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ABSTRACT. For a semi-finite von Neumann algebra A, we study the case of
equality in Young’s inequality of s-numbers for a pair of T-measurable oper-
ators a,b, and we prove that equality is only possible if |a|P = |b|7. We also
extend the result to unbounded operators affiliated with A, and relate this
problem with other symmetric norm Young inequalities.
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1. INTRODUCTION

The well-known inequality, valid for p > 1and 1/p +1/g = 1, named after
W.H. Young, is usually stated as

1 1
afp < —af + = pI
B ? qﬁ

for any o, B € R, with equality if and only if a? = p1.

In this paper, we establish an analogue for the case of equality in the setting
of operators affiliated to semi-finite von Neumann algebras. For more references
and further discussion on the subject of Young’s inequality for matrices and op-
erators, we refer the reader to [2] for the proof for compact, trace class operators,
and to [14] where the proof is given for the case of compact operators in B(H),
the discrete (or atomic measure) case, of this fact. We also remark that it was the
fundamental paper by T. Ando [1]] which initiated the study of Young's inequality
for the singular values of n x n matrices.

The emphasis in this paper is in the measure theoretic approach to oper-
ators affiliated with a semi-finite von Neumann algebra, since the approach by
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induction used in [14] is not at hand. The inequality for s-numbers of operators
a, b affiliated with a semi-finite von Neuman algebra A, is stated as

. 1 1
(1.1) ns(ab*) < ‘us(? al? + b7), s>0

and extended here to unbounded operators; we are interested in the case of equal-
ity.

We remark that this result includes all semi-finite von Neumann algebras A,
since by a standard tensor product technique ([9], p. 286) we can always embed
A into the diffuse algebra A ® 2% ([0, 1], dt) without altering the s-numbers.

This paper is organized as follows: Section 2 presents the general facts about
s-numbers recalling the well-known and establishing some simple lemmas used
later. Section 3 deals with some simplifications and reductions of the problem
to deal with it in full generality. Section 4, after certain technical propositions,
contains the main result of this paper, Theorem which states that equality
holds for all s-numbers in ifand only if |a|P = |b]7, or equivalently, if equality
of norms

Jablle = |15 a7 + 2 101,

holds for some strictly increasing symmetric norm || - ||g (definition given in Sec-
tion 4.1, just before the main theorem).

2. SINGULAR NUMBERS IN VON NEUMANN ALGEBRAS

In this paper A stands for a finite or semi-finite von Neumann algebra with
faithful normal trace T, which when convenient we will assume represented in a
complex Hilbert space H. The set of (self-adjoint) projections in .A will be denoted
by P(A).

We consider the topology of convergence in measure in A: a neighbourhood
of 0 is given by

V(e,d) ={xe A:Ip € P(A) such that t(1 — p) < d and ||xp| < €}.

We will denote by A the completion in measure of A, therefore A is the ring of
T-measurable operators affiliated with A.

If x is a closed, densely defined operator and B C R is a Borelian set, we
denote p*(B) = xp(|x]). Let p*(s,+00) = X(s+o0)(|x|) denote the range projec-
tions of x. Then from the very definition of A, if a € A the number (p?(s, +0))
is eventually finite, and moreover 7(p*(s, +o0)) — 0 when s — oo.

Hence if the polar decomposition of a closed densely defined operator a
is a = ula|, we have a € A if and only if the partial isometry u € A, and all
the spectral projections p*(B) = xp(|a|) are in A (in particular |a|P € A for all
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1 < p < oo, see for instance Nelson’s paper [17], Section 3, and the paragraph
before it).

We remark that in the atomic case, convergence in measure reduces to the
norm topology, therefore A = A in that case.

2.1. s-NUMBERS. For x € A and s > 0, we denote the s-th singular number of x
by pis(x):
s(x) = inf{]| 2] pl| : p € P(A) with T(1 - p) <s}.
The standard reference on the subject of s-numbers is the paper by Fack and
Kosaki [9].
We remark that sli%h is(x) = || x| including the posibility of +co when x is

unbounded.
We comment here on some useful characterizations (Proposition 3.1 in [11]
and Proposition 2.2, Lemma 2.5, Proposition 3.1 in [9]).

