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ABSTRACT. In this paper, we discuss some equivalent definitions of Prop-
erty I for a type II; von Neumann algebra. Using these equivalent definitions,
we prove that the Pisier’s similarity degree of a type II; von Neumann algebra
with Property I' is equal to 3.
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1. INTRODUCTION

Kadison's similarity problem for a C*-algebra is a longstanding open prob-
lem, which asks whether every bounded representation p of a C*-algebra .4 on a
Hilbert space H is similar to a *-representation, i.e. whether there exists an invert-
ible operator T in B(H), such that Tp(-)T~! is a *-representation of .A. Significant
progress toward this famous open problem was obtained in [1] and [3]. We will
refer to Pisier’s book [9] for a wonderful introduction to the problem and many
of its recent developments.

Similarity degree for a unital C*-algebra A, denoted by d(.A), was defined
by Pisier in [7]. Since its introduction, this new concept has greatly influenced the
study of Kadison’s similarity problem for C*-algebras. In fact, it was shown in
[7] that Kadison’s similarity problem for a unital C*-algebra .A has an affirmative
answer if and only if d(A) < oo. One of the most surprising results on similarity
degree was also obtained by Pisier in [11] where he proved that, for an infinite
dimensional unital C*-algebra A, the similarity degree of A is equal to 2 if and
only if A is a nuclear C*-algebra.

Several results on similarity degree for a unital C*-algebra have now been
known. For example, if A = B(H) for some infinite dimensional Hilbert space
H, then d(A) = 3 ([3], [8]). The similarity degree of a type II; factor M with
Property I is less than or equal to 5 ([8]]). This result was later improved in [2] to
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that the similarity degree of such M is equal to 3. When .4 is a minimal tensor
product of two C*-algebras, one of which is nuclear and contains matrices of any
order, it was proved in [12] that d(.A) < 5. Recently, it was shown in [4] that, if
A is Z-stable, then d(A) < 5. We will recall Property c*-I" for C*-algebras in the
beginning of Section 4. In [14], it was shown that, if a separable C*-algebra .4 has
Property c*-I', then d(A) = 3.

The definition of Property I for type II; von Neumann algebras was given
in [13] and we will recall it in Section 3. In this paper, we will discuss properties
of type II; von Neumann algebras with Property I' and compute the similarity
degree for this class of von Neumann algebras. The first result we obtained in the
paper is Theorem which gives many useful equivalences of Property I'.

Combining Theorem with the results in [14]], we are able to calculate
the exact value of the similarity degree for a type II; von Neumann algebra with
Property I' and obtain the next result (Theorem [4.3) as a generalization of Chris-
tensen’s result in [2]: if M is a type II; von Neumann algebra with Property I, then
the similarity degree d(M) = 3.

Suppose A is a unital C*-algebra. Let Z be some index set and

lo(Z,A) = {(xi)iez :foreachi € Z,x; € Aand sup ||x;| < oo}.
ieT

We apply Theorem to calculate values of similarity degrees for two
classes of C*-algebras, which were also considered by Pisier in [8]: first we obtain
that, if M is a type I1; factor with Property I, then d(loo(Z, M)) = 3 for any index set
Z. On the other hand, let C = M,(C) ® M(C) ® - - - (infinite C*-tensor product of
2 x 2 matrix algebras). Then, for any infinite index set Z, d(l(Z,C)) = 3.

The organization of this paper is as follows. In Section 2, we give some
preliminaries on direct integrals of separable Hilbert spaces and von Neumann
algebras acting on separable Hilbert spaces. In Section 3, we give a characteriza-
tion of type II; von Neumann algebras with Property I and obtain some equiv-
alent definitions. In Section 4, by showing that every finite subset F of a type
II; von Neumann algebra M with Property I' is contained in a separable unital
C*-subalgebra with Property c¢*-I', we obtain that d(M) = 3.

2. PRELIMINARIES
2.1. DIXMIER APPROXIMATION THEOREM. We will need the following Dixmier
approximation theorem in the paper.

LEMMA 2.1 (Dixmier approximation theorem). Let M be a finite von Neu-
mann algebra with center Z. Let T be the center-valued trace on M. If a € M, then

{t(a)} = ZN (conv(a)™),

where conv (a)= is the norm closure of the convex hull of {uau™ : u is a unitary in M}.
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2.2. DIRECT INTEGRAL THEORY. General knowledge about direct integrals of
separable Hilbert spaces and von Neumann algebras acting on separable Hilbert
spaces can be found in [18] and [5]. Here we list a few lemmas that will be needed
in this paper.

