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CLASSIFICATION OF DRURY-ARVESON-TYPE HILBERT
MODULES ASSOCIATED WITH CERTAIN DIRECTED GRAPHS

SAMEER CHAVAN, DEEPAK KUMAR PRADHAN, and SHAILESH TRIVEDI

Communicated by Florian-Horia Vasilescu

ABSTRACT. Given a directed Cartesian product .7 of locally finite, leafless,
rooted directed trees .73, ..., ; of finite joint branching index, one may asso-
ciate with .7 the Drury-Arveson-type C[zy, . . ., z4]-Hilbert module 7, (7) of
vector-valued holomorphic functions on the unit ball B9 in C%, where a > 0.
The main result of this paper classifies all directed Cartesian products .7 for
which the Hilbert modules %, (.7) are isomorphic in case 4 is an integer. In-
deed, a careful analysis of these Hilbert modules allows us to prove that the
cardinality of generations of 43, ..., 9, are complete invariants for 7, (-) if

ad # 1.
KEYWORDS: Hilbert module, reproducing kernel, representing measure.

MSC (2010): Primary 46E22, 32A25, 32A36; Secondary 47A13, 05C20, 28B20.

1. A CLASSIFICATION PROBLEM

In [9], we introduced and studied the notion of multishifts on the directed
Cartesian product of finitely many leafless, rooted directed trees. This was in-
deed an attempt to unify the theory of weighted shifts on rooted directed trees
[17] and that of classical unilateral multishifts [18]. Besides a finer analysis of
various joint spectra and wandering subspace property of these multishifts, this
work provided a scheme to associate a one parameter family of reproducing ker-
nel Hilbert spaces #,(7) (a > 0) with every directed Cartesian product .7 of
finite joint branching index, see Corollary below (cf. Proposition 4.4 of [1]
and Definition 4.1 of [21]). These spaces consist of vector-valued holomorphic
functions defined on the unit ball B in C¢, and can be thought of as tree analogs
of the reproducing kernel Hilbert spaces .7¢; associated with the positive definite
kernels

1

s d
Gy 70CE

(1.1) Ka(z, w) 1=
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(refer to [5] and [14]; refer also to [27] for a comprehensive account of the theory
of Hilbert spaces of holomorphic functions on the unit ball). Indeed, the repro-
ducing kernels « 5, (z,w) associated with %, (7) are certain positive operator
linear combinations of «,(z, w) and multivariable hypergeometric functions (see
Theorem 5.2.6 of [9]]). In particular, the Hilbert space .7; is contractively contained
in #,(7) (see Theorem 5.1 of [22]]; cf. Proposition 4.5(1) of [1]). It is interest-
ing to note that x s, (z,w) can be obtained by integrating certain perturbations
of x,(z, w) with respect to a finite family of spectral measures (see Remark 2.11).
Further, the Hilbert space ., (.7) carries a natural Hilbert module structure over
the polynomial ring C|zy, .. ., z4] with module action

(12) (p.h) € Clz,.. 2] X A, (T) — p(M)h € He( (T),

where C|[zy,...,z4] denotes the ring of polynomials in the complex variables
z1,...,2¢ and ./, is the d-tuple of multiplication operators .#,,,...,.#,, acting
on J;,(7) (refer to Section 2 of [23] for the general theory of Hilbert modules
over the algebra of polynomials). We refer to %, (7 ) as the Drury—Arveson-type
Hilbert module associated with 7.

A thorough study of the Hilbert modules 7%, (.7) had been carried out in
Chapter 5, Section 2 of [9]. In particular, the essential normality of J#,(7) is
shown to be closely related to the notion of finite joint branching index of .7 (see
Proposition 5.2.9 and Example 5.2.20 of [9]). In the present work, we continue our
study of the Drury—Arveson-type Hilbert modules .7;,(.7). The investigations
herein are motivated by the following classification problem for the Hilbert mod-
ules (7 ) associated with the directed Cartesian product .7 (see Theorem 4.5
of [3], Theorem 2.4 of [8] for variants of this problem; see also Theorem 4.6 of [3]).

PROBLEM 1.1. For j = 1,2, let 7)) = (V),£0)) denote the directed Carte-
sian product of locally finite, leafless, rooted directed trees ﬁl(/ ), cee, 9‘1(] ) of finite joint

branching index. Under what conditions on 71) and 72, the Drury-Arveson-type
Hilbert modules #,,(7 V) and (7)) are isomorphic ?

Recall that the Hilbert modules .7, (7)) and #,(.7?)) are isomorphic if
there exists a unitary map U : %, (7)) — #,(7®) such that

usl = #2u, k=1,...,4d,

where //léf ) denotes the operator of multiplication by the coordinate function zj
on s, (7)) for j = 1,2. We refer to U as a Hilbert module isomorphism between
He(TW) and o, (7).

It turns out that for graph-isomorphic directed Cartesian products, the as-
sociated Drury—Arveson-type Hilbert modules are always isomorphic (see Re-
mark 2.10). However, given any positive integer k, one can produce k number
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of non-isomorphic directed Cartesian products for which the associated Drury—
Arveson-type Hilbert modules are isomorphic (see Corollary[1.7(ii)). Thus graph-
isomorphism of directed Cartesian products is sufficient but not necessary to en-
sure the isomorphism of the associated Drury—Arveson-type Hilbert modules.
This is in contrast with Theorem 2.11 of [19], where countable directed graphs
completely determine the associated tensor (quiver) algebras (up to Banach space
isomorphism) (cf. Theorem 3.7 of [26]).

The main result of the present paper answers when two Drury—Arveson-
type Hilbert modules .7, (7)) (j = 1,2) are isomorphic in case a is a positive
integer (see Theorem and Remark [L5). In particular, it provides complete
unitary invariants for the Drury—Arveson-type Hilbert modules 7%, (.7) in terms
of some discrete data associated with 7. Before we state this result, we need to
reproduce several notions from [9] and [17] (the reader is advised to recall all the
relevant definitions pertaining to the directed trees from [17]).

1.1. MULTISHIFTS ON DIRECTED CARTESIAN PRODUCT OF DIRECTED TREES. We
first set some standard notations. For a positive integer d and a set X, X“ stands
for the d-fold Cartesian product of X, while card(X) stands for the cardinality
of X. The symbol N denotes the set of nonnegative integers, and C denotes the

d
field of complex numbers. For a = (ay,...,a;) € N, we use a! := [] «;! and
j=1
d
la| := ) a;. The modulus of a complex number z is denoted by |z|. The complex
j=1

conjugate of z = (z1,...,24) € C? is given by z := (z1,...,%z;), while the Eu-
clidean norm (|z1|? + - - - + |z4/?)"/? of z is denoted by ||z||>. The open ball in C*
centered at the origin and of radius r > 0 is denoted by B¢, while the sphere cen-
tered at the origin and of radius > 0 is denoted by 9BY. For simplicity, the unit
ball Bﬁl and the unit sphere BIB%’f are denoted respectively by B and aB“. Through-
out this paper, we follow the standard conventions that the sum over the empty
set is 0, while the product over the empty set is always 1.

Forj=1,...,d,let 7; = ( Vi, Sj) be a leafless, rooted directed tree with root
root;. The directed Cartesian product of 7, ..., 7y is the directed graph 7 = (V, )
given by

VI=V1X~~~XVd,
€ :={(v,w) € VxV: thereis a positive integer k € {1,...,d}
such that v; = w; for j # k and the edge (vy, wy) € &},

where v € V is always understood as v = (vy,...,v;) with vieV,j=1...,d
The d-fold directed Cartesian product of a directed tree .7 is denoted by .7¢.

We briefly recall some relevant notions from Chapter 2 of [9] for the sake of
completeness. Let .7 = (V, £) be the directed Cartesian product of directed trees
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A,...,Fg.Forj=1,...,dand v € V, we set
Chij(v) := {w € V : w; € Chi(vj) and wy = v for k # j}.

d
We denote Chi(v) = U Chi;(v). Further, for W C V and k € N, we define
=1

. ) K . _
Chi;(W) := U Chij(w), Ch|]{ >(W) := Chi; - - - Chi; (W),
weW —k:,_/

where we understand that Chi]@(W) = W. Further, for & = (ay,...,04) € N?
and W C V, we define
Chi<®> (W) := Chil™/ ... Chil (W).

<La> (U)

If W = {v} for some v € V, then we use the simpler notation Chi for

Chi<*>({v}).Forj=1,...,dand v € V, we set

par (0) = {w € V:w; = par(v;) and wy = vy for k # j} if v; # root;,
! %) otherwise.

Moreover, for W C V and k € N, we define

par;(W) := | parj(w), par]<-k>(W) 1= par; - - - par; (W),
weWw —

k times

d
where we understand that par]@(W) = W. We denote Par(v) = |] parj(v).
j=1
Furthrmore, foru € Vandj=1,...,d, we set

sib; (1) = Chij(par;(u)) if u; # root;
2 otherwise.
The depth of a vertex v € V is the unique multiindex d, € N such that
v € Chi<9> (root),

where root denotes the root (rooty, ..., rooty) of .7. The depth of a vertex always
exists (see Lemma 2.1.10(vi) of [9]). For k € N, the set

Gr:={veV:|d| =k}

is referred to as the k 7 generation of 7. A vertex v € V is called a branching vertex
of 7 if card(Chi(v;)) > 2 forall j = 1,...,d. The branching index k 7 of .7 is the

multiindex (kz, ..., k7,) € N given by

P 14 sup{dy :w € Vg)} if Vg) is non-empty,
% 0 otherwise,
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where VL]) is the set of branching vertices of ., j = 1,...,d. It is recorded in
Proposition 2.1.19 of [9] that

Chi<ks> (v )NV, =,

where V~ denotes the set of branching vertices of .7.

Let 7 = (V, &) be the directed Cartesian product of rooted directed trees
A,..., Ty and let V° := V \ {root}. Consider the complex Hilbert space (V)
of square summable complex functions on V equipped with the standard inner
product. Note that />(V) admits the orthonormal basis {e, : v € V}, where
ey : V. — C denotes the indicator function of the set {v}, v € V. Given a system
A={Aj(v) :0 €V j=1,...,d} of positive numbers, we define the multishift
S) on . with weights A as the d-tuple of linear (possibly unbounded) operators
S1,...,Sq4inI2(V) given by

9(S)) = {f € B(V): Af € ()},
Sif =A%, fea(s),
where Afj ) is the mapping defined on complex functions f on V by

Aj(v) - f(pari(v)) ifov; € V7,
0 otherwise.

