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ABSTRACT. Let M be a finite von Neumann algebra (respectively, a type II;
factor) and let N C M be a II; factor (respectively, N C M have an atomic
part). We prove that if the inclusion N C M is amenable, then implies the
identity map on M has an approximate factorization through M,,(C) ® N via
trace preserving normal unital completely positive maps, which is a gener-
alization of a result of Haagerup. We also prove two permanence properties
for amenable inclusions. One is weak Haagerup property, the other is weak
exactness.
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INTRODUCTION

To study an operator algebras analogue to the rigidity phenomena in repre-
sentation of groups and ergodic theory, Connes [12], [13], [14] introduced the key
concept of correspondences between two von Neumann algebras, which can be
thought of as the representation theory for von Neumann algebras. He also ob-
served that there are many ways to look at these correspondences. For example,
we can construct a correspondence Hy from a normal completely positive map
¢ (on a finite von Neumann algebra) using Stinespring dilation and vice versa.
Later on, Popa [27] systematically developed the theory of correspondences to get
new insights in the structure of von Neumann algebras, especially in the study of
type II; factors.

In this paper, we are interested in a relative notion of amenability Popa in-
troduced using the correspondence framework. Recall that for a von Neumann
subalgebra N of a finite von Neumann algebra M, we say that the inclusion
N C M is amenable (or M is amenable relative to N, or N is co-amenable in M) if
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Hiq is weakly contained in HE,,, where Ey is the trace preserving normal condi-
tional expectation from M onto N. Here are some examples of amenable inclu-
sions. If M is a finite von Neumann algebra, then M is amenable if and only if
the inclusion C1 C M is amenable. If N C M is an inclusion of II; factors, and
the Jones index [M : N| < oo, then the inclusion N C M is amenable. If M is a
cocycle crossed product of a finite von Neumann algebra N by a cocycle action of
a discrete group G, then the inclusion N C M is amenable if and only if G is an
amenable group. If N is a finite von Neumann algebra and G ~ N is a weakly
compact action, then the inclusion LG C N x G is amenable by Proposition 3.2
of [26].

There are some permanence results for amenable inclusions. In [8], Bédos
proved that if G is a discrete amenable group with a free action « on a von Neu-
mann algebra M and M has property I', then M x, G has property I'. He also
proved that if G is a discrete amenable group with a free action « on a type 1I;
factor M and M is McDuff, then M x, G is McDuff. Bannon and Fang [7] proved
that if the inclusion of finite von Neumann algebras N C M is amenable and N
has the Haagerup property, then M also has the Haagerup property.

Just as many other conditions are equivalent to amenability, Popa showed
the relative amenability can be characterized by the corresponding “relative type”
conditions, see Theorem 3.23 of [27]. Since semidiscreteness is equivalent to
amenability for von Neumann algebras, Popa asked whether a good analogue
notion exists for relative amenability. This was answered affirmatively by Mingo
in [23] for finite von Neumann algebras using normal completely positive maps,
which is close to the definition of semidiscreteness in spirit. More precisely, he
showed that for a finite von Neumann algebra M and two normal completely
positive maps ¢, ¢ : M — M, Hy is weakly contained in H, if and only if ¢ can
be approximately factored by ¢. Later on, Anantharaman-Delaroche extended
Mingo’s result to all von Neumann algebras using correspondences in [3].

Applying Mingo’s above result and the definition of approximate factoriza-
tion, it is not difficult to deduce the following proposition.

PROPOSITION[2.3| Let M be a finite von Neumann algebra with a faithful normal
trace T, and let N C M be a von Neumann subalgebra. If the inclusion N C M is
amenable, then there exists a net of normal w.c.p. maps ¢; : M — M,;,(C) ® N, a net
of normal u.c.p. maps ¢; : M, (C) ® N — M and a net of positive elements h; €
M,;,,(C) ® N such that forall x € M,y € M;,(C) ® N,

(i) ¢i o @i(x) — xin the || - ||2-norm topology;
(ii) o ¢i(y) = (trn; @ T) (hiy).

We may try to apply Proposition 1.1 to study permanence properties for
amenable inclusions, i.e., we try to prove if some approximation property holds
for a von Neumann subalgebra N, then it also holds for the finite von Neumann
algebra M assuming the inclusion N C M is amenable. However, it turns out that
in several situations, we need to assume /; to be the identity; in other words, we
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expect the normal u.c.p. maps ¢;, ¢; can be chosen to be trace preserving. In fact,
this issue also appears in Haagerup’s proof that semidiscreteness = hyperfinite-
ness for a II; factor, see [16]. Under certain assumptions on the two algebras, we
show ¢;, ¢; could be chosen to be trace preserving.

The following are our main theorems.

THEOREM Let M be a finite von Neumann algebra with a faithful normal
tracial state T, and let N C M be a type I1; factor. Let the inclusion N C M be amenable.
Let {x1,...,x,} be a finite set in M and let € > 0. Then there exists an m € N, and two
normal c.p. maps S : M — My (C) @ N, T : My,(C) ® N — M, such that:

(1) S and T are unital;
(i) (fry ®T)0S=T7,To T =tr,, @ T,
(iii) HTO S(xk) - kaZ <gk=1,...,n

THEOREM Let M be a type II; factor with a faithful normal tracial state T,
and let N C M be a von Neumann subalgebra having an atomic part. Let the inclusion
N C M be amenable. Let {x1,...,x,} be a finite set in M and let ¢ > 0. Then there
exists an m € N, and two normal c.p. maps S : M — My (C)® N, T : M;,(C) @ N —
M, such that:

(1) S and T are unital;
(i) (fry ®T)0S=17,To T =tr,, T,
(i) |IToS(xg) —x¢la < e,k=1,...,n

Since M is amenable if and only if the inclusion C1 C M is amenable
(cf. 3.23 of [27] or Proposition 5 of [24]), Theorem 1.3 generalizes a result of
Haagerup ([16], Proposition 3.5) which corresponds to the case N = CI1.

Using these two theorems, we could prove some permanence results for
amenable inclusions.

COROLLARY Let M be a finite von Neumann algebra and let N C M be a
type 11y factor. If the inclusion N C M is amenable and N has the Haagerup property,
then M also has the Haagerup property.

COROLLARY Let M be a finite von Neumann algebra and let N C M be a
type 11y factor. If the inclusion N C M is amenable and N is weakly exact, then M is
also weakly exact.

COROLLARY Let M be a finite von Neumann algebra and let N C M be
a type 11y factor. If the inclusion N C M is amenable and N has the weak Haagerup
property, then M also has the weak Haagerup property.

Bannon and Fang [7] proved a permanence result for the Haagerup prop-
erty for amenable inclusions of finite von Neumann algebras in the framework of
correspondences. In this paper, we prove Corollary 4.1{from the point of view of
normal u.c.p. maps.
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This paper is organised as follows. In Section 1, we present some prelim-
inaries. In Section 2, we prove that the amenability of the inclusion N C M of
finite von Neumann algebras implies that the identity map on M has an approx-
imate factorization through M,,(C) ® N via normal unital completely positive
maps. In Section 3, we use some matrix techniques and the results in Section 2
to show that the above normal unital completely positive maps can be chosen to
be trace preserving in two cases: when M is a finite von Neumann algebra and
N C M s all; factor, and when M is a II; factor and N C M has an atomic part.
In the last section, we present three permanence properties for some amenable
inclusions.

1. PREMIMINARIES

In this section, we recall briefly some basic concepts that will be used later.
For more details and results on correspondences, relative amenability, and com-
pletely positive maps, we refer the reader to [1I], [2], [3], [4], [5], [22], [23], [27].