LEMMA 2.2 ([5], Theorem 14.2.2, Corollary 14.2.3). Suppose M is a von Neu-
mann algebra acting on a separable Hilbert space H. Let Z be the center of M. Then there
is a direct integral decomposition of M relative to Z, i.e. there exists a locally compact
complete separable metric measure space (X, u) such that:

(i) H is (unitarily equivalent to) the direct integral of {Hs : s € X} over (X, ),
where each H; is a separable Hilbert space, s € X;

(ii) M is (unitarily equivalent to) the direct integral of { M} over (X, u), where M
is a factor in B(Hs) almost every where. Also, if M is of type 1, (n could be infinite),
113, o or 111, then the components M are, almost everywhere, of type 1,,, 111, Il or 111,
respectively.

Moreover, the center Z is (unitarily equivalent to) the algebra of diagonalizable
operators relative to this decomposition.

The following lemma gives a decomposition of a normal state on a direct
integral of von Neumann algebras.

LEMMA 2.3 ([5], Lemma 14.1.19). Suppose H is the direct integral of separable
Hilbert spaces { Hs } over (X, i), M is a decomposable von Neumann algebra on H (i.e.,
every operator in M is decomposable relative to the direct integral decomposition, see
Definition 14.1.6 in [5]) and p is a normal state on M There is a positive normal linear
functional ps on M for every s € X such that p(a f ps(a(s))dy for each a in M.

If M contains the algebra C of diagonalizable operators and o|eMmE is faithful or tracial,
for some projection E in M, then ps|g () pm,£(s) 1S, accordingly, faithful or tracial almost
everywhere.
REMARK 2.4. From the proof of Lemma 14.1.19 in [5], we obtain thatif p =
Z wy, on M, where {y, } is a sequence of vectors in H such that Z llyall? =1
n=1
and wy is defined on M such that wy(a) = (ay,y) forany a € M, y E H, then ps

can be chosentobe ). wy (s foreachs € X.
n=1

3. SOME EQUIVALENT DEFINITIONS OF PROPERTY I FOR TYPE II}
VON NEUMANN ALGEBRAS

We recall the definition of Property I" for general type II; von Neumann
algebras in [13].
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DEFINITION 3.1 ([13]). Suppose M is a type 1I; von Neumann algebra with
a predual M. Suppose (M, M) is the weak* topology on M induced from
M. We say that M has Property I ifand only if V ay,a2,...,a4 € MandVn € N,
there exist a partially ordered set A and a family of projections

{pir:1<i<mAe A} C M

satisfying:

(i) for each A € A, p1p, pan, ..., Pup are mutually orthogonal equivalent pro-
jections in M with sum I;

(if) foreach1 <i<nand 1 <j <k,

lim(pipaj — ajpir)"(piraj — ajpin) = 0 ino(M, My) topology.

We remark that this definition coincides with Murray and von Neumann’s
definition when M is a type II; factor.

In this section, we will give some equivalent definitions of Property I" for
type II; von Neumann algebras. The following two lemmas are well-known. We
give brief proofs here for the purpose of completeness.

LEMMA 3.2. Suppose that M is a type 11} von Neumann algebra. Then the fol-
lowing are true:
(i) for any nonzero element x € M, there exists a normal tracial state p on M such
that p(x*x) # 0;
(ii) there exists a non-zero central projection q of M, such that gM is a countably
decomposable type 111 von Neumann algebra.

Proof. Assume that M acts on a Hilbert space H.

(i) Let Z be the center of M and T be the unique center-valued trace on .M
(see Theorem 8.2.8 in [5]). Let p be a normal state on Z such that p(t(x*x)) # 0.
Therefore p = p o T is a normal tracial state satisfying the required condition.

(ii) Let p be a normal tracial state on M and Z = {a € M : p(a*a) = 0}. It
follows from Proposition II1.3.12 in [17] and Proposition 1.10.5 in [16] that there
exists a central projection g in Z such that Z = (1 — q) M. It is easy to verify that
gM is countably decomposable. 1

LEMMA 3.3. Suppose M is a type II; von Neumann algebra. Then there is a
family of orthogonal central projections {qq : « € Q} in M with sum I such that g, M
is countably decomposable for each o € (2.

Proof. By Lemma and Zorn’s lemma, there exists an orthogonal family
{qa} of non-zero central projections in M, which is maximal with respect to the
property that g, M is countable decomposable for each . Let Q = Y g,. We
claim that Q = I, where I is the identity of M. Assume, to the contrary, that
Q # I. Then by Lemma there is a nonzero central projection g in (I — Q)M
such that g M is countably decomposable. The existence of such g contradicts the
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maximality of the family {g, }. Therefore I =} g, and the proof of the lemma is
completed. 1

REMARK 3.4. Suppose M is a type II; von Neumann algebra with Prop-
erty I'. Let g be a central projection of M. Then it follows directly from the
definition of Property I' that g M also has Property I'.