(o) The variational (min-max) characterization:

2.1) ps(x)= inf su x¢, )=  su
Fsl) PEP(A)rT(lP)gs[gel{an(p)p,“ff—l >} pGP(A),}?r(p)gs{§ERan(p)/|

inf [|x¢]l|.
';U =1 }

(e) The distribution characterization: if p*(s, +00) = X(s 4.c0)(|X|) denote the
range projections of |x|, then

pe(x) = min{s > 0: 7(p*(s, +0)) < t}.

(e) For x € A, the following are equivalent:
() T(p*(t,+00)) < +ooforall t > 0;
(ii) tlgg ui(x) — 0;
(iii) there exists a sequence of bounded operators x, € .Z"(A) such that
Xp — x in the measure topology.

REMARK 2.1. If any of (i)—(iii) in the last characterization is fulfilled, we say
that x is T-compact; these operators form a complete bilateral ideal in .4 that we

will denote by .# (A); note that a T-compact operator is not necessarily bounded.
We will denote with .# (A) " the positive (x > 0) T-compact operators.

In the atomic case (when A = B(H)), we recover the ordinary compact
operators (). If {Ax(x)}xen, denotes the usual singular values of x (i.e. the
eigenvalues of |x|), and we arrange them in a right-continuous decreasing func-
tion which is constant on [k, k + 1), then we obtain the distribution function p;(x)
as follows:

ps(¥) = ) Ak Xk ()
keNy

In this lemma we collect some other known facts on s-numbers that we will
use later.
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LEMMA 2.2. Letx,y € A, a,b € A. Then for each s > 0,
(@) ps(xay) < x|l lyllps(a), and if a < b then ps(a) < ps(b);
(ii) ps(lab*]) = ps(| [al [b] |);
(iii) ps+t(a+b) < ps(a) + pue(b), s, t = 0;
(iv)ifp e P(A) then ys(ap) = 0foreach s > t(p);

(V)T |a f]/ls
(vi)ifa,b > O ae #(A),ab=0and us(a+b) = pus(a) forall s > 0, then b = 0.

Proof. The first assertion is a consequence of the min-max characterization
of the s-numbers. To prove the second, note that if b = v|b| is the polar decom-
position of b, a straightforward computation using the functional calculus shows
that

jab”| = vl[al [b][v* and |[a[ [b][ = v*[ab"|v.
Then by the first item we obtain us(|ab*|) = us(||al|b||). The proof of the third,
fourth and fifth assertion is due to Fack and Kosaki and can be found in their orig-
inal paper ([9], Lemmas 2.5, 2.6 and Proposition 2.7). The final assertion seems
evident, but requires some proof though. For t > 0, let p®[t, +0) = x|} 1) () be
the spectral projections of 4, and likewise for b,a + b. Then ps(a+ b) = ps(a) for
all s > 0 implies (since a is T-compact and ab = 0) that

T(p"(t, +00)) = T(p" (¢, +00)) = T(p"(t, +-00)) + T(p"(t, +00))

for all t > 0 (cf. Corollary 2.9 of [9]). Therefore T(p’(t, +c0)) = 0 for all t > 0,
implyingb =0. 1

3. DIFFUSE ALGEBRAS

Recall that an algebra is diffuse if it has no minimal projections. Following
Fack and Kosaki ([9], p. 286) we can always embed A into the diffuse algebra
A ® £%([0,1],dt) without altering the s-numbers. Then, the following remark
(9], Lemma 2.1) will be useful later.

REMARK 3.1. If A is diffuse and x > 0 is T-measurable, then for each t > 0
sup{(xp) : p € P(A), T(p) <t} = [ ps(x)ds
0

3.1. COMPLETE FLAGS. If 0 < x € #(A) and A is a diffuse von Neumann al-
gebra, there exists an increasing assignment R>g > t +— ¢; € P(A) (es < e for
s < t)such that T(e;) =t forall t > 0 and

X = /ooys(x)de(s)
0
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Note the analogy with the atomic case, where x = Y. Ay(x)py with py the projec-
keN

tion to the Ay eigenspace of x, and we assume the eigenvalues are arranged in decrasing
order.

Since ¢g = 0, we denote e(s,t) = e; —es for s < t € Ry and since A is
diffuse,

er —es =e(s, t) =e[s, t) =e(s, t] =e[s, t].

