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Constructions like the one presented in Hirshberg’s paper [13] have been
studied before by various authors [3], [8], [10], [11], [17] and [18]. In particu-
lar, somewhat similar C*-algebras have been associated with endomorphisms of
abelian groups and also with semigroups. Also the ring C*-algebras studied in
[8], [10] arise in a similar way. Constructions along the same lines are considered
in [23].

The group elements give rise to unitary operators {Ug}¢c¢ acting on I2(G)
by left multiplication, and the endomorphism induces an isometry S acting on
I?(G) through ¢. Denoting by {&, : h € G} the canonical orthonormal basis of
12(G), S is defined by S(&;,) = Co(n)- For every element H of B, consider the
projection E[p so that

ifg € H,
E[H](gg) = {gg n8

otherwise.

The C*-subalgebra of £(I?(G)) generated by the above operators is denoted
by C;[¢, B] (Definition . We note that Ep) satisfy some natural relations, and
we use these relations to define the universal C*-algebra U[g, B], associated with
@. Particularly, the sum condition which appears in [11]] does not hold in our
setting (we would have an inequality of the form < oo). However, the projections
associated with the subgroups of G in U[¢, B] play a key role to prove our main
results.

Our most important contribution is given in Theorem 5.9. We prove that
Ule, B] is a Kirchberg algebra under the assumptions that G is amenable, that the
intersection of the elements of B contains some image of G through ¢ and that
¢ is pure, the latter meaning that (] ¢"(G) = {e}, the unit of G. In particular,

neN
this implies that in this case U[¢, B] and C; [, B] are isomorphic. This result also

extends the ones obtained by Hirshberg in [13] and by Cuntz and Vershik in [11]].

In order to prove the statement above, it is crucial to use a semigroup crossed
product description of U[g, B]. Here we consider the definition of a semigroup
crossed product presented by Li in Appendix A of [17] using covariant represen-
tations. The semigroup implementing the crossed product can be the semidirect
product S := G x4 N or the semigroup of natural numbers N. Such a description
allows us to use the six term exact sequence presented by Khoshkam and Skan-
dalis [14] to calculate the K-theory of our C*-algebra, in a similar way as in [11].

The above semigroup crossed product description implies the existence of a
(full corner) group crossed product description of U[e, B] ([6]], [7] and [16]), using
the group of integers Z. It allows one to use the classical Pimsner—Voiculescu
exact sequence [20] to calculate their K-groups.

We will see that if we start with B containing any subsets (instead of sub-
groups) of the type ¢9"(G), g € G, it leads to the same C*-algebra. In particular,
we can choose B = {G}. It gives interesting examples, and we then denote the
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corresponding C*-algebra by U[¢]. In this case, the isomorphism above is not
the only way to represent it as a crossed product: analogously to the work of
G. Boava and R. Exel in [1] one can show that U[¢] has a partial group crossed
product description, which can also be related to an inverse semigroup crossed
product by [12]. Apart from giving U[¢] another description by an established
structure, this result also provides another way to prove the simplicity of U[¢] in
some cases.

It can be noted that a particular semigroup is very important in our con-
structions, namely the semigroup S = G x, N. We prove that when the group G
is amenable and ¢ is pure, the three semigroup C*-algebras defined by Li in [18]
— namely C*(S), CZ(S) and C;(S) — associated with the semigroup S are iso-
morphic to U[g]. We also prove that they are nuclear, simple and purely infinite
(Theorem [6.4), answering partially to one open question in [18].

To finish, using the semigroup crossed product description of Ulg], we
study its K-theory. Using a natural split exact sequence and the six term exact
sequence provided by Khoshkam and Skandalis [14] we easily conclude that the
K-groups of U[¢] are the same as the ones of C*(G). This implies that, imposing
some extra conditions, U[g] is a Kirchberg algebra which satisfies UCT.

A weaker version of the result concerning the K-theory of U[¢] can be ob-
tained independently using some recent results by Cuntz, Echterhoff and Li in [9].

1. DEFINITIONS AND BASIC RESULTS

Throughout the paper, G will be a discrete countable group with unit e
and ¢ an injective endomorphism (monomorphism) of G with infinite cokernel.
When necessary, we require the amenability of G or ¢ to be pure. We want to
construct a C*-algebra associated with ¢. To generalize Hirshberg’s construc-
tions even more, we also want to associate the C*-algebra with some set B of
subgroups of G which contains G. We consider it to have a natural behavior of
the multiplication rule inside the C*-algebra.

We now define C(B) as the smallest set of subsets of G containing B and
closed under finite unions, finite intersections, complements and under images
of ¢. These conditions will be called regularity conditions. Thus we have the follo-
wing concrete C*-algebra.

DEFINITION 1.1. Consider B a family of subgroups of G (containing G) de-
fined as above. Let C}[¢, B] denote the reduced C*-algebra generated by the pro-
jections {E[x) : X € C(B)}, the unitaries {Uy : ¢ € G} and the isometry S.

By studying the properties of the operators above, it is natural to define the
universal version of that C*-algebra.

DEFINITION 1.2. As above choose a set B of subgroups of G (containing G)
and construct the family C(B). Then Ulg, B] is the universal C*-algebra generated
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by the projections {e[x) : X € C(B)}, the unitaries {u, : ¢ € G} and one isometry
s satisfying:
(i) ugs"ups™ = tggn(s"M;

(if) ugs"e(x)s g1 = €[ggn(x));

(ﬁi) E[G] =1,

(iV) €[X]€[Y] = E[me] and

(V) eix] +epy] = eixuy] + exny)-

Since ugs"s* g1 = e[gen(c)), the projections ugs"s™"u

considering n > m, we have:

g1 commute and

tgs"s™ sty 11"ty 1 = g ()] Dig(G)] = Clge (6)g(G)]
_ {e[gqo"(G)} ifh e g(pm(G),

0 otherwise,
_ Jugs"s™uga ifh € go™(G),
~]o otherwise.

REMARK 1.3. If we consider any set C of subsets of G closed under the reg-
ularity conditions, the construction above also can be done.

First of all we will see that only the initial set B is important to generate the
C*-algebras above, and the fact that in C(B) some elements are not subgroups of
G is not a problem. Note that some elements of C(B) are given by

m
g ¢" (H;)
i=1

with ¢ € G, n; € Nand H; € B. In fact, we can use these elements to describe the
+-algebra span({ejx : X € C(B)}).
LEMMA 1.4. Define

m

B = { () ¢"(H;) : H; € B,n; € N}.
i=1

Then span({e[x) : X € C(B)}) = span({ejgpr: g € G, H € B'}) =: D".
Proof. O Obvious.