CORRESPONDENCES. Let M and N be von Neumann algebras. Recall that a cor-
respondence from M to N is a *-representation of N ® M°P on a Hilbert space H,
which is normal when restricted to both N = N ® 1 and M°P =1 ® M°P.

Let M be a finite von Neumann algebra with a faithful normal trace . Given
a normal completely positive map ¢ : M — M, we can use the Stinespring dila-
tion to construct a correspondence which is denoted by Hyp. Define on the linear
space Hy = M ® M a sesquilinear form (x1 ® y1,x2 @ y2)p = T(P(x5x1)y1Y53),
Vx1,y1,%2,y2 € M. It is easy to check that the complete positivity of ¢ is equiva-
lent to the positivity of (-, -)¢. Let Hy be the completion of Hy/ ~, where ~ is the
equivalence modulo the null space of (-,-)y. Then Hy is a correspondence of M
and the bimodule structure is given by x(x; ® y1)y = xx1 ® y1y. We call Hy the
correspondence of M associated to ¢, see [27].

RELATIVE AMENABILITY. Regarding correspondences as x-representations, we
can define a topology on these correspondences which is just the usual topol-
ogy on the set of equivalent classes of representations of N @ M°P. Under this
topology, we say that a correspondence H; is weakly contained in H if H; is in the
closure of Hy.

Let M be a finite von Neumann algebra with a trace 7, and let N be a von
Neumann subalgebra of M. Then the inclusion N C M is amenable if H;q is weakly
contained in HE,;, where id is the identity map from M to M and Ey is the faith-
ful normal conditional expectation from M onto N preserving trace . Popa has
given several equivalent conditions for relative amenability in 3.23 of [27] and
Proposition 5 of [24].

Here are some examples of amenable inclusions. If M is a finite von Neu-
mann algebra, then M is amenable if and only if the inclusion C1 C M is amenable.
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If N C M is an inclusion of II; factors, and the Jones index [M : N] < oo, then the
inclusion N C M is amenable. If M is a cocycle crossed product of a finite von
Neumann algebra N by a cocycle action of a discrete group G, then the inclusion
N C M is amenable if and only if G is an amenable group. If N is a finite von
Neumann algebra and G ~ N is a weakly compact action, then the inclusion
LG C N x G is amenable by Proposition 3.2 of [26].

APPROXIMATE FACTORIZATION. Let ¢ : M — M be completely positive and
ai, ..., ay, bl,...,bn € M. Define
®:M-—>M,
n
X Z bf‘lp(a;‘xaj)bj.
ij=1
Let
A=(ay - an), B=(b - by ).

Then O is completely positive by the commutativity of the diagram

M © M,

S AT

M,(C)o M

where ¢(x) = (id, @ ¢)(A*xA), ¢(y) = B*yB,x € Mand y € M,(C) @ M.

We shall say that a c.p. map © can be factored by 1 if it is of the above form,
see [23]. We shall denote by Fy the set of finite sums of such maps.

Let ¢, 9 : M — M be normal c.p. maps. That ¢ may be approximately factored
by ¢ if there is a bounded net (¢:(x)) C Fy such that for each x € M, ¢:(x)
converges to ¢(x) o-weakly for all x € M, see [23].

HAAGERUP PROPERTY. Let M be a finite von Neumann algebra with a faithful
normal trace 7. For each x € M, denote ||x||3 = T(x*x).

A finite von Neumann algebra M with a faithful normal trace T has the
Haagerup property if there exists a net (¢;);c; of normal completely positive maps
from M to M which satisfy the following conditions:

(HTogi<T;
(i) each ¢; induces a compact bounded operator on L?(M);
(iii) for every x € M, lim ||¢;(x) — x| = 0.
1

Note that a normal c.p. map ¢; : M — M with To ¢; < T can induce a
bounded linear operator on L2(M). To see this, ||¢;(x)[|3 = T(¢i(x)*¢i(x)) <
T(¢i(x*x)) < T(x*x) = | x||3. Thus ¢; can be extended to a bounded linear oper-
ator on L2(M).
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WEAK HAAGERUP PROPERTY [2I]. Let M be a von Neumann algebra with a
faithful normal trace . M has the weak Haagerup property if there exist a con-
stant C > 0 and a net (¢;);c; of normal completely bounded maps on M such
that:

@) [|¢illcy. < C for every i;
(i) (¢i(x), y)r = (x,¢i(y)) for every x,y € M;
(iii) each ¢; induces a compact bounded operator on L?(M);
(iv) for every x € M, lim ||¢;(x) — x||» = 0.
1

WEAKLY EXACT VON NEUMANN ALGEBRAS [10]. Let B be an arbitrary unital C*-
algebra and | <1 B be a non-unital closed two-sided ideal. The canonical quotient
map will be denoted by Q : B — B/].

A von Neumann algebra M is said to be weakly exact if for any ideal | < B
and any x-representation 77 : M ® B — B(H) with M ® | C kerm and 7| pec1
being normal, the induced representation 77 : M ® (B/]) — B(H) is continuous
with respect to the minimal tensor norm.

THEOREM 1.1 ([25]). Let M be a von Neumann algebra. The following conditions
are equivalent:
(i) M is weakly exact;
(if) for any finite dimensional operator system E in M, there exist two nets of u.c.p.
maps ¢; : E — My (C) and ; : ¢;(E) — M such that the net (; o ¢;);c1 converges to
idg in the point-o-weak operator topology.

REMARK 1.2. Assume that M is a finite von Neumann algebra with a trace
7. Note that the above (¢; o ¢;);c; are u.c.p. maps. Then the choice of topology
in which the net (¢; o ¢;);c; converges to the identity map on E could be one of
many topologies without affecting the results. The topologies are the point-weak
operator topology, the point-o-weak operator topology, the point-strong operator
topology and the pointwise || - ||;-norm topology.

2. APPROXIMATE FACTORIZATION OF THE IDENTITY MAP VIA
UNITAL COMPLETELY POSITIVE MAPS

As the main result of this section, we prove Proposition It is based on a
result of Mingo [23] on the relation between approximate factorization and weak
containment of correspondences.

THEOREM 2.1 ([23]]). Let M be a finite von Neumann algebra with a trace T and
let ¢, 9 : M — M be normal c.p. maps. Then @ can be approximately factored by ¢ if
and only if H, is weakly contained in Hg.

For a finite von Neumann algebra M with a faithful normal trace 7, denote
by L'(M) the completion of M with respect to the norm ||x||; = 7(|x|), x € M.
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Note that for the above normal c.p. map ¢ : M,,(C) ® N - M, wehave to¢(x) =
(tr, ® T)(hx), where tr, ® T is the normal trace on M, (C) ® N, and h is a positive
element in L' (M,,(C) ® N).

Note that the convergent topology in approximate factorization is the o-
weak operator topology. The aim of this section is to show that the normal com-
pletely positive maps ¢ and ¢ in Proposition [2.3| can be chosen to be unital, the
convergent topology can be the pointwise || - ||2-norm topology, and the positive
element & can be chosen to be invertible in M, (C) @ N.

We first need the following lemma.

LEMMA 2.2. Let M be a finite von Neumann algebra with a trace T and let N C M
be a von Neumann subalgebra. Then the inclusion N C M is amenable if and only if there
exists a net of normal c.p. maps ¢; : M — My, (C) ® N and a net of normal c.p. maps
¢i : My, (C) ® N — M such that:

I; ) li
@) cpi(x) =& (id,‘j X E)(A;ijAi]')fOTx eEM,I, 1j € N, Aij € Mlxij(M),j);l 1j =

=1
n; and E is the t;’ace preserving normal conditional expectation from M onto N;

(ii) i(y) = BiyBi fory € My;(C) @ N, Bi € My, 1 (M);

(iil) ¢; 0 @;(1) < 1;

(iv) ¢i o @i(x) — x in the || - ||2-norm topology for all x € M.