The spectral resolution {e; };>¢ is called a complete flag for x; for more details on
this useful constructions in diffuse semi-finite algebras, we refer the reader to the
papers [3], [4] by Argerami and Massey. In particular, for each t > 0,

t

/ys(x)ds = 7(xey).

0

3.2. EQUALITY OF SINGULAR NUMBERS, T-COMPACT OPERATORS. Let (A, T) be
a semi-finite von Neumann algebra with semi-finite trace (t(1) = +oo here). In
Theorem 1 of [10] Farenick and Manjegani proved the remarkable Young's in-
equality for the s-snumbers: if p >1,1/p+1/g=1,and a,b € A, then

(3.1) ns(ab*) < ( jal? + — |b|‘7)

for all s > 0. We now extend the inequality and the conjecture to unbounded
operators.

THEOREM 3.2. Leta,b € A, then for each s > 0
(32) ps(ab") < ys( al? + - w)

Proof. Let a = ula|, b = v|b| be the polar decompositions of a,b. Approx-
imating |a|, |b| in measure from below with bounded operators x,,y, > 0, we
have for each s > 0

,us(xn]/n) < Ms (’17 x;’j + ;yZ) ( |a|P + = |b|61)

by applied to the pair x,,y, and Lemma [2.2] HQ. Since x, < |a|, yn < |1, itis
easy to check that |x,y,| < ||a||b]|; since |ab*| = v||a| |b] |v*, then us(xnyn) <
s (ab*). Since x,y, converges in measure to |a| |b|, then by Lemma 3.4 of [9],

lim pis (xnyn) = ps(ab”)
for each s > 0, proving the claim. 1

The purpose of this paper is to attack the following conjecture.
Let p,qg > 1with1/p+1/g = 1. Does

(3:3) olab®) = ( jal? 4+~ |b|4)
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forall's > 0 imply |a|P = |b|7?

REMARK 3.3. If the algebra A is atomic, we have already answered in the
affirmative the conjecture in Theorem 2.12 of [14]. There, we used the existence
of eigenvectors for each non-trivial eigenvalue. In this paper we will be dealing
with the continuous case (that contains the previous one, see Section , using
continuous techniques.

3.3. SOME RESTRICTIONS AND SIMPLIFICATIONS. To make sense out of the con-
jecture (8.3), we should ask for a complete description of an operator in terms of
its s-numbers. We therefore think that it is natural to confine the conjecture to the
ideal .# (A) of T-compact operators (Remark .

In fact, it is known that for x € 7 (A) T,
o(x) = clos{ps(x) : s > 0}

(see Theorem 4.10 of [19]). On the other hand, if e, f are disjoint and infinite
projections (t(e) = T(f) = o0), taking x = e+ (1/2) f shows that o(x) = {1/2,1}
while ys(x) = 1forall s > 0, therefore it is hopeless to recover x from the data in
ps(x).

Exchanging a with b, we can always assume that 1 < p < 2. Since As =
us(lab*|) = us(|al |b|), we can safely assume that a,b > 0. Moreover, we can
assume (see Section [3) that A is diffuse and there exist complete flags e, q; €
P(A) (t >0, t(er) = T(g¢) = t) such that

(3.4) |ab| :/Asde(s) and laulbﬂ:/Asdq(s),
0 P 1 0

since a,b € #(A)" and T-compact operators form a (closed in measure) ideal
of A.

Our arguments will be based on continuous majorization. We are therefore
interested in those operators that are locally integrable. More precisely, let 1 <
p < o0, let x € A and assume that there exists 6 > 0 such that

)
/ys(x)pds < o
0

(hence the integral is finite for all finite § > 0). We will denote the set containing
all these operators by .#" (A) C A. Note that in particular, all bounded opera-

loc
tors a € A are of this class. Moreover,

)

0
[ ms)7ds > () [ s)ds
0 0

shows that £ (A) C #L (A) foreachp > 1.
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LEMMA 34. Leta € Aand p > 1. Thena € me( ) if and only if a €

ZLP(A) + A, and in that case the decomposition can be taken as follows for some r > 0:
(3.5) a = ap”(r,+o0) +ap®[0,7].