ClLletuscallK' :={X CG: ex) € D’}. Ttis obvious that B C K’. Moreover
K’ is closed under:

n
(®) () : By definition, for X1, X, € K’ it holds that
i=1
€1x1NXy] = €[x1]¢[Xy]-
(e) Complements: For X € K”:

E[Xc] =1- e[X] = E[G] — E[X] S D'
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n
(o) | :Notethat XUY = [X°NY°]° € K/, VX, Y € K.
i=1
(o) And if X € K/, g € G and n € N, the injectivity of ¢ implies ¢¢" (X) € K'.

Therefore K’ satisfies the regularity conditions, and C(B) C K’, because C(B) is
the smallest set containing B satisfying it. Then span({e[x; : X € C(B)}) C D". »

This result leads to an important and simpler way to describe U, B].
PROPOSITION 1.5. The universal C*-algebra U[g, B] is generated by

{e(m) ug,s: H € B,g € G}
Proof. Due to last lemma we only have to prove that

span({epy) : § € G, H' € B'}) C span{eyy), ug,s: H € B,g € G}.

n
But e(gp = ugepyu,-1 and for H' = () ¢"(H;) € B withn; € N and
i=1
H; € BU{G} we have
n n "
n; * M
ety = [ Tergrqy = T Ts™emys™
i=1 i=1
Therefore, ey € C*({ey), ug,s: HE B,g € G}). 1
REMARK 1.6. Note that the lemma and the proposition above hold for any
choice of B (i.e, even if it does not consist of subgroups).

Another interesting basic result is the following.

PROPOSITION 1.7. Consider B containing only sets of the form g;¢" (H;), with
gi € Gand H; subsets of G. Then

Ulg, B] = U9, B]
where B contains only the subsets H;.
Proof. By Proposition (and the remark above),
Ulp, B = C* ({efg,n s : giHi € B,g € G},
Ulg, B] = C*({e|y,, ug,s : H; € B,g € G}).
But since
Clgip" (H)] = ”8z‘sne[Hi]S*nug?l’
both C*-algebras are isomorphic. &
REMARK 1.8. If we choose B = {G} then U[g, B] is generated only by the
unitary elements {u, : ¢ € G} and the isometry s. Furthermore, it can be viewed

as a natural generalization of the constructions in [13]] and [11]. This case will be
studied in Section Bl
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2. CROSSED PRODUCT DESCRIPTIONS

Define
D[, B] := C*({ugs"ejs""ug-1: g € G,n € N,H € B})
and note that it is a commutative C*-subalgebra of U[g, B] because we have
ugs"e[H]s*"ugfl = €[gen(H)]- We can define an action of the semigroup S = G x¢ N
on D[, B] via
a:S — End(DJ[¢, B])
(1) = ugs"(-)s" ug1.
PROPOSITION 2.1. The C*-algebra U[¢, B is isomorphic to D[¢, B] x4 S.

Proof. In this proof we use the universality of both C*-algebras to find the
desired isomorphism. Recall from [17], that D[¢, B] x, S together with

ip : D[¢,B] — D¢, B] x4 S

x — ip(x)
and
ts: S — Isom(DJ[¢, B] x4 S)
(gn) — 1s5(8,n)
satisfying

tp(ugs"xs™ ug1) = 15(8,m)ip (¥)is (g, n)"
is the semigroup crossed product of the dynamic system (D][¢, B, S, «). But note
that Ulg, B] together with

7 : D], B] — Ulg, B]
X=X

and

p:S — Isom(U[g, B])

(g,n) — ugs”
is a covariant representation of (D[¢, B], S, «), since

p(gm)7(x)p(8,n)" = ugs"xs™ ug1 = 7(a(gn(x))-
So we conclude that there exists a *-homomorphism

(2.1) ®:D[p,B] xS — Ulg, B|

such that @ oip = rand P o5 = p.

On the other hand, it is well known that the crossed product D[¢, B] x4 S
is generated as a C*-algebra by elements of the form 15(g,7) and ip(e(p;) with
H € B. Identifying 15(g,n) with ugs" and ip(e)) with e[y, it is easy to check
that they satisfy conditions (i)—(v) of Definition[1.2] which generate U[g, B].
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Therefore, we have a x-homomorphism
A:U[g,B] — D[g, B] x4 S
2.2) ugs" — 15(g, 1)
E[H] — lD(e[H])-
We now show that and are inverses of each other:
P 0 Alug) = D(i5(2,0)) = p(g,0) = g,
Do A(s) = P(15(0,1)) = p(0,1) =
Do Aley) = P(ip(ey)) = 7T(E[H]) e[H)
and on the other side
o @(is(g,m) = Mp(g,n)) = Alugs™) = 15(g, 1),
Ao @(ip(efy))) = Alrt(em))) = Alip(egry)) = tp(em))-
Thus, Ule, B] and D[¢, B] X, S are isomorphic. 1

»n

REMARK 2.2. Note that U[g, B] is also isomorphic to (D[¢, B] X, G) x¢ N:
w: G — Aut(D[¢, B])
g ity (g,
7:N — End(D]¢, B] xu G)
nss"()s*"
where for agdg of D[, B] X G, Tu(agdg) = s"ags™ 6 (q).-
Using the minimal automorphic dilation presented by Laca in [16] it is pos-

sible to see the C*-algebra U[g, B] as a corner of a group crossed product. For
this, we need to prove the following proposition.

PROPOSITION 2.3. The semidirect product S = G x4 N is an Ore semigroup, i.e,
it is cancellative and right-reversible.

Proof. Consider (g;,n;) € Sfori € {1,2,3}. S is cancellative:

(81,11)(83,113) = (82,m2)(83,13) = (819" (g3), M1 + 113) = (829" (g3), 12 + 113)

=nm =np; and
819" (83) = 829" (83) = g1 = 82

(81,11)(82,12) = (81,11)(83,13) = (819" (82),m1 +12) = (819" (83), 11 + 13)

= np =n3 and
P"(g2) = ¢"(g3) = g2 = g3 as ¢ is injective.
Also any two principal left ideals of S intersect:
(¢"2(87 1), m2)(g1,m1) = (e,n2 + 1)
= (9" (g7 "), m)(g2,m2) € S(g1,m) NS(g2,12).
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It follows that the semigroup S can be embedded in a group, called the en-
veloping group of S. We will denote it as env(S), such that S~!S = env(S) ([16],
Theorem 1.1.2). It also implies that S is a directed set by the relation defined by
(g,n) < (h,m)if (h,m) € S(g,n). Let us define a candidate for env(S). Consider

G:= liLn{Gn co"}
(with G, = G for all n € N) and with the extended automorphism @ of G con-
struct the group
g =G ><l¢ 7.
PROPOSITION 2.4. S = env(S).