Proof. By Theorem we know that the inclusion N C M is amenable

if and only if the identity map id can be approximately factored by the normal
conditional expectation E.

n
For each element © in Fg, ©(x) = ¥ 6;(x), where
k=1

my
Gk(x) = Z bZiE(aZixakj)bkj, ki, bk] € M.
ij=1

For simplicity, we may assume n = 2. Let
Ar=(an - ), Av=(an - adom ),

B=(byn - bim bu - b )t-
Let
2
p(x) = Plidm, ® E)(AfxA;), x €M,
i—1
¥(y) =B"yB, ¥ € My, 4m,(C) ® N.

Note that ¢ and ¢ are normal completely positive maps from M to My, 4-m, (C) ®
N and My, 4-m,(C) ® N to M respectively, with ©(x) = i o ¢(x).

It is clear that Fr is a convex set and b*@(-)b € Fg forb € M, © € Fr. Then
by Lemma 2.2 of [3] and Theorem we can choose a net (0;) C Fg such that
0;(1) < 1and O;(x) — x o-weakly for all x € M.
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Let F; = {® € Fg : ©(1) < 1}. Obviously, Ff is convex. Note that for
a convex set of CP(M), where CP(M) denotes the set of c.p. maps on M, the
closure in the point-c-weak operator topology and the closure in the point-o-
strong operator topology are the same. And since Fy, is bounded, we deduce that
|©i(x) — x|l — 0 for all x € M for a net (0;) C Ff. Actually, the choice of
topology in which the net (0;) converges to the identity map on M could be one
of many topologies without affecting the results. The topologies are the point-
weak operator topology, the point-c-weak operator topology, the point-strong
operator topology and the point-wise || - [;-norm topology. 1

PROPOSITION 2.3. Let M be a finite von Neumann algebra with a trace T and let
N C M be a von Neumann subalgebra. If the inclusion N C M is amenable, then there
exists a net of normal u.c.p. maps ¢; : M — M, (C) ® N, a net of normal u.c.p. maps
¢i - My, (C) ® N — M and a net of positive invertible elements h; € My, (C) @ N such
that forall x € M,y € My, (C) ® N,

(i) ¢i o @i(x) — xin the || - ||2-norm topology;
(i) 7o ¢i(y) = (ton, ® 7) (hiy).

Proof. By Lemma there exists a net of normal c.p. maps ¢; : M —
M,,(C) ® N and a net of normal c.p. maps ¢; : My, (C) ® N — M such that
$; o Pi(x) — x in the || - ||;-norm topology for all x € M and ¢; o ;(1) < 1.

We can choose (7;), (€;) C Ry, such that7; — 1, ;¢;(1) — 0 in the operator
norm topology, and 0 < €;¢;(1) +#; < 1. Then we have §; o (1;1;(x) +¢;) — x
in the || - ||;-norm topology for all x € M and ¢; o (7;9:(1) +€;) < 1. Define
@i(x) := nipi(x) + € and @i(x) := §;(1)~"/2F;(x)$:(1) "'/, Then ¢; is a normal
u.c.p. map from M to M, (C) ® N.

Let b; = 1 — ¢; o $;(1). Since ¢; o ;(1) < 1, we have b; > 0 and b; — 0 in
the || - ||2-norm topology.

Define the linear maps ¢; : M;;,(C) ® N — M by

$i(y) = (trg, @ T) (y)b; + i (9; (1) 2y ; (1))

Then the ¢/s are normal u.c.p. maps. Since b; — 0, it follows that ¢; o ¢;(x) — x
in the || - [|[2-norm topology.

By Lemma[2.2} ¢;(y) = B;yB; fory € My,,(C) ® N, B; € My, .c1(M).

For simplicity, write n = n; and ¢; from M,,(C) ® N to M in the following
form:

b\ /vy - Y by "
$ily) = | : : b= X biyiby
by Yn1 o Ymn by b=t

where b; is in M and y = (yij)nxn is in M, (C) ® N.
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Let hj; = nb;b{ € M and put h = (hij)nxn € My(C) ® M. Then we have
h > 0and

(try @ T) (hy) = i T(%%’l’) = Z T(bbiyif) = T o §ily)-

ij=1 ij=1

Since conditional expectation preserves the trace and y is in M,,(C) ® N, we have

(trn @ T) (hy) = (tr, ® T)(EMn((C)®N(Ey)) = (trn ® T)(EMn(C)®N(E)]/)-
Note that

To ¢i(y) =T(by) (trn @ T)(y) + 7o gi(gi(1) 2y ;(1)'/?)
=(try ® T) (T(b;)y + §1(1)*Epg, ()on (1) §i(1)2y).

Let b = 7(bi) + §i(1)/?Epg, (c)on (1) @3(1)1/2. Since (1) € My(C) ® N,
h > 0and b; > 0, we have that h € M,,(C) ® N is positive and invertible. Hence,
we finish the proof. 1

3. MAIN RESULTS

In this section, we extend Proposition 3.5 of [16] to amenable inclusions in
two cases, either the subalgebra N has an atomic part and the ambient algebra M
is a II; factor or N is a II; factor.

The first case follows quite easily from Proposition 3.5 of [16], while the
second case is quite involved.

Recall that a von Neumann algebra N has an atomic part means that there
exists a nonzero projection p € N such that pNp = Cp.

THEOREM 3.1. Let M be a type 11y factor with a faithful normal tracial state T,
and let N C M be a von Neumann subalgebra having an atomic part. Let the inclusion
N C M be amenable. Let {x1,...,x,} be a finite set in M and let ¢ > 0. Then there
exists an m € N, and two normal c.p. maps S : M — My (C)@ N, T : M (C) @ N —
M, such that:

(1) S and T are unital;
(i) (fry, ®T)oS=17,To T =tr,, @ T;
(i) |T 0 S(x) — ¢lla < ek =1,...,m

Proof. Assume p is a projection in N such that pNp = Cp. By Theorem 3.23
of [27], we have that Cp C pMp is amenable, which shows that pMp is a hyper-
finite type II; factor. We can find a projection e in M such thate < p and t(e) = %
for some positive integer k. It follows that M is a hyperfinite type II; factor, since
M = M;(C) ® eMe and eMe is a hyperfinite type II; factor.

Let {x1,...,x,} be a finite set in M and let ¢ > 0. By Proposition 3.5 of
[16], there exists an m € N, and two normal u.c.p. maps S1 : M — M, (C), Ty :
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My (C) — M, such that trj, 0S1 = 7,70 Ty = try and || Ty o S1(xx) — x¢]l2 <
gk=1,...,n.

Define two normal unital c.p. maps S, from M, (C) to M,,,(C) ® N and T,
from M,;,(C) ® N to M,,(C) respectively, by

So(x) =x®1, T(y®z)=1(2)y, xyec MuC),ze M.

PutS =505, T=TioT,. ThenS: M — M (C)®N,T: M(C)® N - M
are two normal unital c.p. maps.
Note that forx € M,y € M;,(C) and z € N,

(try, @ T)(S(x)) = (tryy @ T)(S1(x) ® 1) = try 0 S1(x) = 7(x) and
toT(y®z) =toTi(yr(2)) = T(2)1(T1(y)) = (trm @ T)(y ©2).

Moreover, || T o S(x) — x||2 = ||T1 © S1(x) — x||2. Hence we finish the proof. 1

THEOREM 3.2. Let M be a finite von Neumann algebra with a faithful normal
tracial state T, and let N C M be a type I1; factor. Let the inclusion N C M be amenable.
Let {x1,...,x,} bea finite set in M and let ¢ > 0. Then there exists an m € N, and two
normal c.p. maps S : M — My (C) @ N, T : My,(C) ® N — M, such that:

(1) S and T are unital;
(i) (fry ®T)0S=T7,To T =tr,, @ T,
(iii) [|[To S(xg) —x¢l2 < e k=1,...,n.