(ADf)(0) = {
It is shown in Lemma 3.1.5 of [9] that S; € B(I?(V)) if and only if

(1.3) sup Y. Aj(w)? < oo,
Z7€VweChi]-(v)

where B(#) denotes the space of bounded linear operators on the Hilbert space
‘H. Further, an examination of the proof of Proposition 3.1.7 in [9] reveals that for
1 < l,] g d, SZS] = S]Sl if and only if

(1.4) Aj(u)Ai(parj(u)) = Aj(u)Aj(par;(u)), u € Chi;Chi;(v), v € V.

We say that S, is a commuting multishift on 7 if A satisfies and for all
i,j=1,...,d

We assume that all the directed trees under consideration are countably infi-
nite and leafless, that is, the cardinality of set of vertices is Ny and for every vertex
u, card(Chi(u)) > 1.

For future reference, we reproduce from Proposition 3.1.7 of [9] some gen-
eral properties of commuting multishifts.

LEMMA 1.2. Let 7 = (V, ) be the directed Cartesian product of rooted directed
trees 7, ..., Ty and let Sy be a commuting multishift on 7. Then, for any « € N, the
following statements hold:

(i) S3*SY is a diagonal operator (with respect to the orthonormal basis {ey },cv) with
diagonal entries ||S5e,||?, v € V;
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(ii) for distinct vertices v,w € V, (S{ey, Siew) = 0.
Let Sy = (S1,...,S4) be a commuting multishift on .7 with weight system

d
A. Assume that S is joint left invertible, that is, Y S]’-‘Sj is invertible. Then the
j=1
spherical Cauchy dual S5 = (S7,...,S5) of S is given by

d -1
Sie, = (Z ||Siev||2) Y A(wew, vEV,j=1,...,d
i=1 weChij(v)

Note that S3 is the multishift on .7 with weights
d -1

(1.5) Aj(w)(z ||s,-ez,||2) , weChij(v),veV, j=1,...,4d
i=1

In general, S5 is not commuting (see Proposition 5.2.10 of [9]). However, if S3
is commuting, then it is a joint left invertible commuting multishift such that

(83)° = Sx.

1.2. JOINT COKERNEL OF MULTISHIFTS. The main result of this paper relies heav-
ily on the description of the joint cokernel ker .#;" of the multiplication tuple .#,
acting on the Drury—Arveson-type Hilbert space .#;,(.7). The first step in this
direction is to realize ker.#;" as the solution space of certain systems of linear
equations arising from the eigenvalue problem for the adjoint of a commuting
multishift. For this realization, we find it necessary to collect required graph-
theoretic jargon as introduced in Chapter 4 of [9].

For a set A, let Z(A) denote the set of all subsets of A. In the case when
A = {1,...,d}, we simply write & in place of #(A). Let 7 = (V, &) be the
directed Cartesian product of rooted directed trees .73, ..., ;. Consider the set-
valued function ¢ : & — Z(V) given by

®(F)=dp, Fe 2,

(1.6) Op:={veV:v e Vi ifj € F, and vj = root; if j ¢ F},
where Vjo =V \ {rootj},j =1,...,d. Note that

(o) if F # G, then & N O = ©;

(o)ifv € V, thenv € @ for F:= {j € {1,...,d} : v; # root;}.
Thus it follows that
(1.7) V=] @ (disjointsum).

Fez
For F € & and u € &p, define
Sibp(u) — Sibl'lsibi2 . 'Sibik (u) lfF = {il,. . .,ik},
{u} if F=0.
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Define an equivalence relation ~ on @ by
u ~ vif and only if u € sibg(v),

and note that for any u € &, the equivalence class containing u is precisely
sibr(1). An application of the axiom of choice allows us to form a set Qf by
picking up exactly one element from each of the equivalence classes sibr (1), u €
®r. We refer to (2 as an indexing set corresponding to F. Thus we have the disjoint
union

(1.8) Op = | | sibp(u).

ueQr
This combined with yields the following decomposition of I2(V):
(1.9) PV)= P P P(sibe(u)).

FeZ ueOr

For F € Z andv = (v1,...,04) € V, let vp € V denote the d-tuple with jth
coordinate, 1 < j < d, given by

v; ifj € F,
(vr)j =14 ! "
root; ifj ¢ F.

Further, fori = 1,...,d such thati ¢ F and u; € V;, we define vf|,, € V to be the
d-tuple (wy, ..., w;), where

{u, ifj=i,
(vp); otherwise.
For F,G € & suchthat G C F and u € ®f, define
sibp g (1) := {vg : v € sibp(u) }.
In view of (L.9), it can be deduced from Lemma 4.1.6 of [9] that the joint kernel

d
E:= ]Ol ker S]’-‘ of 5} is given by
(1.10) E=leoot]® P P Lur

FeP,F#D ucQyp

where £, r C [?(sibp(u)) is the solution space of the following system of equa-
tions

(1.11) Y., f(w)Aj(w) =0, jeF, vgesbpg(u)andG=F)\{j}
wesibj(vc\uj)
(see the discussion following Lemma 4.1.6 of [9] for more details). The number of

variables M, r and number of equations N,, r in the above system are given by

(1.12) M, r=card(sibp(u)) =] Jeard(sib(x;)), N,r=)_ ][] card(sib;(u)).
jEF JEFicF,i#j
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In particular, £, r is finite dimensional whenever the directed trees .73, . .., J; are
locally finite. Indeed, M,, r and N, r are finite in this case.
We present the following useful lemma for future reference.

LEMMA 1.3. Let 7 = (V,&) be the directed Cartesian product of locally finite,
rooted directed trees 7, ..., I and let Sy be a commuting multishift on . Then the
joint kernel E of S is given by

(1.13) E=&P P Lur

FeZ ueQr

where L, r C 1?(sibp(u)) is the solution space of the system (L.11). Moreover, if 7 is of
finite joint branching index, then

() forany F € &, L, r # {0} for at most finitely many u € Qf;

(ii) E is finite dimensional.

Proof. Note that (g = {root}. Thus the system (1.11) is vacuous, and hence
Lioot,w = [eroot]. The desired expression for E is now obv1ous from (L.10). The
part (ii) is immediate from Corollary 3.1.14 of [9], while (i) is clear in view of
and (ii). &

1.3. STATEMENT OF THE MAIN RESULT. We recall from Theorem 5.2.6 of [9] that
H,(T) is a reproducing kernel Hilbert space of E-valued holomorphic functions
defined on the open unit ball B¢ in C?. The reproducing kernel x Ao (T) : B x

B¢ — B(E) associated with .7, (.7 ) is given by

laf-1

Kﬂﬂ(rg)(Z,ZU): Z Z (Z (d -I—D(' H ‘d |—|—a+] )P‘C'M,F/

FeZ ucQr yeNd

where z,w € B and P, . is the orthogonal projection on £, r (see (T.13)).
We are now ready to state the main result of this paper.

THEOREM 1.4. Let a,d be positive integers such that ad # 1, and fix j = 1,2. Let
g0 = (vU),£0)) be the directed Cartesian product of locally finite rooted directed trees
91(] ), ey ﬂd(] ) of finite joint branching index. Let ¢, (7)) be the Drury—Arveson-
type Hilbert module associated with 7). Let EV) be the subspace of constant functions
in 7, (T Y )) and let Ei)F be as appearing in the decomposition (1.13) of ED). Then the
following statements are equivalent:

(i) the Hilbert modules #,(.7 V) and (7)) are isomorphic;
(ii) forany « € N*and F € 2,
) dim £ 11): = Y dim ﬁz(f);

u,

ueO<Fl>, d,=« veQ(FZ), dy=a
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(iii) foranyn € Nand 1 =1, ...,d,
) (card(sib;(u)) — 1) = ) (card(sib;(u)) — 1),

ueQ({H,duzne, ue()({?;,du:nel

where € is the d-tuple with 1 in the I place and zeros elsewhere;
(iv) foranyn € Nand 1 =1,...,d,

card(G (")) = card(Gx(7?)),

where Gy (] Y )) is the nth generation of 7, 0,

REMARK 1.5. The above result does not hold true in case ad = 1. This
may be attributed to the von Neumann-Wold decomposition for isometries ([12],
Chapter I; see the discussion following Problem 2.3 of [8]). In case d = 1, (iv) is
equivalent to the following:

(1.14) ) (card(Chi(v)) — 1) = ) (card(Chi(v)) — 1).

vevng,(70) vevPng,(7@)

In particular, the invariant appearing in (iii) of Theorem|[I.4|can be seen as a mul-

tivariable counterpart of kth generation branching degree as defined in equation
(4.5) of [3]. Further, it is evident from the equivalence of (i) and (iv) above that
non-graph-isomorphic directed Cartesian products can yield isomorphic Drury-
Arveson-type Hilbert modules. Finally, note that the operator theoretic state-
ments (i) and (ii) are equivalent to purely graph theoretic statements (iii) and (iv).

We discuss here some immediate consequences of Theorem Recall that
two directed graphs are isomorphic if there exists a bijection between their sets of
vertices which preserves (directed) edges.

COROLLARY 1.6. Let a,d be positive integers and let 7 = (V, &) be the directed
Cartesian product of locally finite rooted directed trees 7, . . ., T of finite joint branching
index. Then the Drury-Arveson-type Hilbert module ;,(.7) associated with 7 is
isomorphic to the classical Drury—Arveson-type Hilbert module #; if and only if for any
j=1,...,4d, the directed tree ; is graph isomorphic to the rooted directed tree without
any branching vertex.

Proof. The sufficiency part is immediate from Remark 3.1.1 of [9], while the
necessary part follows from the equivalence of (i) and (iv) of Theorem and
the fact that a rooted directed tree without any branching vertex is unique up to
graph isomorphism. &

COROLLARY 1.7. Given positive integers a and d, we have the following state-
ments:
(i) There exist infinitely many mutually non-isomorphic Drury—Arveson-type Hilbert
modules.
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(if) Given any positive integer k, there exist k number of mutually non-isomorphic
directed Cartesian products 7 = (V, E) of locally finite rooted directed trees 7, ..., T
such that the associated Drury—Arveson-type Hilbert modules ., (.7 ) are isomorphic.