LEMMA 3.5. Let M be a type 11} von Neumann algebra acting on a separable
Hilbert space H and Z 54 the center of M. Let T be the center-valued trace on M such
that T(z) = z forany z € Zpg. Let M = [ @ Mdp and H = [ @ Hydu be the

X

X
direct integral decompositions of M and H relative to Z 4 as in Lemma Assume
that M is a type I1; factor with a trace s for each s € X. Then for any a € M,

T(a)(s) = Ts(a(s))Ls
for almost every s € X.

Proof. Fix a € M. By the Dixmier approximation theorem, for each t € N,
there exist a positive integer k;, a family of unitaries {v](.t) :teN1<j<k}in

M and scalars {)\(t) 1t eN,1<j<k} CI0,1] such that:
(i) foreacht € N, Y )L(t) =1,
<]<kt
(ii) hm H Y AW ( ) alt) — T(a)H =0.
1<]<kt / /

Since {vj :t € N, 1 <j <k} isacountable set, we may assume that, for

every s € X, v](t) (s) is a unitary in M; for any t € Nand any 1 < j < k;. By
Proposition 14.1.9in [5] for any t € N, we may assume that

| £ A a)) —r@| =sup| T A ) a0 ) - ra)s)].
1<j<ks seX T 1<k

It follows that

(3.1) tlggu > Al (s ))*a(s)v]@(s)—r(a)(s)u:o

1<]<k[

for almost every s € X. Again, by the Dixmier approximation theorem and the
fact that each M is a type II; factor, (3.1)) gives that

w(a)(s) = ts(a(s))Is

for almost everys € X. 1

LEMMA 3.6. Let M be a type I1; von Neumann algebra with center Z 4. Let T
be the center-valued trace on M such that T(a) = a for any a € Zpq. Suppose e > 0,
x € Mand t(x*x) < el. Then for any tracial state p on M,

p(x*x) < 2e.
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Proof. Note that T(x*x) <el. It follows from the Dixmier approximation the-
orem that there exist a positive integer n € N, a family of unitaries {v1,v2,..., v, }
in M and a family of scalars {a1,a,...,a,} C [0,1] such that:

H Y a=1
1<isn
(ii) Hr(x*x)— Y avixtxv;|| <e.
1<isn

Since p is tracial, it follows from (i) and (ii) the following that completes the
proof:

p(x*x) :p( ) ocivl’-‘x*xvi) :p( ) aiv;‘x*xvi) —T(x*x) + p(T(x*x)) <26
1<i<n 1<i<n
PROPOSITION 3.7. Suppose M is a type Il von Neumann algebra acting on a
separable Hilbert space H. Let T be the center-valued trace on M such that T(a) = a for
any a € Zn, where Z ), is the center of M. Suppose that M has Property I'. Then,
foray,ay,...,ap € M,anyn € N, any ¢ > 0, there exist n orthogonal equivalent
projections p1, p2,. .., pn in M with sum I such that

T((pia]- — ajp,-)*(piaj — a]-pi)) <el, V1<i<nl1<j<k
Proof. Suppose M has Property I'. Let M = [ @ M, dy and H= [ @ Hsdu
b'¢ X
be the direct integral decompositions of M and H relative to the center Z; as in
Lemma We might assume that M; is a type II; factor with a trace 7 for each
s e X.

Fix aj,ap,...,ar € M, n € N, and € > 0. By Corollary 4.2 in [13], there exist
n orthogonal equivalent projections p1, p2, . .., pn in M with sum I such that

€ . .
(32) Ipi(s)aj(s) —aj(s)pi(s)llas < 5, VI<i<n1<j<k
for almost every s € X, where | - ||25 is the trace norm induced by 7; on M; for
eachs € X.

Forany1<i<n,1<j<k, Lemmagives
T((piaj — ajpi)* (piaj — ajpi)) (s)
(3.3) = Ts((pi(s)aj(s) — aj(s)pi(s))" (pi(s)aj(s) — a;j(s)pi(s)))1s
for almost every s € X.

Forany 1 <i<n,1<j<k from (3.2), (3.3) and Proposition 14.1.9 in [5], it
follows that

. €
Ie((piaj —ajpi)* (pia; — ajpi))|l < 5
and, thus we have the following that finishes the proof:
T((piaj — ajpi)* (pia; — ajp;)) <el. 1

LEMMA 3.8. Let M be a type 11 von Neumann algebra with a center Z 4. Let
M be a von Neumann subalgebra of M and Z ,, be the center of M. Suppose Ty
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and Ty, are the center-valued traces of M, and M respectively. For any x € My, we
have [ty (V)] < [l ()]

Proof. Let x be an element in M. For any € > 0, by the Dixmier approxima-
tion theorem, there exist a positive integer k, a family of unitaries {v; : 1 < j < k}
in M; and scalars {A; : 1 < j < k} C [0,1] such that (i) ¥ A; = 1and