Proof. For this we need to show that S is a subsemigroup of S and S C
S!S Al

First, it is obvious that S is a subsemigroup of the group S considering the
inclusion (g, 1) — (go,1), where go = g € G = Gy — G.

Without loss of generality take (g;,j) € S with i > |j|. Then

(8ir1) = (81, =) (e, j+1) = (80,1) ' (e,j+1) €ST'S.
Now consider the inductive system given by

D i "(h)n+m
Dlg, B] := im{Dl[g, B] ,m) . 589" ()t )}

(hm)
where
D¢, B](4,m) = D[, B]
and
(89" (h)n+m) _
& o) : D[@, Bl (,m) = D19, Bl (g uy(nm) = DI, Bl (ggn (1) nm)

with agi(’g)(h)’n+m) =g V (h,m),(g,n) € S, where the latter was defined be-

fore Proposition Then the C*-dynamical system (D¢, B], S, ®) is called the
minimal automorphic dilation of (D[¢, B], S, «) where

Tgm) Ol =10, V(gn)€GxN

with ¢ : D[g, B] = D¢, B](,0) — D[¢, B], and

U @ ((Dlg, B))) = Dlg, B].
(gn)es

Then, by Theorem 2.2.1 in [16], we have the following lemma.
LEMMA 2.5. There exists an isomorphism
@ :Ulg,B] = D[, B] x4 S 2 1(1)(D[e, B] xz S)i(1).

Thus, D[¢, B] X, S is Morita equivalent to D[, B] Xz S, @|pj, 5 = tand also
D(ugs") = 1(1)U(g,n)z(1), where U : S — UM(D|g, B] xzS) (unitary multipliers).
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3. SEPARABILITY, NUCLEARITY AND UCT

From Propositionwe obtain the following proposition.

PROPOSITION 3.1. If B contains countably many subsets of G, then U|g, B] is
separable.

Proof. With the condition satisfied we have countably many projections in
Ulg, B] and therefore it is generated by countably many elements. 1

And the group crossed product description obtained in last section implies
two properties.

PROPOSITION 3.2. If G is amenable, U[¢, B] is nuclear.

Proof. G being amenable implies that S is amenable as well (amenability is
closed under direct limits by [25] and also closed under semidirect products). But
we know that D|[g, B is nuclear because it is commutative, therefore D[¢, B] Xz S
is nuclear by Proposition 2.1.2 in [21]]. Since hereditary C*-subalgebras of nuclear
C*-algebras are nuclear by Corollary 3.3 (4) in [4], we conclude that

Ulg, B] = D[g, B] %4 S = 1(1)(Dlg, B] »z S)i(1)

isnuclear. 1

PROPOSITION 3.3. If G is amenable, U[¢, B] satisfies the UCT property.

Proof. Since D[¢,B] is commutative, D[g, B] Xz S is isomorphic to a
groupoid C*-algebra. When the group G is amenable then S also is, and the re-
spective groupoid is also amenable. Therefore, using a result by Tu ([24]], Proposi-
tion 10.7), the crossed product satisfies UCT. By Morita equivalence, U[¢, B] also
satisfies it.

4. PURELY INFINITE AND SIMPLE

To prove that under certain conditions our algebra is purely infinite and
simple, we use Proposition .1 below, which is proven in Proposition 7 of [17].
The definition of a conditional expectation can be found in Definition 1.5.9 of [2].

PROPOSITION 4.1. Let A be a dense x-subalgebra of a unital C*-algebra A. As-
sume that € is a faithful conditional expectation on A such that, for every 0 # x € Ay,
there exist finitely many projections f; € A with:

@) filfy, Vi # j;
(ii) Js; isometries such that s;s; = f;, Vi;

(i) | X fie(fi| = el
(V) fixf; = fie(®)f; € Cf;, Vi
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Then A is purely infinite and simple.

So we need to present a dense subalgebra and a conditional expectation of
Ule, B]. To find the conditional expectation, it is necessary to suppose in this sec-
tion that the group G is amenable. And to prove the main theorem, we suppose
that ¢ is pure, i.e:
N ¢"(G) = {e}.
neN
The next lemma states that

Slg, B := span({s"ugre[yuys™ : H € B, g,8' € G,n,m € N})
is dense in Uy, B].
LEMMA 4.2. The x-subalgebra of U[¢, B] generated by
{e[m) ug,s: H € B,g € G}
coincides with S[¢, B].
Proof. Note that
{e[H],ug,s :HeB,ge G} CSlg,B| C span{e[H],ug,s :HeB,geG}

and S[¢, B] is closed under multiplication:
5" g1 ug/s”/s*muh,l e[K]uh/sm/

— n' xn’ xm n' '
= 5" g g (Ugrreqg)s™ 8™ ™S (e g ) uyays

__ X *1M ¢ m wmy m i’ xn’ wmy i’ w1’y ' m’
= 5" U 15" (s ey s )™ ST ST (s ey ST ST s

_ xn+m ' +m'
=S5 uq)"’(gilg’)e[qo”’(g”]H)]e[¢7ﬂ+n’(c)]e[¢n’ (h_lK)]uqJ”,(h_lh’)s

_ _kn+m n/+m’
=5 (g1 Cem(g-1H)ngm (G) gt (1K) M gn (1) B

«n+m n'+m'

=5 M 1) e (g g ()N (G)ng (1K) Mo (1) P
= 0€ S[p,B] or

*n—+m ’ /

o -+
= 8"t gm (g1 g (g E)ngn ! (G g (K Mg (n-1i)S

_ _kn+m n/+m/
=S ugom(gflg/)ge[(Pm(H)n(pm_*_nl(G)m(pnl(K)]Mg_lanl(h_lh,)s S S[(P, B]

The result follows. 1

Now we just have to define a conditional expectation to use in Proposi-
tion [4.1| with the subalgebra defined above. For this, we use the amenability of
G. Therefore, S is amenable, which implies that both the reduced and the full
crossed products by S are isomorphic.

Using the isomorphism

@ :Ulg,B] = D[¢,B] x4 S — 1(1)(D[e, B] x5 S)i(1)
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obtained in Lemma[2.5|we have the easy-to-prove result below.