Proof. We need the following example of rooted directed tree discussed in
Chapter 6 of [17]. For a positive integer ng, consider the directed tree .7, 0 =
(V, &) as follows:

no
V=N, £={0,j):j=1,...,n0} U U{(j+ (I —=1)ng,j+1Ing) : 1 >1}.
j=1

(i) Consider the directed Cartesian product

TW = Fox T4, k=1

It is now immediate from Theorem|I.4Jthat the Drury-Arveson-type Hilbert mod-
ules #, (7)) associated with the directed Cartesian product .7 ®), k > 1 are
mutually non-isomorphic.

(ii) Fix a positive integer k. For j = 1,...,k, consider the rooted directed
tree 73; with Chi(root) = {u,v}, card(Chi(u)) = 2k — j, card(Chi(v)) = j, and
card(Chi(w)) = 1 for all remaining vertices w in 73;. Consider the directed Carte-
sian product

TV = x 707, j=1,..k

Then 7, 1 < j < k are mutually non-isomorphic. Now apply Theorem u to
obtain the desired conclusion in (ii). 1

Our proof of Theorem|T.4|occupies a substantial part of this paper. It is fairly
long and quite involved as compared to the case of d = 1 (see Theorem 5.1 of [8])).
It is worth mentioning that in case d = 1, the conclusion of Theorem holds
without the assumption of finite branching index. An essential reason for this is
the fact that any left-invertible analytic operator admits an analytic model in the
sense of [24]. On the other hand, in dimension d > 2, there is no successful coun-
terpart of Shimorin’s construction of an analytic model for joint left-invertible
tuples (cf. Theorem 4.2.4, Remark 4.2.5 and Appendix of [9]). The proof of the
main theorem is comprised of two parts, namely, Sections 2 and 3. Here is a brief
overview of these sections.

In Section 2, we introduce and study a one parameter family S of spheri-
cally balanced multishifts S, . This is carried out in three subsections:

(1) The first subsection is devoted to an elaborate description of joint cokernel
E of multishifts in the family S . It turns out that the building blocks £, r ap-
pearing in the decomposition (1.13) of E can be identified with tensor product of
certain hyperplanes (see Theorem [2.3). These hyperplanes further can be looked
upon as the kernel of row matrices with all entries equal to 1 and of size depen-
dent on coordinate siblings of u. This description readily provides a neat formula
for the dimension of E (see Corollary [2.4).
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(2) In the second subsection, we show that the multishifts in S s can be mod-
eled as multiplication d-tuples on reproducing kernel Hilbert spaces 7 (.7) of
vector-valued holomorphic functions defined on a ball in C? (see Theorem .
We also provide a compact formula for the reproducing kernel associated with
H(T) (see @.21)). In particular, these results apply to Drury—Arveson-type
multishifts Sy and their spherical Cauchy dual tuples Sf\m. The sequences ¢
associated with 53 and Sjcﬂ are given respectively by

t+d

1
- . t =y

o VT m
where 4 is a positive real number. We emphasize that if we relax the assump-
tion that .7 is of finite joint branching index, then the above model theorem fails
unless the dimension d = 1 (see Remark[2.11).

(3) In the last subsection, we introduce and study the notion of an operator-
valued representing measure for the Hilbert module .7;(.7). Existence of a rep-
resenting measure for .7 (.7) is shown to be equivalent to the assertion that
{H}:Ol ¢(j) }nen is a Hausdorff moment sequence (see Theorem . As an ap-

(1.15) c(t) := ca(t) teN,

plication, we show that Drury-Arveson-type Hilbert module /%, () admits a
representing measure if 4 is an integer bigger than or equal to d. We also show
that /7% (.7) (model space of S3. ) admits a representing measure if 2 is a positive

integer less than d. Further, we explicitly compute the representing measures in
both these situations (see Corollaries and[2.18).

In Section 3, we prove the main theorem. This section begins with the obser-
vation that the classification of Drury—Arveson-type Hilbert modules ¢, (.7) is
equivalent to the unitary equivalence of operator-valued representing measures
of 7#:,(7) (respectively /3 (.7)) if a > d (respectively if a < d) (see Lemma .
We then establish another key observation that any isomorphism between two
Drury—-Arveson-type Hilbert modules preserves the decomposition of E
over each generation (see Proposition [3.2). Finally, we put all the pieces together
to obtain a proof of Theorem

A strictly higher dimensional fact in graph theory (constant on parents is con-
stant on generations) closely related to the notion of spherically balanced multishift
is added as an appendix (see Theorem A.1).

2. A FAMILY OF SPHERICALLY BALANCED MULTISHIFTS

Let 7 = (V,&) be the directed Cartesian product of locally finite rooted
directed trees .73, ..., .7;. Given a sequence ¢ : N — (0,00), we can associate a
system A, = {Aj(w) :w € V°, j=1,...,d} to 7 as follows:

¢(|do|) dyy +1
card(Chij(v)) |/ |do| +d’

(2.1) /\j(w) = we Chij(v), veV,j=1,...,d,
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where d, denotes the depth of the vertex v in .7. Note that

dy; +1

sup Z )‘j(w)z = sup C(|dv|)m-
0€V weChij(v) veV v

It follows that the multishift S, with weights A, is bounded if and only if the

sequence ¢ is bounded (see (I.3)). In this case, as shown in Proposition 5.2.3 of

[9], the multishift S, turns out to be commuting and spherically balanced. Recall

that a commuting multishift Sy = (S, ..., Sy) is spherically balanced if the function

¢:V — (0,00) given by

d
€)=Y |Sie|>, veV
=1

is constant on every generation G, t € N. Incase Sy = S, ,
(2.2) C(v) =c¢(|dy]), veEV.

In case the directed trees .7; are without branching vertices, S, is spherical (or
homogeneous with respect to the group of unitary d x d matrices) in the sense
of Definition 1.1 in [11]]. This may be concluded from Theorem 2.1 of [11]. On
the other hand, for a spherically balanced multishift S, the spherical Cauchy
dual tuple Sj is always commuting. In fact, by Proposition 5.2.10 of [9], S§ is
commuting if and only if

d
(2.3) ¢ is constant on Par(v) := | J parj(v) forallv e V°.
=1

In dimension bigger than 1, there is a curious fact that the apparently weaker
condition implies that € is constant on every generation Gy, t € N. It follows
thatif d > 2, then S is a spherically balanced d-tuple if and only if its spherical
Cauchy dual S is commuting. Since the above facts play no essential role in the
main result of this paper, we relegate their proof to an appendix. Needless to say,
these facts are strictly higher dimensional.

The following family of multishifts plays a central role in the present inves-
tigations:

(24) Sz :={S), :infc > 0, supc < oo}.
Our proof of Theorem [T.4]is based on a thorough study of this family. This in-

cludes a dimension formula for joint cokernel, an analytic model and existence of
operator-valued representing measures for multishifts in this family.

2.1. A DIMENSION FORMULA. In this subsection, we obtain a neat formula for
the dimension of joint cokernel of members S,_belonging to the family S». It
is worth noting that this formula is independent of ¢ due to the specific form
of the weight system A, of multishifts from S (see Lemma 2.1 below). First a
definition (recall all required notations from Subsection 1.2).
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Fix a nonempty F € & and let u € Qf. For j € F, define the linear func-
tional X; : I?(sib(u;)) — Cby

(2.5) Xi(f)= Y fln), feP(sibuy)).

nesib(u;)

The description of the joint cokernel for a member of S # is intimately related to
the kernel of the linear functionals X;, j € F.

LEMMA 2.1. Let = (V, &) be the directed Cartesian product of locally finite
rooted directed trees 7, ..., Iy and let Sy be a multishift belonging to the family S 7.
Let L, r be as appearing in (L.13). Then, for F € & and u € Qp, the following are
equivalent:

(i) f belongs to L, r;
(ii) v f(w) =0forany j € F, v € sibpg(u) with G = F\ {j};
wesib; (vg|u;)
(iii) %( )f(vc|,7)e,7 € ker X forany j € F, vg € sibpg(u) with G = F\ {j},
nesib(u;
where X; is as] given in (2.5).

Proof. By .1), for each j = 1,...,d, Aj(-) is constant on sibp (1), and hence
the equivalence of (i) and (ii) follows from (L.11)). The equivalence of (ii) and (iii)
is immediate from the definition of Xj. 1

REMARK 2.2. It follows from the implication (i) = (ii) above that £, r (and
hence by (1.13) the joint kernel E of S} ) is independent of the choice of ¢.

The following result identifies the building blocks £, r appearing in the
orthogonal decomposition of the joint cokernel of S, with a tensor product of
kernels of Xj, j € F.

THEOREM 2.3. Let T = (V, &) be the directed Cartesian product of locally finite
rooted directed trees .73, ..., Ty and let S)_be a member of S . Let L, r be as appearing
in with F = {iy,...,ix} for some positive integer k € {1,...,d}. Then L, p is
isomorphic to the finite dimensional space ker X; @ - - - ® ker X;, where Xj, j € F, is as
defined in 2.5). In particular,

(2.6) dim L, r = H(card(sib(uj)) -1).
jeF
Proof. We begin with the fact that I?(sibp (1)) can be identified as the tensor
product of lz(sib(uj)), j € E. Since our proof utilizes the precise form of the iso-
morphism between these spaces, we provide elementary details essential in this

identification.
Define ¢ : I (sib(u;,)) @ - - - @ 2 (sib(u;,)) — 1(sibp(u)) by

(2.7) (P((fllf . .,fik))("()) = Hf](’(?]), U= ("01,. . .,‘Ud) € Sibp(u).

jEF
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It is easy to see that ¢ is multilinear. By the universal property of tensor
product of vector spaces ([16], Theorem 4.14), there exists a unique linear map @
such that the following diagram commutes:

P(sib(i;,)) @ - - - @ 2(sib(u; ) ——— 12(sib(u;,)) @ - - - @ 2(sib(u;,))

=

12 (sibr (1))
By and @ o ® = ¢, the action of ¢ on elementary tensors is given by
(2.8) Q(f, @@ fi)(v1,. .. =11fi(vj), v esibp(u).

jeF

The map @ turns out to be an isomorphism. Since we are not aware of an appro-
priate reference, we include necessary details. We first verify that @ is injective.

Let f = g fil® -+ ® fi € ker®. Suppose to the contrary that f # 0. By
Lemma 1.]1:c1>f [20],

(2.9) {fii:j=1,...,N}islinearly independent fori = 1,..., k.

Since ®@(f) = 0, it follows that

N
X%J‘jl(%) < fix(vi) =0, v € sibp(u).
j=

Fixing all coordinates of v € sibp(u) except iy, and using (2.9), we conclude that

fjl(vl-l) . -f]‘k,l('(),‘k_l) =0, ve sibp(u), ] =1,...,N.