1<j<k
(ii) H L Ajoixvj— TMl(x)H <e
1<j<k
Hence,
lem@l=[on( L Ay
1<j<k
<Jr (X Ajevos) = maa (ta, () |+ lleaa (iay () | < e g, ()
1<j<k

Since ¢ is arbitrary, we have || T (x)|| < [|Taq, (X)[]. 8

PROPOSITION 3.9. Suppose M is a countably decomposable type I1; von Neu-
mann algebra. Let T be the center-valued trace on M such that T(a) = a for any
a € Zpq, where Zp, is the center of M. Suppose that M has Property I'. Then,
for aj,az,...,ap € M,anyn € N, any ¢ > 0, there exist n orthogonal equivalent
projections p1, p2, ..., Pn in M with sum I such that

T((piaj —ajpi)* (piaj —ajp;)) <el, V1<i<nl<j<k

Proof. Let ay,a,...,a; be in M. By Lemma 3.6 in [14], there is a type II;
von Neumann algebra M; with separable predual and Property I' such that
{ay,...,a¢} € M; € M. From Proposition it follows that there exist n
orthogonal equivalent projections p1, p2, . - ., pn in M1 with sum I such that

TMI((p,-aj - ajp,-)*(piaj — a]-pl-)) <el, V1<i<nl1<j<k
where Ty, is the center-valued trace on M;. By Lemma we obtain that
T((piaj —ajpi)* (piaj —ajpi)) <el, V1I<i<n1<j<k 1

REMARK 3.10. Suppose M is a type II; von Neumann algebra with center
Z . Let T be the center-valued trace on M such that t(a) = a for any a € Z .
Suppose {gq : « € Q} is a family of nonzero orthogonal central projections in M
with sum I. Therefore g,,M is a type II; von Neumann algebra with center g, Z v4.
Let 7, be the center-valued trace on g, M such that 7,(a) = a for any a € g, Z 4.
We have

T(a) = Y Tu(qaa), Yae M.
ac

THEOREM 3.11. Suppose M is a type 11} von Neumann algebra and Z 4 is the
center of M. Let T be the center-valued trace on M such that T(a) = aforanya € Z .
Then the following statements are equivalent:
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(i) M has Property I'.

(ii) There exists a family of nonzero orthogonal central projections {q, : & € Q}
in M with sum I such that q,M is a countably decomposable type II; von Neumann
algebra with Property I for each a € (2.

(iif) For any n € N, any e > 0 and ay,ay,...,ar € M, there exist n orthogonal
equivalent projections py, p2,. .., pn in M with sum I such that

T((pia]' - ajpi)*(piaj — ajpl-)) <el, V1<i<nl<j<k

(iv) There exists a positive integer ng > 2 satisfying that for any e >0and ay, ay, . . ., ax
€ M, there exist ng orthogonal equivalent projections p1, pa,. .., P, in M with sum 1
satisfying
T((piaj —ajpi)* (piaj —ajpi)) <el, V1<i<nyl<j<k

(V) Forany e > 0and ay,ay,...,a; € M, there exists a unitary u in M such that
@ t(u) =0;
(b) T((uaj —aju)*(ua; —aju)) <el, V1<j<k
(vi) For any n € N, any normal tracial state p on M, any e > Oand ay, ay, ..., a; €
M, there exist n orthogonal equivalent projections p1, p2, . .., Pn in M with sum I such
that

||piaj—a]-pi 20<¢ V1<i<nl1<j<k,

where || - ||, is the 2-norm on M induced by p.

(vii) There exists a positive integer ng > 2 satisfying that for any normal tracial state
pon M,anye > 0and ay,ay,...,a, € M, there exist ng orthogonal equivalent projec-
tions p1, P2, - .., Py i M with sum I satisfying

||Piﬂj —GljpiHQ,p <eg V1I<i<ngl<j<k,

where || - [|2,0 is the 2-norm on M induced by p.
(viii) For any normal tracial state p on M, any € > 0 and ay,az,...,ar € M, there
exists a unitary u in M such that
(@) t(u) =0
(b) [[ua; — ajullr, < e forall 1 < j < k, where || - |2, is the 2-norm on M
induced by p.

Proof. We will prove the result by showing that (i) = (ii) = (iii) = (iv) =
(v) = (ii), (iii) = (i) and (iii) = (vi) = (vii) = (viii) = (ii).