Proof. By polar decomposition, it suffices to consider 2 > 0. Note that
ap®[0,r] < r € Aand since a € A, eventually 7(p?(r, +00)) < oo for some r > 0.
Likewise, for p > 1,

af = aPp”(r, +o00) + af p*[0,7].
These expressions imply the following (see Proposition 1.2 of [12]):
a’ € L (A) & aP € LY(A) + A< Ir > 0such that a p(r, +o0) € L1(A).

Note that then ap®(r,+o0) € £ (A) for the same r, therefore a € ZP(A)+ A
by (.5). On the other hand, if a = I + m € £7(A) + A, then taking f(x) = x?
which is continuous, convex and increasing in [0, +0),

t

[ mstayds = [ st myrds < [ (us(0) + pus(m))Pds
0 0

0
by Lemma 4.4(iii) of [9]. Therefore for any ¢t > 0

(/tﬂs(ﬂ)Pds)l/P . (/t(ys(l) +Pls(m))pd5>1/p
0

0
t /p
< (/y ’”ds /ys ’”ds
0
! 1/p
< ([ ustvyrds) "+ e/ < eo
0

by the classical Minkowski inequality, therefore a € .le (A). Take r = py(a), and
note that for all s > 0,

us(a) 0<s<t,
0 s>t

ps(ap®(r, +00)) = {

therefore (3.5) gives the stated decomposition. I

4. MAIN RESULTS

We start by examining the ranges of 4, b. Throughout, p, q are positive with
1/p+1/q=1
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PROPOSITION 4.1. Let 0 < a,b € # (A) withab € £2_(A). If p # 2 and

1 1
ab) = —af + =p1 oralls > 0
Vs( ) Vs(p q ) fe

then Ran (a) = Ran (b).

Proof. Exchanging a, b it will suffice to consider 1 < p < 2. Let p;, be the
projection onto the closure of the range of b. Let by = b+ ¢(1 — py), then b{ =
b1 +¢e1(1 — py) and b? = b? + €%(1 — py,). Fix t > 0, let {e;} be a complete flag for
|ba|, then denoting As = 5(ab) we have

/A‘Z‘de(s) + e2era(1 — py)ae; = er|bal?e; + eera(1 — py)ae; = et|beal?e;.

Taking the trace, it follows that

t

t
[ A2ds + e(era(1 - py)aer) = Tlerlbeal?) < [ po(Jbeal?
0 0

by Remark[3.1} On the other hand, by (3.2) applied to a, b,
1 1 1 1 1
< ZgP L 21 = P L2l (1 —
#s(|beal) \#s(pa +qbs) P‘s(pﬂ +3° +q8 (1 Pb))
1
p q el = el = el
ys( af + qb ) + qe = ps(ab) + qs =As + qe

Note that in particular, all the integrals computed up to now are finite by the
hypothesis on ab, and

t t t
/Agds + €27 (era(1 — py)aer) < /)tgds + qlztszq + jsq/)tsds.
0 0

t
Canceling [ A2ds and dividing by €%, noting that ¢ > 2 and letting ¢ — 0 gives

0
us that T(e;a(1 — pp)ae;) = 0. Since the trace is faithful, we conclude that (1 —
py)ae; = 0 or equivalently, ae; = pyae; for all £ > 0. Then

ppalbal = pba//\tde /)\tpbade //\tade t) = albal,
0
that is a(Ran |ba|) C Ran (b).

Now if ¢ € H, then alba|¢ € Ran (b), therefore a?|ba|¢ = a(alba|Z) €
aRan (b) C Ran (ab) = Ran |ba|, and

a®|ba|& = a(a®|ba|¢) € aRan [ba| C Ran (b).
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Iterating this argument, we arrive to the conclusion that
a*" "1 (Ran |ba|) C Ran (b)

for all n € Ny. Using an approximation of f = x,(,) by odd functions, we

conclude that p,(Ran |ba|) = f(a)(Ran|ba|) C Ran (b) where p, is the projec-
tion onto the closure of the range of a. Therefore |ba|?¢ = ab*al = pyab®al =

palbal?¢ C Ran (b), which gives Ran |ba| = Ran (|ba|?) C Ran (b). But then

aRan (b) = Ran (ab) = Ran |ba| C Ran (b)

which proves that the range of b is invariant for a; since a > 0 the same is true
for the kernel of b. Therefore we can write a = a; + a, with a, = pap, > 0 and
a; = (1—pp)a(l —pp) = 0. Note that ba’b = bazb and a? = af + aﬁ_, thus for all
s>0,