Since fjx_1 # 0, by fixing all coordinates of v € sibp(u) except ix_1, we conclude
that

fjl(vil) . ~fjk,2(vik72) =0, ve Sibp(u), ] =1,...,N.

Continuing like this, we arrive at the conclusion that f; is identically O for j =
., N, which contradicts (2.9). Hence we must have f = 0, thatis, @ is injective.
Further, since card(sibp(u)) = TT card(sib(u;)) (see (I.12)), we obtain
jeF

dim (12 (sib(u;,)) ® - - - @ [ (sib(u,))) = dim [*(sibp(u)).

It follows that @ is an isomorphism. However, for the rest of the proof, we also
need to know the action of ®~1. To see that, let f € I2(sibp(u)). Then

f= Z f(w)ew = Z f(w H?Cw ,

wesibr (u) wesibr (u) icF
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where, fori € F and v € sibp(u),
1 if 0 = w;j,
(D) =
Koy (0) {0 otherwise.

It is now easy to see using that
_1 f— DR
(2.10) o (f)= ) flw)lew, ® - Rew,)

wesibp (1)

35

We now check that @ maps ker X;; @ - - - @ ker X;, into £, r. To see this, let

fi € lz(sib(uij)) be such that
(2.11) Xijf]':O, i=1,...,k
In view of Lemma it suffices to check that forj =1, ...k,

(2.12) Y @(A®--®fi)(w)=0, vg€Esibpg(u), G=F\{ij}.

wesibj (vg |u,'j )

However, for v € sibpg(u), G =F\ {ij}, i=1,...k

k
Y ehe o) ¥ [ i)

wesibi]. (vg|ul.j) wESibi]. ('UG|ul-j) 1=

k

= ¥ (I Ale)sim

nesib(uij) 1#£j,1=1
k
B (11 Ae)xf
1£,1=1

which is 0 in view of (2.T1). This yields foreveryj=1,...,k and hence

& (ker Xil ® - ker Xik) CLyur.
To see that this inclusion is an equality, let f € £, r. By Lemma 4.1.5(i) of [9],
(2.13) sbe(u) = || sibj(vgly), G=F\{j},jeF.

vgEsibr,g(u)
It follows that for G = F\ {i;},j =1,...,k,

o NE T fw)en, © - wea,)

wesibp(u)

@ 2 Z f(w)(ewil ®"'®ewik)'

vgEsibr,g(u) wesib,—].(vc\uij)
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It follows that @~ 1(f) is equal to
Z ew, ®R--® ewl.]__1 ® Z f(vc\wij )ewi]_ ® ewij+1 R ® eﬂ’ik'

UGGSibp’G(M) w,-j esib(u,-].)
However, since f € L, r, by Lemma[2.T]

Y (06l Jew, € kerX;.
wi]. Esib(u,»]_) I ]

It is now clear that ®~1(f) € ker Xi, ®- - - ®ker X;, . Since the dimension of tensor
product of vector spaces is a product of dimensions of respective vector spaces
([16], Theorem 4.14) the remaining part is immediate. 1

A careful examination of the proof of Theorem [2.3|shows that the formula
for the joint cokernel holds for any multishift with constant weight system taking
value 1 (commonly known as adjacency operator in dimension d = 1; refer to [17]).

The following is immediate from (L.10), (L.13) and (2.6) (see also Lemma [1.3).

COROLLARY 2.4. Let 7 = (V,E) be the directed Cartesian product of locally
finite rooted directed trees 7, . . ., F; of finite joint branching index. Let S, . be a member
of S and let E denote the joint kernel of S} . Then the dimension of E is given by

dimE=)" Y [](card(sib(u;))-1)=1+ ) Y ] [(card(sib(u;))—1).

FeZ ucQypiceF F#Q, Fe2 ueQrieF
REMARK 2.5. In case d = 1, the above formula for E simplifies to

dimE =1+ ) (card(sib(u))—1),
ueldyyy
which holds for any choice of positive weights A (see Proposition 3.5.1(ii) of [17]).
This formula resembles the expression for the (undirected) graph invariant Y (.7)
introduced in p. 3 of [4], which counts precisely the number of the so-called par-
tial conjugations of the right angled Artin group A 7 defined by deep nodes.

2.2. AN ANALYTIC MODEL. In this section, we obtain an analytic model for mul-
tishifts belonging to the family S5 (see (2.4)). The treatment here relies on a
technique developed in the proof of Theorem 5.2.6 in [9]. We begin with an im-
portant aspect of the family S, namely that it is closed under the operation of
taking spherical Cauchy dual.

LEMMA 2.6. Let 7 = (V,&) be the directed Cartesian product of locally finite
rooted directed trees 7, ..., 9. If Sy € Sz, then S3 is well-defined and S} belongs
to So.

Proof. Assume that Sy, = (S1,...,5;) € S5. Note that by (2.2),

d d
inf ) ||S]-ev\|2 =infc¢>0, sup)_ HSjeUH2 =supc < oo.
vevia 0€eV j=1
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It follows that S, is joint left-invertible, and hence Sjc is well-defined. On the
other hand, by and (2.2), the weights of S3 _are given by

dz,—i—l

Vel |d card( Chl |dv d’

Itis now clear that S{ € Ss. 1
. ,

Aj(w) =

w e Chij(v), veV,j=1,...,d

We skip the proof of the following simple yet useful fact, which may be
obtained by a routine inductive argument (cf. Proof of Corollary 5.2.12 in [9]).

LEMMA 2.7. Let = (V,&) be the directed Cartesian product of locally finite
rooted directed trees 73, ..., Ty and let Sy be a commuting multishift on 7 with weight
system A = {A;(v) : v € V°, j = 1,...,d}. Fora bounded sequence o of positive
numbers, let Ay, denote the system

(2.14) w(|do)Aj(w), w € Chij(v), veV, j=1,...,d.

Then the multishift S, —on 7 with weight system as given in (2.14) is commuting.
Moreover, for any v € V and B € N, we obtain:

Bl=1
() S5 e0 = (T w(ld| + p) ) Shews
p=0

1Bl-1
(i) 1155 eoll2 = (" TT w(|do] + p)?)[|Sfes 2.
p=0

Here is a key observation in obtaining an analytic model for members of S 5.

LEMMA 2.8. Let 7 = (V,€&) be the directed Cartesian product of locally finite
rooted directed trees .7, ..., Iy of finite joint branching index. Let S, _be in the family
Sz and let E denote the joint kernel of S} . Then the following statements are true:

(i) E is invariant under S3* S} and SY"S§ | is boundedly invertible for all x € N
(ii) the multisequence {S”‘ E} yen 0f subspaces of I>(V') is mutually orthogonal.
Proof. The proof relies on the case in which ¢ = ¢;, a > 0 (see (1.15)) as

established in Lemma 5.2.7 of [J]. Let « € N?. We apply Lemma [2.7 !n) to the
system A, given by

(2.15) A , weChij(v),veV,j=1,...4d

,/card (Chij( |d7f| +a

with

(2.16) w(t) == \/@\/E

to conclude that

(2.17) 153, e0ll* = K(|al, |do]) 13, eol®, v €V,

ca
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where

s—1 s—1 s—1
218)  K(s,t) = [[w(t+p? & [Tet+p) [ 2252, sten

For F € Zand u € O, let f € L, p. It is now easy to see from Lemma|1.2(i) and
(2.17) that

(2.19) S3¥S5 f = K(lal, [dul)S3 S5 f-

Since £, r is invariant under Sf\"c‘a S‘La ([9], Proof of Lemma 5.2.7), by Remark
we must have SX”C‘Sﬁ( f e L,r CE. Also, since Sj‘\”c‘ﬂ Sf‘\cﬂ |E is boundedly invertible
for all & € N9, the remaining part in (i) is now immediate from (2.19), @.18),
Lemma 1.3[i) and the assumption that inf¢ > 0.

To see (ii), let & € N and

f=Y Y fur€E  fur€Lur.
FeZ

P ucQr

Since L, r C I%(sibp(u)), we have

(2.20) Lyr S \Vi{ew:veGg,l
This combined with Lemma [2.7(i) and (2.18) implies that

Si Sur =/ K(lal, |dul) S}, fuF-

Thus we obtain

S3f= 2 X Sifur= 3. ) y/K(lal|dul) K, fur-

FeP ueOr FeZ ueQr

The desired conclusion in (ii) now follows from the fact that {Sj“\c E}, e is mu-
tually orthogonal (see Lemma 5.2.7 of [9]). 1

We note that the conclusion of (ii) in the above lemma holds for any (spher-
ically) balanced, injective weighted shift on a rooted directed tree (see Lemma 15
and Theorem 16 of [6]). We believe that this result fails in higher dimensions.

We now present the promised analytic model for multishifts belonging to
the family S (cf. Theorem 5.2.6 of [9] and Theorem 2.2 of [10]).

THEOREM 2.9. Let .7 = (V, &) be the directed Cartesian product of locally finite
rooted directed trees 7, . .., Ty of finite joint branching index. Let S, . be a multishift be-
longing to S . Let E denote the joint kernel of S} and let L, p be as appearing in (1.13).
Then S, is unitarily equivalent to the multiplication d-tuple M, = (M-, ..., M>,) on
a reproducing kernel Hilbert space (.7 of E-valued holomorphic functions defined
on the open ball BY in C? for some positive number r. Further, the reproducing kernel
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K (7) BY x BY — B(E) associated with (7 ) is given by

a1

|du|+d+] e
221) &, z,w) = Pe,
221) xu(7)(z,w) FEZ@M;)F(agd (du—l—zx I;[ (ldu] + ) ) Lo

where z,w € BY and Py, . is the orthogonal projection on Ly, F.

REMARK 2.10. Note that the reproducing kernel Hilbert space % (.7) is
a module over the polynomial ring Clzy,...,z4] (see (1.2)). Fix j = 1,2. Let
g0 = (v, ¢ (l)) be the directed Cartesian product of locally finite rooted di-
rected trees .7} Y ) , 9 (7 of finite joint branching index. Let Sy () be a member

of S ;). It may be concluded from Remark 3.1.1 of [9] that if .7 ( ) and 7 are

graph isomorphic, then the multishifts Sf\c) and SE\C) are unitarily equivalent. It
follows that the Hilbert modules % (.7 (1)) and (.7 ?)) are isomorphic in this
case.