LEMMA 4.3. There exists a faithful conditional expectation

0: Ulg,B] — @~ (i(1)Dlp, Bli(1))

s* My teugs" ifn=mn"and ¢ = ¢,
s*”ugfle[H]ug/s", s { g 1C[H]"g f 8§=8

otherwise,
forallH e B/, g,¢' € Gandn,n" € N.

Now we can prepare to prove that U[g, B] is simple and purely infinite. For

this aim we follow and adapt the proof of Li ([17], Section 5.2) and use the next
lemmas.

LEMMA 4.4. Let H and G; be distinct subgroups of G with # [%G,} = oo for all

n
1< i< n Then,forall h,g; € G, we have hH Q U i(HNG;).
i=1
Proof. By induction, for n = 1 we have:

H
C cpl
lﬁ_gGmGﬂiH_hgﬂﬂ@ﬁ:#bﬂq}#w

Assume that the result holds for n — 1. Let us prove that it holds for n.
Suppose that

n
hH C |J&i(HNGy),
i=1

for some I, g; € G, with 1 < i < n. We can consider two possible cases.
Case 1. There exists 1 < j < n with

[( HNG

HOG1)O(HHG]-)] <o

(HNG1)(HNG;)) N HNG;
HNG; (HNGy)N(HNG;))'
it follows that the first one also has cardinality < co. But the exact sequence
(HNG1)(HNG;)) H H
— —»
HﬂG]' HﬂG]' (HﬂGl)(HﬂG]')

with # [ (HNG1)(HNG))

ARG, ] < oo and # { H%IG]} = oo implies that

= 00,

#hquiquﬂ
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Define
G e HNG; if G; # Gy and G; # G;,
' (HNG)(HNG;) if G; € {Gy,G;}.
Note that
H n n .
# _ | =00 and hHC (HNG;) C (HNG;),
Frred c UsiHNG) € UsiHNG)

but the latter one contradicts our hypothesis, as #{G;} < n — 1.
Case 2. Now suppose that V1 < j < n,
[ HNG ] .
(HNGy)(HNGj)!

As #[%G]] = oo, we have that 3g € H such that g(HN G;) # gi(HNG;))
V1 < i < n. Then we have

n
g(HNGy) =¢g(HNG)NH Cg(HNG)NJgi(HNG))
i=1

= U g(HNG1)Ngi(HNG;)
g(HNG1)Ngi(HNG;)#D
= U Si((HNGy)N(HNG;))

g(HNG1)Ngi(HNG;)#@
and we can conclude that
HNG;, C U ¢ G ((HNG) N(HNG)).
g(HNG1)Ng;(HNG;)#D

But note that, by construction, g(HN Gy) Ng;(HN G1) = @. So the union
has been taken over less than n elements and we have a contradiction. &

Let us show that U[¢, B] together with the dense x-subalgebra S[¢, B] (Lem-
ma [4.2) and the faithful conditional expectation 6 defined in Lemma [4.3| satisfy
the criteria of Proposition 4.1}

Take 0 # x € S[¢, B]+. As 6(x) # 0, one has that

finite

Z ,Bn/x " X]S,

(n',X)

where (1, X) € N x C(B) and B,y x) € C. Define n to be the sum of all n" with

B x)s™" E[X " £ 0.
Then

finite

:S*n Z ,B(n/,X)e n—n' (x s,
((n,lx) —)
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Moreover, using Lemma 1.4} it is possible to write

, finite
(4.1) 0(x) =" (L Broumeln))s"
(&H)
where the sum is over finitely many (g, H) € G x B’ and B, ) € C. Recall from
Lemma1.4thatB’:{ﬂ(p . H; € BU{G}, n,eN}
Note that

*1

*N _ _%n _ kN .
S" efgH) = 878" elgH] = 5 e[pn(G)|€[gH] = 5 €[pn(G)rgH]/
so we can assume that gH C ¢"(G), for each (g, H) € G x B'.

LEMMA 4.5. There exist finitely many pairwise orthogonal (nontrivial) projec-
tions p; in Z-span(D|¢, B]) such that C*({ejon) : B(g,m) # 0}) = C*({pi})-

For the proof, just orthogonalize the ¢[¢/py) and rearrange the coefficients to
be in Z. Thus, take some p € {p;} among the p;’s obtained above. Then

(4.2) p =) negm) — 2"1 2z
]

with finitely many n;, 7 € Z~¢ and (gj, H;), (7, H ) € GxB.

LEMMA 4.6. We can express p as in l) so that VK, K € {H;, Hj} the cardinality
of Kﬁg is 1 or .

Proof. By induction, enumerate {H;, Hj} by {K;}. Of course the lemma
holds if there is just Kj.

Suppose that it holds for {Kj,...,Kj}. Define S Kjy1 and for j =

h+1
1,...,h
1
ws k0 (K KK 0Kl (1,00},
hrte KIS+1 'n K; otherwise.
We want to change Kj,;; successively to K;Bgl, K}(l _21, ..., until K(h)
Suppose that K}(lll K}(l 1 VN K; as described above in (4.3). Therefore we

have1<#[K}(l+l)/(K}(lH)ﬁK)] M < oo, and’chenI(h+1 Ug, h+1 K;).
So we can replace K41 by K := Kl(1+)1'
written using the initial {K;}.

Now note that

because the pr0]ect10ns will still be

K/
h+1
#{Kz'm ﬂK] € {100}, VKe{Ki,... Ky}
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g\
Let us prove by induction on j that #[’17*;”(} € {1,000}, for every K €
h 1

{K1,...,K;j}. By construction it holds for j = 1. Suppose it holds for j — 1, that is

xU=1
#{(’1;)1} € {l,00}, VKe{Ky,...,Ki1},
Kthl NK
()
and let us prove the assertion for j. Also by construction #[ (I;h“ } belongs to
n+10Kj

{1, c0}. Then, we need to show that
()
K
#{(])’17—“} S {1,00}, VK € {K],...,K]'_l},
Ky MK
which holds by the induction hypothesis if K}(lj ) = kUD.

h+1
But, if K,S_)H = K,(j +11) N K then K;(lll C K( 1) and therefore it follows that

h+1
(-1

K
1< #[7(] hf)“l } < oo,
K ﬂK

i1

Now, by our induction hypothesis, we have two possibilities for each K &

{Kl/- . .,Kj,l}.
(j-1)
Case #[ Kh“ } = 1. In this case, as K(])l - K,(ljﬂl) C K, it follows that
, I<h+1 )nK
o] Kyl J-1

() -
Kh-HmK

(i-1)
K .
Case #[ i) } = co. Consider the exact sequence
Ky

i1 i1

K}(l]-‘t)-l K1(11+1) N KP(t]—H)
(7 j (/)

K/,nK K/ nK K/,

(-1 (-1

. K K o .
The inclusion —H— C —#1— implies that the second term has size co. The

(j-1) (1)
K1 'NK K 11NK

(i-1)
third term has cardinality < co because it is equal to — !