1, 1, 1, 1., 1, 1, 1
2 00) <y (2 A N e R AR
VS(pﬂb + qb ) \,us(pah“’ qb + paL) ]’ls(pa +qb> ]/ls(llb)
1 1
= < ZaP + =

po(mb) < us(Sa + )
by the hypothesis and applied to ay, b. This proves that for all s > 0

Yoy Ly o (Lar o Lo Lo

ys(Pab +qb ) —ys(pab—l— qb + PaL)

which (by Lemma 2.2]5) is only possible if a; = 0, proving the assertion of the
proposition. 1

The following will be used twice throughout the proof of the main theorem,
therefore we preferred to state it as a separate lemma.

LEMMA 4.2. Let 0 < x € 4L (A) and p € A be a projection with finite trace.
Then

7(p)
w(px) = [ (s
0

implies xp = px.

Proof. Since p is a projection and x > 0,

2
(pxp)* = pxpxp < px*p = |xp|*.
Since the square root is operator monotone (see Theorem 2 of [13] for the details

for unbounded operators), we have pxp < |xp|. Take the trace and invoke items
(iv) and (v) of Lemma then

gl = [mlomas = [ wtapas < | o,
0 0
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thus by the hypothesis pxp and |xp| have equal (and finite) trace. Since the trace
is faithful this is only possible if pxp = |xp|, or equivalently if pxpxp = px?p.
This implies that
(px, xp)2 = T(pxpx) = T(px*p) = llpx[l3 = |[pxallxpll2,
which by the case of equality in Cauchy-Schwarz inequality implies xp = px. 1
We will also need the following classical result on operator ranges, in fact

the original proof of Douglas ([7], Theorem 2) is given for closed, densely defined
operators and therefore it applies to elements of A.

REMARK 4.3 (Douglas’ lemma). Letx,y € A Tf xx* < Ayy* for some A > 0,
there exists a contraction ¢ such that x = yc, therefore Ran (x) C Ran (y).

With these tools at hand, we are now able to prove the main theorem.

THEOREM 4.4. Let 0 < a,b € ¢ (A) with ab € L2 (A). If
= af + bq oralls >0,
ps(ab) = us( )

then aP = b9. When p = q = 2 it suffices to assume ab € £ (A).

Proof. Exchanging a, b it w1ll suffice to consider 1 < p < 2. Denoting As =

loc

tis(ab) we write ba’b = |ab|? = f/\zde with a complete flag {es}s>0 C P(A).

For I = [s,t] C [0, +00) denote eI =e;—e; = e(s,t), thene = e[o,]- Since As is
non-increasing,

(u)m%:wwm:mwzfﬁw( /Mm M/m Aey,
I

and the previous lemma ensures that Ran (¢;) C Ran (|ab|) = Ran (ba) C Ran (b)

for each interval I = [s,t]. Moreover, if e = \/ es is the join of the increasing
s=>0

projections, clearly e = p|,, the projection onto the closure of the range of |ab|.

We now treat three cases separately.

Case 4/3 < p < 2. By Proposition 4.1l we can consider # = Ran (a) =
Ran (b), and the semi-finite von Neumann subalgebra M C A generated by the
(finitely supported) spectral projections of a, b, ab. We give M the inherited trace
T and identity 1 = 1y = Py = pjp. All the operators involved a, b, ab, a?, b7 are
in M, and M can be faithfully represented in this B(#H). Then we can safely
assume that b is injective, e, e; € M for each interval I, and M C H is a common
core for all x € M.

We remark that in what follows, we will only use that b is injective, or equiva-
lently, that the range of b is dense.
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Again for each interval I, let | be the closure of b~'Ran (e;) C H. Let
fr =Py, and f = V f; the closed join of all projections, where f; = fo,. We
520
divide the proof in several smaller claims.