(i) = (ii) It follows from Lemma 3.3]and Remark

(if) = (iii) Assume that there exists a family of nonzero orthogonal central
projections {g, : « € Q} with sum I such that g,.M is a countably decomposable
type II; von Neumann algebra with Property I" for each « € Q. Fixn € N, any
e>0andaq,ay,...,a € M. Then

aj:ana]-, V1<j<n
14
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For each a € , by Proposition there exist n orthogonal equivalent projec-
tions pga), pé’x), ceey pﬁf‘) in g4 M with sum g, such that
G4 (P (guay) — (2a)pi") (P (900)) = (gaa)p™)) < &0,

forall1 < i< n,1<j <k where 7, is the center-valued trace on g,M. Let

pi = sz@’ foralll <i<n.
[

Then it is not hard to see that py, ..., ps are orthogonal equivalent projections in
M with sum I. By Remark and inequality (3.4), we know

T((pl-a]- — a]-pl-)*(pia]- - a]-pl-)) <el, V1<i<nl1l<j<k
(iii) = (iv) It is obvious.
(iv) = (v) Assume that there exists a positive integer 1y > 2 satisfying that

forany e > 0and ay,ay,...,ar € M, there exist ng orthogonal equivalent projections
P1, P2, -+, Pny in M with sum I satisfying

€ . .
T((pia]' — lljpi)*(piﬂ]' — a]pl)) < ﬁll V1<i<mng,l <J < k.
0
Let A = e27/70 be the ny-th root of unit. Let

u=m +/\p2 + .. +A”O*lpn0_

Since p1, ..., pn, are orthogonal equivalent projections in M, we know 7(u) = 0.
A quick computation shows that
T((uaj — aju)*(ua; — aju)) < el.

(v) = (ii)) Assume that (v) holds. From Lemma there is a family of
orthogonal central projections {g, : @ € Q} in M with sum I such that g, M is
countably decomposable for each « € (2.

Next we will show that g, M has Property I for each w in 2. Let xy, ..., x; be
elements in g, M. By the assumption (v), for any € > 0, there exists a unitary u in
M such that (a) T(u) = Oand (b) T((ua; —aju)* (ua; —aju)) < el foralll1 <j <k
Since q,M is a countably decomposable type II; von Neumann subalgebra, there
exists a faithful normal tracial state p on g, M. We can naturally extend p on
gaM to a normal tracial state p on M by defining p(x) = p(gux) for all x in
M. Tt is not hard to see that g,u is a unitary in g, M and 7, (qa1t) = T(gaut) =
gaT(u) = 0, where T, is a center-valued trace on q,M. Moreover, by the Dixmier
approximation theorem, we have

p(x) =p(t(x)), VxeM.
Hence
p(((qare)a; — aj(qan))* ((quu)a; — aj(qau))) = p((ua; —aju)* (ua; — aju))
= p(t((ua; —aju)* (ua; —aju))) <e,
for all 1 <i<k. By Proposition 3.5 in [14], we conclude that g,M has Property I.
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(iii) = (i) Assume that (iii) is true. We assume that M acts on a Hilbert
space H. Let x1, ..., x; be a family of elements in M. From (iii), for any positive
integer n, there exists a family of projections {p;; : 1 <i < n,r > 1} in M such
that:

(1) for each v > 1, p1,,..., pnr are orthogonal equivalent projections in M
with sum I;
(2) moreover,

lim (|T((piraj — ajpir)" (piraj — ajpie)) | =0, V1<i<nl<j<k
Thus, for any normal tracial state p on M, we have
35)  lim [lo((pira; —ajpir)" (pira; — ajpir))|
= lim {lo(z((pira; = ajpir)* (piraj — ajpir))) |
< lim ([ T((pisa; — ajpir) " (piraj — ajpir)) || = O.
Let {px } e be the collection of all normal tracial states on M. For each A € A,

let (71, Hy, T,\) be the GNS representation, obtained from p,, of M on the Hilbert

space Hy, = LZ(M,p)\) with a cyclic vector IA;\ in Hy,. Wealsolet K = Y} H, be
AEA
the direct sum of Hilbert spaces {H, } and 7 = Y. 7 : M — B(K) be the direct
AEA

sum of {7t }. Thus 7 is a *-representation of M on K defined by

m(x)((62) = (m(x)&r), YV (6) € ) Ha=K.

AEA

It is not hard to see that 77 is a normal *-representation and 77(M) is also a von
Neumann algebra. By LemmaB.2(i), 77 is a *-isomorphism from M onto 71(M).
We claim that, forall 1 <i <n,1<j <k (piya; —ajpir) (pira; — ajpir) —
0 in ultraweak operator topology (or in o(M, M) topology).
Actually, the claim is equivalent to the statement that

n((pl-,,aj - ajp,-,r)*(pi,raj — ajpi,r)) — 0 in ultraweak topology.
Note that
{(pisaj—ajpis) (piraj—ajpiy) : 1<i<n1<j<kreN}
is a bounded subset in M. It will be enough if we are able to show that
((piraj — a;pir)* (piraj —ajpir;)) — 0 in weak operator topology,
or
(3.6) 7i( Piraj — ajpi/r) — 0 in strong operator topology.