. As that sequence is

h+1 7
() ()

K K

exact, we must have #| —**.— | = co. Thus we conclude that #| —*— | € {1, 00},
K9.n KV nK

+

VK € {Kl,. . ,K]}
Set

K;
Kj mKz’«+1

wa o JKiNK Ly 1< ] < oo,
. E

K j otherwise,
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for j = 1,...,h. This gives a new sequence {K},...,Kj ,}. And then it only
remains to prove that
U

#[K]%mjK]L] € {1, c0).

Note that, if j or j is equal to & + 1, this holds by the claim above. So, suppose

that j and j are in {1,...,k}. Then, by our induction hypothesis, we have two
possibilities.

Case #[ k| = 1; then K; € K. IFK] = K; MK, then K} € K, and
holds. Otherwise, K]’ = K; # KiNK, .1, and therefore #{

K; C K]r) we have the inclusion

i _
——L | = 0. Then (as
Kme;t+lj| (

K. K’.‘
i il
/ _— 7
K N Kh+1 K A Kh+l

which implies [7} = 0. 50 K; = Kf and our claim holds.

Case #[K K ] = oco. As K]K?’K]N - KI;K,, if K’ = K; the claim holds. Now, if

K =K;NKj, ;é j, then we have the exact sequence
!/
K KK
KNk KNK K-
A /A ]

The set W]p has size co and is contained in the second term, so it has size oo too.
7

K ] < 0o
K; mK;z-%—l '

The third term has size < co as K; N K], ; # K; implies that #[

Hence, we conclude that {W’K]N } = oo, proving the lemma. 1

LEMMA 4.7. There exist finitely many pairwise orthogonal projections p; € U, B]
such that

C*({ri}) = C*({eggn) : Bgmy 7 0}),

where the (g, H)'s come from equation (4.1). Moreover, if there exists m € N such that
¢"™(G) € N H, then for all i, there exists h; € G and m; € N so that
HeB

lhig"i(@) S Pic
Proof. We have

finite

00) =" (L Bromeiom )5, with (g,H) € G x B,
(&H)
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where we recall that
B = {ﬂ(p HeBU{G}nleN}

We can assume that gH C ¢"(G) and, by Lemmal4.5| we have finitely many
pairwise orthogonal projections p; in Z-span(D|¢, B]) with
C*({egn : B(gm) # 0}) = C*({pi})-

Choose some p € {p;} and write it as
p= ane[ng] Z"J (& Hy)
]

with finitely many 1,7 € Z-(. We can write p such that each projection e[,
appears at most once and # [%} € {1,0} VK,K € {Hj, Hy } by Lemma

Choose some maximal H € {H;, FIj/}. Take g € Gand n € Z~g so that
nep,py) appears in p. Multiplying p with e[y gives us

elgH)P = nefgh) + ;”ke[cuHmHk)} - ;ﬁle[a(Hnﬁ,)]'

for (finitely many) cx, ¢; € G and ny, 11; € Z~g.
Note that we must have # [%Hk} = oo because if # [%HJ =1thenHy =H
would imply €g;H;] = e[gj/ i) for some j and j’. Then, by Lemma

sH ¢ [UeHNHY| U [UaHNAY),
k 1

which allows us to find r € gH\{Uck(H N Hk)} U [UEI(H N I:L)} One can

k I
conclude that:

€l (M (HNH)NN (HNA)] S ClgH)

(e (HNH)NN (HAA))) L Cle(Hnmy), VK, and

) L e, vi.

Clr(Ne(HNHy) NN (HNH)) & (HNH)))”

Multiplying the equation above by €l (M (HNH) N (HOF)))] leads to

Clr(Nk (HNH) NN (HAE)) P = " (ne(HNH)NN (HNH)))

As the first term is a projection (because it is the product of two commuting pro-
jections) we must have n = 1. So, €l (M (HNH) Ny (HAA))] < p. If our additional

hypothesis is satisfied, we have /1 € N such that

P"(G)C N H=¢"G) < () H
HeB H;eB’,0<i<n
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for some 1 bigger than m. Then

€ro™(C)] S Clr(n(HnH) ANy (HN )] S P
Therefore we just need to denote h; = r and m; = . The conclusion holds if this
is done for every element of {p;}. 1

REMARK 4.8. Note that for every i in the last lemma we can choose m; as
big as we want, because ¢"1(G) C ¢"(G).

THEOREM 4.9. Let G be an amenable group, B some family of subgroups in G
containing G and ¢ a pure injective endomorphism of G. Also suppose that 3k € N such

that 9*(G) C HQB H. Then, the C*-algebra U g, B is purely infinite and simple.

Proof. We already have the candidates to use with Proposition 4.1, namely
6 :Ulp,B] - @ '(:(1)D[g, Bli(1)), and
S[G, B] = span({s*"ugre;uys™ : 1 € B,g, 8" € G,n,m € N}).
Take 0 # x € S[G, Blsa- Then
x= Y q(g,g/,l/l/lj)s*lugflemug/s
(&' L1.])

where 77, o111,y € C for each multiindex (g, ¢’,1,1',]). As in the previous Lem-
ma

l/

finite

o(x) =" (ZH) Blomeism )"
8

for some n € Nand (g, H) € G x B' with B, 1j) # 0, where gH C ¢"(G).

By Lemma we find finitely many pairwise orthogonal (nontrivial) pro-
jections {p;} with C*({efon : B(g,n) # 0}) = C*({pi}). Furthermore, there exist
m; € Nand h; € G such that e, ,mi gy < pi < e[gn(c)) Vi. Using Remark
we can suppose that m; > n Vi. Also note that h; € ¢"(G). Thus the projections
F; := s™"epy, omi (5" satisfy F; < s*"p;s" and

C*({s""eqm)s" : B(g,m) # 0}) = C*({s""pis"}) — C*({F:})
(4.5) y — ) FiyF;

is an isomorphism that maps s*"p;s" to F;. These projections F; satisfy only (i)
and (ii) of the conditions in Proposition
Ly . i ’

Call (g,¢',1,1I',]) critical if 174 o1 1 1 1)S* ugqemug/sl # 0 and &, 161 = 0.