Claim 1. f = pg, the projection onto the closure of the range of a. Let n €
Ran (f;); theny = lim 17, with brj, = es&y; since Ran (es) C Ran (|ab|) = Ran (ba),
it must be by, = bay, for some P, € H, and by the injectivity of b, we obtain
#n € Ran (a), therefore 7 € Ran (a). This proves that f < p,. On the other hand, if
1 € Ran (a), then by € Ran (ba) = Ran |ab| C Ran (e), therefore byy = lim ¢, with
¢n € Ran (e, ) for some s, > 0. Therefore ¢, = by, withy, € Ran (f;,) C Ran (f)
for each n. Now

|1 = 11, bE) | = (b = 0, )| = (G = C, )| < NG — 1Sl

and since the range of b is dense, {1, }» is a weak Cauchy sequence in Ran (f)
which, being closed and linear, it is weakly closed. Therefore 77, converges weakly
to some 779 € Ran (f). But foreach ¢ € H,

(b, &) = Tim(bigu, &) = lim (i, bG) = (110, b) = (brjo, &),

which implies that by = by, and by the injectivity of b, we obtain 1 = 79 €
Ran (f)r thus Pa < f This proves that f = Pa.

Claim 2. There exists a closed operator c; = “b~te;b~1" defined on Ran (b) such
that 0 < ¢; < (1/A%)a?. Since b is injective and Ran (e;) C Ran (b), for each & € H
there exists a unique 17 € Hj such that by = e;{. Define c; in Ran (b) as follows:
cib¢ = . We now compute

(c1bg1,b82) = (111, b&2) = (b, &2) = (e181,&2)
which shows that ¢ is a symmetric operator on Ran (b). Moreover, since e; <
(1/A2)bab (recall I = [s,t] and equation ), it follows that
(c1bE, b8) = (1,68) = (e18,8) < 55 (ba%bE,8) = < *0¢, %),
AL

therefore c; has a self-adjoint extension (cf. Theorem 5.1.13 of [18]], that we still
denote cj), and 0 < ¢; < (1/A%)a?.

Claim 3. c; € M. Letu € M’, let & € H. Then there exist unique 7,9 € ‘H
such that e;¢ = by and e;(ué) = by. Now ejué = ue;¢ since u € M/, therefore

by = ejué = ue;é = ubyp = buy,

and since b is injective, uy = . We now compute
cru(bg) = crb(ug) = n = uyp = u(c1bg) = ucr(bg),

which shows that cju = ucy, proving that c; € M.
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Claim 4. bcib = eg, efbf; = bfy and flbzflcl = fj for each I. From the very
definition, bcjb = e;. On the other hand note that if 7 € f7 theny = li’gn 1y with

by, € Ran (er) and for any & € H

[(b11n = b1, &) = |Gt — 17, 68| < l17n — | [|bE]]

therefore b1, € Ran (e1) converges weakly to by, therefore by € Ran (e7) and we
obtain e;bf; = bf;. Taking adjoints, fib = frbej, hence for each ¢ € H,

f10 fre1(bE) = fib° frp = fib*n = (f1b)(by) = (fib)(erg) = f1(b3),
which proves that f1b?frc; = fi for any .

Claim 5. fic; = cyfy for any I,]. Since when e;& = by, then 7 € Ran (f7),
clearly fic; = c; = c;f;. Moreover it is not hard to see that fic; = cjnj for any
pair of intervals I, | by the injectivity of b, therefore fjc; = ¢ f;.

Claim 6. f1 ~ e;. Inspection of the ranges shows that (again by the injectivity
of b)

Ran (ej) = Ran (bc;) and Ran (f;) = Ran (c1b),
and since c;b = (bcy)*, it follows that e is von Neumann equivalent to f;, which
implies that f, f; € M and moreover 7(f;) = 7(e;) for each I.

Summing up our findings: for any interval I = [s,t] C [0,+o0), we have
6,6[,f,f1 c P(Mv) with f[ ~ ep, T(f[) = T(E[) =t—s, Elbf[ = bf], f[b = f]b@].
Moreover c; € M, bcib = ey,

42) fiej=ciny=cifi, fib*frci=fi=cifib*fi, a*=Ac; and fra*fr>Alcr.