Proof. We adapt the argument of Theorem 5.2.6 in [9] to the present situa-
tion. The verification of the first part is along the lines of Step I of the proof of
Theorem 5.2.6 in [9]. Indeed, the space 7 (.7 ) can be explicitly written as

A7) ={F@)= L fr' :fu €E(@eN), T |8} fall* < o}
aeNd aeNd

with inner product

(F(2), G@))on(z) = L (SiSu Si8adew) F.G€H(T).
weNd
We leave the details to the interested reader. We also skip the routine verification
of the fact that x 7 is a reproducing kernel for /(7 ):
(F, k. (,0)g) = (F(w), )6, F € #(7), g€ E,weBL.

Let us check that the series on the right hand side of (2.21) converges for
any z,w in some open ball centred at the origin in C?. Note that the reproducing
kernel k j; admits the orthogonal decomposition:

K () (2, W) = @ Ku,r(z,w)Pg,
ueQp, Fex

where, for F € & and u € Q)f,

du! I ldul +d 4 oy
k, plz,w) = w
w0 = Lo L e

Further, the domain of convergence of x, r(-,w) contains the open ball of radius
inf ¢ for fixed w in the unit ball in C%. Indeed, inf ¢ is positive since S, belongs to
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S5,and hence forany F € & and u € Q,

I 1
K, r(z,w)| < (|du] +d+)) z% [w®
el € B o Tl +44 ) oy
(%) d,! 1
< - 2P| w7,

(|du] +d =1)1 (1 — (infc)~1(z, w))

where the inequality (x) can be deduced from the multinomial formula (see proof
of Lemma 4.4 in [15] for details), and forj =1,...,d,

dy ifzj £0, —dy, ifw; £0,
Bj = { ! . 'Vj—{o ! ! .

otherwise, otherwise.

Also, since .7 is of finite joint branching index, by Lemma[1.3[i), for any F € 2,
L, r # {0} for at most finitely many u € Qp. It follows that for fixed w € BY,
the domain of convergence of x s (7)(-,w) contains the open ball of radius inf .

If r := min{inf ¢, 1}, then the absolute convergence of k . (7)(z, w) for z,w € B¢
is now immediate from
() d
K7y (2 W) = K7y (w,2), z,w e B
To see (2.21), one can argue as in Step II of the proof of Theorem 5.2.6 in [9]
to obtain
(2.22) K (7)(zw) = Y Duz@", z,w € BY,
acNd

where D, is the inverse of S*"‘Sf‘\ | as ensured by Lemma Hl) On the other
hand, as recorded in Step III of the proof of Theorem 5.2.6 in [9],

dy!
(d +a)!
This combined with (2.17) and (2.18) yields that

(223) 1S5, eull = (|du|4a)(|dy|+a+1) - - - (|dy| +a+]a|=1), ueV.

(2.24) 1S5 eull 7% =

1 |ae| -1 4
dy! ) H |du|+d+] vev.

C(dut )t g e(ldu] +7) 7

The desired expression in (2.21) is now immediate from (2.20), Lemma [I.2{i) and
2.22). 1

REMARK 2.11. The reproducing kernel « 4. ( 7 (z, w) can be obtained by in-
tegrating a family of scalar-valued reproducing kernels (cf. (1.I)) with respect to
a finite family of spectral measures. Indeed,

Kot ) (2 / )3

FeZ g aeNd d” + “

laf 1

|dy| +d +j s
i 11 ey =) dpe),
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where z,w € BY and Pr(-), F € & is the spectral measure given by

PP(O') = Z PLu,F’ oc @(QP)
ueo
Further, note that Theoremfails in dimension d > 2 if we relax the assumption
that .7 is of finite joint branching index. Indeed, if d = 2, 7] is the binary tree (see
Section 4.3 of [17]) and .75 is the rooted directed tree .7; o without any branch-
ing vertex, then £, 1, # {0} for infinitely many u € 2y, (cf. Lemma i)),
and hence it may be concluded from Lemma|l.2|and (2.23) that Sj‘\‘fﬂ Sf‘\Cu |£ is not
boundedly invertible for « = (1,1). It is worth noting that this phenomenon is
not possible in dimension d = 1 (see Proposition 3.1 of [8]).

From now onwards, the pair (.#;, #;(.7)), as obtained in Theorem 2.9} will
be referred to as the analytic model of the multishift S, on .7. Incasec¢=¢;,a >0
(see (L.19)), the multishift Sy, will be referred to as Drury—Arveson-type multishift
on 7 (see 2.15)). In case each directed tree .7; is isomorphic to N, S is unitarily
equivalent to the Drury-Arveson d-shift, 5, is unitarily equivalent to the Szeg
d-shift, while S Ao is unitarily equivalent to the Bergman d-shift (refer to [[15] for
elementary properties of classical Drury—Arveson-type multishifts). The analytic
model for S can be described as follows.

COROLLARY 2.12. Let T = (V,&) be the directed Cartesian product of locally
finite rooted directed trees 7, ..., Ty of finite joint branching index and let Sy be the
Drury—Arveson-type multishift on 7. Let E denote the joint kernel of S} and let Ly,
be as appearing in (L13). Then S, is unitarily equivalent to the muitiplication d-
tuple M, = (M, ..., M>,) onareproducing kernel Hilbert space 7¢;,(7) of E-valued
holomorphic functions defined on the open unit ball B¢ in C?. Further, the reproducing
kernel  y, (7 B? x B? — B(E) associated with (.7 ) is given by

d.! |a|—1 o
@)= B8 (L gty LTl +a+)ze) e,

FEP uecQr peNd j=0

where z,w € B and Pg, . is the orthogonal projection on L, F.

We discuss here one more instance in which Theorem [2.9]is applicable. Let
Sr. € Sz. By Lemma the spherical Cauchy dual S3_of S), belongs to Sz
By Theorem S3. admits an analytic model, say, (.#z, #°(7)). Sometimes,
we refer to the Hilbert module J7°(.7) as the Cauchy dual of the Hilbert module
H:(T). It follows that the spherical Cauchy dual d-tuple 53, of the Drury-
Arveson-type multishift 53 on .7 is unitarily equivalent to the multiplication
d-tuple (.#,,...,.#,,;) on the reproducing kernel Hilbert space .7°(.7) of E-
valued holomorphic functions defined on the open unit ball B? in C?. Further,
the reproducing kernel « s (7) : BY x BY — B(E) associated with J2(7) is
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given by

dy! It (Idul +d+))* s
K sps zZ,W) = — z"w" | P
#3(7) (2, W) nguEZ()F(aezﬁld (dy + a)! ]:HO (|du| +a+ ) ) fur

forz,w € BY. The last formula is immediate from

d! “’ﬁl(|du|+d+j)2

2
. , f€Lyp, ueV, FEZ,
wta)! i (Jdul +a+ ) IAF, - f ek

(2.25) [|(S3.,)"fII 7%= d

which, in turn, can be derived from (2.24) and the fact that

(2.26) 55, is of the form Sy, with ¢(f) = :i—;,t e N.
REMARK 2.13. The joint kernel of Sj is the same as that of 55 . Thus,
in the model spaces () and J3(7) of S, and S3_ respectively, the sub-

spaces of constant functions are the same. Indeed, they are equal to the joint
kernel of S}La (see Remark .

2.3. OPERATOR-VALUED REPRESENTING MEASURES. In this subsection, we for-
mally introduce the notion of an operator-valued representing measure for the
Hilbert module 5% (.7). This is reminiscent of the well-studied notion of the
Berger measure appearing in the study of subnormal operators in one and several
variables (refer to [12], [13] and [18]). The main result here provides a necessary
and sufficient condition to ensure its existence and uniqueness. We conclude this
section by computing explicitly the representing measures for Drury—Arveson-
type Hilbert modules J%,(.7), a > d and their Cauchy dual Hilbert modules
HE(T),a<d.

DEFINITION 2.14. Let 7 = (V, &) be the directed Cartesian product of lo-
cally finite rooted directed trees .77, . .., .7; of finite joint branching index. Let S,
be a multishift belonging to S and let (.#;, 7 (7)) be the analytic model of the
multishift ) on .7. Let E denote the joint kernel of S as described in (1.13). We
say that 7 (7)) admits a representing measure if there exists a B(E)-valued product
measure o, X vV, = (p, X V,) ., supported on [0,b] x dB9, b > 0 such that
the following hold:

(i) (Integral representation) For any f € E and & € N¢,

1212y = [ [ s*12Rldp s () x dvs (), £

[0,b] o4

ueQr,Fe

(ii) (Diagonal measure) p, and v, are scalar-valued measures such that for any
8u,F € Eu,F ’

@27)  dps (&) xdv, ) X X gur) = ¥ L dp,()dv, (2)gu

FeZ ueQr FePueQr
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(iif) (Normalization) p,,,, and v, , are probability measures.

root
The existence of a representing measure is connected to the Hausdorff mo-

ment problem (refer to Chapter 4 of [25] for the definition and basic theory of
Hausdorff moment sequences).

THEOREM 2.15. Let 7 = (V, &) be the directed Cartesian product of locally finite
rooted directed trees 7, ..., 7y of finite joint branching index. Let Sy_ be a multishift
belonging to S 7 and let (., #:(T)) be the analytic model of the multishift Sy on 7.
Then the following statements are equivalent:

(i) #:(7) admits a representing measure p , XV = (0, XV,),cq, pe 5 SUppoOrted
on [0,sup ¢] x IBY;
(ii) the sequence {ay, } e given below is a Hausdorff moment sequence:

1 ifn=0,
— Jn

(2.28) ayn ”H c(]) ifn>1
=0

If any of the above statements holds, then for u € Q and F € &, the positive scalar-
valued measures p, and v, are given by

||
(2.29) dpu(S) = : dProot(S)r
Ady|
242
(2.30) dv, (z) = didcf(z),
||Z ||L2 aBd )

where proot is the representing measure of {a, },en supported on [0,sup ¢] and o is the
normalized surface area measure on OB,

REMARK 2.16. The measure p,,,, as appearing in (2.29), turns out to be the
Berger measure of the weighted shift Sg on 7}, associated with Sy, where 7,5,
is the connected component of the tensor product 7% of 7, ..., 7, that contains
root (see Definitions 2.2.1 and 5.2.13 of [9] for definitions of ﬂ ® and Sp). This
may be deduced from (5.26) of [9]. The representing measure of 7% (.7 ) can be
considered as complex and operator-valued version of the Berger measure arising

in the subnormality of commuting tuples (refer to [13]], [18]).