Note that i} ,
x —0(x) = ) s ugflemug/sl .
(g,g/,l,l/,]) critical

But for each i, it is possible to take some a; € ¢~ " (h;) ™~ "(G) satisfying

o' (a7 1)g " g9 (a)) £ e
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for all critical (g,¢’,1,1',]). Otherwise, we would have r| # ry € ¢™i"(G) such
that

o' (g g9l (n) = e = 9" (1) 29! (r2).
If | = 1" we have g # g’ (as 0y o/0; = 0) and then

¢'(r )8 89! (n) =e= gl =c
which contradicts ¢ # ¢’
Suppose now that [ # I'. Asrqy = ror, r1 we get

1

e=¢' ((rry ') )8 g9 (rary ') = ¢F (1712l (ry '),

which implies that 71 = r; (because ¢ is pure). This contradicts our assumptions.
Now as our endomorphism ¢ is pure, for all critical (g, ¢’,1,1,]) and for all
i there exists 1y 11 1 1 iy € N (as big as we need) such that (pl/(ai_l)g’_lggol(a,-) ¢
@" @810 (G). Let us call
bl' = (mi — 1’1) H n(g,g/,l,l/,]/i).
(g,g/,l,l/,]) critical
Note that

(+46) ¢ (a; )8 g9/ (ar) € 9"(G).
Define f; := €la; gt
conditions of Proposition which are:
@ fiLfi¥Vi#],
(ii) fi ~z; 1, via isometries z; € A,Vi,
(ii) | 2 fi6(x) ]| = 10(x)]], and
i
(iv) fixfi = fi0(x)fi € Cfi, Vi.
As bj > m; —n and ¢"(a;) € h;¢™i(G) it follows that s"e
e[ (G)) and then

Q)" We want to prove that these projections satisfy the

*1

wgti(@)S S

L Khen *1 1 *M ) n_r
fi=s"s Claigti(G)S S <s™epmic)s” = Eie

This implies that f; L f; Vi # j and (i) is satisfied. Item (ii) is also easily satisfied,
because
fi= Claighi(G)] = (uﬂisbi)(uﬂishi>* ~ (uaisbi)*(uﬂisbi) =1

Since (4.5) is an isomorphism and f; < F;, the map

C*({s™"ejqms" : Brg,m) # 0}) = C*({£i})
Yy Zfiyfi
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is an isomorphism as well. Therefore it is isometric and (iii) is satisfied. And
finally, for the last condition, let us expand f;(x — 6(x)) f;:

filx —0(x))f;
*1 !
= fi( )3 M(g.g'11.))3 ”g*eU]”g'Sl )fi

(8,8/,1,1’,]) critical

l 1 1
:( /”,Z]:) Mg 1) Ug1(gs fs™ ug1)er (u /s fs 1)Uy
8,8 /4,1",]) critical

I

l/
Z J(g,g/ 1 l’,])S Mg [gqﬂl(ﬂi)qJHbi(G)]e[g fPI,( )‘Pl +b; i( )}Em ug/s .
(8,8 1V,]) critical G

Now, note that

89! (@)@ (G)] N [¢'¢" (a:) " T4 (G)] # @ = ¢ (a; V)g' g9 (a;) € ¢"(G),

which contradicts our choice of b; by (#.6). So the intersection above must be
empty and then fixf; = f;6(x)f; € Cf;, Vi. Therefore, by Proposition 4.1} our
C*-algebra is simple and purely infinite. I

COROLLARY 4.10. When the conditions of Theorem [&.9]are satisfied, the concrete
C*-algebra C;[¢, B] is isomorphic to the universal one U[g, B, as defined in Defini-

tions[T.1|and [1.2) respectively.

THEOREM 4.11. If the conditions of Theorem [4.9|are satisfied, the universal C*-
algebra U, B] is a Kirchberg algebra satisfying the UCT property (Propositions
and[3.3).

EXAMPLE 4.12. Take G to be the free group F, with generators {a,b} and
define the injective endomorphism

¢2F2—>F2
ar—a

b+ b%, linearly extended.

Note that a # ab # abab # ababab # --- in %
with a family of subgroups of F». So denote H; := ¢(G) = (a,b?) and choose
B ={G, Hi}.

Since G is not amenable, we can only say that U[g, B] is separable. Also by
the previous results,

and thus we need to work

Ulep,B] = D]¢,B] X Fa x¢ N
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with D[¢, B] = C*({eg(ap2y) * 8 € G,n € N}) and
w : Fy — Aut(D|[¢, B])
g > ug(-)ug1;
7:N — End(D|¢, B] % F2)
ns"(-)s*".
Note that D[¢, B] can be viewed as the direct limit of

D, := C*({e[g< with 0 <i<n}),

ap?))
with the canonical inclusions iy, , : Dy — Dy, for n < m.
Define
: G
A, = U —.
o<i<n (@ b¥)

For ¢ € Ay there exists some 0 < iy < n such that g €

G,
2’8>

C A,,. Denote

_ (a,b
Hy := (a, b**) and define the following partial order on A,: ¢ < h if Hy C Hy
and gHj, = hHy,. The topology of A, is such that a sequence (x;;) converges to x
if and only if x is the only minimal element of the set

{x' € A, : xpy < X for all but finitely many m}.

It is easy to see that D, is homeomorphic to A,. Take ¢ € A, and define
elg] *= €[gH,]- For some x € 13,1, define g, € A, by (forh € Ay):

1 ifh > gy,
0 otherwise.

x(em) = {

It is easy to see that this correspondence is a bijection. So Vg € A;;, we have one
and only one correspondent element x, € D,.

Now, xg,, converges to x, if and only if Jim xe,, (egr) = xg(eg). But this
corresponds to saying that ¢’ > ¢, for almost all m if and only if ¢’ > g, that is,
that ¢ is the only minimal element of {g’ € A, : gn < ¢’ for almost all m}. So the
topologies are equivalent. Then

—

Dlg, B] = lgn(AmPnM) = A

and note that
A= {(Sm)m € H Am P (&m) = gn}
meN
with
pn,m . Am — An

i min{i,n}
gla,b*) — g(a, b*"")

7
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for m > n. With this we can also conclude that
U[q), B] = C()(A) NQFZ N?N
where for f € Co(A) and x € A,
we(f)(x) = fgxg™)

using the pointwise product gxg~! and
Tn (f‘sh) = ?‘54)"

with f(x) = f(¢(x)), where we consider ¢(x) pointwise.
In Example[5.4]we calculate the K-groups of Ulg, B].