Claim 7. aP fs = fsaP foralls > 0. Let m = {I;};—1..., with I; = [s;,s;41] be a
partition of [0, +0), and denote e; = ¢;, and likewise with f;, c;. We have

bab > Z/Agde(s) >Y A2 e Z;@Mbc b
1 .

which implies a> > Z‘,/\g’,+ ,Ci since b is injective with dense range. Now refining
1

the partition

(a2b2, bE) = (babi, ) = / ae2.8) = lim (T02,e2.2)
N |71f1|130<z/\2,+1cz b¢, b§>

for any ¢ € H. Since the range of b is dense and the operators involved are

positive, we conclude that ‘h‘m Z)\ ; = a? in the strong operator topology.
t|—0

Since fs¢; = cifs(= C[O,s}ml,«)’ we conclude that f;a?> = a?f; for all s > 0, which
implies that a” f; = f;a? for all i.

si©
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We now take the p/2-th root in (4.2), which is a monotone operator function
since 1 < p < 2. Thus
P <ab and A PP < fabfi = abf,.

S:+1 i

(4.3) AP

51+1 i

Since 4/3 < p < 2, this implies that 2 < g < 4. Then t + t1/2 is operator
convex ([18], Theorem 2.4) and (f;b2f;)1/? < f;b7f;. By Young’s inequality in the
commutative algebra generated by c;, f; ([8], Lemma 2.2) we have:

A5i+1fi = )‘Si+1f'1/2 - Sz+1 E/Z(flbzf)l/z

<AL (R
p i+1 1
1
(4.4 <;ﬁa"fi+5fibqu ﬁ( at + qlﬂ)f fiDfs

where D = (1/p)a” + (1/9)b7 for short.

Claim 8. fiD = Df; for all t > 0. Assume that 7t is a partition of [0, t].
Summing over i, we obtain }_As,, f; < ¥ fiDf;, and taking traces
i i

t t
Y Asiyy (sig1 — ZT £iD) = t(Dft) < /yS(D)ds = //\Sds < o
i 0 0

by (3.4), Remark 3.1|and the assumptlon ona,b (recall £2 (A) C £ (A)). Re-

loc
fining the partition 7, it follows that f Asds = T(Df). Since A; = ps(D) and
0
T(f¢) = t, Lemmal4.2|implies that f;D = Df;.
Claim 9. D = [ Asdf(s). Since t was arbitrary, f;D = Df; also holds. Re-

0
turning to the previous inequality (4.4) we now sum over i to obtain

Z/\si+lfi < Zfini = ZfiD = fiD = f;D

=) t
Let D = [Asdf(s), then (1— f)D = 0and Df; = [ Asdf(s). Refining the parti-
0 0

tion 77 of [0, ] we obtain Df; < f;D, and since T(Df;) = 7(f;D) = ft)tsds, it must
be Df; = Df; = f;D foreach t > 0. Recall f =/ f; is the union of ’(c)he projections
ft, then clearly D = Df = fD; on the other hanii

ps(D) = As = us(D) = ps(Df + (1= f)D) = ps(D + (1 - f)D)
and by Lemma 3 itis only possible if (1 — f)D = 0, or equivalently D = D.
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Claim 10. a commutes with b, b commutes with all f; and b7f = b1. Since a?
commutes with all f;, then a? commutes with

D= /Asdf - Eau qbq

Then a” commutes with b7 or equivalently, 2 commutes with b. Note that since
f = pa, then

laP+1b‘7 =D = Df: laP+1b‘7f,

p q p q
therefore b7f = b1. Since a? commutes with all f; and (1/9)b7 = D — (1/p)a*
then b7 commutes with all f;.

Claim 11. f; = e; for all t. Recall that for all t, bf; = e;bf;, therefore fibe; =
ftb. Since f; commutes with b, bfie; = bfy; since b is injective, fie; = f;. Therefore
fi = fier = etfrer < er, and since T(f;) = T(e;) = t, it must be f; = e; for all ¢.

Finally,

|ab|_ab_/A df(s) = ~ab + 101,
P

Let a; = afy, by = bfy, then (1/p)ps(ar)P < ps(Dr) = As € L1 (A) for0 <s < t
and likewise with b. This means that a}, bq € Z! (A)and

loc
|atbt| = aq;by = abft //\ df Eat —+ qbq,

and all the operators involved have finite trace. Farenick and Manjegani proved
that in that case (see Theorem 3.1 of [10] or Theorem 2.1 of [16]), it must be a? f; =
al = b] = b7f;. We give here an alternative argument: taking traces

1
P 14 q) — _
—||as — bt =T a +*b =T atbt = thbt 1
PH ||p || ”q (pt q t) (‘ |) H ||
1 1
< Hat”p”btnq < ; + ||at|\§+ §||bt||g

by the operator Holder inequality (applied to ||a:b¢||1) and Young’s numeric in-
equality (applied to ||at||p, ||bt]|p). This implies ||a;bt |1 = ||a¢||,[|bt]|4, and this is
only possible if af = bf [5], [15]. Since this holds forallt > 0,a” = aP f = b1f = b1
as we claimed.