By the construction of 7, follows directly from .
From the claim in the preceding paragraph, by the definition of Property I,
we know that M has property I'.
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(iif) = (vi) From the Dixmier approximation theorem, for any normal tracial
state p on M, we have

p(x) = p(t(x)) YVxeM.

Now (vi) follows easily from: (iii).

(vi) = (vii) It is obvious.

(vii) = (viii) It is similar to (iv) = (v).

(viii) = (ii) Assume that (viii) holds. From Lemma there is a family of
orthogonal central projections {q, : « € Q} in M with sum I such that g, M
is countably decomposable for each « € (2. We need to show that g,M has
Property I for each « in (2.

Since each g,M is a countably decomposable type II; von Neumann alge-
bra, there exists a faithful normal tracial state p, on g, M. Then the normal tracial
state p, on g, M can be naturally extended to a normal tracial state p on M by
defining p(x) = pa(gax) for all x € M. Lete > 0 and ay,...,ax be elements in
g« M. Since (viii) holds, there exists a unitary u in M such that:

@) t(u) =0;
(b) |lua; — ajull,5 < e foralll < j <k, where || - ||, 5 is the trace norm induced
by p on M.

Now it is not hard to verify that g,u is a unitary in g, M satisfying 7, (qa1) =

T(qau) = 0, where 17, is the unique center-valued trace on g, M. Moreover,

| (qart)a; — aj(qurt) 2,0, = [|(qatt)a; — aj(qaut)ll2p = [[ua; — ajullr5 < e

From Proposition 3.5 in [[14], it follows that q,.M has Property I" for each « in (2.
This ends the whole proof. 1

4. SIMILARITY DEGREE OF TYPE II; VON NEUMANN ALGEBRAS WITH PROPERTY I

Let us recall the definition of Property c*-I" for unital C*-algebras.

DEFINITION 4.1 ([14]). Suppose Ais a unital C*-algebra. We say .A has Prop-
erty c*-I' if it satisfies the following condition:
If 7T is a unital *-representation of 4 on a Hilbert space H such that
r(A)" is a type II; factor, then 77(A)” has Property I'.

If Ais a separable unital C*-algebra with Property c*-I', Theorem 5.3 in [14]
gives that the similarity degree of A is no more than 3. Indeed, it was shown in
Theorem 5.3 in [14] that, for any C*-algebra B, if ¢ is a bounded unital homomor-
phism from A to B, then ¢l < [|@]|°.

LEMMA 4.2. Suppose M is a type 11} von Neumann algebra with Property I'. Let
T be the center-valued trace on M such that T(a) = a for any a € Z 4, where Z, is
the center of M. Suppose F is a finite subset of M. Then there exists a separable unital
C*-subalgebra A with Property c*-I satisfying F C A C M.
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Proof. Let F; = F = {x1,x,...,X;} be a finite subset of M. Since M
has Property I', by Theorem there exists a 2 x 2 system of matrix units

{eﬁ) , eg), eg) , eg) } such that:
(i1) eﬁ) + eg) = I, where I is the identity of M;
(iiq) T((el(il)x — xel(il))*(el(il)x - xei(l-l))) < (1/2)1, for each x € F.
From (iiy), by the Dixmier approximation theorem, there exist a positive integer
n1, a family of unitaries vgl) vgl), . v,(qll) in M such that:
(iiiq) for each 1 <i < 2and each x € Fy, there is an element y in the convex hull
of { (o) (elVx — xe(.”)*(e(.”x —xeyolV 1 <t <y} with [Jy]| < 1.

11 un
(1) 1) (1)

1 1 1
LetF, =F U {egl),e12 /€5 ,egz)} U {vg ). o Uny }-
Assume that F; C F, C --- C E, have been constructed for some m > 2.
Since M has Property I, again by Theorem [3.11} there exists a 2 x 2 system of

matrix units {eg1 ,egrzn), egl , 322 )} such that:
(i) egyln) + egz”) = I, where I is the identity of M;
(iim) T((efim)x (m)) (e( Jy - xel(im))) < (1/(m+1))I, for each x € F,.

1
From (ii;;), by the Dixmier approximation theorem, there exist a positive integer

(m) _(m)

1y, a family of unitaries v, v, /. (m) in M such that:

(iiipy) for eachl <i<2andeachx € Fm, there is an element y in the convex hull
of {(f") (s~ P ) (el - xeé”)vi“ H1<t <} with [y < 1/m.

11
Let Fyyp1 = Fn U {egT)/ eg’;), egln)/ €3y >} U {771 ,0 m)/ Unm>}
Continuing this process, we are able to obtain a sequence {Fu}, a sequence
of system of units {657{1), egl), egln), egl)} such that:
O){xl,. xk} F1CF2 CFm_"','

(1) for each m > 1, {ell ,elz ),egl ),622 } is a system of units such that egl) +

€(m) =
2 ’
() T((el(im)x (m)) (e( Jx — xe (m))) < (1/(m+1))I, for each x € Fy;

1] 11
(3) for each i = 1,2 and each x € F,,, there is an element

*(ei(z‘m) i x_xel(im)

X — xe(.m))*(e(m)

y € conv{v p

Jo:visaunitaryin Fy 1}

satisfying ||y| < L.