5. THE CASE B = {G}

In this section we study the particular case when B contains, instead of sub-
groups, only subsets of the form g¢*(G) for k € Nand g € G. By Proposition
the C*-algebra U[g, B] is isomorphic to the one obtained when B = {G}. There-
fore, for the sake of simplicity, we omit B and use the notation Ulg].

Its K-theory will be calculated using a similar idea as presented in [11]], i.e,
using the continuity of the functors Ky and K; and also the Khoshkam—-Skandalis
sequence [14]. We conclude that K (U[¢]) = K (C*(G)). We also conclude that,
when G is amenable, we can use Kirchberg’s classification theorem to U[¢)].

Finally, we use the recently-introduced semigroup C*-algebras from [19]
and [18] and show that Ul¢] is isomorphic to the full semigroup C*-algebra of
the semigroup S = G %y N. This implies that when the group G is amenable and
the endomorphism ¢ is pure, the three semigroup C*-algebras defined by Li are
isomorphic to U[¢]. Furthermore we can apply Kirchberg’s classification theorem
to them.

PROPOSITION 5.1. When B contains only subsets of the form ¢¢*(G), for some
fixed ¢, k € Nand g € G, the C*-algebra U|g, B] is isomorphic to U[g], and can be
redefined as the universal C*-algebra generated by unitaries {ug : ¢ € G} and one
isometry {s} satisfying:

(i) ugs"ups™ = tggn (s
(ii) we have

n_ xn m xhn _ m _xm n _xn
Ugs"s™ Ug—1Ups"'S Ty -1 = UpS"ST U1 UgS"S U g
noxn . m
_ Jugs"s g1 ifh € g9™(G),
0 otherwise,

forn = m.
A simple use of Propositions and and Theorem [4.9 yields the

following proposition.
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PROPOSITION 5.2. The C*-algebra U|g] is separable. When the group G is ame-
nable, it is also nuclear and satisfies the UCT. Furthermore, if ¢ is pure, then U[¢] is also
simple and purely infinite, therefore a Kirchberg algebra satisfying the UCT.

To calculate the K-theory of U[¢], using Remark[2.2)we know that
Ulg] = (Dlg] ¥ G) xx N
with
w: G — Aut(Dl[¢])
g > ug(-)ug,
7:N — End(D[¢] o G)
nss"()s*"
where for agdg € D[g] X G, Tu(agdg) = s"ags™"d (4. But note that
Dlg] = 1lim D,

n

for n € N with

Dy :=C* ({ugsks*kugfl 0<ksnge (Pk((;G) })

and the inclusion being the identity. Therefore
D[¢] ¥ G = lim(Dy xw G),
where
Dy X, G2 C*({ugsks*kuh 1:0<k<ngheG}).
Moreover, for k € N, Ay := C*({ug sks**u, 1 : g,h € G}) is an ideal of Dy %, G,
because for m < k,
upsks*™*u, 1 if g € ho™(G),

k xk m_xm
UpS S Uy 1UeS" ST U, = )
h—re 3 {0 otherwise.

But note that every element ugsks*kuh 1 in Ay can be uniquely written as

Ug, sks Ky g 1ok ()s for g;,gj € (G) and t € G. So, if one defines the correspon-

dence
k xk _ k xk .
UgS™S™ " Up1 = UgiS'S Ug 1 lUgk(s) — Eij ® gy,

where {E; ;} is the family of unit matrices which give rise to the set K of compact
operators, it follows that

A =2 K®C*(¢"(G)) 2 K® C*(G).
Hence, starting with the case n = 1, we can build the exact sequence

0 A1 5 Dy xeG5CHG) =0
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where 1 and p are the canonical inclusion and projection maps, respectively. But
the sequence above splits if we also consider the canonical inclusion

7:C*(G) = D1 %, G.

This implies that the corresponding exact sequence of K-groups also splits, which
means that (using the Kiinneth formula [22])

Ki(D1 %0 G) = Ki(CH(G)) © Ki(K® C*(9(G))) = Ki(CT(G)) @ K (CH(G)).

Repeating the argument, it is easy to conclude that
Ky (Dy ¥ G @ K.(C*(G
and consequently

n
(5.1) K.(D[g] 0 G) = lim P K.(C*(G)) = P K.(C*(G))
no =0 N
where the k-th group K. (C*(G)) of the direct sum above represents the K-group
of Ak.
Applying the Khoshkam—Skandalis sequence for N-crossed products [14],
we have the sequence

® Ko(C*(G)) 1olo), ®K(CE) = KUl
0 {
Ky (Ulg)) “ @KI(C(©) il ©Ki(C(G))

where T, (ug) = s"ugs*". Since Ko(K) is described only by matrices of the type
"

E;;, consider some ug, s”s*” Ug-tllgn(p) € D[¢] %, G. Then

1
K*(T) [ugis”s*n”gi‘l”qv"(t)]* = [”¢(gi)5”+1s*”+ uq)(g,-_l)uq’n“(t)]*

which implies that K, () corresponds to a shift in @ K, (C*(G)). So denote by o
N

the shift operator, to see that the six-term sequence above turns into

B Ko(C(G)) =, BK(C(G) = Ko(Ulg])
) {
KiUlg) & @K(C(G) & BKi(C(G)):

But the application 1 — ¢ has null kernel and Im(1 — ¢) only contains vectors
(x0,x1,...,%1,0,0,...) whose sum of coordinates equals zero. This together with
the direct limit description (5.1) implies that

D K« (C*(G))

o) )
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via

-

(x0,%1,---,%1,0,0,...) — ) x;.

=0

Solving the six-term sequence we get
K. (Ulg]) = K (C*(G))-
Therefore, we have the following theorem.

THEOREM 5.3. Consider ¢ an injective endomorphism with infinite cokernel of
some discrete countable group G, and construct the C*-algebra U[g] as in Proposi-

tion[p.1] Then K. (U[¢]) = K.(C*(G)).

EXAMPLE 5.4. Let us recall Example The group G is the free group I
with generators {a, b},

Q: Fz — Fz
a—a
b b2, linearly extended
and B = {G,H;} where H] = ¢(G) = (a,b*). By Proposition 5.1| we have

Ulg, B] = Ulg].
Using Theorem 5.3] we conclude that

Ko(Ulg]) = Ko(C*(F2)) = Z
with generator [1]p and

Ky (Ulg]) = Ki(C*(F2)) = 7
with generators [u,]1 and [up]1.