Case 1 < p < 4/3. This implies that g > 4, but since the ranges of 2 and b
still match by Proposition[4.1} we can assume that b is injective with dense range,
and the computation goes through the same lines, modifying the step regarding
the commutative operator Young inequality according to Theorem 2 of [1]
or Proposition 2.3 of [§].
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Case p = q = 2. First note that
1 1 1
Shs(0) < pis (502 4 507) = ps(ab) € Le(A) € i),

therefore ys(a) € .£2

loc

(A) and likewise with b. Proposition is of no use here,
therefore it suffices to assume pi5(ab) € .i”léc(.A)
Let @ = (ppa’py)'/%. Then Ran (@) C Ran (b) and ba’b = ba’b, therefore
|ab| = |ab|. Hence
1, 1, 1, 1, 1, 1,
— — — — — < — —_ frg
po(57 + 30) = s (o (307 + 58 ) < s34 37) = ps(ab)
= < — —
us(ab) < ;45<2a + 2b )

by applied to the pair 7, b. Therefore, for all s > 0,
us(ab) = ys(ia + Eb )

Since Ran (@) C Ran (b), we can assume that b is injective, and argumenting

as in the previous cases, arrive to > = b?, that is pya’p, = b*. In particular
ts(b)? < ps(a)? for all s > 0. Reversing the argument, we also get p,b>p, = a2,
therefore ys(a) = ps(b) foralls > 0.

Let {bs}s>0 be a complete flag for b = [ us(b)db(s) with t(b;) = t. Then
0

t
for all t > 0, by commutes with b, we have byb = [ us(b)db(s) and since b; < py,
0

bipy = bs. Therefore from pba2pb = b2 we obtain b;a?b; = b;b?, which implies
that

7(ba®) = T(bsb?) = /ys(b)zds = /ys(a)zds < oo.
0 0

By Lemma this is only possible if 4 commutes with b;. Therefore, if a2 com-
mutes with b, then from pabzpa = 42 we have bp, = pab = a. But

ps(a) = ps(b) = ps(bpa + (1 = pa)b) = ps(a+ (1 — pa)b)
implies (Lemma.2l6) b = p,b =a. 1

REMARK 4.5. As the proof goes, it suffices to consider ab € .,Zj(l) (A) if either

Ran (a) C Ran(b) or Ran(b) C Ran(a).

COROLLARY 4.6. Let 0 < a,b € AN (A) and assume
1 1
us(ab) ys(pa + qb ) foralls > 0.

Then a? = b1,
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4.1. SYMMETRIC NORMS. We close the paper putting this result in context with
the theory of symmetric norms on A, see for instance [6] and the references
therein.

We say that a symmetric norm || - || is strictly increasing if x,y € E C A,
is(x) < ps(y) for all s > 0 and ||x||g = ||y||g implies ps(x) = us(y) foralls > 0.
All £P-norms are strictly increasing for 1 < p < oo, while the uniform norm or

t
the Ky-Fan norms |[|x||;) = [ ps(x)ds are not.
0
THEOREM 4.7. Leta,b € # (A) N L2,
the following are equivalent:
(i) [a]? = [b]7;
(ii) z|ab*|z* = (1/p)|a|? + (1/q)|b| for some contraction z € A;
(iii) ||z|ab*|w||g = |[(1/p)|alP + (1/q)|b|7||g for a pair of contractions z,w € A
and || - || a strictly increasing symmetric norm;
(i) ps(ab*) = is((1/p)al? + (1/q)|b[7) for all's > 0.

The proof is much like as in Theorem 2.13 of [14], therefore it is omitted.

Asin Theorem Remarkor Corollary the hypothesis ab € 42 _(A)
is unnecessary when ab is bounded, and can be relaxed to ab € %} (A) if p =
g = 2 or if there is an inclusion of ranges.

(A).Ifp>1and1/p+1/q =1, then
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