Let A be the unital C*-algebra generated by |J F;. Then A is separable
meN
and it follows from the preceding construction that

(4) fori = 1,2 and any x € A, there exists a sequence of elements {y; },,>1 in

A such that, for m > 1, each y,, is in the convex hull of {v* (el(im) x — xe™ )* (e(m)x -

11 11
m
xe™

;i )v:visaunitary in A} and Jim lym|| = 0.
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Now we are going to show this C*-subalgebra A of M has Property c*-TI.
Suppose 71 is a unital *-representation of .A on a Hilbert space H such that 7t(A)”

is a type II; factor. Notice that for each m € N, {ell ,eg),egl ,622 } is a 2 x 2

system of matrix units in A. It follows that {71’(611 )), 7'((652 )), n(e&l ), T (e22 )}is
also a system of matrix units. Hence n(egT)), n(egl)) are orthogonal equivalent
projections in 77(.A)"” with sum I.

It follows from condition (4) that

(4)fori =1,2and any x € 71(A), there exists a sequence of elements {y, }>1
in 77(A) such that, for m > 1, each y,, is in the convex hull of

{o* (7 (e™)x — xt(e™))* (rr(e™)x — x7(el™))0 : v is a unitary in 7r(A)}
and lim [y = 0.
Let p be the unique trace on 71(.A)". Since p is tracial, condition (4') implies that,
forany x € 7(A),
lim p((r(el”)r(x) = m(x)e(e™)) (el )m(x) = () e(el™)))

1 11 1

4.1) = lim p(ym) = 0.

m—o0

By Kaplansky density theorem, it follows from that
Tim p((7e(ef{")a — am(ef™))"(m(e!" )a — am(e"))) = 0

2] 11

forany a € 7(.A)"”. Note that a type II; factor is always countably decomposable.
By Proposition 3.5 in [14], 7t(.A)" has Property I', whence we conclude that .4 has
Property c*-I'.

The proof is completed. 1

It was shown in [2] that the similarity degree of a type II; factor with Prop-
erty I is 3. The following theorem gives a generalization.

THEOREM 4.3. If M is a type II; von Neumann algebra with Property I', then
the similarity degree d(M) = 3.

Proof. Since M is a von Neumann algebra of type II;, by Corollary 1.9 in
[19], it is not nuclear. It follows from Theorem 1 in [11] that d(M) > 3. In the
following we show that d(M) is no more than 3.

Suppose ¢ : M — B(H) is a bounded unital homomorphism, where H is
a Hilbert space. We will show that ||¢||q, < ||¢]]°. In fact we are going to prove
that, for any n € Nand any x = (x;;) € Mu(M),

(42) lot™ ()1l < Nl (111
Fix n € Nand x = (x;;) € M,(M). We assume that ||x|| = 1. Notice that

F = {x;j : 1 <i,j < n} is a finite subset of M. By Lemma there is a separable
unital C*-subalgebra A of M with Property c*-T" such that F C A. Let ¢ be the
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restriction of ¢ on A. Then ¢ : A — B(H) is a bounded unital homomorphism.
It was shown in the proof of Theorem 5.3 in [14] that

(43) [¢lles < ll91°.
Since F C A, it follows from (&.3) that

lo™ @)l = 19" ()1l < Ig1° < llgll>.
Therefore d(M) = 3 and the proof is completed.

Based on Theorem a slight modification of the proof of Theorem 5.2 in
[14] gives the next corollary.

COROLLARY 4.4. Let M be a von Neumann algebra with the type decomposition
M = Ml@/\/tcl @Mcoo @MOO/

where M is a type I von Neumann algebra, M, is a type Iy von Neumann algebra,
M., is a type Ilo von Neumann algebra and M is a type 11 von Neumann algebra.
Suppose M, is a type Iy von Neumann algebra with Property I'. If ¢ is a bounded
unital representation of M on a Hilbert space H, which is continuous from M, with the
topology o(M, M), to B(H), with the topology o(B(H), B(H)y), then ¢ is completely
bounded and ||| < [|¢]°.

Suppose A is a unital C*-algebra. Let Z be some index set and

lo(Z,A) = {(x,)le] foreachi € Z,x; € Aand sug IIx;]| < 00}
1S

It was shown in Corollary 17 of [8] that if M is a type II; factor with Property I',
then d(lo(Z, M)) < 5 for any index set Z. The next corollary gives an exact value
of d(leo(Z, M)).

COROLLARY 4.5. If M is a type 11y factor with Property I, then d(leo(Z, M)) =
3 for any index set I.