THEOREM 5.5. Consider ¢ a pure injective endomorphism with infinite coker-
nel of some discrete countable amenable group G. Construct the C*-algebra U[¢] as in
Proposition Then it is classifiable by Kirchberg’s classification theorem.

Consider two diferent pure injective endomorphisms of some discrete count-
able amenable group G. Then, both C*-algebras will be classifiable by Kirchberg’s
theorem and, in both objects, Ko(U[g]) = [1]o — [1]o € Ko(C*(G)). Thus, the re-
spective C*-algebras are isomorphic.

COROLLARY 5.6. Assuming that the above conditions are satisfied, for a fixed
group G, any choice of endomorphism ¢ generates the same C*-algebra U|g)].

6. SEMIGROUP C*-ALGEBRA DESCRIPTION OF U|[¢]

In [18] and [19] Li introduced and developed the concept of a C*-algebra
associated with a semigroup. We prove that when the semigroup is S = G %y N,
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i.e, a semidirect product of a group G with N implemented by an injective en-
domorphism, the C*-algebra of this semigroup can be viewed as the C*-algebra
associated with the endomorphism ¢. This isomorphism together with extra re-
strictions on our initial data will allow us to conclude similar results concerning
the K-theory of U[¢] as the one obtained in Theorem

We compare the set of projections used in both definitions and, for this pur-
pose, we study the sets which index these projections, namely B’ in our case
(Lemma(I.4) and the set J of constructible right ideals in Li’s case (before Defini-
tion 2.2 in [18]]). Note that both are defined as a certain set of subsets of the given
structure, and they are closed with respect to some set operations.

The problem is that here B’ is a set of subsets of a group and Li defines J
containing subsets of a semigroup. However the following holds.

PROPOSITION 6.1. J = {(g,n)S: (g,n) € S}.
Proof. Use the fact that sets of the type

(gn)SN(h,m)S and (g,n)_l(h,m)S

are both of the form (k,1)S or @. This result is also proved in Lemma 6.3.3
of[9].

The result above will allow us to establish the isomorphism between the
algebra U[¢] defined in this section and the full semigroup C*-algebra C*(S) de-
fined by Li in Definition 2.2 in [18].

Consider an endomorphism ¢ of a group G with B containing only sub-
groups of the form ¢*(G). By Proposition Ulg] is the universal C*-algebra
generated by unitaries {ug : ¢ € G} and one isometry s satisfying

(i) ugs"ups™ = tggn (s M.
PROPOSITION 6.2. We have
Ulg] = C*(5),
with the latter defined as in [18].

Proof. The C*-algebra C*(S) is generated by isometries {v(, ) : (g,1) € S}
and projections {ex : X € J} with J = {(g,n)S : (g, n) € S} (by the proposition
above).

To prove that the isomorphism holds, first note that the unitaries v(, o) and
the isometries v, ,) satisfy the relation generating U[¢] ((i) above). Therefore,
there exists a *-homomorphism

@ : Ulp] — C*(S)
Ug > V(g 0)s and

n
S — U(e,n)'
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For the inverse map, consider the set of isometries {ugs" : (¢,n) € S} and
the set of projections

{uys™s*™u; 1 = associated with (h,m)S € J}.

Some calculations show that these two sets satisfy the five conditions gen-
erating C*(S) ([18]). By the universality of this C*-algebra we have a *-homo-
morphism

¥ : C1(S) - Ulg)

n
V(gm) > Ugs", and

e[(h,m)S] — uhsms*muhq.
It is easy to see that ¢ and ¥ are inverses of each other. 1

COROLLARY 6.3. Consider ¢ an injective endomorphism with infinite cokernel
of some discrete countable group G. Construct the semidirect product semigroup S =
G 1y N. Then

Ki(C*(S)) = K (C(G)),
with C*(S) as defined in [18].

There are two more C*-algebras associated with a semigroup S. The first
one is the concrete representation of S called the reduced semigroup C*-algebra
of S, denoted by C;(S) and defined in Definition 2.1 in [18]. It is easy to check
that there exists a surjective *-homomorphism

A1 CH(S) = CH(S).

For the second one, note that the semigroup S can be viewed as a subsemi-
group of the group S (defined previously), and this allows us to define another
C*-algebra associated with S, namely Cg (S) ([18]], Definition 3.2). It has the same
generators as C*(S) with minor additional relations, so that there is a surjective
*-homomorphism

7T : C*(S) — CX(S).

But remember that if ¢ is pure and G is amenable the C*-algebra U[¢] is
simple (and purely infinite) by Theorem and thus so is C*(S). Therefore we
have the following theorem.

THEOREM 6.4. Consider G an amenable discrete countable group and ¢ a pure in-
jective endomorphism of G. Construct the semigroup S = G X, N. Then the C*-algebras
C*(S), Ci(S) and C;(S) defined in [18] are isomorphic to U[¢g]. By Theorem [5.3| we
also conclude that

Ki(C*(S)) = Ki(C(G)).
Moreover, by Theorem they are classifiable by Kirchberg's classification theorem [15].



C*-ALGEBRAS ASSOCIATED WITH ENDOMORPHISMS OF GROUPS 29
EXAMPLE 6.5. Consider the shift endomorphism of @ Z, i.e
N
9:DZ— D2
N N
(X1,XZ,X3, .. ) — (0,x1,XQ, . )

Denote by G the group @ Z and let us choose B = {G} to apply the theorem
N

above. It is well-known that
c(Pz) =Qc(z) = Qs
N N N
which together with the Kiinneth formula ([22]) implies

Ko(U[g]) = K1 (U[g]) = P Z.
N

Consider ¢ the shift (to the right) on G. With S = G xy N the theorem above
implies that
Ulp] = C7(5) = C(S5) = & (5)
(as defined in [18]) and this C*-algebra is nuclear, simple and purely infinite.

The theorem above provides another powerful tool to calculate the K-theory
of U[g], which agrees with Theorem 5.3} just using Theorem 6.3.4 in [9]. For this,
note that G being amenable implies that S also is (in [9] this group is called the
enveloping group of S). Therefore it satisfies the Baum-Connes conjecture with
coefficients, and the following result applies.

THEOREM 6.6. For an amenable group G and a pure injective endomorphism with
infinite cokernel ¢ of G consider the semigroup S = G x4 N. Choose B = {¢*(G)} for
some k € N. Then

K.(Ulg]) = K. (C*(G)).
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