Proof. 1t follows from Lemma [1.2} 2.20) and (2.24) that for f € L, r and
ae N4,

a+d =t (|dy| + )
S p—
15571, = 1T g, 1o
a dl[
2.31) 6D et (g, a ) £l

4dy|
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where
(a+p) Y5 1 ]
Q ’“ = 4 0‘/ E N .
(o) Bt i 1Bl +d+j P
By Lemma 1.11 of [27], for a, § € N? we obtain
|er+}9|2 H o ﬁ||L2 —
- do(z) = ————"~
B HZﬁ”%z(ale,a) ||Zﬁ||L2 aB,o)
(a+p)!d—1)! (|p] +d—1)!
2.32 _ _ .
- (1Bl + a] +d —1)! Bl(d—1)! QB )

It is now immediate from (2.31) that
’ Za+dy |2

, 1z

a\alﬂdul
2.33) IS}, fllixw
Ad,| (

do @) If vy f € Lur.

L2(3B o)
(ii)) = (i) Assume that (ii) holds. Thus there exists a probability measure p
supported on a finite interval [0, b] such that
(2.34) ap = [ s"duc(s), neN.
[0,0]

By Lemma 2 of [7] and 2:28), b = supc. It is easy to see from 2.33) and (2:34)
thatfor f € £, r,

@35) 12 fI2 7 = 1851y = ([ [ 5" Pde,(s)dv, ) 17 gy,
[0,b] 9B

where dp, and dv, are as defined in 2.29) (with proot replaced by ) and (2.30)
respectively. To see the integral representation of ||z* f ||§ﬁ(y) for arbitrary f € E,

note that by (1.13), any f € E is of the form
f = Z Z 8uF, 8SuF € Eu,F-

FeZ ueQr
By &20),
[ [ sz do, < dvaf, £
[0,b] 0B

=L L ([ [ Pans)dv, @) Iguel?

FeZ ueOr [0,6] 3B
2 2
= Z Z 125wl (T = ||Zaf|bgg(,7)/
FeZ ueQr

where we used the orthogonality of {z%¢, r : F € &, u € Qr} in the last equality
(see Lemma(T.2). This completes the proof of (i) = (i).
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(i) = (ii) Assume that (i) holds. It may be concluded from (5.24) and (5.26)
of [9] that

n! n—1
(2.36) ) E||5“(ev||122(v) =]]c(ldo] +p), neN, veV.
aeNd, |a|=n " p=0

Letting f = eroot in the integral representation (see Definition [2.14i)), we obtain
forany n € N,

n—1

2.36) n!
an =[] c(p) Y llztercetl®y o)
p=0 aeN, |a|=n
n!
= ([ @) [ L HE PG = [ o),
[0,6] ad wENT, |a|=n [0,b]

where we used the assumption that v, , is a probability measure along with
the multinomial theorem in the last equality. This completes the verification of
(i) = (ii).

To see the uniqueness part, note that by and (2.36), the sequence
{an }nen is uniquely determined by the action of S A, ON eroot. By the determi-
nacy of the Hausdorff moment problem ([25], Theorem 4.17.1), the probability
measure proot is unique. It now follows from and that the represent-
ing measure p, X v, of 7 (.7) is unique. 1

Let us see two particular instances in which representing measures can be
determined explicitly.

COROLLARY 2.17. Let 7 = (V, &) denote the directed Cartesian product of lo-
cally finite rooted directed trees 7,...,J; of finite joint branching index and let
(2, 72, (T )) be the analytic model of the Drury—Arveson-type multishift Sy on 7.
If a is a positive integer such that a > d, then 7¢;,(7) admits the representing measure
Py XV, = (p, X vu)umppeg,. In this case, for u € Qp and F € 2, the positive
scalar-valued measures p, and v, are given by

wiy (s)dm(s) ifa>d, du |2
037 dp(s) = { g (S)dm(s) Fa>d g oy g,
d(sl (S) lfﬁl - dr ||Z " ||L2(BIB3"’,¢T)

where m is the Lebesque measure on [0,1], &1 is the Borel probability measure supported
at {1}, o is the normalized surface area measure on OB?, and

a—1 Si+l—1
238) wi(s)=(+d)---(I+a—1))

—, €1[0,1],l eN.
i=d Hdgj;éigafl (] - l) [ ]
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Proof. Suppose that a is a positive integer such that a > d. By (1.19), ¢, (t) =
(t+d)/(t+a), t € N, and hence by 2.28),

1 ifn=0,

n ;jj ifn>1

(2.39) ay =

Note that in case 4 = d, a is the constant sequence with value 1. Clearly, it is a
Hausdorff moment sequence with representing measure J;. Suppose that a > d.
Then

a—1

]
a, = -, néeN.
" grﬂ-]

It follows from Corollary 3.8 of [2] that {a, },cn is a Hausdorff moment sequence
with representing measure p, , being the weighted Lebesgue measure with the
weight function wy : [0,1] — [0, c0) as given by (2.38). Thus

d(Sl ifa= d,
dproot (S) = .
wo(s)dm(s) ifa>d.
It follows that
ol sl 45, @2 g5, ifa=d,
dpu(s) =" ———dpoa(s) = o .
| | o wo(s)dm(s) =" wyq,|(s)dm(s) ifa >d.

The expression for dv, in (2.37) follows from (2.30). 1

COROLLARY 2.18. Let 7 = (V, &) denote the directed Cartesian product of lo-
cally finite rooted directed trees 7,...,J; of finite joint branching index and let
(M2, HE(T)) be the analytic model of the spherical Cauchy dual S3., of the Drury-
Arveson-type multishift Sy on . If a is a positive integer such that a < d, then
M (T) admits the representing measuire p , X V5 = (0, X V,),cq, pe - I this case,
foru € Qrand F € &, the positive scalar-valued measures p, and v, are given by

292

(240)  dp,(s) = wpg, (s)dm(s), dv,(z) = o),

”Z ”LZ aBd

where m is the Lebesgue measure on [0,1], o is the normalized surface area measure on
oB?, and

241 I led-1)S st
241) wi(s)=(I+a)---(I+d— );Hagj7éigd—l(j_i),

€10,1], I e N.
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Proof. Suppose that a is a positive integer such that 2 < d. By (2.26) and
(2.28),

1 ifn=0,
— n— —_
tn n;—d n% ifn>1.
j=0 j=a

It follows from Corollary 3.8 of [2] that {ay, },c is a Hausdorff moment sequence
with representing measure being the weighted Lebesgue measure with weight
function wy : [0,1] — [0, o) as given by @2.41). The desired expressions in (2.40)
can now be derived as in the proof of Corollary 1

3. PROOF OF THE MAIN RESULT

In this section, we present a proof of Theorem [1.4] We begin with a simple
observation which reduces Problem [1.1|to the problem of unitary equivalence of
representing measures arising from the Drury—-Arveson-type Hilbert modules (as

ensured by Corollaries and[2.18).

LEMMA 3.1. Fixj=1,2. Let 70) = (V), £1)) be the directed Cartesian prod-
uct of locally finite rooted directed trees 91(] ), e, ﬂd(] ) of finite joint branching index. Let
(] ) bea multishift belonging to S ;) and let (///ZU ) A, (7)) be the analytic model of

the multzshzft S Von 7). Let EU) be the subspace of constant functions in 7#,(70).

If (7)) admzts the representing measure 05 XV, = (pU) x V,Ej))uenpfey

supported on [0,1] x 0B, then the Hilbert modules (7)) and #.(7 @) are iso-
morphic if and only if there exists a unitary transformation U : EV) — E®) such that
for every Borel subset A of [0,1] x oB,

(3.1) Up

*
XV (AU = 00 XV 0

Proof. Suppose that 5 (.7())) admits the representing measure P 5 XV )
supported on [0,1] x aBd,j =1,2.LetU: %(9(1)) — %(9(2)) be a unitary
map such that

(3.2) ual'ur=a?, j=1,...,4.
It follows that

(3.3) U maps E( ﬂ ker /// (17 unitarily onto EQ ﬂ ker /// @),
j= j=1
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Thus, if f € EY), then Uf € E?), and hence for every a € N,

1
a0,

0 oBd
114 1 44
= 12 f 12y oy = LA I 7o

= 1D TSI, ey = IZUFIP, e,

1
= / / s\zx\|za|2<u*dp9(2) (s) x dv_, (z)Uf, f).
0 oB
By uniqueness of the representing measure (see Theorem [2.15), we obtain the
necessary part.
To see the converse, assume that holds for a unitary transformation
U:EMN — E@) Define U : s4(7W) - #.(7?) by

(3.4) (Uf)(z) = U(f(2)), fe#(TV) zeB

It is easy to see using (B.T) that U is a unitary map. Also, it is a routine matter to
verify that

0 =420, j=1,...4d.

j
This completes the proof. 1

The following rather technical result says that any Hilbert module isomor-
phism between two Drury—Arveson-type Hilbert modules preserves the orthog-
onal decomposition of joint cokernels of associated multiplication tuples
over each generation.

PROPOSITION 3.2. Let a, d be positive integers such that ad # 1,and fix j = 1,2.
Let 7U) = (v, £0)) be the directed Cartesian product of locally finite rooted directed
trees ﬂl(j ) ey 9d(j ) of finite joint branching index. Let root/) denote the root of 7 /)
and let #,,(7 1)) be the Drury—Arveson-type Hilbert module associated with 7). Let
EU) be the subspace of constant functions in #,(7V)) and let 51(1] 3_- be as appearing

in the decomposition (T.13) of EV). Suppose there exists a Hilbert module isomorphism
Uu:#4,(70) = (7). Then, foranya € N and F € 2,

u maps P CE}% onto P Ez()zl)c,
ue()(Fl),d“:a vng),dU:a

where we used the convention that orthogonal direct sum over empty collection is {0}. In

particular, U maps e y to a unimodular scalar multiple of e

rOOt<1 root(z) .
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Proof. Note that two joint left-invertible tuples are unitarily equivalent if
and only if their spherical Cauchy dual d-tuples are unitarily equivalent. It fol-
lows that the Hilbert modules .7 (.7 (1)) and .#(7?)) are isomorphic if and
only if their Cauchy dual Hilbert modules .75 (.7 (1)) and .2%(.7(?)) are isomor-
phic. Since #,(.7) (a > d) and #5(.7) (a < d) admit representing measures
(Corollaries 2.17] and [2.18), in view of Remark 2.2} it suffices to treat the case in
which a > d.