For the sake of proving Theorem 3.2} we introduce the following definitions.
For any normal state ¢ on a von Neumann algebra M, we put

Il = ¢(%) , forx e M.

A “good” simple operator in a type II; factor means an operator with the form
n

Y. Ajej, where A; € Cand ey, ..., e, are equivalent mutually orthogonal projec-

i=1

tions with i e; = 1. A rational positive “good” simple operator is a positive “good”

simple opelraltor with rational numbers as coefficients. A “good” simple operator

hin My, (C) ® N is of “scalar form” if h = 1<)':< fii ® Aiiln, where { fij }1<i j<m are
<i<m

the matrix units in M,,(C), A;; € C and 1y is the identity operator in N.

Our strategy to prove Theorem [3.2]is to mimic Haagerup’s proof of Propo-
sition 3.5 of [16]. To use Haagerup’s techniques, we first need Lemma [3.3| and
Lemma 3.4

Using Proposition2.3]in our paper, we deduce that for any & > 0, there exist
two normal u.c.p. maps S: M — M, (C) ® N, T : M,(C) ® N — M such that for
allx € M, [[ToS(x) — x| < eand To T(x) = (tr, ® T)(hx), where & is a positive
invertible element in M, (C) ® N. Then, using a result of Kadison in [18], we can
assume 7 is of diagonal form in M, (C) ® N. In Haagerup’s situation, N = C, so
h is always of scalar form, but in general, this 1 may not be of scalar form. Note
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that in Haagerup’s assumptions, he dealt with & € M,,(C), which is of scalar
form. If N is a diffuse finite factor, then we can assume that / is a “good” simple
operator and we can also make a perturbation of / to assume its coefficients to
be rational, this is our Lemma In Lemma we amplify M, (C) ® N to
My (C) ® M, (C) ® N, and in this larger algebra, h can be written in scalar form.

LEMMA 3.3. Let M be a finite von Neumann algebra with a faithful normal trace
Tz, and let N be a type Iy factor with trace Ty. Let T : N — M be a normal u.c.p. map
such that
™o T(y) =w(yh), VyeN,
and let h be an invertible positive operator in N. Forany y1,...,y, € N and any e > 0,
there exists a normal w.c.p. map T' from N to M such that

IT(yi) = T'(yi)ll <& and TpoT'(y) = (M'y)

for1 < i< mandally € N, where h' is an invertible rational positive “good” simple
opemtor in N

Proof. Since h is an invertible positive operator in the type II; factor N, we
can identify /1 with a positive function /(t), 0 < t < 1 and assume that h(t) > ¢ >
0 for all ¢. Since N is a type II; factor, there exists a sequence of “good” simple
operators hy = hy(t) with the property that

()6 < hy(t) < h(t) forallt,0 <t < 1;
(if) lem hi(t) = h(t) for almost all LOStELS L

Assume ||h — hi||l1 < € for some ¢ > 0. Let by = bi(t) = % Then
0 < bi(t) < 1forall 0 < ¢ < 1. Note that

1
W) — () .1 e
— = — = B S —— <7 — —
11— bellr = T(1 — by) 0/ w4 glh=hdh <5, and

1
)? 2| Al
11— el = (1~ by = [ P < 200y < 2L
0

Define Ty : N — M by
Te(y) = T(by/*yb}/?) + n(y)T(1 — by), fory € N.

Then Tj is a normal u.c.p. map. Note that b, commutes with k, so for y € N, we
deduce

v o Te(y) = v o T(by2yby"?) + T (y) T (T(1 — b))
= (b 2yby/?) + 5 (y) v (h(1 = b)) = TN (L),

where by = hby + 5 (h(1 — b))l = Iy + 5 (h(1 — by))1 is an invertible positive
“good” simple operator.



118 XIAOYAN ZHOU AND JUNSHENG FANG

By the Schwarz inequality for c.p. maps, we have fory € N,

ITW)ll2 = (TG TN < (T )2 = oy )2 <RIyl

By Proposition 1.2.1 of [11], we have ||1 — bi/2||2 <1 - bk||%/2. Moreover, for

1<i<n,

ITe(yi) =T ) l2 < I T (i = b 2yibg ) 2 + len () [ T(L = be) |

k\Yi Vi)l2x Vi k yzk 2 TN \Yi k)2
<ITi=0"2) L+ 1 T((A=b?)yiby ) |2
o) ITA = b2

<Ay =b ) 2+ 11 (1= )by 2+ oy (i) 111 biel|2)
<22yl = billi” + [en i) BT = bell — .

Next we want to make a perturbation of the invertible positive “good” sim-
ple operator /1 to get rational coefficients.
Note that /1, € N is an invertible positive “good” simple operator and Ty o
T (1) = t5(h}) = 1. Let Ay, ..., Ay, be the diagonal elements of /;. Then we have
m
Ai>0and Y A; =m.
i=1
Choose rational numbers 4, ...,y such that (1 —¢)A; < q; < A;. Put
u; = % fori =1,...,m. Moreover, let s be the diagonal matrix with the diagonal

elements uy, ..., upy. Then1l—e<s<1. Define a map T’ from N to M by
T'(x) = Ti(s*2xs'/2) + 5 (2) T (1 — 5).
Then T’ is a normal u.c.p. map and
ITe(2) =T" ()| < fls" 252 — x| + |1 — s ] |12
1
= S +sY2)x(1=s12) + (1= s 2)x(1+52) || + 11— 5] 12|
<UL +s2)1L =2+ 11 = s [lx] < 3efxl.
We have
IT" =T =0 and (toT)(x)=1n(lx),
where ' = s1/2}s1/2 + 15 ((ha(1 —5)). Let Iy, ..., Ly, be the diagonal elements of
m m
I'. Note that Ty (h}s) = Y. L. Then we have |; = ¢; + (1 -y %) > 0 and is
i=1 i=1

rational.
Then for 1 <i < n, we get

IT(yi) — T'(yi)ll2 < IT(vi) — Tie(wi) ll2 + | Te(vi) — T' (i) |2 — O.

Hence we finish the proof. 1

LEMMA 3.4. Let M be a finite von Neumann algebra with a faithful normal tracial
state T, and let N C M be a type 111 factor . Let the inclusion N C M be amenable. Let
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{x1,...,%m} be a finite set in M and let ¢ > 0. Then there exists an n € N, and two
normal u.c.p. maps S : M — M,(C)® N, T : M,(C) ® N — M, such that:

(i) ToT(y) = (tr, @ T)(hy), where y,h € M,(C) ® N and h is an invertible
rational positive “good” simple operator, furthermore, it is of “scalar form”;

(i) [|ToS(x;) —xill2 <ei=1,...,m

Proof. By Proposition[2.3] for any € > 0 we can find two normal u.c.p. maps
S1: M — Muy(C)®N, Ty : My(C)®@ N — M, such that o T1(y) = (tr, ®
T)(My), ||T1 o S1(x;) — xi||2 < ¢, where 1,y € M,(C) ® N, hy is an invertible
positive operator and i = 1,...,m. By Lemma we have a normal u.c.p. map
T, : Mp(C)®@ N — M, with to T (y) = (tr, ® T)(hay), where hy,y € M, (C) @ N
and h; is an invertible rational positive “good” simple operator.