Proof. Assume that M is a type II; factor with Property I'. By Theorem[3.11}
for any index set Z, [(Z, M) is a type II; von Neumann algebra with Property I'.
Therefore
d(lo(Z, M)) =3. 1
Let C be the CAR-algebra C = M;(C) ® Mp(C) ® - - - (infinite C*-tensor
product of 2 x 2 matrix algebras). It was shown in Proposition 21 of [§] that,

for any index set Z, d(I(Z,C)) < 5. The next corollary gives an exact value of
d(l(Z,C)).

COROLLARY 4.6. Let C = M(C) @ Mp(C) ® - - - (infinite C*-tensor product
of 2 x 2 matrix algebras). Then,for any infinite index set Z, d(lo(Z,C)) = 3

Proof. Denote by A = I(Z,C) = Z @ C;, where C; is a copy of C for each
i € Z. Let R and R; be the canonical hyperflmte II; factor generated by C and
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C;, respectively. Let 7; be a trace on R;. Let M = I(Z,R) = ¥ @ R;. We

icl
might assume that both M and A act naturally on the Hilbert space }_ (R, ).
icl
Denote by p; the projection in A such that p; A = C;. It follows that ) p; = I.
i€l

First we will prove the following two claims.
Claim[&.6/1. For any x1,...,x in A and any € > 0, there exists a system of
matrix units {Es : 1 <s,t < 2} in A such that Eyy + Exp = I and

|]ijSS - EssxjH <eg foralll1<s<2,1<j<k

Proof of Claim[4.6]1. For each i € Z, note that p;xy,..., pix; are in a CAR-
algebra C;. Hence there exists a system of matrix units {e 0. 1 <ss,t < 2} in C;
such that e%) + 652) = p; and
(i)

llxjess —egé)x]-H < ;’ forall1<s<2,1<j<k

Let ‘
Es = Z eg?, forall1 <s,t <2.
i€l
Then {Es : 1 < 's,t < 2} is a system of matrix units in A such that Eyy + Epp = I
and we have the following that finishes the proof of Claim [4.6]1:

||x]-Ess — EsszH = sup ||x]-e§é) — e§é>x]-|| <eg foralll<s<2,1<j<k 1
1

Claim[4.6]2. For any x1,...,x; in A, there exists a separable C*-subalgebra
B of A such that B is of Property ¢*-I" and all x1, ..., xx are in .

Proof of Claim[4.6]2. Let F; = {x1,..., xc}. By Claim[4.61, there exists a sys-
tem of matrix units {Egtl) :1<s,t <2} in A such that E(l Eg) = I and

||xES(51) - Es(sl)xH <1 forall1<s<2,1<j<k andx € F.

LetFy = FU{EY : 1<t 2}

Assume that F; C F, C --- C F, have been constructed for some m > 2. By
Claim.l we know there exists a system of matrix units {Est " 1<s5,t<2
A such that E(m) + Eé;") =l and

}in

1
||xEs§”)—Es(;n)xH <E foralll1 <s<2, 1<j<k andx € Fy,.

Let Fyiq = Fn U{E!™ :1 <5t < 2}

Using similar arguments as in Lemma 4.2} we are able to obtain an increas-
ing sequence of subsets {F,, } of A such that (a) the C*-subalgebra B generated by
{Fu} in A is of Property c*-I'; and (b) all xy, ..., x are in B. This ends the proof
of Claim[4.612.
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We continue the proof of the corollary. From Claim [4.62, using similar ar-
guments as in Theorem [4.3] we conclude that d(A) < 3.
Next we will show that d(A) > 3. Since Z is an infinite set, let Zy be a

countable infinite subset of Z. Then ( > pi) A is a closed two sided ideal of

i€\
A. Moreover, ( Y pi)A = A/ ( Y pi) A. By Remark 6 in [10], we know that
icl, €T\ T
d(A) > d (( Y pi)A). In order to show that d(.A) > 3, it suffices to show that
i€l

d (( Y pi> A) > 3. By replacing Z by Zy, we can assume that Z = N.
i€l
Let w be a free ultra-filter of N and
T ={(x) € M(=1=(NR) = ¥ &Ry) : lim 7(xx;) = 0}
icZ oW
be a closed two sided ideal of M. By Theorem 7.1 in [15], M/J is a type II;
factor. By Remark 12 in [8], d(M/J) > 3.

Letg : M — M/J be the quotient map. For any element (x;) € M,
by Kaplansky’s density theorem, there exists an element (¥;) € A such that
q((xi)) = q((x;)). In other words, g(A) = M/J. By Remark 6 in [10], we get
thatd(A) > d(M/J). Combining with the result from the preceding paragraph,
we conclude that d(A) > 3.

Therefore d(lo(Z,C)) = d(A) = 3, when 7 is an infinite set. &
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