Suppose that a > d. Then, by Corollary (7)) admits the rep-
resenting measure p ., Xv_ = (pY) x vi)) 0 as given by (2.37). Let

]
ueQyp’ Fe

fe ﬁE}% for some u € Q(Pl) and F € 2. Then, by 8.3), U maps E(V) into E(?), and
hence

(3.5) Uf= Y Y gor gor€ L3}
FEP hel

Further, by Lemma for any Borel subset A1 x A of [0,1] x 9B,
(3.6) //@ 5)xdv_, (2)Uf = //mp $)xdv_ (2)f.
A Ay A1 By
We verify that for almost every z € 9B,
2P Bl

(3.7) - ifo e O, g,r #0.

[ A P2 A

We divide the verification into two cases.
Case 1. When a = d.
By the definition of the representing measure (see (2.27)) and Corollary[2.17}

(3.8) //um )xdv_, (2)f = //W%”V dmwm@Uﬁ

Ay Dy L2 B

Arguing similarly and using (3.5), we obtain

//dp ) x dv 2)(z)llf

Ay Ay

(3.9) - / / ﬁgv,p)dél (s)do(z).

FeJ (2 HZ ||L2 a[Bd )
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Hence, by (3.9), and (3.8), we obtain

e
// ngf)dfsl (s)do(z)

FEZ henl? L2 (9B4,0)

—-//|IZ 222 déﬂsyhmz)Uf

L2 B,
2du|2
(3.10) .//H & ‘| d(51(s)da(z) ( Y ) gv,F)-
Z Lz OB o Fe UGQ(FZ)

Letting A1 = [0, 1], we get

/(Z Z‘—Eﬂi*&ﬁw@

Ay FGJ ,Q HZ HLZ aBdg-)

_/ ||.zd e d"<z)(2 L gor)

L2 B0 Fe UEO<FZ>

for every Borel subset A of 9BY. Comparing the coefficients of nonzero g, r on
both sides, we obtain (3.7).

Case 2. When a > d.

By the definition of the representing measure (see (2.27)) and Corollary[2.17}

//Udp de 1)(z)f

Ay Ay

duZ
(3.11) // wg,| (s ||Zdu|| | m(s)da(z) uf,

L2(oB4,0

(see (2.38) for the definition of the weight function w;(+)). Also, by (3.5), we obtain

//dp ) x dv 2)(Z)Uf
A1 Ay
d |2

(3.12) —// MM@FT%L‘*
Few 129172 (50

)

g,,,p)dm(s)da(z).
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Hence, by (3.12), and (3.11), we obtain
2
[J(E T v, ) an)ao

Fe7 szv 2 (3B
M dy FEPuenl? L2(oB4,0)

du2
/ / Wi (8) g - ——dm(5)do ) Uf

L2(0B4 o

(3.13) 2 // o HZdqu"V dm(s)do(x) (L L sor).

L2 B4 g’) FG?UGQQJ

Letting A, = 9B“, we get

/( YooY wa,ls )8vF dm /w\d| )dm(s )( Y. ) gv,F)

A FEPpen® FEZ heq®

for every Borel subset Aq of [0,1]. Comparing the coefficients of nonzero g, r on
both sides, we obtain for almost every s € [0,1],

. 2
W|g,|(s) = w)q,(s) ifve Ql(E ), Sor # 0.
By (2.38), wy # wy as integrable functions for non-negative integers k # I. Thus

(3.14) g r 7 0 implies that |dy| = |d,| forall v € Q(Pz).

Thus becomes
Ll
L L (] [maopg

dm(s)da(z))gv,p
Fez UEQE;Z),‘dy‘Zldu‘ A Ay L2 (oB4,0)

22
= W, | (8) g
Z 2 (// |du| (|29« |2

FEP 4c0l? |dy|=|du| Ay 4y L2 (9B,

dm(s)d(r(z))gv,p.

Letting A1 = [0, 1] and comparing the coefficients of nonzero g, r, for every Borel
subset A, of 0B, we get

Lands |22 @)
/ do(z) = | 7og7———do(z) ifveQp’, gor #0,
124 ”HLZ(aJBd A Iz ”\|L2(aBd,a)

where we used the fact that [ w;(s)dm(s) # 0,1 € N. Thus holds in this
[0,1]
case as well.
We next claim that

(3.15) do=d, ifve?, g,r#0.

In case a > d and d = 1, the claim is trivial in view of (3.14). Assume thatd > 2
In view of continuity of the monomials and the fact that (3.7) holds on a dense
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set, the equality in holds for all z € dB?. Consider & := (ay,...,a4) € N
given by a; = min{duj,dv].},j =1,...,d. Thus for every z € B4,

d doy, —a; Zdv 2 d d dy; —a;
(316) H ‘Z] J “]|2 — HdHLw H |Z] J a]|2, ve Ql(-"Z)’ Qo F 7& 0.

j=1 Iz “HLZ(aIB%d,a) =1

Suppose to the contrary that d,, # dy, for some v € Qg). Without loss of gener-

ality, we may assume that d,;, # do,. Letw = (0,wp, ..., wy) € 9B be such that
w; # 0forj=2,...,d. Then evaluating at w, we get one side of equal
to zero, while the other side remains nonzero. This contradicts (3.16), and hence
d, = dy. Thus the claim stands verified. It is now immediate from and

that B e
uchec @ @ o
He,@ erg)

’ v:du

Note that by and (L.8), forany H € Z and v € Qg) (j=1,2),k € Hifand
only if dy, # 0, and therefore

1 2
ucLnc @ L
ve® dy=d,
This also yields
1
u( @ L) D d
ueﬂg),du:a veﬂéz),dv:a

for every & € N such that aj # 0if and only if j € F. Applying this fact to u-t,
we obtain the desired conclusion in the first part. The remaining part follows by
applying the first part to « = 0 and F = @ (see the proof of Lemma(l.3). &

REMARK 3.3. In case a = 1 = d, the conclusion in (3.7) always holds, while
(3.15) does not follow from (3.7) unlike the case ad # 1.

In the proof of the main result, we also need a couple of facts related to the
indexing set (2, F € &. The following is immediate from the definition of (2},
1=1,...,d:

G17) Gua()= || Apar(w)}l, Gu(Z)=  []  sblw) n>1.
ueQ{l},du:nel ueﬂ{l},du:nel

In the proof of Theorem we also need a canonical choice for the indexing set

(2. Indeed, the choices of (2}, j € F yield the following natural choice for (2f:

(3.18) ﬁp::ﬂ {(u1,...,uq) €V :uy=root; if ¢ F, u;j=1i; for some u € Qyjy }.
jeF

To see that the above collection satisfies requirements of an indexing set (2r (as

ensured by the axiom of choice), note the following:

(0) If u, v € O such that u # v, then sibp (1) Nsibp(v) = @.
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(o) @ = | sibp(v). To see this, let u € &, and fix j € F. Note that the
‘Ueﬁp
d-tuple uli) .= (rooty, ..., rootj_1,uj, rootjy1,..., rooty) € CD{]»}. However,

Py = || sibgy (o).
UEQ{]}

Thus u¥) € sibyjy (v) for some o\/) € Qy;,. Let v denote the d-tuple with jth
entry given by

0 jth coordinate of vU/) if j € F,
N root; ifj ¢ F.
Then u € sibp(v) and v € QF.

The utility of the canonical choice of the indexing set is illustrated in the
following lemma.

LEMMA 34. Let = (V,&) be the directed Cartesian product of locally finite
rooted directed trees 7, ..., Jy. Then, for any « € N and a nonempty F € 2,

G199 J] ) (card(sib(u;)) —1) = Y ] [(card(sib(u;)) — 1).
leF ueQ{l},du:a;el ueQr,d,=aleF

Proof. Let F = {iy,...,ix}, and note that

11 ) (card(sib(u;)) — 1)

IeF MEQ{[},du:ﬂqel

_ Y Y (card(sib(uf’))~1) - - (card(sib(u}")) ~1)

ll(l)EQ{il},duﬂ) :ail E,‘l u(k> Eﬂ{ik},du(k) :(X,'kEik

= Z H(card(sib(ul)) -1),

ueQp,dy=aI€F

where OF is the canonical choice as given in (3.18). The desired formula now fol-

lows from the fact that the summation on right hand side of (3.19) is independent
of the choice of Q. 1

We now complete the proof of the main result of this paper.

Proof of Theorem The implication (i) = (ii) follows from Proposition
To see the implication (ii) = (i), suppose that (ii) holds. Thus, for every o« € N4
and every F € &, there exists a unitary

U @ -~ @ B

ueQ(Fl),du:a veQéz),dv:a
i ) (2) i =
Define U : E\Y) — E\Y by setting U @ Ur, Let 0 5 % dvy(].) be
FeP,neNd

the representing measure of /%, (7)) (respectively /(7)) in case a > d
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(respectively a < d), j = 1,2. Fix F € & and a« € N%. Note that by (2:27), for any
Borel subset A of [0,1] x 9B,

udp ., x dvgm(A)( (; gu,p)
ueQyp’, dy=a
_ |Zdu|
= /( Z Wid, |( )szqu
=K

Ur a(guF) ) dm(s)do(2)
uen® d, 2 (9B,0)

/wH ||21XH ‘2 ( Z uF,a(gu,F))dm(s)dU(Z)

L2(oB?,0 uG(Z N ,dy=a

= dpy(z) X dvg(z) (A) U( ) gulp>.

ue.Q(F]),dH:rx

Hence, by Lemma the Hilbert modules .27, (7 (1)) and 4, (.7?)) (respec-
tively 25 (.7 M) and HE(T (2))) are isomorphic in case a > d (respectively
a < d). By the first paragraph of the proof of Proposition 3.2} in both these cases,
#.,(7W) and (7 ?)) are isomorphic.

We now see the equivalence of (iii) and (iv). Note that for every integer
n>1,

) (card(sib; (1)) — 1) = ) (card(sib(u;)) — card(par(u;)))

ueQ({?},du:ne, uEQ({]})},du:nel

2 card(Ga(57)) - card(Gu1(57)).

Since each Z(] ) is rooted, card(go(fl(] ))) = 1. A routine telescopic sum argu-
ment now establishes the equivalence of (iii) and (iv).