By the definition of “good” simple operators, assume hp = Z Ajej, where
i=1

{A;} are positive rational numbers and {e;} are equivalent mutually orthogonal

projections with Z e; = 1. Note that there exists a transform U of M;(C) ®
i=1
M,;,(C) ® N which turns I; ® hy into a “scalar form”. Write U(z) = vzv*, where

v,z € Mi(C) ® M, (C) ® N, vis some unitary element, and  := U (I ® hy). Then
h is an invertible rational positive “good” simple operator; furthermore, it is of
“scalar form”.

Define T = T o (try ®1idy, (c)en) © U land S = Uo (id; ® idy, (c)en) © 1/
where idy;, (c)n is the identity map on M, (C) @ N, idy is the identity map on
M (C). Ttis clear that || To S(x;) — x|l <& i=1,...,m

Letv= Y ¢;j® xj, where {¢;}1<;j<x C Mi(C) are the matrix units and
1<i,j<k

xjj € My(C) ® N. Then for a € My(C), x € M,(C) ® N, we have
TO T(a X JC) = (trn &® ‘L') (hz(trk X idMn(C)®N)LI’1(a X JC))
= (tr; ® T) (hz(tl‘k X idMn((C)®N) ( Z €jiaest ® X;-ijxst)>
(n

(
i,j,5,t
= (tr, ®T)( hy Ztrk(esia)x;‘jxxs]-)
ijs
= Ztrk e5i) (trn @ T) (haxjjxxs;),
1],
(tre @ trp @ T) (h(a @ x)) = (tr @ try @ T) (0(Ix @ h2)0" (a ® x))
= (try try, @ 7T) ( Zeis & xijhzx;‘j(a & x))
=
=Y tre(esia) (try @ ) (hox; XX)).
ij,s
Thus we have T(T(a ® x)) = (try @ tr, @ T)(h(a ® x)), where a € M (C), x €
M, (C) ® N. Let m = nk. Hence we finish the proof.
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With the help of the above two lemmas, we will mimic Lemma 3.1, Lem-
ma 3.2 of [16] to prove the following two lemmas which also generalise Lem-
ma 3.1, Lemma 3.2 of [16]. We should mention that the proofs are not trivial.
We have to overcome some new difficulties since under our assumptions we deal
with M, (C) ® N where N is a von Neumann algebra, while Haagerup dealt with
M, (C).

The difficulty of Lemmais Claim 1, i.e., S maps M into M,,(C) ® N, and
it is normal.

LEMMA 3.5. Let M be a finite von Neumann algebra with a faithful normal trace
Tand N C M be a von Neumann subalgebra. Let m € N and T be a normal w.c.p. map
from My, (C) ® N to M such that (t o T)(x) = (try, ® T)(hx), where h is an invertible
positive element in M,,(C) @ N. Put ¢(x) = to T(x), for x € M;,(C) ® N. Then

(i) There is a unique normal u.c.p. map S from M to My, (C) @ N such that
(trn © T) (128 (1) 2x") = T(yT(x)")
forally € Mand all x € M,,,(C) @ N. Moreover, p o S(y) = t(y)fory € M.
(i) Forall x € My (C) @ N, || T(x)|13 < (trm @ T) (K 2xh'/2x*).

Proof. (i) If S1, S, satisfy the condition in (i), then for y € M,

(tr @ T) (R/281 () 2x*) = (try, @ T) (128, (y)h 2x*)

for all x € M,,(C) ® N. This implies that h11/25;(y)h'/? = h'/2S,(y)h!/? and
consequently S1(y) = Sa(y) since h is invertible.
Let s be the inner product on M,,(C) ® N defined for x1, x; € M;,(C) ® N,
by s(x1,%2) = (try @ T) (K 2x1 11/ 2x5).
Note that s is positive definite because
s(x1,x2) = (try @ T) (K 4 WY/ 4) (W 42 h /) 7),
For x € M;,(C) ® N, we have

ITE)IIZ = 7(T*(x)T(x)) < T(T(x*x)) = (trm @ 7) (hx*x).

Moreover,
(tryy @ T) (hx*x) = (try, @ T) (W 2 WY/ 4p =1/ 2p1 41/ 2)
< 2| (b @ T) (B 22 WY A At/ 2)
= [|h7 V2| (tr @ T) (/2R A AR A4
<2112 (tr @ ) (Y A B AR A4
= (222

Denote by (M, (C) ® N, s) the completion of M,,,(C) ® N with respect to the
norm induced by the inner product s. Thus there exists a bounded linear map
Ty from the Hilbert space (M,,(C) ® N, s) to the Hilbert space L?>(M, T) with the
restriction to be T on M,,(C) ® N.
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Let Tj : L2(M,7) — (Mu(C) ® N, s) be the adjoint operator and let S be
the restriction of Tj to M.

Claim 1. S is a normal map which maps M into M,,(C) ® N.
Proof of Claim 1. For x € (M, (C) ® N)4,y € My,

T(yT(x)) = ©(T(x)"2yT(x)'"?) < |lyllTo T(x)
= [lyll(trm @ 7) (hx) = [ly ]| (trm @ T) (20" 2) < lyl[[1B]| (trm @ 7)(x)-

Note that for any fixed y in M, T(yT(x)) and (tr,, ® T)(x) are normal pos-
itive linear functionals on M,,(C) ® N. By Theorem 7.3.6 of [19], there exists a
positive element z in M,,(C) ® N such that 7(yT(x)) = (tr;; ® 7)(xz). Besides,
since h is invertible, we have

(tr @ T)(x2) = (try, @ T) (W20~ 220= V201 2x) = s(h =1/ 220712, %),
Forx € M;,(C)® N,y € M,

s(S5(y),x) = s(Ty (), x) = (v, To(x))r = T(yT(x")).
Then we can obtain that for x € (M,,(C) ® N)4,y € My,

s(S(y),x) = T(yT(x)) = s(h™"2h™"/?,x),

which implies S(y) = h~1/2zh~1/2 and hence S is normal. Since & and z are both
in M;;,(C) ® N, S maps all the elements of M into M;;,(C) ® N. This ends the
proof of Claim 1. &

It is clear that
(tryy @ T) (H/28 (1)1 2x*) = s(S(1),x) = T(T(x)*) = (try, @ T) (hx*),
hence S(1) = 1 since & is invertible. For y € N, we have

¢poS(y) =70ToS(y) = (trm ® T)(hS(y)) = s(S(y), 1) = t(y).

To prove that S is completely positive, we will need the fact that an operator
x in a finite von Neumann algebra B is positive if and only if 75(xy) > 0 for any
y € B4. Here, p is a faithful normal tracial state on B.

Let n € N, (¢j);,j=1,..,n be the matrix units in M,,(C). Let I, be the identity
in M, (C). Put S =1,®8, T( ") = [, ® T. We shall prove that S isa positive

n
map foralln € N. Leta = Z ejj@ajj € My(C)@ M, and b = Y ¢;®@1b;; €
ij=1 ij=1

M, (C) ® (M (C) ® N).

Then

(b0 ® (tr © 1)) (I @ 1/2)S™ (a) (In @ 1/2)*)

= (tr, ® (try, ® 1)) (( Z e,]®h1/25 (a;j h1/2>( Z ets®bst)>

ij=1 s,t=1
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_1 1/2 1/27%
—n(trm®T(,]Z;1h S(aij)h b)

n
Z“l} =

EM—\
3\»—\

21 (a;T(bf)) = (tra @ 7)(aT (b)").
L,j=

Foralla € (M,(C)® M)y and b € (M,(C) ® (My,(C) ® N))4, we have (I, ®
1/2)s() (@) (I, @ h'/?) € (My(C) ® (M (T) @ N)) since T is positive. Hence
S is a positive map.

(ii) The composed map T o S is a normal u.c.p. map from M to M and T o
(ToS) =¢oS =1 Then||ToS(x)|2 < ||x|2 using the Schwarz inequality for
c.p. maps. Hence || Ty o Tjj || < 1, where Tj is the map T considered as a linear map
from the Hilbert space (M,;(C) ® N, s) to L>(N, 7). Thus || Tp||> = || Too T§|| < 1,
ie |T(x)]3 <s(x x) = (trn @ ) (W/2xh1/2x*), x € Myy(C) @ N. ¥

To prove Lemma we first use the same method as Haagerup did to
prove Step 1. The difficulty in our proof is Step 2. In Haagerup’s proof, he first
constructed a u.c.p. map T : M;;(C) — M,;(C) which is Step 1 in our proof, then
he used Lemma 3.1 of [16] to get a u.c.p. map S : M;(C) — M, (C). Since this
S is defined abstractly, to estimate S o T(e;;), he used the fact that x € M, (C) is
determined once we know try, (xe;;) for all the matrix units {e;; }1<; j<m in M (C).
However in our situation, this method does not work. Instead, to prove Step 2,
we directly construct a normal u.c.p. map S : M;(C) ® N — M,;,(C) ® N such
that for x;; € N, S o T(e;; ® x;;) can be estimated.

LEMMA 3.6. Let M be a finite von Neumann algebra with a faithful normal trace
Tand let N C M be a von Neumann subalgebra. Let ¢ be a normal state on M,,(C) ® N
of the form

¢(x) = (trm @ T)(hx),

where h is an invertible rational positive “good” simple operator, and it is of “scalar
form” in M;,(C) ® N. Then there exists a q € N, and two normal u.c.p. maps T :
My (C)®@ N — My(C)® N, S: My(C) ® N = My, (C) ® N such that:
(i)¢oS=trq®T (try@7)oT = ¢y
(i) ||S o T(x) — x||4) |hY/2x — xh'/2||5,x € My, (C) @ N.

Proof. Step 1. There exists a normal unital completely positive map T :
My (C) ® N = M;(C) ® N such that (tr; @ 7) o T = ¢.

Proof of Step 1. Assume F is of the diagonal form with diagonal elements
A, ..., Am, where )\fs are strictly positive rational numbers. Then we can choose

positive integers p1,..., pm and g such that % = %,i = 1,...,m. Since (try, ®

T)(h) =1, we have El pi=4q.
=
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A g x g-matrix y can be represented by a block matrix y = (¥ij)i j=1,..,ms
where each y;j is a p; X pj-matrix. Let F;; denote the p; x p;-matrix given by

1 ifk=1,
(Fij)k1 = .
0 ifk#£1,

and let f;; denote the g x g-matrix with block matrix

) E; it (@) = (i),
(fl] )1/] T {0 otherwise.

Note that the number 1 occurs min{p;, p;} times in F; and f;;. Let (e;;);j—1,..m
be the matrix units in M, (C) and define a linear map T from M,,(C) @ N to

m m
M;(C) ® N by T( i]gl €jj ® xi]') = i];l fij ® xij, xjj € N. Then T is unital. More-
over, for i # j, we have

(trg @ T)(T(ej; ® x;)) = (trg @ T)(fij @ x37) = (trm @ T) (h(ejj @ x;5)) =0,
(trg @ T)(T(ei; ® x3)) = trg(fii) T(xii) = %T(xii) = (try @ T) (h(eii @ xij)).

Hence, (tr; ® T) o T(x) = (try @ 7)(hx) = ¢(x),x € M;(C) ® N. To see that
T is completely positive, put p = max{p1,..., pn} and let ﬁ]- be the element in
Mp(C) given by the m x m-block matrix

0 otherwise.
Here I, is the p X p-unit matrix. The map T from M, (C) ® N to Mup(C) @ N
~ m m <
by T( Y 6 ® xij> = ) fij ® xjj, xjj € N, is a x-representation and therefore
ij=1 ij=1

completely positive. It is not difficult to see that there exists a projection e in
Myp(C) ® N such that e(M;p(C) ® N)e = My(C) ® N and T(x) = eT(x)e,x €
M;u(C) ® N. Hence T is normal and completely positive. This ends the proof of
Step1. 1

Step 2. There is a normal u.c.p. map S : My(C) ® N — My (C) ® N such
that oS = tr; @ Tand So T(e;; ® x;;) = %eij ® xjj.
Proof of Step 2. For any s,t € N, define a linear map D from M;(C) ® N to
N by
min{s,t}
D( Y, e hij) = ) hi
1<i<s 1<j<t i=1

where (I;j)1<i<s1<j<¢ is the matrix units in Ms»(C) and I;; is in N for any 1 <

’

m
<5, 1< j <t Let (kst)si=1,..,4 be the matrix units in My (C). Forx = Y e;®
ij=1
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xjj € Mu(C)® N,y = Z kij®@yij € My(C) @ N, define a linear map S’ from
ij=1
M,;(C) ® N to M, (C) ® N by

€;i Q@ ——
9= L9

For1<i,j<m,puta;= ﬁD(fiiyfjj) and pg = 0, then

(fzz}/f]])

1 min{p;,p;}

faij = b ) Ypitpotetpiatkpitprttpj itk

Note that

(try @ T) (W28 (y)H/2x") = (try @ T (( Z e ® \/ﬁa,]) (klfl ek ® x;gl))
_5 (W ;) 5" (VP

ij=1 ij=1 q
m min{p;,p;}

*
T(yﬁl +pot.Hpic1thpi+pat+pioa +kxij)

I
g

ij=1 k=1 q
min{p;,p;}
Note that f;; = kzl kP1+P2+"‘+pi—l+krp1+p2+“'+l7j—1+k’ then we have
(trg @ T) (yT(x)")
9 m
= (g2 ) (X ke @yst) (X fi @)
s,t=1 ij=1

m
=)
j=1

ij=

q
Y (trg ® 7) (kst fji @ ysexcsy)
s, t=1
m min{pip;} ¢

Y. Y X tl‘q(kstkP1+P2+--<+Pj71+k,P1+P2+-“+Pi—1*k) ° T(yStx?f)
ij=1 k=1 st=1

i min{p;,p;} T(ypl+p2+---+Pi71+k,P1+P2+'"+Pj71+kx?j)
ij=1

k=1 q

By Lemma there exists a unique normal u.c.p. map S from M,;(C) ® N
to M;,,(C) ® N such that for x € M;,(C) ® N,y € My(C) ® N,

(trm @ T) (W28 () 2x") = (trg @ T) (yT(x)*),
so it follows that S = S’ and po S = tr; @ 7.
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1 f— .. .. 1 1H / f—
Since T'(e;; ® xjj) = fij @ xjj, by the definition of S’ = S we have

min{p;, p;}
VAT

So T(ei]- ® xl-]-) = €jj & Xjj.

This ends the proof of Step 2. &

Now we check that ||So T(x) — foP |[h/2x — xh'/2||5,x € Mu(C) © N.

For any x = Z xjj @ ejj € M (C) ® N,
l]—

(Il5)? = (Y = () (M

2
1 1o )
ey Z A+ ANl = 5 3 (pi+ w15
j=1 qzjzl

m i i 2
Hence (IS0 T(x) = ¥[)* = 4 X (pi+ ) (1 - ey P
If p; < pj,

(1_W>2:<1_(Z;>1/2> ; (p/2— le/z) plip (p/2- p]l/Z)

By symmetry, the formula also holds for p; < p;. Hence

—_

(IS o T(x) = x[|5)? < 2@3“ R B 2
q ij=1
On the other hand, the (i, j)-th element of the matrix h'/2x — xh!/? is (/\}/ 2_
)\]l./z)xij. Thus

1 & 12 a1 2)2 1S 12 12y
12 — xn1/2|)3 = " E (A2 = A1) |x;]13 = p Y. (P12 = pi 2l I3-
=1 i,j=1

Then we finish the proof. 1

With the help of the above four lemmas, we now proceed to prove The-
orem Actually, the proof of Theorem [3.2]is adapted from Lemma 3.4 and
Proposition 3.5 of [16]. For the reader’s convenience, we include the proof below.