To see (iii) = (ii), note first that (ii) holds trivially in case F = @. Leta € N4
and F € & be nonempty. Forj = 1,2,

I ) (card(sibj(u)) = 1) =] | Y (card(sib(u;)) — 1)

lepue()%,du:me[ lEFuEQg)},d,,:lx,el
Y TJ(card(sib(i)) — 1).
ueﬂg),du:aleF
However, by (2.6),
(3.20) Y dim £u])P Y J(card(sib(u;)) — 1),
ueﬁg),d“ w MGQg),dUZIXIEF

which establishes (ii). To complete the proof of the theorem, it now suffices to see
that (ii) = (iii). This follows immediately by taking F = {/} in (3.20).
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We conclude this paper with some possibilities for further investigations.
It is clear that the existence of the operator-valued representing measures for
Drury-Arveson-type modules or its spherical Cauchy dual modules is one of the
crucial ingredients for the proof of Theorem In case the parameter a is non-
integral, we do not know whether or not the Hilbert modules .7;, (.7) or J2(.7)
admit representing measures. Further, the following classification problem arises
naturally in the realm of graph-theoretic operator theory.

PROBLEM 3.5. For j = 1,2, let 7U) = (V),£0)) denote the directed Carte-
sian product of locally finite, leafless, rooted directed trees 31(] ), e, ‘7;1(] ) of finite joint
branching index, and consider the (graded) submodules .4"1) of the Drury-Arveson-
type Hilbert module #,,(7 1)) generated by (homogeneous) polynomials py,...,p; €
Clz1,...,z4]. Under what conditions on W) and 9(2), the submodules ¥ () and
@) are isomorphic ?

Appendix A. CONSTANT ON PARENTS IS CONSTANT ON GENERATIONS

The main result of this appendix is a rigidity theorem showing that in higher
dimensions (d > 2) the conditions (2.2) and (2.3) are equivalent. Here is the
precise statement.

THEOREM A.l. Let 7 = (V,E) be the directed Cartesian product of leafless,
rooted directed trees 7, ..., Tyand let Sy = (S1,...,Sy) be a commuting multishift on
. Consider the function € : V. — (0, c0) given by

d
¢(v):=) ||SjeU||2, vevV.
=1

If d > 2, then the following conditions are equivalent:
(i) € is constant on every generation Gy, t € N;
(ii) € is constant on Par(v) for every v € V°.

Recall the following notations from [9]:
d d
Chi(v) := [ Chij(v), Par(v) := | parj(v), veV.
j=1 j=1

In the proof of the above theorem, we need two general facts.

LEMMA A2. Let 7 = (V, &) be the directed Cartesian product of leafless, rooted
directed trees A, ..., Jy. Set

(A1) Vp:={veV:d,=p}, BeN.

Let f be a complex valued function on V such that f is constant on each of the sets Chi(v),
v € V. Ifd > 2, then the following statements are equivalent:
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(i) f is constant on each of the sets Vi, t € N;
(ii) f is constant on each of the sets Vg and f(Vg) = f(Vigie,), B € N7,
(iii) f is constant on each of the generations G, t € N.

Proof. Assume that d > 2. Clearly, the implications (iii) = (ii), and (ii) = (i)
hold. To see that (i) = (ii), let 8 = (B1, ..., B4) € N By (i), f is constant on Vigle,-
Consider the sequence {I;}Y_! given by

Oi={" = (18— /,1,0,...,00 e N : 1 < j < Ba},

L= {7 = (1Bl—Ba—--—Bx—j, B2 - Bk, 0, .., 0) €NV - 1<J ﬁk+1}
d—k—1
entries Sk<d-1

Letv € V . Then v € Chiy(pary(v)) and Chiy(pary(v)) € Vigi,- Thus the set

Chi(par, (v )) intersects with Vg, . Since f is constant on Chi(par,(v)), it follows
that f(v) is equal to the constant value of f on Vg, . Since v was chosen arbitrar-
ily, we get that f is constant on V yand f(V_ ) = f(Vigle, )-

1

We claim that for any k = 1 .,d —1,if f is constant on V , then it is

also constant on V'Y(j+1) (ifj < ,Bk+1) or V y (f j = Bis1) with the same constant
k +
value. We divide this verification into two cases.

Case 1. When j < Bi1.

Note that
]) = (|ﬁ| 71327“'7137(7]'!,32/""18](/]./0/‘-'/0)/
f“ = (Bl —B2——Br—j—1L B2 Prj+1,0,...,0).

Suppose f is constant on V . Letv € V G+ Then v € Chigyq(pargyq(v))
and Chiq (pargy1(v)) C V,y Thus Chl(park+1( v)) intersects with V . Since f is

k
constant on Chi(par1(v)), it follows that f(v) is equal to the constant value of
fon V7<j). Since v was chosen arbitrarily, we get that f is constant on V. (1) and

FV i) = F(V ))-
k Tk
Case 2. When j = By 1.

Note that
1 = (1Bl = 2= — Br1, B2 i1, Or- ., 0),
A = (1Bl = B2 = — Brs1 — LB Brs1, 1,0, 0).
Suppose f is constant on V ,gk - Letv € V (1) . Then v € Chigy,(pargi»(v)) and

Trf1
Chiy(parg2(v)) SV (g, - Thus Chi(parg42(v)) intersects with V 4, .. Since f is
g "

k k
constant on Chi(pary,,(v)), it follows that f(v) is equal to the constant value of f
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onV (s ). Since v was chosen arbitrarily, we get that f is constant on Vv(l) and
Tk k+1
f (V'Y(]) ) = f(V (g..1))- Thus the claim stands verified. Since ’yfﬁ”l) = B, we obtain
k+1 Vi
fWige) = f(V ) = = f(V ) = f(Vp).
1 Ya-1
This yields (ii).

Now we show that (ii) = (iii). Let u,v be any two vertices in Gy, t € N.
Then [d,| = |dy| = t and by (ii), f(Vg,) = f(V4,) = f(Vie,). This shows that
f(u) = f(v), which proves (iii).

LEMMA A.3. Let 7 = (V, &) be the directed Cartesian product of leafless, rooted
directed trees 7, ..., T3, d > 2 and let f be a complex valued function on V. Then the
following statements are equivalent:

(i) f is constant on each of the sets Chi(v), v € V;
(ii) f is constant on each of the sets Par(v), v € V°.

Proof. To see that (i) = (ii), let f be constant on each of the sets Chi(v),v € V.
Letv € V° and u,w € Par(v). Then u = par;(v) and w = par;(v) for some
1 <i,j < d. Note that

u € Chij(par;parj(v)) and w € Chi;(par;par;(v)).

Thus u, w € Chi(par;par;(v)). Hence, by the hypothesis, f(u) = f(w), proving (ii).
To see that (ii) = (i), let f be constant on each of the sets Par(v), v € V°. Let
v € Vand u,w € Chi(v). Then u € Chi;(v) and w € Chi;(v) for some 1 <1i,j < d.
Case 1. Wheni # j.
Without loss of generality, assume that i < j. In this case, consider the vertex

n= (01,...,ui,...,wj,...,vd).

Note that u; € Chi(v;), w; € Chi(v;), u = parj(y7) and w = par;(1). Thus u,w €
Par(n7). Hence, by (ii), f(u) = f(w).

Case 2. Wheni = j.

For any positive integer k € {1,...,d} such that k # i, consider the vertices

0= (v1,...,fgsoethiy...,vg) and &= (v1,..., Y,o-o, Wiy-..,04),

where 7, € Chi(vg). Note that u;, w; € Chi(v;), and par;(0) = par;(¢). Hence
Par(8) N Par(&) # @. Further, u = pari(0) € Par(f) and w = pari (&) € Par(&).
Since f is constant on Par(6) as well as on Par(¢), and Par(6), Par(¢) have a com-
mon vertex, it follows that f(u) = f(w).

This proves (i). 1

Proof of Theorem A.1. Assume that d > 2. In view of Lemmas A.2 and A.3
(applied to f = €), it suffices to show that if

(A2) ¢ is constant on each of the sets Chi(v), v eV,
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then it is constant on Vi, for every t € N, where Vj is as defined in (A.1). To this
end, lett € Nand let u, v be any two vertices in Vi¢,. We need to show that €(u) =
¢(v). Observe that as d,, = te; = d,, we must have u = (uq, rooty, ..., rooty) and
v = (v, rooty, ..., rooty) for some vertices u1,v; of depth t in .73. Let k denote the
unique least non-negative integer such that

(A3) part®) (uy) = par® (o).
If k = 0, then u = v, and hence €(u) = €(v) holds trivially. So assume that k > 1

Consider the sequence { vgl) }Hen of vertices in V;, with the following conditions:
par(vél)) = rooty = vgo), par(vél)) = vélil), 1>2.
Now consider the sequence {v(!) }5‘:1 of vertices in .7 given as follows:
o) = (par<l>(vl),v§l_l),root3,...,rootd), 1=1,...,k
Further, consider the sequence {#(!) Il<:1 of vertices in .7 given as follows:
o) = (par< >(211),U£l), roots,...,rooty), I=1,...,k

Notice that v € Chij(v(1)) and 8 € Chiy(v(™). Thus v,6(V) € Chi(v(), and
hence by (A2), ¢(v) = €(81)). Further, observe that 8!) € Chi;(v(?)) and §(?) €
Chip(0?). Once again, by (A.2), €(8(M)) = ¢(81?)). A finite inductive argument
together with shows ¢(0(-1) = ¢(0!)) forI = 2,...,k — 1. Thus we obtain

(A4) ¢v)=e¢(OW)=... =¢(W).
Note that by (A.3),
o) = (par®) (vy), Uék_l), roots, ..., rooty) = (par'®! (u7), ng_l), rootg, ..., rooty).
Now consider the sequence {w) } ! of vertices in .7 given as follows:
wl) = (par<k71> (ul),vékflfl), roots,...,rooty), I=1,...,k—1
Further, consider the sequence {7(!) }5‘:1 of vertices in .7 given as follows:

(k=1)

17(1) = (par<k-l>(ul),v2 ,roots, ..., rooty), 1=1,... k.

~

Observe that (1) E Chil(v(k)) and ) e Chiy(v®). Thus ¥,k e Chi(o®),
and hence by (A2), ¢(60)) = ¢(yM). Further, observe that () € Chip(w™)
and 7 € Chij(w ( ). Argumg as above, we have ¢(7(1)) = 92(17( ). A finite
inductive argument now shows that

(A5) e(0W) = () = = e(y®) = e(u).
Combining and (A.5), we get €(v) = €(u). 1
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