Proof of Theorem[3.2} It is sufficient to consider unitary operators uy, ..., uy
€ M.

Claim 1. There exists a ¢ € N, a normal u.c.p. map T from M,;(C) ® N to M,
and n operators y1, ...,y € My(C) ® N, such that ||y;|| <1, 70T = tr; ® T and
IT(ye) —ugllz <ek=1,...,n
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Proof of Claim 1. Lete > 0. By Lemmal[3.4} there exists an m € N, and normal
uwcp.maps S : M — My (C)®@ Nand Ty : M;,(C) ® N — M such that || Ty o
S1(ug) —uglla < ek =1,...,n,and To Ty(x) = (try, ® T)(hx), where h is an
invertible rational positive “good” simple operator, which is of scalar form. Put
xp = S1(ug), k=1,...,n. Note that ||x;|| < 1and

ITi(xx) —wella <&, k=1,...,n

Put ¢(x) = (try ® 7)(hx),x € My (C) ® N. By Lemma 3.6} there exists a
7 € N,normal u.c.p. maps T> : M, (C) @ N — M;(C)® Nand S; : My(C)@N —

My (C) ® NsuchthatdpoSy = tr; @7, (tr; ® T) 0o To = ¢, and [|Sp 0 To(x) fx||3p <
|h1/2x — xh1/2||2,x € M, (C)®N.
Fork =1,.

|12, xkh1/2||2 (try @ T) (hagxy 4 hxfxg — 20 221 2x)
= @(xexi) + P(xixe) — 2(trm © ) (W 2k )
<2 = 2(try @ T) (Y 22101 2x7).
By Lemma 3.5[ii),
(trn®T) (B 22eh'22) 2 | Ta (i) 13> (il = [l =T () [12)* > (1) > 1 2e.
Then we have ||Sz o To(x;) — kaSb < 2¢1/2,
Putyy = To(xx),k=1,...,nand T = Ty 0 Sp. Then T is a normal u.c.p. map
suchthat ToT = (toTj)oS; =¢poS, =tr; @ T.
By the Schwarz inequality for c.p. maps, we have for x € M,,(C) ® N,
1 * *
1Ty ()13 < S(Ta(x"x) + Ta(xx")) = (|lx)*
Note that
IT(0) = Ta ()l = 1T (Sa (i) — x6) 2 < 11S2(w) — xellf < 2€1/2.
Then we have || T (yi)—u |2 <3¢/, k=1,...,n. This ends the proof of Claim 1.

By Lemma 3.5(i), there is a unique normal u.c.p. map S from M to My(C) ®
N such that (tr; ® 7)(S(y)x*) = T(yT(x)*), fory € M, x € My(C) ® N, and
(tr;®T)0S =1,

Note that
IT(x)[5 < T(T(x*x)) = (trg ® 7)(x*x) = ||x]|2.
Similarly we get [[S(y)[l2 < [lyl2 ¥y € M.
Fork=1,...,n,

|(trg © T) (S (u)yi)| = [T (T (yi) )| = [T(1) = Tt (e = T(wi))")|

> 1— |lugllollug — T(yx)[l2 > 1 —3€"/2,
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* 1 * *

Im (i T(ye)") = 5|7 (uT(yx)*) — (i T(yi) )|

1 * *

= S1T(u(T(yx) = ue)") = T(ue(T(yx) — ur))]

<) — uill2 < 32

Then we conclude that Re T(u; T (yx)*) > /(1 — 3e1/2)2 — (3¢1/2)2 > 1 — 6¢1/2.

Thus, we obtain that
1 () = yell3 = IS () 13 + llyell3 — 2Re (trg @ 7) (S (i) )
<2-2(1—6e/2) =12¢1/2,

Hence,
IT 0 S(u) — uglla = IT(S(ue) = yie)ll2 + 1T (wi) — well2 < 4€/* +3¢1/%.

4. PERMANENCE PROPERTIES FOR AMENABLE INCLUSIONS

In this section, we apply our main theorems to study permanence properties
for amenable inclusions.

HAAGERUP PROPERTY. In [17], it was shown that if the basic construction (M, ey)
is a finite von Neumann algebra and N has the Haagerup property, then M
also has the Haagerup property. Anantharaman-Delaroche [5] showed that if
LH CLG is an amenable inclusion of group von Neumann algebras and LH has
the Haagerup property, then LG also has the Haagerup property. In [28], Popa
asked if the inclusion of finite von Neumann algebras N C M is amenable, and
N has the Haagerup property, does M also have the Haagerup property? Bannon
and Fang settled the question in the affirmative in [7]. Their proof is based on an
equivalent characterization of the Haagerup property using correspondences.

Since the definition of the Haagerup property involves normal c.p. maps, it
is natural to expect a proof using normal c.p. maps rather than correspondences.
As an application of our main results, we can give such a proof of certain cases of
Bannon-Fang's result.

COROLLARY 4.1. Let M be a finite von Neumann algebra (respectively, a type
II; factor) with a faithful normal tracial state T, and let N C M be a type 11y factor
(respectively, N have an atomic part). If the inclusion N C M is amenable and N has the
Haagerup property, then M also has the Haagerup property.

Proof. Let {x1,...,x,} be a finite set in M and let ¢ > 0. By Theorem
(respectively, Theorem [3.1)), there exists an m € N, and normal u.c.p. maps
S:M— My(C)®N,T: Mu(C)®N — M, such that (tr,, ® T) oS = 7,70 T =
tr, @ Tand || T o S(x;) — xi|l2 < & i =1,...,n. Since N has the Haagerup prop-
erty, we can find a normal c.p. map L : M;;(C) ® N — M,;,(C) ® N, such that
(trm @ T)o L < tryy @ T, ||L(S(x;:)) — S(xi)|2 < & i=1,...,n and L induces a
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compact bounded operator on L2(M). It is easy to check that T o L o S satisfies the
subtracial condition o To Lo S < 7, and it induces a compact bounded operator
on L?(M). Moreover, we have

HTOLOS(XZ') — xin = ||TOLOS(JC1‘) — TOS(XZ') + ToS(xi) — xin
<ATIIL o S(xi) = S(xi)ll2 + IT o S(x;) — xil[2 < 2e.

Let A = {(E,¢) : Eisa finite subsetin M and ¢ > 0}. For (E,¢), (F,¢e) €
A, define (E,e) < (F,e)if E C Fand ¢ > €. Then A is a directed set. Thus
wabe))

(ToLoSiy,, ({x,xn 1 o) €A 18 the net which proves the corollary. &

WEAK EXACTNESS. The theory of exact C*-algebras was introduced and studied
intensively by Kirchberg. It has been playing a significant role in the develop-
ment of C*-algebras, e.g. in the classification of C*-algebras (see [20], [29]) and in
the theory of noncommutative topological entropy (see [9], [31], [32]). Hence it
is natural to explore an analogue of this notion for von Neumann algebras. The
concept of weakly exact von Neumann algebras was also introduced by Kirch-
berg [20]. He proved that a von Neumann algebra M is weakly exact if it contains
a dense weakly exact C*-algebra. Ozawa in [25] gave a local characterization of
weak exactness and proved that a discrete group is exact if and only if its group
von Neumann algebra is weakly exact. Weak exactness also passes to a von Neu-
mann subalgebra which is the range of a normal conditional expectation. Hence,
every von Neumann subalgebra of a weakly exact finite von Neumann algebra is
again weakly exact. It is left open whether the ultrapower R of the hyperfinite
type II; factor R is weakly exact or not. For more details and results on weak
exactness, we refer the reader to [10], [25].

As the second application of our main results Theorem 3.2]and Theorem 3.1}
we prove a permanence result for weak exactness.

COROLLARY 4.2. Let M be a finite von Neumann algebra (respectively, a type
II; factor) with a faithful normal tracial state T, and let N C M be a type 11y factor
(respectively, N have an atomic part). If the inclusion N C M is amenable and N is
weakly exact, then M is also weakly exact.

Proof. Let E be a finite dimensional operator system in M. Since the in-
clusion N C M is amenable, by Theorem [3.2] (respectively, Theorem [3.T), there
exist two nets of trace preserving normal u.c.p. maps S; : M — M;,(C) ® N and
T; : M;,(C) ® N — M, such that for all x € M, T; 0 S;(x) — x in the || - [|o-
norm topology. By Corollary 14.1.5 of [10], M;,(C) ® N is weakly exact. Note
that S;(E) C E for some finite-dimensional operator system E in M, (C) ® N. By
p- 2 of [25] and Remark (1.2} there exist two nets of u.c.p. maps S} : E — My, (C)
and T]’ : S;(E) — M;,(C) ® N such that the net (T], o S;) converges to idz in the
point-wise || - ||2-norm topology. For x € E, we have

IT; 0 T 08; 0 Si(x) = xll2 < | Ti(T; 0 S; 0 Si(x) = Si(x)) 2 + || Ti o Si(x) — x|l2
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<|ITj 08} 0 Si(x) = Si(x) ]2 + || T3 0 Si(x) — x[[2 — 0.

The second inequality follows from the fact that T; is a trace preserving u.c.p.
map. Thus (S; o S;) and (T], o T;) are two nets of u.c.p. maps witnessing the weak
exactness of M. 1

WEAK HAAGERUP PROPERTY. Knudby [21] introduced the weak Haagerup prop-
erty for both locally compact groups and finite von Neumann algebras. He proved
that a discrete group has the weak Haagerup property if and only if its group von
Neumann algebra does and several hereditary results for the weak Haagerup
property. We should mention that the weak Haagerup property of a von Neu-
mann algebra does not depend on the choice of faithful normal traces by Propo-
sition 8.4 of [21], hence we omit the mention of the trace below.

Note that the weak Haagerup property requires normal completely bounded
maps. Our main results give a description of relative amenability using normal
unital completely positive maps, which are naturally completely bounded. Thus,
as the third application of our main results, we add one more permanence prop-
erty.

COROLLARY 4.3. Let M be a finite von Neumann algebra (respectively, a type
II; factor) with a faithful normal tracial state T, and let N C M be a type 1I; factor
(respectively, N have an atomic part). If the inclusion N C M is amenable and N has the
weak Haagerup property, then M also has the weak Haagerup property.

Proof. Let {x1,...,x,} be a finite set in the unit ball of M and let ¢ > 0. By
Theorem (respectively, Theorem , there exists an m € N, and two normal
ucp.mapsS: M — My (C)®N, T : My (C)®N — M, such that (tr,, ® T) 0 S =
T, 70T =try®Tand ||[ToS(xx) — x¢|2 < &,k =1,...,n. By Lemma 2.5 of [6],
there exist two normal u.c.p. maps S’ : M,(C)® N - Mand T" : M — M,,(C) ®
N such that (S(x),a),,or = (x,5(a))r and (T(a),y)r = (4, T (¥))tr, e for all
x,y € Mand a € M,;,(C) ® N. Since N has the weak Haagerup property, there
exists a constant C > 0 and a normal completely bounded map L on M;,(C) ® N
with ||L||cp. < Csuch that (L(a), b)w,,or = {(a, L(b))t,,or fora,b € M, (C)®N, L
induces a compact bounded map on L?(M,,(C) ® N), and fori,j =1,...,n,|(Lo
S(xi) = S(x;), T'(x)))tepr| < & (Lo T (x;) — T'(x;),S(xj)) 0| < € following
from Remark 7.5 of [21]].

Define T = 1(ToLoS+S"oLoT). Itisclear that T is a normal completely
bounded map with ||T||cp. < C, since T, T’, S, S" are normal u.c.p. maps and L is
a normal completely bounded map with ||L||.}. < C.

We check that (T(x),y)r = (x, T(y))+ for x,y € M. Note that

(ToLoS(x),y)r=(LoS(x), T'(y))ruer =(S(x), LoT'(y))r,0r ={x,S'0LoT' (y)).

Clearly, this implies (T(x),y)r = (x, T(y))¢ for x,y € M. It is easy to see that T
induces a compact operator on L?(M), since L induces a compact operator.
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We check that |(Tx; — xi,xj)r| < 2efori,j=1,...,n Since ||ToS(x;) —
xi|l2 < e and x; is in the unit ball of M, it follows that [(T o S(x;) — x;, x)<| < ¢,
fori,j=1,...,n.

Thus we have

[(T o LoS(x;) — xi, xj)<|

= [(LoS(x;), T'(xj))trpeor — (Xi, Xj)7]

< Lo S(x;) = S(xi), T (%) trmer + (S(xi), T' (%)) ey — (X3, Xj)| < 2e.
Similarly,

[(S"oL o T'(x;) — xi, ;)<

= (Lo T'(x:), S(x}))trper — (xi, %)) 7|
< (Lo T'(xi) = T'(x:), S (%)) Vtreor + (T' (%), S(X) ey — (xi, xj)| < 2e.

Let A = {(E,¢) : E is a finite subset in the unit ball of M and ¢ > 0}. For (E,¢),
(F,e) € A, define (E,¢) < (F,e)if E C Fand ¢ > €. Then Ais a directed set. Thus
(T({x1,...0a}.€)) ({x1,...xn},¢)e 18 the net which proves the corollary. 1

CONCLUSION REMARK. Recall that a type II; factor M with a trace 7 is said to
have property I if, given any € > 0 and x1,...,x,; € M, there exists a trace zero
unitary u € M such that ||ux; — x;ulj2 < ¢, 1 < i < n. In Problem 3.3.2 of [27],
Popa asked, if N C M are type II; factors with trace 7, the inclusion N C M
is amenable, and N has property I', does this imply that M has property I'? In
[2], Bédos proved that if G is a discrete amenable group with a free action « on a
von Neumann algebra N and N has property I', then M := N X, G has property
I'. We tried to use our Theorem [3.2|to attack this problem, but did not succeed.
The reason is as follows. Following the above ideas, assume x1, ..., X, are finite
elements in the unit ball of M. By Theorem for any ¢ > 0, there exists an
m € N, and two normal u.c.p. maps S: M — M;,(C)® N, T : M;,(C) ® N — M,
such that (tr,, ® T) oS =7, 70T =tr,®@Tand ||[ToS(xg) —x¢|l2 < e,k =1,...,n.
Since N has property I', we can find a unitary operator # € M;;(C) ® N with
(try ® T) (%) = 0 such that ||S(x;)u — uS(x;)|2 < e. It follows that || T(S(x;)u —
uS(x;))|l2 < eand To T(%) = (trj, ® T)(4) = 0, since T is a trace preserving
normal u.c.p map. Then, we run into two problems. One is that this normal
u.c.p. map T is not a homomorphism on the algebra M,,(C) ® N. If so, then we
would have ||x;T (i) — T(i)x;]]2 < 2¢,1 < i< nand toT(if) =0, but we do not
know this T(i) is a unitary operator or not, or it can be approximated by trace
zero unitaries in M.
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